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A B S T R A C T

Double-quantum filtered 23Na NMR experiments with one or two “magic angle” (54.7◦) pulses in the filter step
are widely used for selective observation of sodium ions that are interacting with ordered biological structures
(“ordered sodium”) and hence exhibit a distribution of quadrupolar splittings in their NMR spectrum. This
approach has recently been extended to 23Na MRI where the conventional experiment has been modified,
omitting the 180◦ pulse to reduce the absorption of radiofrequency energy during human studies. Here, the
“magic angle” double-quantum filtered 23Na NMR experiment (without a 180◦ pulse) is analysed in terms of
coherence pathways that lead to refocusing in an inhomogeneous B0 field (“echoes”) and those that do not
(“antiechoes”). It is shown that the echo and antiecho pathways can be separated by phase cycling and that the
antiecho pathway contributes very little to the overall signal in an inhomogeneous B0 field. Hence, a double-
quantum filtered 23Na NMR experiment that utilises just the echo pathway and so achieves complete refocus-
ing of the effects of B0 inhomogeneity without making use of a 180◦ pulse is proposed. The new method is
demonstrated both in 23Na NMR spectroscopy in an inhomogeneous B0 field and in 23Na MRI of a three-
component phantom.

1. Introduction

Multiple-quantum and multiple-quantum filtration NMR techniques
have become essential tools in the study of spin I= 3/2 nuclei, such as 7Li,
11B, 23Na, 39K, 87Rb and 131Xe [1–5]. For example, in purely isotropic
liquids or biological systems, triple-quantum filtered 23Na NMR can be
used to separate the signal from sodium ions experiencing slow dynamics
(and hence exhibiting biexponential spin relaxation) from those experi-
encing very fast dynamics (and so exhibiting monoexponential spin
relaxation) [3]. Furthermore, in these systems triple-quantum filtered
NMRcan assist in the accuratemeasurement of biexponential I=3/2 spin
relaxation rate constants [3,6]. Inmost heterogeneous biological systems
a further, non-isotropic ion environment is encountered, where the so-
dium ions interact with orderedmolecular structures (“ordered sodium”)
and hence exhibit a distribution of quadrupolar splittings in their 23Na
NMR spectrum[7,8]. This pool of ordered ions can be selectively detected
using a double-quantum filtration NMR technique where one or more of
the radiofrequency pulses in the filtration step have a 54.7◦ (or “magic
angle”) flip angle [3,7,8].

In addition to their wide application in NMR spectroscopy, multiple-
quantum and multiple-quantum filtration techniques have also been
used in 23Na MRI with the aim of obtaining a novel source of image
contrast [9–28]. In early demonstrations, many of the proposed methods
used the same radiofrequency pulse sequences applied in NMR spec-
troscopy, with a 180◦ pulse in the centre of the evolution period (that
preceding the multiple-quantum filter) to refocus the effects of B0 in-
homogeneity during that period [9–11,13,15,25]. More recently, con-
cerns over the specific absorption rate (SAR) of radiofrequency energy
during human 23Na MRI studies has led to an interest in methods where
this 180◦ pulse is omitted so as to reduce the SAR. Pulse techniques that
do not use a 180◦ refocusing pulse have been applied both in triple-
quantum filtered 23Na MRI [12,14,16–24,28] and also, more recently
still, in “magic angle” double-quantum filtered 23Na MRI [26,27] where
the aim is to selectively image sodium ions in ordered environments.
However, there has been an awareness that the absence of the 180◦ pulse
may increase the susceptibility of some multiple-quantum filtered 23Na
MRI experiments to the effects of B0 inhomogeneity.

In this work we analyse the “magic angle” double-quantum filtered
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23Na NMR experiment (without a 180◦ pulse) in terms of coherence
pathways that lead to refocusing in an inhomogeneous B0 field
(“echoes”) and those that do not (“antiechoes”) [29]. We show that the
echo and antiecho pathways can be separated by phase cycling [29] and
that the antiecho pathway contributes very little to the overall signal in
an inhomogeneous B0 field. This leads us to propose and demonstrate a
double-quantum filtered 23Na MRI experiment that utilises just the echo
pathway and so achieves complete refocusing of the effects of B0 in-
homogeneity without making use of a 180◦ pulse. This method is based
on principles used in a previously proposed triple-quantum filtered 23Na
MRI experiment that fully refocuses the effects of B0 inhomogeneity
[12,14], which itself is related to a method used in 23Na NMR spec-
troscopy in vivo for forming spin echoes without use of a 180◦ pulse
[30,31], and in related methods [16–24,28].

For a recent overview of the wider aspects of 23Na MRI, we direct the
interested reader to the review by Gast et al. [32].

2. Theory

2.1. Multiple-quantum filtered 23Na (I = 3/2) NMR

Following the original work of Jaccard et al. [3], the spin I = 3/2
density operator is most conveniently expanded as a linear combination
of spherical tensor operators of rank l and coherence order p:

σ(t) =
∑2I

l=0

∑l

p=− l
bl,p(t)Tl,p (1)

An initial 90◦y pulse yields the density operator

σ(τ = 0) = T1,− 1 − T1, + 1 (2)

where, as usual, we have omitted several constants (number of spins,
gyromagnetic ratio, temperature, etc.). If this density operator then
evolves purely under the influence of biexponential quadrupolar trans-
verse relaxation for a time τ, the result can be written [3]

σ(τ) = f11(τ) (T1,− 1 − T1, + 1) + f31(τ) (T3,− 1 − T3, + 1) (3)

with the transverse relaxation functions

f11(t) =
1
5
(
3 exp

{
− Rfastt

}
+ 2 exp{ − Rslowt}

)
(4a)

f31(t) =
√6
5

(
exp

{
− Rfastt

}
− exp{ − Rslowt}

)
(4b)

The rate constants Rfast and Rslow describe the two components of the
biexponential relaxation. These are equal if the modulation of the 23Na
quadrupolar interaction is fast compared with the Larmor frequency
ω0 and so in this case f31(τ) ≈ 0 and no third-rank (l = 3) coherences
develop. However, for the more general case, where the modulation of
the quadrupolar interaction is slower, Rfast > Rslow and f31(τ) ∕= 0. A
further radiofrequency pulse of flip angle β and phase ϕ changes the
coherence order (but not the rank) according to

Tl,p ̅̅̅̅̅̅̅→
β(Iycosϕ− Ixsinϕ) ∑l

pʹ=− l

Tl,pʹ dlpʹ,p(β)exp{ − iΔpϕ} (5)

where dlpʹ,p(β) is a reduced Wigner rotation matrix element (tabulated in
many places, e.g., Ref. [33]) and Δp = p′ − p is the change in coherence
order under the pulse, with p′ being the new coherence order. In
particular, a 90◦x (ϕ = − 90◦) pulse applied to the density operator in Eq.
(3) will create the triple-quantum state

σʹ(τ) = −

̅̅̅̅̅̅
15

√

4
f31(τ)(T3,− 3 − T3,+3) (6)

Tensor operators of other coherence orders will also be created but the
contribution of these to the final NMR signal can be cancelled by using
phase cycling [29], which is an essential component of the multiple-
quantum filter (and implicitly assumed in this calculation). Finally, a
further 90◦x pulse will convert the triple-quantum coherences back into
observable single-quantum coherences, which by convention have
coherence order p = − 1 if quadrature detection is used:

σʹ́ (τ) = 15
16
f31(τ)T3,− 1 (7)

This final signal will only be nonzero if f31(τ) ∕= 0, hence this triple-
quantum filtered experiment can be used to separate the NMR signal
of sodium ions experiencing slow dynamics (and hence exhibiting
biexponential spin relaxation) from that of ions experiencing very fast
dynamics [3,6].

In contrast, if the density operator in Eq. (2) evolves purely under the
influence of a resolved spin I = 3/2 quadrupolar splitting 2ωQ for a time
τ, the result can be written [3,8]

σ(τ) = g11(τ)
(
T1,− 1 − T1,+1

)
+ g21(τ)

(
T2,− 1 + T2,+1

)

+g31(τ)
(
T3,− 1 − T3,+1

) (8)

with

g11(t) = (1/5){2+ 3cos(2ωQt)} (9a)

g21(t) = i√(3/5)sin(2ωQt) (9b)

g31(t) = − (√6
/
5
)
{1 − cos(2ωQt)} (9c)

Hence a significant difference between evolution as a result of biexpo-
nential relaxation, Eqs. (3) and (4), or of residual quadrupolar splittings,
Eqs. (8) and (9), is that only in the latter case do rank l= 2 tensors, T2,±1,
appear and this forms the basis of a method of distinguishing the two
effects [3,7,8]. A βy (ϕ = 0◦) pulse applied to the density operator in Eq.
(8) will create the double-quantum state

σʹ(τ) = g21(τ)
(
T2,− 2 − T2,+2

)
sinβ

−

̅̅̅̅̅̅
10

√

4
g31(τ)

(
T3,− 2 + T3,+2

)
sinβ

(
1 − 3cos2β

) (10)

and again the contribution of only these operators to the final NMR
signal can be selected using phase cycling. However, the presence of
rank l= 3 tensors in Eq. (10) shows that double-quantum filtration alone
is not sufficient to select for only sodium ions exhibiting quadrupolar
splittings since rank l= 3 double-quantum coherences, T3,±2, will also be
excited from the relaxation-only density operator in Eq. (3). Finally, a β′y
pulse will convert the double-quantum coherences back into observable
(p = − 1) single-quantum coherences:

σʹ́ (τ) = − g21(τ)T2,− 1 sinβsinβʹ

−
5
8
g31(τ) T3,− 1sinβ

(
1 − 3cos2β

)
sinβʹ ( 1 − 3cos2βʹ) (11)

Now it can be seen, following Jaccard et al. [3] and Eliav et al. [7], that if
either or both of the flip angles β or β′ in the double-quantum filter is set
to the “magic angle” arccos(1/√3) = 54.7◦ (the root of 1 − 3cos2β = 0)
then third-rank coherences are suppressed and only second-rank co-
herences will appear. Thus, the resulting spectrum will arise from only
those 23Na nuclei that exhibit a residual quadrupolar splitting. With β =

β′ = 54.7◦ the density operator at the start of the acquisition period
becomes

σʹ́ (τ) = −
2
3
g21(τ)T2,− 1 (12)

while if either β = 90◦ and β′= 54.7◦ or β = 54.7◦ and β′= 90◦ it becomes
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σʹ́ (τ) = −

̅̅̅
2

√

̅̅̅
3

√ g21(τ) T2,− 1 (13)

2.2. “Magic angle” double-quantum filtered 23Na (I = 3/2) NMR
without a 180◦ pulse

Fig. 1 compares the pulse sequences for “magic angle” double-
quantum filtration with (Fig. 1a) and without (Fig. 1b) the 180◦ refo-
cusing pulse in the evolution period. In the sequence in Fig. 1a, the 180◦

pulse removes the effects of any resonance offsets, including those
introduced by B0 inhomogeneity, during the evolution period τ. A suit-
able phase cycle for the pulse sequence in Fig. 1a is given in Table 1.

The pulse sequence in Fig. 1b is best analysed by considering the p =

+1 (blue or “echo”) pathway and the p = − 1 (red or “antiecho”)
pathway in the evolution period separately. If the initial density oper-
ator in Eq. (2) evolves under the influence of a resolved spin I = 3/2
quadrupolar splitting 2ωQ and under a resonance offset Ω (representing
either an instrumental offset or the effects of B0 inhomogeneity) for a
time τ we find

σecho(τ)=
{
− g11(τ) T1,+1+g21(τ)T2,+1 − g31(τ)T3,+1

}
exp{ − iΩτ} (14)

σantiecho(τ)=
{
+g11(τ)T1,− 1+g21(τ)T2,− 1+g31(τ)T3,− 1

}
exp{+ iΩτ} (15)

A βy (ϕ = 0◦) pulse applied to these density operators will create the
double-quantum states

σʹ
echo(τ) = g21(τ)

{
T2,− 2 d2− 2,+1(β) + T2,+2 d2+2,+1(β)

}
exp{ − iΩτ}

− g31(τ)
{
T3,− 2 d3− 2,+1(β) + T3,+2 d3+2,+1(β)

}
exp{ − iΩτ}

(16a)

σʹ
antiecho(τ) = g21(τ)

{
T2,− 2 d2− 2,− 1(β)+T2,+2d2+2,− 1(β)

}
exp{+ iΩτ}

+g31(τ)
{
T3,− 2 d3− 2,− 1(β)+T3,+2 d3+2,− 1(β)

}
exp{+ iΩτ}

(16b)

and again phase cycling is used to select only these contributions to the
final signal. We will now assume that the free precession period Δ be-
tween the two filter pulses has negligible duration (this topic will be
discussed further below) and continue the calculation by applying a β′y
(ϕ = 0◦) pulse to create the observable (p = − 1) single-quantum co-
herences:

Fig. 1. Pulse sequences and coherence pathways for spin I = 3/2 “magic angle” double-quantum filtration with (a) and without (b) the 180◦ refocusing pulse in the
evolution period τ. The experiment in (b) can be performed either with retention of both the echo (blue) and antiecho (red) coherence pathways or with retention of
just one of the two pathways. Suitable phase cycles for these sequences are given in Table 1.

σʹ́
echo(τ) = g21(τ)T2,− 1

{
d2− 2,+1(β) d

2
− 1,− 2(β

ʹ) + d2+2,+1(β) d
2
− 1,+2(β

ʹ)
}
exp{ − iΩτ}

− g31(τ)T3,− 1
{
d3− 2,+1(β) d

3
− 1,− 2(β

ʹ) + d3+2,+1(β)d
3
− 1,+2(β

ʹ)
}
exp{ − iΩτ}

(17a)

σʹ́
antiecho(τ) = g21(τ)T2,− 1

{
d2− 2,− 1(β) d

2
− 1,− 2(β

ʹ) + d2+2,− 1(β) d
2
− 1,+2(β

ʹ)
}
exp{ + iΩτ}

+g31(τ) T3,− 1

{
d3− 2,− 1(β) d

3
− 1,− 2(β

ʹ) + d3+2,− 1(β) d
3
− 1,+2(β

ʹ)
}
exp{ + iΩτ}

(17b)
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If β = β′ = 54.7◦ then Eq. (17) becomes

σʹ́
echo(τ) = −

2
9
g21(τ)T2,− 1exp{ − iΩτ} + 5

18
g31(τ)T3,− 1exp{ − iΩτ} (18a)

σʹ́
antiecho(τ) = −

4
9
g21(τ)T2,− 1exp{ + iΩτ} − 5

18
g31(τ)T3,− 1 exp{ + iΩτ}

(18b)

Conventionally, the experiment in Fig. 1b has been recorded while
retaining both the echo and antiecho signals in the evolution period,
which requires no additional phase cycling as the evolution of the
density operator as a function of τ is inherently amplitude modulated. In
this case the density operator at the start of acquisition is

σʹ́ (τ) = σʹ́
echo(τ) + σʹ́

antiecho(τ)

= −
2
3
g21(τ)T2,− 1cos(Ωτ) −

5i
9
g31(τ)T3,− 1 sin(Ωτ) (19)

Hence, as demonstrated in the very elegant paper by Gast et al. [27],
rank l = 3 tensors are not suppressed in this experiment, unless Ω = 0.
This is an unrealisable condition in the presence of even a small degree
of B0 inhomogeneity and so this experiment does not successfully select
exclusively for sodium ions exhibiting quadrupolar splittings.

However, as also shown by Gast et al. [27], if either of the flip angle
combinations β = 90◦ and β′ = 54.7◦ or β = 54.7◦ and β′ = 90◦ are used
then Eq. (17) becomes

σʹ́
echo(τ) = −

1̅
̅̅
6

√ g21(τ)T2,− 1 exp{ − iΩτ} (20a)

σʹ́
antiecho(τ) = −

1̅
̅̅
6

√ g21(τ)T2,− 1 exp{ + iΩτ} (20b)

and the sum is

σʹ́ (τ) = σʹ́
echo(τ) + σʹ́

antiecho(τ) = −

̅̅̅
2

√

̅̅̅
3

√ g21(τ)T2,− 1cos(Ωτ) (21)

In this case rank l= 3 tensors are fully suppressed, even when Ω ∕= 0, and
so this experiment does successfully select for only sodium ions exhib-
iting quadrupolar splittings. A suitable phase cycle for the pulse
sequence in Fig. 1b with retention of both echo and antiecho pathways is
given in Table 1.

[In an apparent contradiction of the results above, where there is full
suppression of rank l= 3 operators at all resonance offsets, Fig. 3 of Gast
et al. [27] shows a small amplitude of rank l = 3 signal leaking through
the double-quantum filter away from exact resonance when either β =

90◦ and β′ = 54.7◦ or β = 54.7◦ and β′ = 90◦. The reason for this is the
inclusion of a significant delay between the two filter pulses (our Δ) of
50 μs in the calculations for Fig. 3 in Ref. [27], whereas we have
assumed a negligible value for Δ above. In experimental practice over
the last 40 years on a wide variety of instrumentation, one of us has been
using a Δ of 2 or 3 μs in multiple-quantum and similar filters without
ever encountering any problems. The purpose of this delay is simply to

Table 1
Phase cycles for the pulse sequences in Figs. 1 and 2.

These phase cycles will select the coherence pathways shown in Figs. 1 and 2 and are the ones used in our experiments. (Note that many equivalent schemes will exist.)

Pulse sequence in Fig. 1a
ϕ1 = 0◦ 90◦ 180◦ 270◦ 180◦ 270◦ 0◦ 90◦

ϕ2 = 0◦ 90◦ 180◦ 270◦ 0◦ 90◦ 180◦ 270◦ 90◦ 180◦ 270◦ 0◦ 90◦ 180◦ 270◦ 0◦

180◦ 270◦ 0◦ 90◦ 180◦ 270◦ 0◦ 90◦ 270◦ 0◦ 90◦ 180◦ 270◦ 0◦ 90◦ 180◦

ϕ3 = 0◦ 90◦ 180◦ 270◦

ϕ4 = 0◦

ϕRx = 0◦ 180◦ 0◦ 180◦ 180◦ 0◦ 180◦ 0◦ 180◦ 0◦ 180◦ 0◦ 0◦ 180◦ 0◦ 180◦

Pulse sequence in Fig. 1b with retention of both echo and antiecho pathways
ϕ1 = 0◦ 90◦ 180◦ 270◦ 180◦ 270◦ 0◦ 90◦

ϕ2 = 0◦ 90◦ 180◦ 270◦

ϕ3 = 0◦

ϕRx = 0◦ 180◦ 0◦ 180◦ 180◦ 0◦ 180◦ 0◦

Pulse sequence in Fig. 1b and Fig. 2c with echo selection (blue pathway)*
ϕ1 = 0◦

ϕ2 = 0◦ 0◦ 0◦ 0◦ 90◦ 90◦ 90◦ 90◦ 180◦ 180◦ 180◦ 180◦ 270◦ 270◦ 270◦ 270◦

ϕ3 = 0◦ 90◦ 180◦ 270◦ 90◦ 180◦ 270◦ 0◦ 180◦ 270◦ 0◦ 90◦ 270◦ 0◦ 90◦ 180◦

ϕRx = 0◦ 270◦ 180◦ 90◦ 180◦ 90◦ 0◦ 270◦

Pulse sequence in Fig. 1b with antiecho selection (red pathway)*
ϕ1 = 0◦

ϕ2 = 0◦ 0◦ 0◦ 0◦ 90◦ 90◦ 90◦ 90◦ 180◦ 180◦ 180◦ 180◦ 270◦ 270◦ 270◦ 270◦

ϕ3 = 0◦ 90◦ 180◦ 270◦ 90◦ 180◦ 270◦ 0◦ 180◦ 270◦ 0◦ 90◦ 270◦ 0◦ 90◦ 180◦

ϕRx = 0◦ 270◦ 180◦ 90◦

Spin-echo pulse sequence in Fig. 2a
ϕ1 = 0◦

ϕ2 = 0◦ 90◦ 180◦ 270◦

ϕRx = 0◦ 180◦

Triple-quantum filtered echo in Fig. 2b
ϕ1 = 0◦ 60◦ 120◦ 180◦ 240◦ 300◦ 240◦ 300◦ 0◦ 60◦ 120◦ 180◦ 120◦ 180◦ 240◦ 300◦ 0◦ 60◦

ϕ2 = 0◦ 60◦ 120◦ 180◦ 240◦ 300◦ 120◦ 180◦ 240◦ 300◦ 0◦ 60◦ 240◦ 300◦ 0◦ 60◦ 120◦ 180◦

ϕ3 = 0◦ 0◦ 0◦ 0◦ 0◦ 0◦ 120◦ 120◦ 120◦ 120◦ 120◦ 120◦ 240◦ 240◦ 240◦ 240◦ 240◦ 240◦

ϕRx = 0◦ 180◦

* Note that if the free induction decays are stored appropriately, the echo signal (blue pathway in Fig. 1b and 2c) and antiecho signal (red pathway in Fig. 1b) can be
calculated from the same data set as only the receiver phase differs between the two experiments.
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allow the radiofrequency pulse phase to switch and this occurs on a sub-
microsecond timescale. With Δ = 2 μs and an offset Ω/2π = 100 Hz, cos
(ΩΔ) = 0.9999992 and sin(ΩΔ) = 0.0012566, indicating negligible net
precession. We can see no justification for using a longer free precession
period within the multiple-quantum filter, especially as it only affects
the experiment adversely.]

It is instructive to continue the density operator calculation for
σʹ́
echo(τ) and σʹ́

antiecho(τ) in Eq. (20) into the acquisition period tacq. During
this period T2,− 1 has to evolve into in-phase T1,− 1 (which is the only
component that induces signal in the receiver) under the influence of the
quadrupolar splitting while at the same time still evolving under the
resonance offset Ω:

σʹ́
echo

(
τ, tacq

)
= −

1̅
̅̅
6

√ g21(τ) g12
(
tacq

)
T1,− 1 exp{ − iΩτ} exp

{
+ iΩtacq

}

(22a)

σʹ́
antiecho

(
τ, tacq

)
= −

1̅
̅̅
6

√ g21(τ) g12
(
tacq

)
T1,− 1 exp{ + iΩτ} exp

{
+ iΩtacq

}

(22b)

where g12(t) = g21(t) and we have retained only the observable T1,− 1
tensors. Inspection of Eq. (22a) shows that when tacq= τ the exponential
phase factors cancel each other, i.e., exp{− iΩτ}exp{+iΩtacq} = 1, for all
values of Ω. In other words, a spin echo forms in the acquisition period
(after a time τ) exactly as it would if the two pulses of the multiple-
quantum filter were replaced by a single 180◦ pulse. This spin echo is
a consequence of the coherence order changing sign from p = +1 in the
evolution period to p = − 1 in the acquisition period (as it does in a
conventional spin-echo experiment). In contrast, Eq. (22b) shows that
the so-called antiecho component of the signal does not generate a spin
echo during acquisition: dephasing of the signal due to a spread of Ω
values (i.e., B0 inhomogeneity) in the evolution period τ continues un-
abated in the acquisition period tacq. As a result, if the experiment of
Fig. 1b (with retention of both pathways) is performed in an inhomo-
geneous B0 field, the antiecho pathway will contribute very little to the
overall signal. By the time that T2,− 1 has evolved into observable T1,− 1
under the influence of the quadrupolar splittings (typically a few milli-
seconds), the antiecho component of the signal will have dephased in the
inhomogeneous B0 field.

[In addition to the echo and antiecho arising from B0 inhomogeneity,
if there is a distribution of 2ωQ values, as seems certain in any hetero-
geneous biological tissue, then the product g21(τ)g12(tacq) in Eq. (22) will
also give rise to quadrupolar echo and antiecho phenomena. This can be
seen by expanding the sine term in Eq. (9b) into exponential form, with
the echo also forming when tacq = τ. However, crucially, these quad-
rupolar echoes and antiechoes do not depend on the sign of the coher-
ence order [34]; the product g21(τ)g12(tacq) occurs identically in both
Eqs. (22a) and (22b). Hence, as we can also realistically rule out a spatial
correlation between the B0 field inhomogeneity and the distribution of
quadrupolar splittings, the two effects can be treated separately and our
arguments above about echoes and antiechoes in an inhomogeneous B0
field are unaffected.]

2.3. “Magic angle” double-quantum filtered 23Na (I = 3/2) NMR with
echo selection

Phase cycling [29] can be used to select the echo and antiecho
pathways separately in the experiment in Fig. 1b, just as it can be used to
select the coherences in a multiple-quantum filter. Suitable 16-step
phase cycles for the two (now) separate experiments are given in
Table 1. These consist of four steps to select double-quantum coherences
after the second pulse nested with four steps to select Δp= − 2 (the echo
pathway) or Δp = 0 (the antiecho pathway) over the two filter pulses.
When used to select the echo pathway, this second 4-step phase cycle is
sometimes known as Exorcycle [35]. A 3-step alternative exists that

utilises 120◦ phase increments [29]. The double-quantum filtered echo
and antiecho methods will be demonstrated as two separate experiments
below.

From the discussion above, it would seem that a double-quantum
filtered 23Na NMR experiment with echo selection has potentially
much to recommend it in practice. It does not utilise a 180◦ pulse and so
will have a lower SAR than the experiment in Fig. 1a. And yet, as long as
there is negligible free precession during the Δ delay, in an inhomoge-
neous B0 field an echo is formed in the acquisition period exactly the
same as in a conventional spin-echo experiment. There will be no un-
wanted interference with this echo from the (weaker) antiecho signal
because the latter has been fully suppressed by the additional phase
cycling. These features of the double-quantum filtered echo experiment
will be demonstrated experimentally below.

Selection of the echo pathway also means that the double-quantum
filtered echo pulse sequence can be turned into a 23Na MRI experi-
ment in the same manner as for a simple 90◦ − τ − 180◦ spin echo, with
phase encoding gradients applied during the τ period after the initial 90◦
pulse and readout gradients applied both before and after the refocusing
element [12,14]. Fig. 2 shows three pulse sequences for 23Na (I = 3/2)
MRI that will be used in the experimental work below, with the gradient
scheme (common to all three pulse sequences) shown at the bottom. The
conventional spin echo MRI sequence is shown in Fig. 2a, a previously
demonstrated triple-quantum filtered echo MRI sequence is shown in
Fig. 2b [12,14], and the double-quantum filtered echo MRI sequence
proposed here is shown in Fig. 2c. All three MRI experiments utilise the
echo coherence pathway and so will achieve full refocusing of the effects
of B0 inhomogeneity if performed with the correct timings.

Finally, it is worth noting the flip angle dependence of the unwanted
rank l = 3 tensor operators in the double-quantum filtered echo exper-
iment. This can be extracted from Eq. (17a) as

d3− 2,+1(β) d
3
− 1,− 2(β

ʹ) + d3+2,+1(β) d
3
− 1,+2(β

ʹ)

=
5
16
sinβsinβʹ( 3

(
3cos2βʹ − 1

)
cos2β − 4cosβcosβʹ − 3cos2βʹ + 1

)
(23)

As mentioned above, this term is zero if either β = 90◦ and β′= 54.7◦ or β
= 54.7◦ and β′ = 90◦, in which case Eq. (17a) reduces to Eq. (20a).
However, considering the echo experiment on its own, it can be seen
that there is a continuum of pairs of flip angles {β, β′} that will result in
the rank l = 3 terms being zero. For example, with β = β′ = arccos(1/3)
= 70.5◦, Eq. (17a) becomes

σʹ́
echo(τ) = −

32
81
g21(τ)T2,− 1 exp{ − iΩτ} (24)

Note, however, that the combination β = β′ = 70.5◦ does not zero the
rank l = 3 term in the antiecho expression in Eq. (17b).

3. Experimental details

23Na NMR and MRI experiments were performed at a Larmor fre-
quency of ω0/2π = 105.8 MHz on a Bruker Avance III spectrometer and
microimaging system, equipped with a vertical widebore 9.4 T magnet,
micro2.5 imaging gradients, and a 25-mm dual-tuned 1H/23Na birdcage
coil (WB40 probehead). All pulse sequences were home-written in
TopSpin 3.6. Further details of the experimental NMRwork can be found
in the text and figure captions.

For 23Na NMR spectroscopy the sample was 3% (w/v) xanthan gum
in 150mMNaCl(aq) contained in a 10-mm glass NMR tube. The xanthan
gum polymer produces a non-isotropic average sodium ion environment
and hence the 23Na NMR spectrum exhibits a distribution of quadrupolar
splittings, as evidenced by a non-zero signal in the “magic-angle”
double-quantum filtered NMR experiment in Fig. 1a. The optimum
evolution period τ in this experiment, indicating the maximum in the
build-up of T2,±1 coherences, was determined as being 4.5 ms.

For 23Na MRI a phantom was constructed consisting of the above 10-
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Fig. 2. Pulse and gradient sequences and coherence pathways for 23Na (I = 3/2) MRI experiments used in this work. (a) Conventional spin-echo sequence. (b) A
previously demonstrated triple-quantum filtered echo sequence [12,14]. (c) The double-quantum filtered echo sequence; correct choice of the flip angles β and β′
allows selective detection of sodium ions that are interacting with ordered structures and so exhibit quadrupolar splittings in their 23Na NMR spectrum. All three MRI
experiments utilise the echo coherence pathway and so will achieve full refocusing of the effects of B0 inhomogeneity if performed with the timings shown.

Fig. 3. The conventional 23Na NMR spectrum of 3% (w/v) xanthan gum in 150 mM NaCl(aq). The number of transients averaged was 8. In (a) the B0 field was
shimmed to achieve an acceptable experimental 23Na lineshape (full-width at half-height, 45 Hz). In (b) the z shim was deliberately misset, spoiling the B0 in-
homogeneity and hence broadening the 23Na lineshape (full-width at half-height, 142 Hz). These two settings of the shims were used to represent nominally ho-
mogeneous and inhomogeneous B0 fields in the NMR experimental work presented in Figs. 4 and 5.
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mm tube of xanthan gum, plus two further elements. The first was 4%
(w/v) agarose in 150 mM NaCl(aq) contained in a 10-mm glass NMR
tube. Unlike xanthan gum, the agarose polymer produces an isotropic
sodium ion environment and hence the 23Na NMR spectrum is liquid-
like, with no quadrupolar splittings and with no signal appearing in a
“magic-angle” double-quantum filtered NMR experiment. However, the
sodium ions in the agarose gel sample experience slow dynamics and
hence exhibit biexponential spin relaxation, with the optimum evolution
period τ in a triple-quantum filtered 3Na NMR experiment, indicating
the maximum in the build-up of T3,±1 coherences, determined to be 16
ms. The final element in the MRI phantom was 150 mM NaCl(aq) con-
tained in a 5-mm glass NMR tube. Here, the sodium ions experience very
fast dynamics and so exhibit monoexponential spin relaxation, with no
23Na NMR signal passing through either a double- or triple-quantum
filter.

4. Results and discussion

4.1. 23Na (I = 3/2) NMR spectroscopy

Fig. 3 shows the conventional 23Na NMR spectrum of the sample of
3% (w/v) xanthan gum in 150mMNaCl(aq). For Fig. 3a, the B0 field was
shimmed to achieve an acceptable experimental 23Na lineshape, while in
Fig. 3b the z shim was deliberately misset, spoiling the B0 homogeneity,
with the results shown. These two settings of the shims were used to
represent nominally homogeneous and inhomogeneous B0 fields in the
NMR experimental work below, although it should be noted that some
degree of B0 inhomogeneity is also present in the former case.

Fig. 4 shows the xanthan gum 23Na free induction decays obtained
from both the echo and antiecho versions of the double-quantum filter
experiment in Fig. 1b in an inhomogeneous B0 field, i.e., performed with

Fig. 4. 23Na NMR of 3% (w/v) xanthan gum in 150 mM NaCl(aq). Free induction decays obtained from both the echo and antiecho versions of the double-quantum
filter experiment in Fig. 1b in an inhomogeneous B0 field, i.e., performed with the misset z shim as in Fig. 3b. Phase cycles for the echo and antiecho experiments are
given in Table 1. The pulse flip angles in the double-quantum filter were set to β = 90◦ and β′ = 54.7◦. The number of transients averaged was 64 and the 90◦ pulse
duration calibrated as 128 μs. The free induction decays are shown for three values of the evolution period τ, as indicated. The presence of an echo signal at tacq = τ is
confirmed for the echo experiment.

Fig. 5. Double-quantum filtered 23Na NMR spectra of 3% (w/v) xanthan gum in 150 mM NaCl(aq) recorded in both homogeneous (black spectra) and inhomo-
geneous (red spectra) B0 fields. The evolution period τ was 4 ms, the number of transients averaged was 64, and the 90◦ pulse duration calibrated as 128 μs. (a)
Conventional double-quantum filtered spectra recorded using the pulse sequence in Fig. 1a (i.e., with a 180◦ pulse and two 54.7◦ pulses). The signal amplitude is
reduced in the inhomogeneous B0 field because no echo is formed in the acquisition period. (b) Double-quantum filtered echo spectra recorded using the pulse
sequence in Fig. 1b (the blue coherence pathways with β = 90◦ and β′ = 54.7◦). Here, as a result of the spin echo formed in the acquisition period at tacq = τ, the 23Na
NMR spectra have almost the same intensity in the homogeneous and inhomogeneous B0 fields. (c) Double-quantum filtered antiecho spectra recorded using the pulse
sequence in Fig. 1b (the red coherence pathways with β = 90◦ and β′ = 54.7◦).
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the misset z shim as in Fig. 3b. The pulse flip angles in the double-
quantum filter were set to β = 90◦ and β′ = 54.7◦ but fully equivalent
results were obtained with β = 54.7◦ and β′ = 90◦ (not shown). The free
induction decays are presented for three values of the evolution period τ,
as indicated. The presence of an echo signal at tacq = τ is confirmed for
the echo experiment, demonstrating that a spin echo can be formed by
the two pulses of a multiple-quantum filter. In contrast, as expected, the
antiecho experiment yields little signal in the inhomogeneous B0 field
and there is no evidence of a spin echo being formed.

Fig. 5 shows double-quantum filtered 23Na NMR spectra of the
xanthan gum sample recorded in both the homogeneous (black spectra)
and inhomogeneous (red spectra) B0 fields. The evolution period τ was 4
ms and 64 transients were averaged in each case.

In Fig. 5a, the conventional double-quantum filtration experiment in
Fig. 1a (i.e., with a 180◦ pulse and two 54.7◦ pulses) has been used. As
expected, a singly antiphase 23Na NMR lineshape is obtained, arising
solely from the spin I = 3/2 satellite transitions and indicative of T2,− 1
evolving into T1,− 1 during the acquisition period. However, the signal
intensity is significantly lower in the inhomogeneous B0 field than in the
homogeneous one. This is because, although the 180◦ pulse removes the
effects of B0 inhomogeneity during the evolution period τ (by forming a
spin echo at the end of that period), there is no spin echo formed during
the acquisition period. At the time in the acquisition period when the
maximum conversion of T2,− 1 into T1,− 1 has occurred (i.e., the peak of
the quadrupolar echo), the signal will have undergone significant
dephasing in the inhomogeneous B0 field.

In Fig. 5b, the double-quantum filtered echo experiment (the blue
coherence pathways in Fig. 1b) with β = 90◦ and β′ = 54.7◦ has been
used. Here, as a result of the spin echo formed in the acquisition period
at tacq = τ, the 23Na NMR spectra have almost the same intensity in the
homogeneous and inhomogeneous B0 fields. The small reduction in
signal amplitude in the inhomogeneous field is simply the effect of the
additional line broadening of the 23Na lineshape caused by the B0 in-
homogeneity. Comparing Fig. 5a and b, it can be seen that, in the ho-
mogeneous B0 field (black spectra), the signal amplitude is greater in the
conventional “magic angle” double-quantum filtered spectrum (Fig. 5a).
This is because the experiment used in Fig. 5a retains both coherence
pathways in the evolution period, whereas the double-quantum filtered
echo experiment used in Fig. 5b retains only the p = +1 pathway in the
evolution period. However, in the inhomogeneous B0 field (red spectra),
the signal amplitude is greater in the double-quantum filtered echo
spectrum (Fig. 5b).

In Fig. 5c, the double-quantum filtered antiecho experiment (the red
coherence pathways in Fig. 1b) with β = 90◦ and β′ = 54.7◦ has been
used. As expected, this experiment performs relatively poorly in the
nominally homogeneous B0 field (because there is always some degree
of B0 inhomogeneity) and very poorly in the inhomogeneous B0 field.

4.2. 23Na (I = 3/2) MRI

Two-dimensional MRI experiments were performed using the pulse
and gradient sequences shown in Fig. 2 (hence only one phase-encoding
gradient was used) with Cartesian sampling of the time domain. Fig. 6a
shows a 1H spin-echo image of the xanthan + agarose + NaCl(aq)
phantom recorded using the simple spin-echo sequence in Fig. 2a. We
have labelled the three glass tubes comprising the phantom in the con-
tour plot on the left. The “eye” shows the perspective used to generate
the surface plot on the right. As is standard practice in a spin-echo
image, in this and all the experiments shown in Fig. 2 we have
ensured that the echo generated by the readout gradient is coincident in
the acquisition period with that generated by the inherent B0 in-
homogeneity by using a constant amplitude for the readout gradient
before and after the 180◦ pulse and by using the timings shown in Fig. 2.

Fig. 6b shows a 23Na spin-echo image of the phantom recorded using
the simple spin-echo sequence in Fig. 2a and the phase cycle given in
Table 1. The image is similar to the 1H image except that the 5-mm tube

(a)

(b)

(c)

(d)

(e)

Xanthan

Agarose

NaCl(aq)

Fig. 6. Two-dimensional MRI of the xanthan + agarose + NaCl(aq) phantom
described in the text, presented as contour plots (left) and surfaceplots (right); the
“eye” shows the perspective used to generate the surface plots. (a) 1H spin-echo
image recorded with the pulse sequence in Fig. 2a (40 μs 90◦ pulse, 25 kHz
spectral width, full field-of-view 39 × 39 mm2, 64 complex points in τacq = 2.56
ms, τ1= 1.28ms phase-encoding gradient, τ1+ τ2= 8.58ms evolution period, 1.0
s relaxation delay, 4 transients averaged for each of 64 phase-encoding steps, 4.3
min total imaging time, data zero-filled to 128 × 128, sine-squared weighting
applied). (b) 23Na spin-echo image recorded with the pulse sequence in Fig. 2a
(125 μs 90◦ pulse, 25 kHz spectral width, full field-of-view 36 × 36 mm2, 32
complex points in τacq= 1.28ms, τ1= 0.64ms phase-encoding gradient, τ1+ τ2=
5.0ms evolution period, 200ms relaxation delay, 64 transients averaged for each
of 32 phase-encoding steps, 7.2 min total imaging time, data zero-filled to 64 ×

64, sine-squared weighting applied). (c) 23Na triple-quantum filtered echo
recorded with the pulse sequence in Fig. 2b (as in (b) except Δ = 2 μs and 648
transients averaged for each of 32 phase-encoding steps, 73 min total imaging
time). (d) 23Na double-quantumfiltered echo recordedwith the pulse sequence in
Fig. 2c and β = β′= 54.7◦ (as in (c) except 640 transients averaged for each of 32
phase-encoding steps, 72 min total imaging time). (e) 23Na double-quantum
filtered echo recorded with the pulse sequence in Fig. 2c and β = 90◦ and β′ =
54.7◦ (as in (d), 72 min total imaging time).
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containing NaCl(aq) is now the most intense as a result of its 23Na
spin–spin (T2) relaxation time being longer than that in the xanthan gum
or agarose gel.

Fig. 6c shows a 23Na triple-quantum filtered echo image [12,14] of
the phantom recorded using the pulse sequence in Fig. 2b and the 18-
step phase cycle given in Table 1 (which uses the 3-step phase cycle to
select Δp = − 2 over the two filter pulses [29]). As expected, the signal
from the 5-mm tube containing NaCl(aq) is now absent, as spin I = 3/2
triple-quantum coherences cannot be excited in the monoexponentially
relaxing sodium nuclei in the simple aqueous solution. For comparison
across the four 23Na images in Fig. 6b–e, we have recorded all the ex-
periments with an evolution period of τ = τ1 + τ2 = 5 ms. It should be
noted that, although this is close to the optimum for the excitation of
double-quantum coherences in our xanthan sample, it is less than the
optimum for the excitation of triple-quantum coherences in both the
xanthan and, in particular, agarose samples and this explains the rather
indifferent signal-to-noise ratio in the image in Fig. 6c.

Fig. 6d shows a 23Na double-quantum filtered echo image of the
phantom recorded using the pulse sequence in Fig. 2c, the phase cycle
given in Table 1, and flip angles β = β′ = 54.7◦. As predicted both in Eq.
(18a) of Section 2.2 and by Gast et al. [27], this combination of flip
angles fails to fully suppress the rank l = 3 coherences that have built up
in the agarose sample due to spin I = 3/2 biexponential spin relaxation
and the agarose tube still appears in the image with low intensity.

Finally, Fig. 6e shows the 23Na double-quantum filtered echo image
of the phantom recorded using the pulse sequence in Fig. 2c, the phase
cycle given in Table 1, and flip angles β = 90◦ and β′ = 54.7◦, as
championed in this work. Both the 5-mm tube containing NaCl(aq) and
the 10-mm tube containing agarose gel are now fully suppressed in the
image, with only the tube containing xanthan gum appearing on account
of its 23Na NMR spectrum exhibiting quadrupolar splittings.

5. Conclusions

We have proposed and demonstrated a “magic angle” double-
quantum filtered 23Na NMR experiment that utilises just the echo
coherence pathway during the evolution period and so achieves com-
plete refocusing of the effects of B0 inhomogeneity without making use
of a 180◦ pulse. The new method has been demonstrated in 23Na NMR
spectroscopy in an inhomogeneous B0 field where it achieved a greater
signal-to-noise ratio than the conventional experiment that uses a 180◦
pulse (Fig. 5).

For the application of the new method to 23Na MRI (Fig. 6), we have
adopted an approach previously used in triple-quantum filtered 23Na
MRI where the phase-encoding gradients and the first segment of the
readout gradient are applied before the multiple-quantum filter [12,14].
The evolution period τ in both double- and triple-quantum filtered 23Na
NMR must be of a certain duration (which should be calibrated or at
least estimated), usually a fewms, to allow the function g21(τ) or f31(τ) to
reach its maximum value and this essential, fixed-duration period can be
used additionally for phase encoding. This allows the time after the
multiple-quantum filter to be devoted entirely to acquiring the echo
signal in the second part of the readout gradient. The triple-quantum
filtered echo MRI sequence in Fig. 2b and the double-quantum filtered
echo MRI sequence in Fig. 2c are entirely analogous to the simple spin-
echo MRI sequence in Fig. 2a.

Methods for selectively imaging sodium ions in ordered environ-
ments have been around a long time [15] but their application to human
studies [26,27] is clearly a field of research that is still in its infancy. The
“magic angle” double-quantum filtered echo method proposed and
demonstrated for 23Na MRI in this work appears to offer an effective
solution to the problem of imaging ordered sodium in an inhomoge-
neous B0 field and it is hoped this will stimulate further endeavour in
this area.
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