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Abstract

Thick-walled cylinder (TWC) tests are widely used to obtain soil properties and
investigate wellbore instability problems in laboratory-controlled conditions. This paper
presents analytical cavity expansion and contraction solutions for modelling undrained
TWOC tests under three typical loading and unloading programs. Both cylindrical and
spherical cavities in critical state soils with a finite radial extent subjected to monotonic
loading or unloading under undrained conditions are considered. The solutions are
developed in terms of finite strain formulations, and the procedure is applicable to any
isotropically hardening materials. Parametric studies show the boundary effect may
significantly affect the cavity expansion/contraction response. A limit outer-to-inner
diameter ratio of the soil sample exists, beyond which the boundary effect becomes
negligible. The limit ratio varies with the cavity geometry, soil stress history (OCR), and
cavity deformation level. For undrained TWC tests, a diameter ratio over 20 should
normally be adequate to remove the possible boundary effect. Predicted expansion and
contraction curves by the new solutions are compared with published data of TWC tests
in the literature, and good agreement is shown in each loading/unloading program. This
indicates that the boundary effect, which greatly limits the application of conventional
cavity expansion/contraction solutions into TWC problems, is successfully captured by
the present solutions. The solutions can also serve as valuable benchmark for verifying

various numerical methods involving critical state plasticity models.

KEYWORDS: Cavity expansion, Cavity contraction, Thick-walled cylinder tests,

Boundary effect, Critical state soil
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1 Introduction

Loading and unloading of a thick-walled cylinder (TWC) of soil in a triaxial cell or
chamber have been used to investigate the soil behaviour involved in a wide class of
geotechnical problems [3,5,27,36]. In laboratory-controlled conditions, three
loading/unloading programs are commonly applied in TWC tests, namely internal loading
(i.e. increasing the internal pressure), internal unloading (i.e. reducing the internal
pressure) and external loading (i.e. increasing the external pressure), while keeping other
confining pressures constant [1] (see Fig. 1). The internal loading program (also known
as the boundary condition BC1 [27]) is often used to investigate the pressuremeter
response [6,26,31,33,35,58]; the internal unloading and external loading programs are
common in the study of wellbore instability problems [1,18,24,74].

For the purpose of saving energy, time, cost and space during sample preparation and
testing and/or improving detectability or traceability of internal soil deformation with
non-destructive measurement techniques (e.g. X-ray Computed Tomography), hollow
cylinder triaxial apparatuses with outer-to-inner diameter ratios (or chamber diameter to
pressuremeter diameter ratio) in a range of 2 to 20 have widely been used in the laboratory
[3,5,6,23,26,31,33-36,43,58,60]. It has been reported that significant boundary effects (or
container size effect) usually exist in the loading and unloading tests within such small-
sized containers, which may lead the measured soil response to be quite different from
that in an infinite or ‘semi-infinite’ soil mass [3,25,29,35,47,49,54,55]. Cavity
expansion/contraction theory is a useful theoretical tool for the study of pressuremeter
tests and wellbore instability problems [14,18,28,32,42,71]. However, the focus of most
previous studies has been on the analysis of a cavity embedded in an infinite soil mass
ideally simulating the field conditions [69]. The aforementioned boundary effect is
apparently overlooked in these infinite cavity expansion and contraction models.
Consequently, they are not suitable for the analysis of pressuremeter and wellbore
instability problems in TWC tests as discussed by Juran and BenSaid [34], Silvestri [57],
and Abdulhadi [1], among others. To address this problem, this paper presents novel and
general solution procedures for undrained cavity expansion and contraction analysis in
soils with a finite radial extent under the aforementioned three loading/unloading
programs, and a set of analytical/semi-analytical finite strain solutions for several Cam-

Clay-type soil models is derived.



33
34
35
36
37
38
39
40
41
42

43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

Before presenting the theoretical analysis, some pioneering studies into quasi-static
cavity expansion and contraction behaviour under the considered loading/unloading
programs are briefly reviewed. For a cavity expanding and contracting in an infinite soil
mass under the internal loading and unloading programs, undrained expansion and
contraction solutions in the framework of critical state soil mechanics refer to some
pioneering works from Collins and Yu [22], Chen and Abousleiman [15], Vrakas [61],
Mo and Yu [40] and Yu and Rowe [73], Vrakas and Anagnostou [62], Chen and
Abousleiman [17], Mo and Yu [39], respectively. For brevity, we focus here on reviewing
relevant elastic-plastic solutions for the analysis of a cavity embedded in a finite soil mass

as below.

Existing analytical solutions for the problem of an internally pressurized cavity within
a finite soil mass are mainly restricted to elastic-perfectly plastic models such as the
Tresca model [30,34,69] and Mohr-Coulomb model [25,48,66,67]. When considering the
hardening and softening behaviour of soil, a few semi-analytical drained solutions have
also been developed so far. Salgado et al. [53] presented solutions for expansion analysis
of a cylindrical cavity in Mohr-Coulomb soils considering non-linear elasticity and
variations of friction and dilation angles. The solution was combined with stress rotation
analysis to investigate the effects of several types of boundaries to the cone penetration
resistance in sand [54]. Adopting an elastic-plastic constitutive model formulated in the
critical state framework, Pournaghiazar et al. [48] developed approximate solutions using
the similarity technique for both cylindrical and spherical cavities expanded from zero
radius subjected to either constant stress or zero displacement at the finite boundary under
drained conditions. For the same problem, a more rigorous spherical solution was
obtained by Cheng and Yang [19] with the aid of the auxiliary independent variable
proposed by Chen and Abousleiman [16]. Cheng et al. [20] further applied the method to
the cavity expansion analysis in a finite unsaturated soil mass assuming that the
contribution of suction to the effective stress is constant. Lately, Wang et al. [63] derived
a solution for a spherical cavity expanding in modified Cam Clay of finite radial extent
under undrained conditions. The development of these solutions highly relied on the
assumption that the conditions at the elastic-plastic boundary satisfy the plastic and elastic
governing equations simultaneously. This requires that the radius of the elastic-plastic
boundary must always be smaller than the outer radius of the finite soil medium upon

loading, which may valid for the cavity creation or cone penetration problems that were
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studied in these references. However, this is not generally appropriate for the loading
analysis of a hollow cylinder or spherical shell with small outer-to-inter diameter ratios
as the entire soil mass may easily yields plastically [49,66,67], in particular for normally
consolidated soils. In more general conditions, existing studies into this problem were
mainly based on numerical techniques [4,11,35,49].

The external loading and internal unloading programs have often been applied in both
laboratory tests [1,24,45] and numerical simulations [4,44,74] of TWCs, but a very
limited number of analytical solutions were obtained for these cavity contraction
problems in a finite soil mass. Durban and Papanastasiou [24] presented semi-analytical
solutions for the external compression analysis of a thick-walled cylinder using non-
associated Mohr-Coulomb and Drucker-Prager models with arbitrary hardening. Very
recently, focusing on the short-term contraction behaviour of soil around shallow tunnels
in clay, Zhuang et al. [75] presented a set of undrained cavity contraction solutions for
both thick-walled cylinders and spherical shells of Cam clays under the internal unloading
program in the companion paper. However, solutions for undrained contraction analysis
under the external loading program are not common in the literature to the best knowledge

of the authors, particularly for advanced critical state models of soil.

In the light of the above discussion, the novelty and importance of the present solutions
mainly lie in the following: (a) three typical loading/unloading programs that commonly
used in TWC tests are considered, and the associated boundary effect is captured in a
rigorous semi-analytical manner; (b) the strain is finite, and the solution procedure
applicable for any isotropically hardening materials; and (c) the solution for the unified
state parameter model of CASM [68] is able to describe the cavity expansion and
contraction behaviour in both clay (including heavily overconsolidated clay) and sand.
The paper is structured as follows: Section 2 defines the problem; Section 3 presents the
general solution procedure first, which is followed by solutions for several critical state
soil models; Section 4 gives results of model validation and parametric studies; Section 5
shows comparisons between predicted and measured cavity expansion and contraction
curves for TWC tests under three different loading and unloading programs. Finally, some

conclusions are drawn.

2 Problem Definition
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As depicted in Fig.1, in a hollow cylinder triaxial cell, the soil specimen is subjected to

three independently controlled confining stresses: the axial stress ( p, ), the uniform radial
pressures acting on the inner ( p,,) and outer ( p,, ) surfaces. The height, the inner and

outer diameters of the hollow cylinder specimen are denoted by H:, Di and D,,
respectively. It has been shown that, with constant axial confining stress, the height of the
specimen has minimal effect on the radial expansion or contraction response as long as
the ratio of HyYD, is greater than 1.5 [1,3]. In this case, the hollow cylinder
loading/unloading tests can be ideally modelled as plane-strain cylindrical cavity
expansion/contraction problems. In Fig.1, the inner and outer radii of a soil annulus upon

radial loading or unloading are expressed by a and b, respectively, and a, and b,

represent their initial values, respectively.

It was previously introduced that three typical loading/unloading modes (named as
internal loading, internal unloading and external loading) are often applied in TWC tests
for investigating pressuremeter and borehole instability problems in the laboratory. In the
internal loading or unloading program, the internal radial pressure is increased or
decreased monotonically, while keeping the external cell pressure and the axial confining
stress constant [3,35,58]. With the external loading program, TWC tests are performed
by increasing the external cell pressure, while keeping the internal cavity pressure and the
axial stress constant [1,24,74]. In general, the rate of loading/unloading in TWC tests
under undrained conditions is much faster than the rates of consolidation and creep of soil

[2,4,58], hence the behaviour of soil is considered as rate-independent in this study.

The TWC tests subjected to monotonic loading or unloading are transformed into a
typical boundary value problem of one-dimensional quasi-static cavity expansion or
contraction. It has been shown that the analyses of spherical and long cylindrical cavity
problems under uniform stress conditions are quite similar and can be treated
simultaneously by introducing a parameter k (k is equal to 1 for a cylindrical cavity and
2 for a spherical cavity) [12,22,72,73]. Hence, solutions for the analysis of a thick-wall
spherical shell of soil are also derived. The spherical expansion and contraction solutions
may offer a chance to model point injection tests (e.g. Au et al. [8]) and cone penetration
tests(e.g. Cheng and Yang [19] in small sized calibration chambers and spherical sinkhole
formation problems at shallow depths (e.g. Augarde et al. [9]), but this is considered

beyond the scope of this paper.
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For convenience, cylindrical coordinates (r, 8, z) and spherical coordinates (r, 6, ¢)
with the origin located at the centre of the cavity are employed for the analysis of thick-
walled cylinder and spherical shell, respectively. The cylindrical cavity
expansion/contraction analyses are performed under plane strain conditions with respect
to the z-axis. Taking compression as positive, the initial stress boundary conditions are
expressed as:

Gr|r:a0 =P G"|r:bo = Po (1 a,b)

where o, represents the total radial stress. r is the current radial coordinate of a material
element which was initially atr,. p, is the initial total confining pressure. p, = p; +U,,
P, is the initial mean effective stress, and U, is the initial ambient pore pressure.

The expansion and contraction analyses are performed under undrained conditions.
The surrounding soil is assumed to be homogeneous and isotropic. For convenience, the
mean effective and deviatoric stresses ( p’, q) below are used for the quasi-static analysis
of the axisymmetric cavity expansion/contraction problem following Collins and Yu [22]
and Yu and Rowe [73].

! !
,:ar+k09

1+ Kk ) qzd;—dé (2 a!b)

where o] and o, are the effective radial and circumferential stresses, respectively.
The volumetric and shear strains (5 ; y) are defined as:
o=¢+ke, , y=¢-¢, (3a,b)

where &, and &, are radial and circumferential strains, respectively. It needs to be

pointed out that for the cylindrical case the above definitions for the stress and strain
invariants are slightly different from the usual three-dimensional definitions in critical
state soil models. However, it has been shown (e.g. in references of Sheng et al. [56] and
Chen and Abousleiman [15]) that the error due to these simplifications is negligible for
the analysis of cylindrical cavity problems under an isotropic in-situ stress state which is

of interest in this paper.

3 Undrained cavity expansion/contraction analysis

3.1 Governing equations
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Quasi-static cavity expansion/contraction analysis is mainly concerned with two typical
problems: (a) continuous pressure-displacement curves; and (b) stress and strain
distributions in soil at a given instant. Solutions for them can be obtained by solving a set
of equations of stress equilibrium, deformation compatibility and stress-strain
relationships of soil (as defined below) with given boundary conditions.

(1) Stress equilibrium

Under uniform and monotonic loading or unloading, neglecting body force and
dynamic effect, the stress equilibrium condition along the radial direction can be
expressed in terms of total stresses (Eulerian description) as:

o,—-0,+———=0 (4)

where o, is the total circumferential stress.

Since o, = p+kg/(k+1) and U = p—p’ (p: the mean total pressure; U : the pore

pressure), the gradient of U along the radial direction is given as:

_—_ 5
dr dr k+1dr rq ®)

(2) Deformation compatibility

For the axisymmetric cavity expansion/contraction problem under undrained

conditions, the constant-volume condition can be expressed as:

k+1 k+1 _

a _ ao rk+1 _ r.OkJrl — T (6)

where T is the variable representing the volumetric change of soil at an arbitrary radius.

While keeping the external confining pressure constant, internal loading will lead to
outward expansions of the surrounding soil, whereas inward contractions will be caused
by internal unloading. Compressive deformation is taken as positive in this paper. Based
on Eq. (6), the corresponding deformation compatibility equations for these two cases can
be readily obtained [22,73]. Rigorous relations between the finite shear strain and the
radial coordinate without any restriction on the deformation level are given: (a) for agiven
particle (i.e. Lagrangian description in Eg. (7)), and (b) at a fixed instant of time (i.e.

Eulerian description in Eq. (8)), respectively, as:
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k+1
y= |n{r° ull } — (k+1) |nrL (internal loading/unloading) @)

k+1
r-0 0

y=-In {1— T } (internal loading/unloading) (8)

r.k+1

Hence relations between the radial coordinate and shear strain increments: (a) for a

given particle, and (b) at a fixed instant of time, respectively, are:

(k +1)%:d;/ . (k +1)d—rr=—ﬁ;:)_l (internal loading/unloading) (94a,b)

In the external loading program, the surrounding soil moves inwards (i.e. cavity
contraction) with increasing external pressures. The soil movement is similar to that
which occurred in the internal unloading program, but the soil deforms under
compression. Therefore, new relations between the finite shear strain and the radial co-
ordinate are constructed in Egs. (10) and (11), which are: (a) for a given particle, and (b)

at a fixed instant of time, respectively.

k+1
y=-In [ h - kIT } =—(k+1)In rL (external loading) (10)
0 0
y=In [l—%} (external loading) (11)

and the incremental expressions of these relations become:

(k +1)£ =—dy , (k +1)E = A (external loading) (12 a,b)
r r exp(—y)-1

(3) Stress-strain relationships

The stress-strain relationships are conveniently defined in general forms appropriate
for a wide class of two-invariant critical state soil models in this subsection. Before
entering plastic, soil behaviour is purely elastic. The elastic constitutive law is expressed

in rate forms as:

o] o]

e p, -e q
F=>Pt o9 (13 a,b)
K(p',v) 2G(p’,v)

where 6° and 7° represent the elastic volumetric and shear strain rates, respectively.

K(p',v) and G(p',v) are the instantaneous bulk and shear moduli, which are pressure-
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dependent (e.g. Eq.14). v is the specific volume. The symbol (0) denotes the material

time derivative associated with a given material particle; (.) denotes the local time
derivate, evaluated at a fixed position r.

The hypoelastic model that commonly adopted in Cam-Clay-type models (e.g. Table
1) can be recovered by combining Eqgs. (13) and (14).

K(pV)=vp'lx , G(p,V)=a (14 a,b)
K
where @ =0.5[(1+Kk)(1—-2x)]/[1+(k—-1)x], and gz denotes Poisson’s ratio of soil. k¥

denotes the slope of the swelling line in the v-Inp" space.

The loading and unloading programs are treated in a single analysis by introducing a
parameter ¢ (i.e. ¢ =1 for internal and external loading; ¢ =-1 for internal unloading)

in this paper. Then the yield function and the plastic flow rule that used to describe the
plastic behaviour of soil (e.g. Table 1) are written in a general form as:

5" aglop'
= f ,’ ! f — =
=10 R =75

D(7) (15a,b)

where g is the plastic potential; D(7) represents the stress—dilatancy function;
n=¢q/p’, is the stress ratio. p; denotes the preconsolidation pressure, which controls
the size of the yield surface as a hardening parameter. In usual Cam-Clay type soil models

[50,51,68], hardening is attributed solely to accumulated plastic volumetric strains, and

the volumetric hardening rule of Eq.(16) is usually adopted.

_(A-x) o)
v.oop,

dsP (16)

where A denotes the slope of the normal consolidation line (NCL) in the v-Inp’ space.

Table 1 Critical state constitutive models considered in the present study.

Model Yield function Stress—dilatancy function D(#7)"
Orgina, Cam-Clay q.— cMpn(p, / ) D)= gy M -
Modifie([jsg]am-CIay q=cMpfp] 7 p'-1 D(7) = (kljrl) M 22;772

CASM[68]  q= gMp'{—WTH 5 D(n)=¢ (kil) (9+93(:\\/|/| :;le 7

10
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“ Note that the conjugate shear strain to the shear stress of Eq. (2b) is in the form of

g, =ky I (k+1). Accordingly, expressions of D(7) are modified by definition.

$nand r” are the stress-state coefficient and the spacing ratio, respectively. r” controls
the intersection position of the the critical state line (CSL) and the yield surface; n
defines the shape of the yield surface (see Fig.2) in CASM [68].

The critical state is defined by the following two equations [52].

v=I-Alnp’ @17

gq=¢Mp’ (18)
where I" is the value of v on the CSL at p'=1kPa. M is the slope of the CSL in the p’
- g space, which can be expressed as M =[2(k +1)sin g, |/[(k +1)—(k —1)sin ¢, ] for
the present problem with Eq. (2). ¢, is the critical state friction angle of soil. It has been
shown that ¢, measured in plane strain tests is up to 10-20% larger than that in triaxial
compression tests (¢, ) due to the shear mode effect (or intermediate effective stress
effect) [13,65]. To account for this effect in the analysis, it is assumed that ¢ equals 1.1-
1.2 times of ¢, for the plane strain conditions (k=1) and ¢ = ¢, for the spherical
symmetric conditions (k=2) [20].

3.2 Analytical effective stress analysis under undrained loading and unloading

The above stress-strain relationships define that one soil element may successively enter
three stress states (including purely elastic state, elastic-plastic state, and critical state)

upon monotonic loading or unloading. Solutions for each state are derived as follows.
(1) Purely elastic state

According to the constant-volume condition and Eqg. (13a), the mean effective stress

remains constant and equals its initial value p; at the purely elastic state. Therefore, the
bulk and shear moduli also remain constant and equal to their initial values K, and G,

respectively. The elastic shear stress q° can be obtained by integrating Eq. (13b) along a
particle path as:

q° =2G,y (19)

Then the effective radial and circumferential stresses (o° and o) are given as:

11



256

257

258

259
260
261

262

263
264

265
266

267

268

269

270

271
272

273
274
275

276

277

L
k+1

re ! k e re
= + — s =
o, Po 1 q Oy Po

(20)
(2) Elastic-plastic state
The soil yields plastically when the shear stress invariant reaches the yield value of g,

, which will depend upon the particular yield criterion. According to Egs. (7) (or (10))
and (19), plastic deformation occurs first at the inner wall of the cavity upon loading or

unloading, and the corresponding limit elastic shear strain equals:

= qep
2G,

Vep (21)

The plastic zone propagates outwards with subsequent loading or unloading. From Egs.
(8) (or (11)) and (21), the current and initial radii of the elastic-plastic boundary (¢ and

C, , respectively) at the instant of the cavity with a radius of a under different

loading/unloading programs can be expressed, respectively, as:

c k+1 ( /a)k+l -1 1
(_j %78 7o (¢ +T)* (internal loading/unloading)  (22a,b)

a - exp(_yep) -1
k+1 k+1 1
(E) _(&/a) " -1 ., C,=(c""+T)1 (external loading) (23a,b)
a EXp(]/ep) -1

As 6° +6° =0 under undrained conditions, integrating Egs. (13a) and (16) gives:

K|n[ﬁ:J+(ﬂ,—K)|n(p—,;j =0 (24)
p p

0 y0

Eq. (24) defines a relationship between the hardening parameter p; and the mean
effective stress, by which the functions of f(p’, p;) and D(7) in Egs. (15 a,b) can be

explicitly converted into functions in terms of p’ solely (e.g. Table 2). Then the total
elastic-plastic shear strain rate y can be expressed into Eq. (25) based on the constant-

volume condition and Egs. (13)-(16).

=y +yP=Lp)p (25)

where

12
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Integrating Eq.(25) in terms of p’ along a particle path starting from the initial yield

time, at which p'=p; and q=q,,, gives an expression of y as:

7:79p+ I(pl)_l(p(')) (27)
where
|@)=[" L (28)

Note that Egs. (24)-(28) suit for any case of stress-controlled proportional loading or
unloading under undrained conditions [46], which certainly includes the

loading/unloading programs considered in this study.
(3) Critical state

Under undrained conditions, the specific volume of soil remain unchanged. Therefore,
once the soil has reached the critical state, the mean effective stress and shear stress

remain constant (i.e. p., and g, respectively) as defined by in Egs. (17) and (18), values

of which will depend upon the particular yield criterion.
(4) Solution procedure for effective stresses

Taking the CASM model [68] as an example, here the procedure to derive the functions
of 1(p") and L(p’) is further detailed. Based on Eq. (24), the yield function of CASM

(see Table 1) is converted into Eq. (29) in terms of p’, which is required for obtaining an

explicit expression of L(p").

a(p’) =sMp[A + A lnp']" (29)
in which
-1 ' -1
:M, A2=_A_*,and A=tTE (30 a,b,c)
Inr Inr A

where R, is the isotropic over-consolidation ratio, defines as p,/ p;. pj, is the initial
value of p. R, is different from the usual one-dimensional definition of the over-

consolidation ratio (i.e. OCR), and relationships between R, and OCR refer to the

13
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references of Wood [64], Yu and Collins [71] and Chang et al. [13]. Eq. (29) can recover
the yield surface of the original Cam-Clay model exactly by choosing n=1and r"=2.718
(e.g. Fig.2a); the ‘wet’ side of the modified Cam-Clay model can be approximated by

choosing r”=2 in conjunction with a suitable value of n (e.g. Fig.2b).
With the given constitutive equations of CASM and Eq. (26), the function of L(p) is

obtained as:

L(p’):gvﬁp’{ﬂ‘:(Ai + Azlnp;)l/n n Az (Ai n Azlnp,)l/nl:|_(

A k+1) (9+3M —2Mn)} 31)
2w n

k M -n)
Then integrating Eq. (31) in terms of p" along the stress history of a particle gives:

1
n

l(p')=gﬂ[ " (A1+Azlnp')i+l+(A+Azlnp')}

2oV| (1+n
av| (1+n)A, . (32)
_gl(n(m+1) 2M 77n+(9+3M_2M2)_[ n dn
9VAM"m| n M -7
in which
n-1 "I, FE(Ln+Ln+2;n/M)+M((n+1
J- n dnzﬂ[nz 1( 772 ) ( )] (33)
M -7 n(in+1)M

where 2F1(1,n+l;n+2;77/M) is the Gaussian hypergeometric function in terms of
niM.
With p’=p,, Eq. (29) gives the elastic limit of the shear stress in Eq. (34).

1
InR, \n ..,
Qe = g( In I’Ej Mp, (34)

Then by substituting Eq. (34) into Eq. (21), the elastic limit of the shear strain (,,)

required for the determination of the finite shear strain in Eq.(27) is known.
Similarly, solutions of I(p") and L(p") for the widely used original and modified
Cam-Clay models are also derived as given in Table 2. The above procedure is applicable

for any constitutive model in the form of that defined in the last subsection.

Table 2 Solutions of I(p") and L(p") for original and modified Cam-Clay models.

Model Solutions
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2oV M k vM M M
324 Once the soil has reached the critical state, the mean effective stress and shear stress

325 remain constant (i.e. p. and g, respectively) under undrained conditions. For the

326  constitutive models listed in Table 1, p. and g, can be expressed as:

, Ry A I'—v ,
327 P =Py - =6Xp(7) . O =sMp (35 a,b)

328  where r'=2.718 and r” =2 for the original and modified Cam clays, respectively.

329 In the above, the shear strain was expressed in two ways by means of strain
330 compatibility analyses and integrations of the stress-strain relationships, respectively.
331 Based on them, the effective stresses in the soil can be readily related to the kinematic
332  process of cavity expansion/contraction. In summary, (a) during purely elastic loading or
333  unloading, p’ remains constant as p;, and q can be obtained by Eq.(19) in conjunction
334 with the compatibility relations (i.e. Egs. (7), (8), (10) and (11)); (b) in the elastic-plastic
335  state, continuous changes of the effective stresses in a given soil element upon loading or
336  unloading can be determined by equalling Eq. (27) with Eq. (7) (or Eg. (10)), and
337  distributions of the effective stresses along the radial coordinate at a fixed instant can be
338  determined by equalling Eq. (27) with Eqg. (8) (or Eq. (11)); (c) in the critical state, both
339  p’ and q remain constants as defined in Eq. (35).

340 3.3 Calculation of excess pore pressures
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The excess pore pressure (AU ) at a given instant can be determined by integrating Eq.
(5) along the radial direction. Although all soil particles go through the same effective
stress path, the total stress path of each element varies along the radial direction due to
the difference in the total pressure between the inner and outer boundaries of the finite
soil mass [35]. This is different to the self-similar cavity expansion or contraction problem
in an infinite soil mass and makes the solution procedure for obtaining AU become more
complicated. A general solution procedure for this typical non-self-similar boundary
value problem is developed as follows.

(1) Solutions for a cavity under loading or unloading

In the internal loading or unloading program, the total radial pressure at the outer
boundary (i.e. r=b) is kept constant. With Eq. (9b), integrating Eqg. (5) from r=b

gives:
, , k k Y qd}/
AU| =AU| — -p)———(q| —q,)+ 36
| =AU], = (P, = p)) =5 (dl, ~ ) k+1f% o)1 (36)
where AU|r, p’| and q|r are excess pore pressure, mean effective stress and shear stress

at an arbitrary radius of r. y, and AU |b are the shear strain and the excess pore pressure

at r =b, respectively.

It is clear that AU |r depends on the effective stress states of soil at both r =b and the

position of concern. According to the stress state at both positions, it is found that six

phases possibly occur. To facilitate the calculation of AU|r, Eg. (36) can be simplified
into different forms at different phases as follows.
(a) Purely elastic phase (elastic at both r=b and r=a)

While the entire soil mass stays at the purely elastic state, the mean effective stresses

in the whole field remain constant and equal p,. The shear stresses are known with Eq.
(19). Hence, by simplifying Eq. (36), a closed-form solution for AU |r in the elastic region

is obtained as:

k +ZGOkJ-7 ydy

AU|, == 71
k+1  k+1nexp(y)-1

(37)

in which
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o)1 % 2 (39)

J- ydy L [1 exp(;/)] &

(b) Elastic-plastic phase (elastic at r =b and plasticat r=a)

Upon further loading or unloading, soil particles enter the plastic state first at the inner
cavity wall. Subsequently, the plastic region propagates outwards, the radius of which

can be determined by Eqg. (22). In the elastic-plastic phase that the soil at r =b remains
elastic while the soil at r = a yields plastically already, AU|r in the outside elastic region
can be calculated by Eq. (37). Thus the excess pore pressure at the elastic-plastic

boundary (i.e. AU |r=c) is obtained as the shear strain therein (i.e. y,,) is known from Eq.

(21). Then the excess pore pressure within the inside plastic region is obtained from Egs.
(15a), (27) and (36) as:

k
AU|r:AU|r _(p pO)__|:q qep partial] (39)
in which
7 qdy P gL(p’)dp’
= - 40
pm'hwmwiijm4 (40)

With further loading or unloading, two phases may appear according to the stress states
at r=b and at r =a. One is that the soil at r =a enters the critical state while the soil
at r =b still stays as elastic. The other is that the soil at r =b yield plastically before the

soil at r =a enters the critical state. The sequence of occurrence of these two phases

mainly depends on the ratio of b, /a, and the stress history (e.g. R,). Therefore, solutions

for them are given as follows in no particular order.
(c) Elastic-critical-state phase (elastic at r =b and critical state at r =a)

In this phase, elastic, plastic and critical state regions exist simultaneously within the

surrounding soil from the outside in. AU|r in the outside two regions can be calculated

with the procedure for the analysis of the elastic-plastic phase. Hence, the value at the

plastic-critical-state boundary r =r, (i.e. AU| ) can be obtained from Eqg. (39) with

inputs of the critical state effective stresses (i.e. py and g, in Eq. (35 a,b). Then AU|r

within the critical state region (i.e. a<r <r_) can be obtained from Eq. (36) as:
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AU|, =AU| 4 s | EXP(7) -1 (41)
' e k+1 | exp(—y)-1
where y is the shear strainat r=r.

(d) Fully plastic phase (plastic at both r =b and r=a)

In this case, Eq. (36) goes to:

! 1 k
AU'r:AUL:b_(p _pb)_m[q_qb_‘]full:' (42)
in which
r qdy P qL(p)dp’
= = 43
w =L ae0) 1 wexpt)-1 (43)

At a known expansion/contraction instant, y, can be determined by Egs. (6) and (7)

as:

7, =(k+1)n [(bok+l +T) /bo} (44)

The mean effective stress at r=b (i.e. p,) in this phase can thus be back-calculated
by equalling Eqgs. (27) and (44), and the shear stress at r =b (i.e. q,) is then known from
the yield function. Finally, as the external radial total pressure is kept constant, AU |r=b is
obtained as:

AU |r=b =Py _[ Py +ka, / (K +1)] (45)

(e) Plastic-critical-state phase (plastic at r =b and critical state at r=a)

Following the above phases, the soil at r =a may enter the critical state upon further
loading or unloading, which results in two stress regions within the surrounding soil,
namely plastic and critical state regions from the outside in. Similarly, AU|r within the
outside plastic region can be determined taking the previous procedure for the fully-

plastic phase (i.e. Eq. (42)); AU within the critical state region in this phase can be
computed with Egs. (41) and (42).

() Fully critical-state phase of expansions
If the entire soil mass enters the critical state, the excess pore pressures can be readily
obtained from Eg.(36) as:
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AU = AUJP, + s || EXRC7) -1 (46)
= k+1 | exp(-y,)-1

where AU[” = p; —[pl +ka, / (k+1)].

(2) Solutions for a cavity under external loading
In the external loading program, the internal cavity pressure is kept constant. In this
case, to determine the excess pore pressure AU|r within the surrounding soil, Eq. (5)
should be integrated from the inner cavity wall (i.e. r =a). With the use of Eq. (12b), the

integration of Eq. (5) gives:

I? qdy
%) ] 7 exp(—y) -1

AU, =AU, =(p, = p) =~ (ql (47)

where AU |a, p, and q, are the excess pore pressure, the mean effective stress and the

plastic shear stress at r =a, respectively. y, is the shear strainat r=a

According to Egs. (6) and (47), AU|r under the external loading program can be

obtained in a similar procedure as that developed for the other two programs, although

the paths of integration are opposite. The solution procedure is presented briefly as follow.

(a) Purely elastic phase (elastic at both r=b and r=a)

By simplifying Eq. (47), AU |r in the elastic region can be rewritten as:

AU| =— Kk q+ZG°k J-7 ydy (48)
' k+1  k+1‘7exp(-y)-1
in which
J- ydy i 1 eXp(Q/ ) (49)
exp(y)-1 =
At a given instant, y, can be calculated from Egs. (6) and (10) as:
——(k+D)In [(ao“l £T) /ao] (50)

(b) Elastic-plastic phase (elastic at r =b and plasticat r=a)
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The current and initial radii of the elastic-plastic boundary were given in Egs. (23a,b).

AU |r within the inside plastic region (i.e. a<r <c) can be expressed as:

! ! k
AU|r ZAUL:a—(p - pa)_m[q_qa_‘]partial] (51)
in which
r qdy  gL(p’)dp’
= = 52
o =, exp(—7) -1 Js exp(—7) -1 2

The mean effective stress p, can be back-calculated by equalling Egs. (27) and (50),
and the plastic shear stress q, is then known from the yield function. As the internal radial
pressure is kept constant, AU|r=a equals:

AU| _ = p;—[p,+ka, / (k+D)] (53)

The excess pore pressure at the elastic-plastic boundary (AU |r=c) can then be computed
by inputting p’=p; and g=gq,, into Eq. (51). Substituting the above values into Eg.

(47), AU |r within the outside elastic region is obtained as:

2kG, J-y ydy

k
AUl =AU| ———(2G,y—q, )+
. s k+1( o7 ) k+1 7% exp(—y) -1

(54)

(c) Elastic-critical-state phase (elastic at r =b and critical state at r=a)

At this phase, AU |r in the inside critical state region (i.e. a<r <r_) can be obtained

as:

kq exp(y,)—1
AU| =AU| +—%1In a 55
|r |r:a k+1 { exp(y) -1 (55)

With Eq. (55), the excess pore pressure at r =r (i.e. AU |r:r ) can be determined with

inputs of p; and q,,. Taking the stress conditions at r =r, as the initial values, AU|,

in the outside two regions can be calculated taking the above procedure for the analysis

of the elastic-plastic phase.
(d) Fully plastic phase (plastic at both r=b and r=a)

In this phase, Eq. (47) can be simplified to be:
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! ’ k
AUL:AULZa_(p _pa)_m[q_qa_‘]fu“] (56)

in which

(57)

full —

r_qdy Ip’ qL(p’)dp’
reexp(—y) -1 rexp(-y)-1

Stresses at r =a can be obtained with the same method that was just introduced above.

(e) Plastic-critical-state phase (plastic at r =b and critical state at r=a)
At this phase, AU|r within the inside critical state region can be computed using Eq.
(55); AU |r within the outside plastic region can be determined from Eq. (56) with initial

values of stresses conditions at r =r instead of those at r =a.

(f) Fully critical-state phase
When the entire soil enters the critical state, Eq. (47) can be simplified as:

AU| = AU 4 e | EXP() 1 (58)
' =t k+1 | exp(y)-1

where AU[” = p;—[pl +ka / (k+D)].

4 Solution validation and parametric analysis

This section presents some selected results of cavity expansion and contraction curves
under different loading/unloading programs. The following results were calculated with
the critical state parameters relevant to London Clay (/"=2.759, 2 =0.161, x=0.062,

@, =22.75° [22]), v=2.0 and .2 =0.3. All the results are normalised by the undrained

shear strength s,, which can be obtained with g =2s, as:
s, =0.5Mp; (R, / r*)A (59)

4.1 Cavity response under internal loading

Solutions for cavity expansion in an infinite soil mass under internal loading have been
developed by Collins and Yu [22] and Mo and Yu [40] for the (original and modified)
Cam-Clay and CASM maodels, respectively. While taking the surrounding soil as infinite

(i.e. setting a,/b, oc0), the present solutions can reduce exactly to their solutions.
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Taking the solution for the modified Cam-Clay model as an example, selected results for

clay samples with different values of R, and bo/ao are compared in Figs. 3-5 to show their

effects to the cavity expansion response and associated stress distributions.

Fig. 3 shows that the present solution gave virtually the same results as Collins and Yu
[22] while considering an infinite soil mass. For a finite soil mass under internal loading,
the ratio of bo/ap may greatly influence the cavity pressure-expansion response. For
example, with an expansion level up to a/ao=4, three typical pressure-expansion
responses are shown in Fig. 3, including: (a) In an infinite soil mass, a limit cavity
pressure is reached (typically at around a/ap=2), and this value remains almost constant
during afterwards expansions. (b) For a cavity embedded in an intermediate-thick soil
mass, a maximum cavity pressure close to the aforementioned limit pressure is reached
upon loading. However, the cavity pressure drops with afterwards expansions when the
effect of the constant stresses at the outer boundary prevails. (c) For a thin hollow cylinder
or spherical shell, the maximum cavity pressure that can be reached is much smaller than
the limit pressure, and the cavity pressure drops after a local peak when the outside
boundary effect is activated and eventually gets close to the outside radial confining
pressure at sufficiently large deformations. Overall, the maximum cavity pressure that the
surrounding soil can sustain may decrease significantly with a decreasing value of bo/ao.
A limit value of bo/ao exists, beyond which the cavity expansion response immunes from
the outer boundary effect. The limit ratio of bo/ao decreases with increases of the over-
consolidation ratio, and the limit ratio for a spherical cavity is generally smaller than that

for a cylindrical cavity.

The observed reduction in the total cavity pressure during expansion is further
explained by plotting results of stress distributions in the soil (Figs. 4 and 5) and stress
paths of soil at the inner wall (Fig. 6) for typical values of bo/ag and the over-consolidation
ratio. The results were calculated with expansions up to a/ap=4. Note the peak and
ultimate points in Fig. 6(c) and 6(d) correspond to the points at which the peak and
ultimate values of the internal cavity pressure were reached in Fig. 3, respectively. For
the cylindrical case, increments of the out-of-plane stress were calculated using

Ao, =V(Ao, +Ao,) according to the plane strain assumption [72]. It was shown that the

outer boundary effect may alter the total stress path of a soil particle but applies no
influence on the effective stress path, which is consistent with that has been observed by

Juran and Mahmoodzadegan [35] in undrained TWC tests. At a given deformation level,
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Figs. 4-6 show that the excess pore pressures generated throughout the hollow cylinder
or spherical shell are typically smaller than that generated at the same radii in the
corresponding case of an infinite soil mass when the outer boundary effect applies, and
the reductions caused become larger for smaller values of bo/ag. This explains the
specimen radius ratio (i.e. bo/aog) dependent behaviour that was observed in the cavity
expansion curves of Fig. 3. Besides, the excess pore pressure generated at the inner cavity
wall remains positive upon loading in normally consolidated soils, whereas it may
become negative in heavily consolidated soils when the value of bo/ag is sufficiently
small. This is consistent with the experimental observations of Silvestri et al. [58] in
laboratory pressuremeter tests with TWCs of undrained clay.

Fig. 6 also shows that, once the soil element enters the plastic state, the mean effective

stress reduces gradually before resting on the CSL for soft clays (i.e. R, <r"), and, in
contrast, it increases with expansions for heavily overconsolidated clays (i.e. R, >r")

until reaches the critical state value. Although the effective stress path varies with the soil
model or the values of n and r” used (e.g. Fig. 2) [22,40], it was found that the above
conclusions about the effects of the bo/ap value and the over-consolidation ratio to the
cavity expansion response still validate for other models in Table 1. Therefore, results for

other models are not presented here for brevity.
4.2 Cavity closure under external loading

In this subsection, the cavity closure response under external loading is discussed based
on the results calculated using the solution for the CASM model (setting n=2 and r”=2)
with different values of the ratio of bo/ap and the over-consolidation ratio. For illustration,
stresses at both the inner and outer boundaries of a hollow cylinder or spherical shell are

presented in Figs. 7-10, plotted against the volumetric strain of the inner cavity

(AV /Vo)|r=a — (a0k+1 _ ak+1) / a0k+l.

The soil mass moves inwards with increasing external pressure, while keeping the
internal cavity pressure constant (Figs. 7-10). Initially, the total external pressure rises
rapidly with cavity contractions; then the speed of the increase slows down, followed by

a sharp increase when the inner cavity becomes very small or almost filled (for example,

with (AV /V0)|r=a larger than 0.8 for a cylindrical cavity and 0.9 for a spherical cavity).

The external pressure required for compressing the soil to contract may decrease
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significantly with a decreasing value of bo/ag when it is smaller than a limit value, and
this disparity slightly varies with the deformation level. Similar to that observed in the
previous cavity expansion analysis, the limit ratio of bo/ag, beyond which the boundary
effect to the cavity closure response become negligible, is also closely related to the stress
history and cavity shape in this loading program. The limit value of bo/ao decreases with
increases of the over-consolidation ratio and is generally smaller for a spherical shell than
a hollow cylinder. For example, it is approximately 20 (Fig. 7) and 10 (Fig. 8) for a hollow

cylinder and spherical shell of normally consolidated soil (i.e. R,=1.001), respectively,

and the corresponding values while R;=4 are 10 (Fig. 9) and 5 (Fig. 10), respectively.

The effective stress state of soil is mainly dependent on the over-consolidation ratio
and local deformation. Once the soil element enters the plastic state, the mean effective
stress reduces gradually before resting on the CSL for soft clay, and, in contrast, it
increases gradually to the critical state value for heavily overconsolidated clay (Figs. 7-
10). With the same level of cavity contraction, the compatibility conditions of Egs. (6)
and (11) describe that the shear strain at the outer boundary becomes smaller for a thicker
soil sample, which results in the observed difference in the effective stresses at r =b in
Figs. 7-10. For example, the soil at r =b may always remain elastic in a sufficiently thick
soil sample, whereas it yields plastically or enters the critical state easily while the

thickness of the surrounding soil is very thin.

As the soil goes through the same effective stress path and the internal cavity pressure
is kept constant in the external loading program, the stress path of soil particles at the
inner wall of the cavity for different values of bo/ao overlap in Figs. 7-10 (i.e. blue lines).
Hence, at the same level of cavity contraction, the initial boundary values at r =a for the
integration of the excess pore pressure remain unchanged for different values of bo/ao.
However, the difference in the effective stresses between at r=a and r =b becomes
greater for a larger value of bo/ap. As a result, greater excess pore pressure will be
generated at r =b for a thicker soil cylinder or spherical shell according to Eq. (47),
which leads to the increase of the total external pressure with the value of bo/ag in Figs.7-
10. Although slight decreases may occur in a very thin cylinder or spherical shell of stiff
clays (e.g. Figs. 9d and 10d), during contractions the excess pore pressure at r=»b

changes in a very similar way as the external cavity pressure.

4.3 Cavity contraction under internal unloading
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For the prediction of soil behaviour around shallow tunnels, undrained solutions for a
cavity in a finite soil under the internal unloading program were derived by Zhuang et al.
[75], adopting the original and modified Cam-Clay models. To investigate the unloading
behaviour of TWCs, these solutions are also included in this paper together with the
solutions for the internal loading program and new solutions for the CASM model under
internal unloading. To briefly show the effect of the most relevant parameters (e.g. the
over-consolidation ratio and bo/ao value) to unloading response, some results obtained
with the solution for the CASM model (taking r" =3 and n=2) are presented in this
subsection. Detailed parametric studies into this problem with the Cam-Clay models refer
to Zhuang et al. [75].

Considering the surrounding soil as infinite (i.e. setting a,/b, «<0), the present

unloading solution for the CASM model reduces to the solution of Mo and Yu [39].
Therefore, they produced identical results in this special case (Fig. 11). From the
comparison shown in Fig. 11, it can be concluded that: (a) The stability of the surrounding

soil (e.g. evaluated by (p, —p;,)/S,) [10]) may drop significantly with smaller values of

bo/ao, and a spherical shell of soil has higher stability than a hollow cylinder, keeping
other parameters the same. (b) A limit ratio of bo/ao exists, beyond which the boundary
effect is negligible. The limit radius ratio for a spherical shell of soil is smaller than that

for a hollow cylinder, and it decreases slightly with the over-consolidation ratio. (c) The

degree of unloading in pressure (i.e. (p,—P,,)/ P,) that the soil can sustain increases

with the over-consolidation ratio (i.e. the cavity stability can be improved as Ro (or OCR)
increased). This is consistent with the experimental observations of wellbore instability

in undrained clays that were reported by Abdulhadi et al. [2].

5 Prediction of soil behaviour in TWC tests

To demonstrate the relevance of the derived solutions for modelling soil behaviour in
TWOC tests, comparisons between predicted and measured results of cavity expansion and

contraction curves under each loading/unloading program are presented in this section.
5.1 Prediction of pressuremeter curves in TWC tests

Cavity expansion tests in a triaxial cylinder cell or calibration chamber have been widely
used to stimulate self-boring pressuremeter tests, and TWC apparatuses with a small

outer-to-inner diameter ratio (i.e. bo/ao) of 2 to 20 were often used in the laboratory
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[1,6,26,33,34,58]. Fig. 3 showed that the undrained cavity expansion response may be
greatly influenced by the outer constant-stress boundary while bo/ap<20. This has also
been reported by Pyrah and Anderson [49] and Juran and Mahmoodzadegan [35], among
others. In this subsection, a comparison between predicted and observed expansion curves
for TWC tests reported by Frikha and Bouassida [26] is presented to validate the ability
of the derived solutions on capturing the outer boundary effect (or bo/ag effect) in the
interpretation of laboratory pressuremeter tests.

A hollow cylinder cell of Di=20mm, D,=100mm and H¢/D,=3 was used in the
undrained expansion tests of Frikha and Bouassida [26]. Keeping the outer confining
pressure constant, the hollow cylinder specimens were loaded by increasing the internal
cavity pressure. This conforms to the defined internal loading program. Therefore, the
TWOC test is simulated as an undrained cylindrical cavity expansion process based on the
derived solutions for the internal loading analysis. The CASM model is used to describe
the stress-strain behaviour of the normally consolidated Speswhite kaolin that used in the
tests. With reference to the soil parameters that were reported by Atkinson et al. [7] and
Frikha and Bouassida [26], model parameters of CASM are calibrated by simulating the

undrained triaxial compression tests that were conducted with the same soil as shown in

Fig. 12. It gives: '=3.14, 1=0.136, x=0.025, ¢, =225, ©=03, n=2, and

r'=1.7020.

To account for the shear mode effect, ¢ =1.2¢, is taken in the cylindrical cavity

expansion analysis [13]. For comparison, results without considering the shear mode

effect (i.e. ¢ =g, ) or the boundary effect (i.e. setting b, / &, oc o0, corresponding to the

infinite solutions) were also calculated. Predicted and observed expansion curves are

compared by plotting the net total cavity pressures (p,,—P,) against the cavity
volumetric strain (AV /V0)|r:a in Fig. 13. From Fig. 13, it can be concluded that the

present finite solution can accurately predict the pressuremeter curves of undrained TWC
tests with due consideration of the boundary effect and the shear mode effect. Without
considering the finite thickness of the TWCs of soil, the infinite solution significantly
over-predicts the cavity pressure, and the over-prediction becomes more serious at larger
cavity expansions. On the contrary, the required expansion pressure is under-estimated

when the shear mode effect is neglected.

26



645
646
647
648
649
650
651

652
653
654
655
656
657

658

659
660
661
662
663
664
665
666
667
668
669

670

671
672
673
674
675

By plotting pressuremeter results in terms of cavity pressure against the logarithm of
the volumetric strain, the plastic portion is almost a straight line (e.g. in the range of cavity
strains between 5 and 15%) for tests performed in large containers or ‘semi-infinite’ field
conditions, and the slope is often assumed to be equal to the undrained shear strength of
the soil [21,28,38]. However, Fig. 14 shows that this method is not always suitable for
the interpretation of laboratory pressuremeter tests in TWC apparatuses. An obvious

reduction in strength is observed due to the boundary effect while b, /a, of the soil

specimen is smaller than 20. Yu [70] gave a comprehensive review of various sources of
inaccuracy that may exist in this simplified interpretation method, including effects of
pressuremeter geometry, water drainage conditions, strain rate and disturbance during
installation. The present study further demonstrates that attention should also be paid to
the outer boundary effect while small-sized hollow cylinder cells are used in laboratory

pressuremeter tests.
5.2 Contraction response under internal unloading and external loading

A series of TWC tests were performed by Abdulhadi [1] to investigate the wellbore
instability problem in soils under either internal unloading (e.g. TWC1 and TWC3) or
external loading (e.g. TWC2). Tests TWC1, TWC2 and TWC3 were chosen for the
comparison here as they were performed in fully saturated, uniform, isotropically
consolidated hollow cylinder specimens. The inner and outer diameters of the hollow
cylinder specimen were 25mm and 76mm, respectively. The specimen height was
152mm, and it has been verified that this height to outer diameter ratio (H¢/Do=2)
produced a minimal impact on the borehole response [3], which fulfils the plane strain
assumption. Reconstituted Boston blue clay (RBBC) was used in the tests. To determine
the soil parameters in CASM, the triaxial compression test on isotropically consolidated
RBBC that reported by Ladd [37] is simulated as shown in Fig. 15. It gives: "' =2.671,
A=0.184, k=0.01, £=0.28, ¢, =33.4°, n=15, and r" =2.1. The soil parameters
were determined by cross-referencing to the oedometric test data reported by Abdulhadi
[1] and those summarised by Akl and Whittle [4]. These tests are simulated as a
cylindrical cavity contraction process using the derived solutions. The same set of model
parameters were used in the model predictions, and Ro=1.001 was taken as the soil

specimens were normally consolidated.
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Predicted and measured cavity contraction curves for tests performed under internal
unloading and external loading are compared in Figs. 16 and 17, respectively. In tests
TWCL1 and TWC3, the soil cylinder contracts due to the internal unloading (Fig. 16).
Instead, the specimen deforms inwards driven by the external compression in test TWC2
(Fig. 17). Compared to the experimental data, the theoretical solutions tend to
underestimate soil stiffness during the initial contractions in both cases. A comparison
between the idealised cavity contraction models and the experimental observations
indicates that this discrepancy may be attributed to the following aspects. Firstly, it was
observed that the pore pressures were not fully equilibrated across the width of the clay
specimen with a loading or unloading rate of 10%/hour (approximately 80-90%
equilibrated [2]). In other words, the applied pressures at the boundaries cannot transfer
through the whole soil specimen immediately. Secondly, the predicted effective stress
paths within soil slightly deviate from that occurred in the tests. Although RBBC has been
used at MIT (Massachusetts Institute of Technology) for over 50 years, the raw Boston
clay, the re-sedimentation procedure and consolidation pressures during sample
preparations in the triaxial compression tests of Ladd [37] and the TWC tests of
Abdulhadi [1] were not exactly the same, which may lead to some deviations in the stress-
strain behaviour. Moreover, the inherent boundary effect caused during sample
preparation and the rate dependence in soil behaviour, which are ignored in the present
model, may also result in differences between physical tests and theoretical models more
or less [2]. It seems that the overall influences of the above factors produced relatively
greater influences on the initial contraction response as the predicted and measured results
are in close agreement at relatively large deformations (e.g. the steady contraction stage).
Nevertheless, the comparisons in Figs. 16 and 17 indicate that, with due consideration of
the shear mode effect, the predicted cavity contraction curves under either internal
unloading or external loading are basically consistent with those measured in the tests, in
particular, at the steady contraction stage (or the most vulnerable stage) which is of great
concern for the borehole instability analysis. If the boundary effect is ignored (e.g. in the
infinite solution), the soil stability under internal unloading could be significantly over-
predicted (Fig. 16).

Tests TWC1 and TWC3 were performed with the same initial confining pressures. It
is interesting to note these two tests show similar soil stability results if evaluated in terms

of (P, — P;,)/S,. However, the total stress paths or excess pore pressures are essentially
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different in these two cases as also highlighted by Abdulhadi [1]. In addition, the results

in Figs. 16 and 17 indicate that the back-calculated critical state friction angle ¢, from

the test under internal unloading (e.g. TWC1) is slightly smaller than that based on the
test under external loading (e.g. TWC1). This minor difference might be caused by the
loading path effect, but this needs to be justified with more experimental evidence.

It should be pointed out that, in previous TWC tests, the pore pressure is mostly
measured at the axial ends and only assumed average values across the width of the
specimen are available. Therefore, only the total stresses are compared in the above cases.
As a consequence, possible influences of local consolidation and rate-dependent
redistribution of the pore pressure cannot be evaluated from these experimental results.
These effects might be significant, in particular, for tests with relatively thick soil
samples, and direct detection of them could be very useful for the investigation on
relevant soil properties (e.g. hydraulic properties). Therefore, it is believed that TWC test
apparatus equipped with more advanced imaging techniques such as X-ray Computed
Tomography [36,41,59] can offer additional insight into the soil behaviour involved due

to its ability to probe the 3D in situ soil porous architecture at high resolutions (i.e. 1 pum).

6 | Conclusions

We have presented a general solution procedure for undrained loading and unloading
analyses of both cylindrical and spherical cavities embedded in soils with a finite radial
extent, which is applicable to many two-invariant critical state soil models. Three stress-
controlled loading programs (internal loading, internal unloading and external loading)
that are commonly used in TWC tests are considered. Following the proposed procedure,
a set of large strain analytical/semi-analytical cavity expansion and contraction solutions
are derived for several critical state soil models, which can provide valuable benchmark
for verifying various numerical programs. The derived solutions are used to investigate
the boundary effect (or specimen size effect) to the cavity expansion and contraction
responses. It is shown that a limit value of bo/ap exists in each loading/unloading program,
below which the boundary effect could lead to significant reductions in the degree of
loading or unloading that the surrounding soil can sustain. Although the limit value of
bo/ao may vary with the over-consolidation ratio and the cavity deformation level, it was

found that, in general, b,/a, >20 is a minimum practical requirement to remove the
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boundary effect in common TWC tests under undrained conditions, and this value is much

smaller for a spherical shell of soil (approximately b, /a, >10).

Using the published results of several TWC tests under different stress-controlled
loading/unloading programs in the literature, comparisons between predicted and
measured cavity expansion and contraction curves are made. Overall, the theoretical
predictions show satisfactory agreement with the experimental data. The results of these
comparisons suggest that the proposed cylindrical solutions are able to capture the
boundary effect that is commonly observed in undrained TWC tests under the considered
three loading/unloading programs. This is essential for the interpretation of laboratory
TWC tests. Inversely, the finite cavity expansion and contraction solutions may be
calibrated or validated with relevant TWC tests which require less energy, time and space

than site tests. Then setting b, / a, oc c, the calibrated solutions can be used to simulate

field pressuremeter tests and investigate the in-situ wellbore instability problem as the
infinite cavity expansion or contraction solutions often did [14,18,71].
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Figure captions

Fig.1. Schematic of a thick-walled cylinder.
Fig.2. Example yield surfaces of Cam-Clay models and CASM.

Fig.3. Total pressure and excess pore pressure at the inner cavity of modified Cam clay:
(a) cylindrical solution with Ro=1.001; (b) spherical solution with Ro=1.001; (c)
cylindrical solution with Ro=4; (d) spherical solution with Ro=4; (e) cylindrical solution
with Ro=16; (f) spherical solution with Ro=16.

Fig.4. Stress distribution in modified Cam clay with Ro=1.001: (a) cylindrical model in

an infinite soil mass; (b) spherical model in an infinite soil mass; (c) cylindrical model
with small values of bo/ao; (d) spherical model with small values of bo/ao.

Fig.5. Stress distribution in modified Cam clay with Ro=16: (a) cylindrical model in an
infinite soil mass; (b) spherical model in an infinite soil mass; (c) cylindrical model with
small values of bo/ao; (d) spherical model with small values of bo/ao.

Fig.6. Typical stress paths in modified Cam clay: (a) cylindrical model with bo/ao=1000;
(b) spherical model with bo/ag=1000; (c) cylindrical model with bo/ag=2; (d) spherical

model with bo/ag=2.

Fig.7. A thick-walled cylinder of normally consolidated London clay (Ro=1.001) under

external loading.

Fig.8. A spherical shell of normally consolidated London clay (Ro=1.001) under

external loading.
Fig.9. A thick-walled cylinder cavity of stiff London clay (Ro=4) under external loading.
Fig.10. A spherical shell of stiff London clay (Ro=4) under external loading.

Fig.11. Cavity contraction curves under internal unloading: (a) and (c) cylindrical

model; (b) and (d) spherical model.

Fig.12. Model prediction for undrained triaxial compression tests with soft Speswhite

kaolin.

Fig.13. Predicted and measured cavity expansion curves in a thick-walled cylinder of

kaolin clay.
Fig.14. Pressuremeter curves with different values of bo/ao (Speswhite kaolin).

Fig.15. Model prediction for an undrained triaxial compression test on isotropically
consolidated RBBC.
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987  Fig.16. Predicted and measured cavity contraction curves in thick-walled cylinders of
988 RBBC under internal unloading.

989  Fig.17. Predicted and measured cavity contraction curves in a thick-walled cylinder of
990 RBBC under external loading.
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Notation
Par Pins Pou
S
k
r,o,z
r,o,¢
rO
P
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P
Py Po
U,U,, AU
AUL,, AU,
AU|__, AU| |
o, o,
o,, O,
&, &
S,y

a,, a; by, b;cy, C

Pas G,
Py G
Var Vb
Vepr Qep
K, G

N

axial stress, internal and external radial pressures
¢ =1 for loading and ¢ =-1 for unloading

k =1 for a cylindrical cavity and k =2 for a spherical cavity
coordinates of the cylindrical coordinate system
coordinates of the spherical coordinate system

initial value of the radial co-ordinate r
mean effective stress and deviatoric stress
mean effective stress and deviatoric stress at the critical state
mean total pressure

initial values of p and p’

total, initial ambient, excess pore pressures
excess pore pressuresat r=a andat r=>b
excess pore pressures at r=c and at r =r
effective radial and circumferential stresses
total radial and circumferential stresses
radial and circumferential strains
volumetric and shear strains

initial and current radii of the inner cavity wall, the outer cavity
wall, the elastic-plastic boundary

radius of the plastic-critical state boundary

mean effective and shear stresses at r =a

mean effective and shear stresses at r =b

shear strainsat r=a andat r=b

shear strain and shear stress at the state just enters plastic yielding

instantaneous bulk and shear moduli with initial values of K, and
G0
the slope of the CSL in the p’-q space

slope of the normally compression line
the value of v on the CSL at p'=1kPa
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specific volume and Poisson’s ratio of soil
slope of the swelling line

plastic volumetric strain ratio, equals (4 —x)/A
isotropic over-consolidation ratio, defines as pi,/ p;

stress-state coefficient and spacing ratio in CASM

preconsolidation pressure and its initial value
undrained shear strength of soil

stress ratio and its value at the elastic-plastic boundary
critical state friction angle, Hvorslev friction angle

critical state friction angle under triaxial compression and plane
strain

cavity volumetric strain
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1035  Fig 1 Schematic of a thick-walled cylinder
1036
0.8
original Cam-clay
0.4 0.6 1.0
1037
=
/ modified Cam-clay
OO 1 N 1 N 1 N 1 N
0.0 0.2 0.4 0.6 0.8 1.0
1038 (b) P/ Py
1039  Fig 2 Example yield surfaces of Cam-clay models and CASM.
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