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Abstract
The fundamental solution of the linear elasticity problem of a non-polar isotropic shaft subjected to an externally applied
torsional couple is extended to embrace effects of structural behaviour observed when the shaft is made of either polar
isotropic or fibre-reinforced (transversely isotropic) material with fibre-bending stiffness. In the latter case, which is the
subject of principal interest, the fibres are assumed parallel to the shaft central axis that is aligned with the axis of the
externally applied torque. The shape of the shaft cross-section is essentially considered arbitrary, in the sense that full
solution of polar material problem is subjected only to relevant conditions met in its classical, non-polar elasticity ver-
sion. In dealing with polar isotropy, the obtained solution substantially enhances some initial analytical results that are
already available in the literature. In dealing with polar transverse isotropy, the presented models and analytical results
are new. It is verified that, in the latter case, the attained solution is exclusively dominated by fibre-twist features of
deformation. This verification is underpinned by the observation that, as far as the torsion problem of interest is con-
cerned, the unrestricted version of the theory of fibre-reinforced materials with fibre-bending stiffness provides a reli-
able relevant model, as well as equally reliable analytical results. However, due to the substantially smaller number of
couple-stress elastic moduli involved in the restricted fibre-bending and fibre-splay versions of the theory, neither of the
latter versions is able to do the same.

Keywords
Cosserat theory, couple-stress theory, elasticity, fibre-reinforced materials, fibres with bending stiffness, polar materials,
polar linear elasticity, shaft torsion, transverse isotropy

1. Introduction

Section 9 in Spencer and Soldatos’s study [1] developed the linearised version of the couple-stress theory
of elastic solids reinforced by a single family of unidirectional straight fibres with bending stiffness and
revealed that the polar part of a relevant deformation is generally dominated by the interplay of three
principal modes. These are the so-called fibre-splay, fibre-twist, and fibre-bending modes of deforma-
tion. Their coupled action requires from the theory to complement the standard set of five elastic mod-
uli met in non-polar transverse isotropic elasticity with an additional set of eight new elastic moduli
(also refer Section 5 in Soldatos’s study [2]). Seven of those new, polar response elastic moduli emerge
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in the constitutive equation of the deviatoric part of the couple-stress tensor [1] and, for simplicity are
accordingly termed as ‘‘deviatoric couple-stress moduli’’ in what follows. The eighth modulus of that set
is associated with the action of the spherical part of the couple-stress tensor [2]. It is recalled that the
conventional versions of couple-stress theory [1,3,4] leave the spherical part (or, equivalently, the trace)
of the couple-stress tensor indeterminate. However, a recent refined formulation of that theory [2,5] has
now eliminated that deficiency.

It is remarkable that, on its own (if uncoupled, or filtrated, from its other two counterparts), each one
of the aforementioned fibre deformation modes is characterised by features that resemble closely the
transversely isotropic equivalent of one of three fundamental elasticity problems discussed by
Timoshenko and Goodier [6] in Sections 9 and 10 of their study. These are the problems of the stretching
of a bar by its own weight, the torsion of a shaft, and the pure bending of a plate (or bar), all three being
of paramount theoretical significance and practical importance in non-polar isotropic linear elasticity.

The fact that the fibre-bending deformation mode exhibits features that resemble pure bending of a
relevant transversely isotropic elastic specimen guided the application of a filtration process [7] that pro-
duced the now-called restricted fibre-bending version of the linearised couple-stress theory developed by
Spencer and Soldatos [1] and Soldatos [2]. By considering that the fibre-bending deformation mode is
generally most influential in the majority of practical applications, that restricted version [7] succeeded
to reduce the number of seven deviatoric couple-stress elastic moduli emerging in the unrestricted theory
into, just, a single one. The extra (eighth) polar elasticity modulus that relates to action of the spherical
part of the couple-stress tensor still emerges in this case, but only as a necessary second polar elasticity
modulus (also refer Soldatos [8]).

A second restricted version of the same, unrestricted, linearised couple-stress theory [1,2] proposed
by Soldatos et al. [9] and succeeded to predominantly capture features chracterising the aforementioned
fibre-splay deformation mode. That version of the theory reduces the initial number of seven deviatoric
couple-stress elastic moduli to two, thus leaving the extra modulus that relates to action of the spherical
part of the couple-stress as a third polar elasticity modulus. The rather evident relation of that version
with the fibre-splay deformation mode was further verified, analytically, in Soldatos’s study [10], which
studied in detail the dilatation features that dominate deformation of a self-stretched bar made of trans-
versely isotropic polar elastic material.

In modelling and solving the pure bending problem of a fibre-reinforced plate with fibre-bending stiff-
ness [8] the unrestricted (full) theory and its restricted fibre-bending version produce practically identical
analytical results, while the restricted fibre-splay version fails to yield reliable relevant information [9]. In
an analogous manner, though on the opposite end of the fibre deformation spectrum, the restricted
fibre-bending version fails to provide reliable information when employed to study the problem of a self-
stretched fibre-reinforced bar, for which, however, the full theory and its restricted fibre-splay version
are found practically equivalent [10]. It is accordingly concluded that, in more general boundary value
problem applications, the single deviatoric couple-stress elastic modulus employed by the restricted
fibre-bending version of the theory accounts for completely different fibre deformation effects to those
accounted for by the pair of its counterparts appearing in the restricted fibre-splay version.

The outlined theoretical progress and analytical findings suggest that the last remaining, fibre-twist
deformation mode is likely to exhibit features that resemble torsional characteristics of some appropri-
ately built transversely isotropic cylindrical shaft. The lack and need for discovery of possible relevant
information, thus, adequately describes the principal subject of the present investigation. This aims (1)
to initiate a study of the torsion problem of a polar fibre-reinforced shaft on the basis of the unrestricted
linear couple-stress theory of present interest [1,2] and, through appropriate analytical comparisons, (2)
to also gather, partially or totally, additional information regarding the relevant performance of either
of its restricted versions.

It is recalled in this context that torsion of polar anisotropic shafts was also considered and studied by
Taliercio and Veber [11,12]. However, unlike this study that is based on the anisotropic couple-stress theory
stemming from previous studies [1,2], Taliercio and Veber [11,12] were interested on applications underpinned
by the relevant micropolar theory. Namely, a theory that employs an augmented number of displacement
and micro-rotation unknowns and, also, makes use of a non-symmetric strain tensor.

Nevertheless, the interests of this communication also embrace torsion of polar isotropic elastic shafts,
where there is no fibre presence. Relevant investigations do exist in the literature [13–17]. However, the
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studies [13–15] are based on theoretical background, stemming from strain-gradient and relaxed micro-
morphic models, that is more sophisticated than the present, simpler framework of the couple-stress the-
ory. On the contrary, Tsiatas and Katsikadelis [16] and Kwon [17] make use of a modified version of the
conventional couple-stress theory proposed by Yang et al. [18] and, hence, are nearer to the polar material
models of present interest [5,7]. In this connection, some interesting comparisons are also made between
the analytical findings detailed by Tsiatas and Katsikadelis [16] and Kwon [17] and their counterparts
stemming from this study, whose basic concepts and equations are briefed in Section 2.

Section 3 initially introduces existing basic background regarding the problem of torsion of a non-
polar linearly elastic isotropic shaft with arbitrary cross-section [6,19] and, afterwards, upgrades it in a
manner that embraces torsion of corresponding transversely isotropic shafts. Moreover, it connects that
background with polar material behaviour and describes the form attained by the corresponding solu-
tion when a fibre-reinforced shaft subjected to torsion has a cross-section of arbitrary shape. Section 4
next attempts to solve the same problem with use of either the restricted fibre-bending version of the the-
ory or its fibre-splay counterpart and, thus, reveals that, due to substantial number reduction of the
involved polar material elastic moduli, neither of those versions can provide any kind of information in
this case. As is already implied, Section 5 turns into the corresponding case of polar linear isotropy and
provides relevant analytical results that refer to shafts of either general or elliptical cross-section. Section
6 summarises and discusses further the principal findings of this investigation.

2. Preliminary theoretical concepts and basic equations

In cases that a linearly elastic material responds to mechanical loading in a manner that characterises
polar material behaviour, its strain energy function attains the form (e.g. [1–5,7]):.

W = W e eð Þ+ W k kð Þø 0, ð2:1Þ

whereWe is the strain energy function of the corresponding non-polar linearly elastic material and Wk is
positive semi-definite and quadratic in the components of a tensor, k, that captures curvature-type fea-
tures of deformation.

Hence, by decomposing the components of the emerging non-symmetric stress tensor, s, into its stan-
dard symmetric and antisymmetric parts (indices take the values 1, 2, and 3):

sij = s ijð Þ+ s ij½ �, s ijð Þ=
1

2
sij + sji

� �
, s ij½ �=

1

2
sij � sji

� �
, ð2:2Þ

and regardless of the type of the involved anisotropy, one initially finds that the symmetric part of that
tensor is naturally consistent with the well-known definitions:

s ijð Þ=
∂W e

∂eij

, W e eð Þ= 1

2
s ijð Þeji, ð2:3Þ

Here, as well as in what follows, use is made of the standard definitions of the small strain and rota-
tion tensors,

eij =
1

2
ui, j + uj, i

� �
, vij =

1

2
ui, j � uj, i

� �
, ð2:4Þ

respectively, where u represents the displacement vector and a comma among indices denotes partial dif-
ferentiation. These tensors evidently emerge as the symmetric and the antisymmetric part, respectively,
of the displacement gradient tensor, ui, j.

In the case of present principal interest, where there exists anisotropy due to the presence of a single
family of straight fibres with bending stiffness, the components of the curvature tensor k, as well as its
symmetric and antisymmetric parts, are given as follows (e.g. [1,7]):

kij = ui, kjak, k ijð Þ=
1

2
ui, jk + uj, ik

� �
ak = eij, kak, k ij½ �=

1

2
ui, jk � uj, ik

� �
ak = vij, kak , ð2:5Þ
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where the appearing fibre direction vector, a, is considered constant. In analogy with (2.3a), the polar
part of the constitutive equations is given as follows [7]:

�m‘r =
2

3
ersi

∂W k

∂ki‘
as +

∂W k

∂kis

a‘

� �
, �mkk = 0, ð2:6Þ

where �m, with components:

�m‘k = m‘k �
1

3
mrrd‘k, ð2:7Þ

represents the deviatoric part, of the couple-stress tensor, m, and d‘k is the Kronecker’s symbol.
The most general form of the polar part of the strain energy function is as follows (e.g. [7–10]):

W k = b1 knnð Þ2 + b2knnakk kmð Þam + b3k kmð Þk mkð Þ+ b4akk kmð Þk mnð Þan +

b5k km½ �k mk½ �+ b6akk km½ �k mn½ �an + b7akk kmð Þk mn½ �an + b̂3 akk kmð Þam

� �2
,

ð2:8Þ

where the values of the eight elastic moduli b1–b7, and b̂3 are required to obey the following inequalities:

b1 ø 0, b3 ø 0, b4 ø 0, b5 ł 0, b2
7 ł � 4 2b5 + b6ð Þ 2b3 + b4ð Þ,

b2 + b̂3 ø 0, b1 + b2 + b3 + b4 + b̂3 ø
b1 + b2=2ð Þ2

b1 + b3=2
:

ð2:9Þ

Hence, introduction of (2.8) into (2.6a) yields the constitutive equation:

�m‘r =
2

3
er‘sas 2b1knn + b2kkmakamð Þ+ 2

3
erisas 2b3k i‘ð Þ+ b4k inð Þana‘

� �
�

1

3
eris 4b5 ask i‘½ �+ a‘k is½ �

� �
� 2b6ana‘ aik sn½ � � 2ask in½ �

� �
+ b7ana‘ aikns � 2askinð Þ

� �
,

ð2:10Þ

which naturally satisfies (2.6b). It then becomes evident that this constitutive equation receives no contri-
bution from the part:

W m = b̂3 akk kmð Þam

� �2
, ð2:11Þ

of the curvature-strain energy function (2.8).
Due to the anticipated polar material behaviour, the standard equilibrium equation met in non-polar

elasticity needs to be replaced with a pair of such equations, namely:

s ijð Þ, i +
1

2
ekji �m‘k, ‘i = 0, s ij½ �=

1

2
ekjim‘k, ‘, ð2:12Þ

where e represents the alternating tensor. Hence, the second of these equations is here regarded as a con-
stitutive equation that provides the components of the antisymmetric part of the stress as soon as the
components of the couple-stress tensor are determined.

Nevertheless, and in view of (2.7), determination of those components, m‘k, requires prior determina-
tion of the spherical part of the couple-stress, mrr. This is achieved by solving the following partial differ-
ential equation (PDE):

O‘mrr, ‘ = 6W m � 3 �m‘iOið Þ, ‘, ð2:13Þ

which guarantees uniqueness of the value of the strain energy function (2.1) (e.g. [2,5,10]). Here, the
appearing spin-type vector V, with components.

Oi =
1

2
eijkvkj =

1

2
eijkuk, j, ð2:14Þ
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is identified as the axial vector of the antisymmetric small rotation tensor defined in equation (2.4b).
Any relevant, well-posed boundary value problem must be accompanied with a set of six natural, geo-

metric or mixed boundary conditions. In the former case, for instance, the components of the traction
and the couple-traction vectors acting on a bounding surface must respectively be given, in consistency
with the Cauchy-type formulas, as follows:

T (n)
i = sjinj, L(n)

i = mjinj, ð2:15Þ

where n denotes the outward unit normal of that surface. It is recalled in passing that, in dealing with
the bounding surface of a polar material, Koiter [4] observed that only two of the three couple-stress-
related boundary conditions, like (2.15b), can be set independently of the deformation. In agreement
with Koiter’s observation, it is recently concluded [2,5] that five of the boundary conditions (2.15) are
associated with the solution of the equilibrium equations (2.12) and, hence, the single remaining bound-
ary condition is necessarily connected with the solution of the first-order PDE (2.13).

3. Torsion of a polar transversely isotropic shaft

Figure 1 depicts an elastic cylindrical shaft of length L, placed within a Cartesian co-ordinate system,
Oxi, and subjected to some externally applied torsional couple M3. The generators as well as the axis of
the externally applied torque are considered parallel to the co-ordinate axis Ox3. Thus, every shaft cross-
section lies on a plane parallel to the co-ordinate plane Ox1x2 and is bounded by a plane curve, C. It fol-
lows that the depicted outward unit normal, n̂, of the curve C represents the outward unit normal of the
shaft lateral surface as well.

It will be seen that, if the shaft is made of non-polar material, the origin of the co-ordinate system, O,
may be placed on any cross-section, regardless of the general shape of the latter. However, it will also be
seen that this matter may require special care in cases that the shaft exhibits polar material behaviour.

Figure 1. Schematic representation of (a) a cylindrical elastic shaft of length L, subjected to externally applied torsional couple, M3,
and having an undeformed cross-section of (b) arbitrarily general or (c) elliptical shape (n̂ represents the outward unit vector of the
plane, cross-sectional bounding curve, C).
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In the case of a shaft made of non-polar isotropic material, this torsion problem is susceptible to a
well-known, classical solution that is attributed to Saint-Venant [6, 19], in particular, presents an exten-
sive historical review of the subject and, in Art. 226, extends that solution to embrace symmetries of
material anisotropy that are as advanced as those met in linearly elastic monoclinic materials. This study
is principally interested on polar material response of a shaft reinforced by a single family of straight
fibres aligned with the x3-direction. Hence, the type of anisotropy involved is confined within the mate-
rial symmetries of transverse isotropy.

3.1. Torsion of a non-polar transversely isotropic shaft of arbitrary cross-section (m = 0)

It is accordingly considered that the axis of the applied torque and the axis of transverse isotropy are
both parallel to the x3-direction of the co-ordinate system. In that case, the form attained by the gener-
alised Hooke’s law stemming from Equation (2.3) can be expressed in terms of five independent elastic
moduli (e.g. Soldatos [10]) as follows:

s11

s22

s33

2
4

3
5=

C11C12C13

C12C11C13

C13C13C33

2
4

3
5 e11

e22

e33

2
4

3
5, s 23ð Þ

s 13ð Þ
s 12ð Þ

0
@

1
A= 2

C44e23

C44e13

C66e12

0
@

1
A,C66 =

1

2
C11 � C12ð Þ, ð3:1Þ

where, in line with Equation (2.2b), enclosure of shear stress indices within parentheses implies that the
stress tensor is symmetric.

It is fitting to also point out that this form of the generalised Hooke’s law reduces to its isotropic elas-
ticity counterpart by replacing the appearing elastic moduli with the following:

C11 = C33 = l + 2m, C12 = C13 = l, C44 = C66 = m, ð3:2Þ

where l and m are the standard Lamé elastic moduli. It will next be seen that the only difference between
the solution of the isotropic Saint-Venant torsion problem, and its transversely isotropic extension is
essentially an appropriate introduction into the former of the out-of-plane shear modulus, C44.

Accordingly, the transversely isotropic extension sought starts again with the displacement choice
[6,19]:

u1 = � qx2x3, u2 = qx1x3, u3 = qw x1, x2ð Þ, ð3:3Þ

where the positive constant q, with dimensions of (length)21, and the cross-sectional warping function
w, with dimensions of area, are to be determined. A combination of equations (3.3) and (2.4) then reveals
that the only non-zero strain components are:

e13 =
q

2
w, 1 � x2ð Þ, e23 =

q

2
w, 2 + x1ð Þ, ð3:4Þ

while the corresponding rotation components are given as follows:

v12 = � qx3, v13 = � q

2
w, 1 + x2ð Þ, v23 =

q

2
x1 � w, 2ð Þ: ð3:5Þ

Introduction of Equations (3.4) into (3.1) then yields the non-zero components of stress as follows:

s 13ð Þ= qC44 w, 1 � x2ð Þ, s 23ð Þ= qC44 w, 2 + x1ð Þ: ð3:6Þ

Hence, satisfaction of the equilibrium equations of non-polar elasticity (m= 0), namely

s jið Þ, j = 0, ð3:7Þ

still requires from the warping function to be harmonic [6,19], namely to satisfy the Laplace’s PDE,

r2w [ w, 11 + w, 22 = 0: ð3:8Þ
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Moreover, two of the zero-traction boundary conditions,

T (n̂)
i = s jið Þn̂j = s 1ið Þn̂1 + s 2ið Þn̂2 = 0, ð3:9Þ

applied on the shaft lateral boundary (see Figure 1) are satisfied identically, while the third requires from
w to further satisfy the PDE:

w, 1 � x2ð Þn̂1 + w, 2 + x1ð Þn̂2 = 0, ð3:10Þ

whose precise form depends on the unit vector n̂ and, therefore, on the shape of the cross-sectional
boundary curve C.

Since neither of the PDEs (3.8) and (3.10) is influenced by the elastic moduli appearing in Equation
(3.1), their solution, as well as the solution of the torsion problem of the non-polar transversely isotro-
pic shaft, is seen mathematically identical to their non-polar isotropic counterparts. It follows that, as is
shown by Timoshenko and Goodier [6] and Love [19], (1) the resultant force produced by the non-zero
stresses (3.6) on any cross-section is zero and, therefore, (2) those non-zero stresses are statically equiva-
lent to the couple, M3, which is applied externally on the shaft ends.

Moreover, (3) the magnitude of that torsional moment relates to the torsion parameter q as follows:

q = M3j j=D, ð3:11Þ

where the value of the appearing ‘‘torsional rigidity,’’

D = C44

ðð
S

x2
1 + x2

2 + x1w, 2 � x2w, 1

� �
dS, ð3:12Þ

depends on the form of the warping function, w, the shape and the area of the shaft cross-section, S, as
well as on the value of the out-of-plane shear modulus, C44.

It follows, by virtue of Equations (3.4), (3.8), and (3.10), that regardless of the precise location of the
co-ordinate origin, every cross-section is subjected to (1) the same out-of-plane strain field (3.4), (2) the
same warping, and (3) rotates around the x3-axis by an angle (3.5a) that changes continuously along the
x3-axis. As a matter of fact, if the co-ordinate origin (x3=0) is unnecessarily placed on a particular
cross-section, (3.5a) implies that the latter is essentially chosen to represent a reference cross-section that
is considered restrained against torsional rotation. In other words, both the sense and the amount (3.5a)
of torsional rotation observed on any shaft cross-section are dependent on its oriented distance, x3,
from the chosen reference cross-section.

It is accordingly recalled that, in dealing with the special case in which C44 satisfies section (3.2c),
Timoshenko and Goodier [6] and Love [19] provide complete solutions of this torsional problem for
several different forms of the shaft cross-section. Appropriate replacement of the isotropic material
shear modulus, m, with its transverse isotropy counterpart, C44, makes therefore those solutions, as well
as the substantial relevant bibliographic and other additional information provided by Timoshenko and
Goodier [6] and Love [19] directly applicable into the present case of interest.

For instance, it is already known that the cross-sectional warping function and the torsional rigidity
of an elliptic shaft are respectively given as follows [6,19]:

w x1, x2ð Þ= b2 � a2

b2 + a2
x1 x2, De = pC44

a3b3

a2 + b2
. 0, ð3:13Þ

where a and b represent the length of the ellipsis semi-axes along the x1 and x2 directions, respectively
(see Figure 1(c)). Use of (3.11) thus yields:

q =
M3j j
De

=
a2 + b2

pC44a3b3
M3j j. 0, ð3:14Þ

which completes the solution of the non-polar elasticity problem in this special case.
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It is worth recalling that this result is in agreement with its counterpart stemming from the elemen-
tary theory of torsion, according to which the cross-section of a non-polar circular shaft (b= a) does
not warp during torsion (w=0).

3.2. Polar material behaviour (m6¼0): fibre-reinforced shaft with fibre-bending stiffness

It is now considered that transverse isotropy is due to the presence of a single family of straight fibres
with bending stiffness. Due to the externally applied torque and subsequent shaft torsion, those fibres
twist and, as a result, become the source of polar material behaviour.

By virtue of Equation (2.1), it is accordingly considered that the analysis detailed in Section 3.1 (1) is
still valid and (2) is complemented by the polar material part of its counterpart detailed in Section 2,
where, (3) it is necessarily (see Figure 1):

a[ e3 = 0, 0, 1ð ÞT : ð3:15Þ

The fibre-curvature components (2.5), thus, attain the more specific form:

kij = ui, j3, k ijð Þ= eij, 3, k ij½ �= vij, 3, ð3:16Þ

and, by virtue of Equations (3.4) and (3.5), reveal that their nonzero counterparts,

k12 = k 12½ �= � k 21½ �= � q, ð3:17Þ

are all constant.
The polar part (2.8) of the strain energy function then attains a simple form,

W k = b5k km½ �k mk½ �= � 2b5q2, ð3:18Þ

which, by virtue of (2.9d), is indeed positive semi-definite. It thus becomes understood that (1) the pres-
ent polar material study makes use of a single couple-stress elastic modulus only, namely b5, and (2) this
modulus is necessarily associated with curvature-strain energy contribution that is due solely to fibre-
twist action. Moreover, either through direct use of Equation (3.18) or with the help of Equation (2.11),
it is also seen that

W m = b̂3k2
33 = 0: ð3:19Þ

The deviatoric couple-stress constitutive Equation (2.10) then simplifies into the following:

�m‘r =
4

3
b5 eri3k i‘½ �+ erisk is½ �a‘
� �

, ð3:20Þ

and returns only three nonzero deviatoric couple-stresses, namely

�m11 = �m22 = � 8

3
b5q, �m33 =

16

3
b5q, ð3:21Þ

whose values are naturally in agreement with the fact that a deviatoric tensor is traceless (�mrr = 0).
It is observed that Equation (3.21) consists of normal deviatoric couple-stresses only. Hence, by virtue

of Equation (2.7), the couple-stress tensor, m, happens to be symmetric in this application. Moreover,
the fact that these deviatoric couple-stresses (3.21) are all constant enables reduction of the polar elasti-
city equilibrium Equation (2.12a) into its non-polar elasticity form Equation (3.7), which is therefore still
satisfied.
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3.3. Determination of the spherical part of the couple-stress

Determination of the spherical part of the couple-stress now requires reduction of the PDE (2.13) into
an explicit relevant form that must be solved for mrr. It is accordingly seen that a combination of
Equations (2.14) and (3.5) yields the components of the spin-type vector V as follows:

O1 = � v23 =
q

2
w, 2 � x1ð Þ, O2 = v13 = � q

2
w, 1 + x2ð Þ, O3 = v21 = qx3: ð3:22Þ

When combined with Equations (3.19) and (3.21), these relationships thus enable the PDE (2.13) to
attain the form:

w, 2 � x1ð Þmrr, 1 � w, 1 + x2ð Þmrr, 2 + 2x3mrr, 3 = � 48qb5: ð3:23Þ

Potential solutions of this PDE may be sought with the use of the method of characteristic lines,
which has already been employed elsewhere [5,8,10] in connection with different types of relevant
boundary value problems. In this context, the Appendix 1 outlines the initial steps that the method may
employ before the shaft cross-section and, henceforth, the form of the warping function, w, are speci-
fied. Nevertheless, solutions onf (3.23) for a given form of w may also become available with use of
some different method and, as is next seen for the general case of unspecified w, even by using the sim-
ple method of inspection.

It is accordingly observed that the PDE (3.23) admits a particular solution of the form:

mrr = c1 ln x3j j+ c2, x3 6¼ 0ð Þ, ð3:24Þ

where c1 and c2 are arbitrary constants. The logarithmic singularity observed at x3=0 can be isolated
by placing the origin of the co-ordinate system on one (say, the left) end of the shaft depicted in
Figure 1(a).

The left end of the shaft thus is considered restrained against torsional rotation, and since the other
end is located at x3=L, it is:

0 ł x3 ł L: ð3:25Þ

In this manner, the particular solution (3.24) now attains the simpler form:

mrr = c1 ln x3 + c2, x3 . 0ð Þ: ð3:26Þ

Potential combination of Equations (3.25) and (3.26) seems to require from mrr to attain an infinite
value at x3=0. However, this is a physically admissible requirement because, by virtue of Equation
(2.7), no finite value of the normal couple-stress m33 = �m33 + mrr=3 can enforce rotation of the rotation-
ally restrained left end of the shaft.

It is further noted in this regard that the possibility of placing the co-ordinate origin on some differ-
ent cross-section, such as the middle cross-section of the shaft, needs not be considered. This is because
such a choice essentially splits the shaft into two parts, each of which can be treated in a similar manner.
Namely, having one of its ends restrained against rotation/torsion.

Introduction of Equations (3.26) into (3.23) makes now possible the unique specification of the con-
stant c1, thus leading to:

mrr = � 24qb5 ln x3 + c2, x3 . 0ð Þ: ð3:27Þ

3.4. Completion of polar elasticity solution for general shape of the shaft cross-section

Combination of Equations (2.7) and (3.21) reveals that the only non-zero couple-stresses acting through-
out the circular shaft are the normal couple-stresses:
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m11 = m22 = �m11 +
1

3
mrr = � 8qb5

1

3
+ 3 ln x3

� �
+ c2=3,

m33 = �m33 +
1

3
mrr = 8qb5

2

3
� 3 ln x3

� �
+ c2=3:

ð3:28Þ

The couple-stress tensor thus happens to be symmetric in this particular boundary value problem appli-
cation, a fact that is evidently in agreement with a corresponding result obtained by Koiter [4] and
Soldatos [5] for isotropic shafts of circular cross-section (further elucidation is provided Section 5
below).

The remaining arbitrary constant, c2, can then be specified by considering the out-of-plane couple-
traction acting normally on any cross-section, where

n[ e3 = 0, 0, 1ð ÞT : ð3:29Þ

Accordingly, introduction of Equation (3.29) into Equation (2.15b) yields:

L
(e3)
i = mji e3ð Þj = m3i, ð3:30Þ

or, in explicit form,

L
(e3)
1 = L

(e3)
2 = 0,L(e3)

3 = m33 = 8qb5

2

3
� 3 ln x3

� �
+ c2=3: ð3:31Þ

It follows that the single, non-zero component of the out-of-plane couple-traction acting on the
unfixed end boundary (x3 = L) is

L
(e3)
3 x3 = Lj = 8qb5

2

3
� 3 ln L

� �
+ c2=3: ð3:32Þ

However, L
(e3)
3 is parallel to the externally applied torsional moment and, hence, its end boundary value

(3.32) can be absorbed by, or incorporated into the magnitude of M3, regardless of the value of the arbi-
trary constant c2.

The simplest way of implementing this consideration is by choosing:

c2 = 8qb5 9 lnL� 2ð Þ, ð3:33Þ

so that (3.32) returns:

L(e3)
3 x3 = Lj = 0: ð3:34Þ

In this manner, the non-zero couple-stresses (3.28) acting throughout the body of the polar shaft are
found to be

m11 = m22 = 8qb5½ln L=x3ð Þ3 � 1�, m33 = 24qb5 ln L=x3ð Þ, x3 . 0ð Þ: ð3:35Þ

As is already pointed out, the singularities observed at the left end of the shaft (x3 = 0) are physically
admissible because that end is considered constrained against rotation/torsion.

It is next seen that the components of the couple-traction acting at any point of the shaft lateral
boundary are

L(n̂)
i = mjin̂j = m1in̂1 + m2in̂2, ð3:36Þ

or, in explicit form,

L(n̂)
1 = m11n̂1 = 8qb5½ln L=x3ð Þ3 � 1�n̂1, L(n̂)

2 = m22n̂2 = 8qb5½ln L=x3ð Þ3 � 1�n̂2, L(n̂)
3 = 0, ð3:37Þ
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where n̂ is outward the unit vector of the boundary curve C (see Figure 1). It is accordingly concluded
that the deformation pattern (3.3) of the corresponding non-polar fibre-reinforced shaft can be main-
tained in the present polar material case only if the couple-traction:

L(n̂) = 8qb5½ln L=x3ð Þ3 � 1�n̂, x3 . 0ð Þ, ð3:38Þ

is applied externally all around the shaft lateral boundary.
It is further observed, that by virtue of Equation (2.12b), the non-zero couple-stress field (3.35) gives

rise to the following, anti-symmetric part of in-plane shear stress:

s 12½ �= � s 21½ �= 12qb5=x3, x3 . 0ð Þ: ð3:39Þ

Emergence of these stresses does not affect equilibrium but may invalidate the zero-traction boundary
conditions (3.9) imposed on the lateral boundary of the non-polar material shaft.

It is indeed seen that the traction components acting on the lateral shaft boundary are given as
follows:

T (n̂)
i = sjin̂j = s jið Þ+ s ji½ �

� �
n̂j = s 1i½ �n̂1 + s 2i½ �n̂2, ð3:40Þ

or, explicitly,

T (n̂)
1 = s 21½ �n̂2 = � 12qb5n̂2

x3

, T (n̂)
2 = s 12½ �n̂1 =

12qb5n̂1

x3

, T (n̂)
3 = s 13½ �n̂1 + s 23½ �n̂2 = 0, x3 . 0ð Þ, ð3:41Þ

because (3.9) are still valid.
It is accordingly concluded that, regardless of the shape of its cross-section, the present polar fibre-

reinforced shaft can maintain the deformation pattern Equation (3.3) attained by its non-polar material
counterpart only if the non-zero in-plane tractions Equation (3.41a, b) are also applied externally on its
lateral boundary, along with their couple-traction counterparts Equation (3.37a, b).

In practical terms, potential failure of a relevant material specimen to attain the displacement pattern
Equation (3.3), when subjected to a standard torsion test, consists strong indication of polar material
behaviour. In that case, the linearity of the torsion problem of interest anticipates that, upon increasing
the value of the loading parameter q, the deviation of the observed polar deformation pattern from its
non-polar counterpart (3.3) will also be increasing in a linear manner. By virtue of Equations (3.11) and
(3.12), this fact may therefore enable a simple torsion experiment to provide a linear relationship
between the active polar material modulus b5 and its non-polar material counterpart C44.

It is worth recalling in this regard that a search for the actual deformation pattern that the implied
polar material specimen will attain to, during a simple torsion experiment, may be sought by solving the
polar material problem studied in this section in a retrospective manner, after replacing the set of extra,
non-homogeneous boundary conditions (3.37a, b) and (3.41a, b) with their homogeneous equivalent
(L(n̂)

1 = L(n̂)
2 = T (n̂)

1 = T (n̂)
2 = 0). A relevant future endeavour that is based on direct solution of the outlined

differential equations may be considered demanding at present. Nevertheless, an alternative solution
method that is based on energy minimisation techniques has recently been made also available in
Section 6 in Soldatos’ study [10].

3.5. Example: elliptic cross-section

As an example of the outlined analysis, consider an elliptical shaft whose cross-section, shown in Figure
1(c), is bounded by the plane curve:

f x1, x2

� �
[

x2
1

a2
+

x2
2

b2
� 1 = 0, ð3:42Þ
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where, a and b represent the lengths of the ellipsis semi-axes along the x1 and x2 directions, respectively.
In this special case, the outward unit normal of the lateral boundary is given as follows:

n̂=rf = rfj j,rf = 2 x1=a2, x2=b2, 0
� �

T , rfj j= 2

b
1 + x2

1 b2 � a2
� �

=a4
� 	1=2

: ð3:43Þ

It is already seen that the warping function and the torsional rigidity of such a shaft are given in
Equation (3.13), while Equation (3.14) gives the relation between the torsional parameter q and the
magnitude of the externally applied torsional moment, M3.

In this case, the PDE (3.23) thus attains the more specific form:

1� Að Þx1mrr, 1 + 1 + Að Þx2mrr, 2 � 2x3mrr, 3 = 48qb5, ð3:44Þ

where,

� 1\A =
b2 � a2

b2 + a2
\1, 1� A =

2a2

b2 + a2
. 0, 1 + A =

2b2

b2 + a2
. 0: ð3:45Þ

It is observed, by inspection of its left-hand side, that the PDE (3.44) admits a particular solution of the
form:

mrr = ĉ1 ln x1j j+ ĉ2 ln x2j j+ c1 ln x3j j+ c2, x3 6¼ 0ð Þ, ð3:46Þ

where ĉ1, ĉ2, c1 and c2 are arbitrary constants.
However, physically admissible solutions require rejection of the logarithmic singularity observed on

either of the co-ordinate planes located at x1=0 and x2=0. This becomes possible by choosing:

ĉ1 = ĉ2 = 0, ð3:47Þ

thus leading again to Equation (3.24) and, subsequently, to Equation (3.26). The remaining of the analy-
sis detailed in the preceding section remains intact though, where appropriate, use must also be made of
the special form attained by the components (3.43) of the unit vector n̂.

4. Consideration of the restricted versions of the theory

Either of the existing restricted versions of the full theory aims to simplify the mathematical analysis out-
lined in Section 2 by capturing effects that are principally due to a certain type of fibre deformation fea-
tures and, thus, by decreasing considerably the number of the eight elastic moduli appearing in the polar
part (2.8) of the strain energy function. In this context, the restricted version that principally captures
fibre-bending deformation effects makes use of two polar material moduli only, while its counterpart
that is interested to capture deformation effects of the fibre-splay type uses three polar material moduli.

In either of those restricted versions, one of the implied elastic moduli, termed as b̂3 in (2.8), is associ-
ated with the strain energy contribution (2.11), which is due to action of the spherical part of couple-
stress. Nevertheless, while the full (unrestricted) theory outlined in Section 2 is applicable to any rele-
vant boundary value problem, the art of boundary value problem modelling with either of the implied
simpler versions may need more careful consideration and/or use of engineering intuition.

It is recalled in this regard that the fibre-bending deformation mode is naturally considered as most
influential potential source of polar material response in the large majority of relevant boundary value
problems [1,5,7,8]. However, it is further found [10] that problems solely influenced by fibre-splay type
of deformations are outside the region of applicability of the fibre-bending version of the theory, and,
likewise, problems that are purely influenced by fibre-bending type of deformations fall outside the
applicability region of the fibre-splay version [8].

It will now be seen that, in a similar context, problems that are solely influenced purely by fibre-twist
type of deformations are outside the region of applicability of both restricted versions of the theory.
This will be done by attempting to connect either of those restricted versions with the analysis and results
detailed in the preceding sections, where the torsional deformation imposed on a fibrous composite shaft
is a natural cause of fibre-twist.
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It is accordingly recalled [9,10] that, in the case of the restricted fibre-splay version, the polar part
(2.8) of the strain energy function attains the simplified form:

W k = b1 k nnð Þ
� �2

+ b2k nnð Þakk kmð Þam + b̂3 akk kmð Þam

� �2

= b1 knnð Þ2 + b2knnakkkmam + b̂3 akkkmamð Þ2,
ð4:1Þ

and, hence, neglects the energy contribution that its unrestricted counterpart associates with the fibre-
twist elastic modulus, b5; see (3.18). It follows that, in the special case of shaft torsion problem, where
(2.8) naturally reduces to Equation (3.18), Equation (4.1) returns a zero value for W k. This result leads
to the conclusion that the restricted, fibre-splay deformation version perceives the fibrous composite
shaft as made of a non-polar material. It, thus, fails to offer any kind of information regarding the polar
material response that the shaft exhibits under torsion.

In dealing with the restricted fibre-bending deformation version of the theory, one has again to begin
with the relevant curvature-strain part of the strain energy function, namely [1,7]:

W K =
3

8
df KjKj + �g ajKj

� �2
=

3

8
df KjKj + �gK2

3 , ð4:2Þ

where

Ki = ui, kjakaj = ui, 33, ð4:3Þ

represents the fibre-curvature vector, and Equation (3.15) is also accounted for. However, since the dis-
placement components (3.3) are at most linear in the x3 co-ordinate parameter, all three fibre-curvature
components (4.3) and, subsequently, the polar part (4.2) of the strain energy function acquire zero val-
ues. It thus is similarly concluded that the restricted, fibre-bending deformation version of the theory
perceives, erroneously, that the fibrous composite shaft is made of a non-polar elastic material.

5. Polar material isotropy

Torsion of a shaft made of polar isotropic material has been considered and studied by Tsiatas and
Katsikadelis [16] and Kwon [17] with use of a modified couple-stress theory proposed by Yang et al.
[18]. As is mentioned by Yang et al. [18], the foundation of that modified theory diverts from the laws
of classical mechanics that consider the couple of forces as a free vector. As a result, Yang et al. [18] are
driven to conclude that the deviatoric couple-stress tensor should be symmetric.

Evidently, this study supports the side of the original version of the theory [3,4], which endorses the
view that the deviatoric couple-stress is generally non-symmetric. It will accordingly be seen that the
deviatoric couple-stress tensor does happen to be symmetric in the special case of this torsion problem,
but this is due to the special features of the problem and contrasts other relevant observations (e.g.
[4,5,10]).

It will then follow that the attempted simplification, proposed by Yang et al. [18] and employed by
Tsiatas and Katsikadelis [16] and Kwon [17], makes no difference when applied to the problem of pres-
ent interest. Consideration of the original [3,4], rather than the modified [18] couple stress-theory will
leave unaffected the results presented by Tsiatas and Katsikadelis [16] and Kwon [17].

Nevertheless, the refined couple-stress theoretical framework employed in this section (see also [2,5])
determines not only the deviatoric couple-stresses, but also the spherical part of the couple-stress tensor.
In this connection, the theoretical background outlined earlier for fibre-reinforced solids with fibre-
bending stiffness (Section 2), is next slightly reformed and becomes suitable for adaptation of the rules
of polar linear isotropy [5].

5.1. Re-adjustment of the principal theoretical background

It is accordingly recalled that the equilibrium equations (2.12), as well as all additional features and rele-
vant concepts described by Equations (2.13)–(2.15) are still valid. In the present case though, the strain
energy function (2.1) is represented as follows:
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W = W e eij

� �
+ W F Fi, j

� �
ø 0, ð5:1Þ

where We still represents the strain energy function met in non-polar linear elasticity.
The corresponding form of the polar material part of Equation (5.1) then is:

W F Fi, j

� �
=

1

2
m‘iFi, ‘ =

1

2

1

3
mrrF‘, ‘ + �m‘iFi, ‘

� �
, ð5:2Þ

where the curvature-type tensor, k, implied in Equation (2.1) is now formed by gradients of the auxiliary
spin-type vector F (with components Fi). That vector is required to satisfy the conditions:

W F Fi, j

� �
= WO Oi, j

� �
=

1

2
�m‘iOi, ‘ ø 0, Fi, i 6¼ 0, ð5:3Þ

and, thus, essentially represents an infinite number of virtual, spin-type vectors. It is recalled [2,5] that
the first of these conditions enables preservation of the uniqueness of the value of the strain energy
function.

The displacement generated spin vector V, with components defined in (2.14), is regarded as an excep-
tional, essentially singular member of the aforementioned set of F-vectors. This is because its definition
advocates the identity

Oi, i = 0, ð5:4Þ

and, hence, violates the second of the conditions (5.3).
Under these considerations, the non-polar material constitutive equation (2.3) is accompanied by its

polar material equivalent:

mji =
∂W F

∂Fi, j

, W F =
1

2
mijFj, i, ð5:5Þ

where, however, the appearing spin-gradient tensor, Fi, j, is generally non-symmetric.
Moreover, the symmetries of material isotropy require that:

W F Fm, n

� �
=

1

2
h0 Fm,mð Þ2 + h1F m, nð ÞF n,mð Þ+ h2F m, n½ �F n,m½ �

h i
, ð5:6Þ

where,

F i, jð Þ=
1

2
Fi, j + Fj, i

� �
,F i, j½ �=

1

2
Fi, j �Fj, i

� �
, ð5:7Þ

are the symmetric and antisymmetric parts of Fi, j, respectively, and h0, h1 and h2 represent appropri-
ate, non-negative elastic moduli. Hence, introduction of Equation (5.6) into Equation (5.5a) yields the
following couple-stress constitutive equation:

mji =
∂W F

∂Fi, j
= h0Fm,mdij + 2h1F i, jð Þ+ 2h2F j, i½ �= h0Fm,mdij + h1 + h2ð ÞFj, i + h1 � h2ð ÞFi, j: ð5:8Þ

Upon replacing F with V in Equations (5.6) and (5.8), one obtains, as a special case, the corresponding
expressions met in conventional couple stress theory [3,4]

WO Om, n

� �
=

1

2
h1O m, nð ÞO n,mð Þ+ h2O m, n½ �O n,m½ �
� �

,

�mji =
∂WO

∂Oi, j
= 2h1O i, jð Þ+ 2h2O j, i½ �= h1 + h2ð ÞOj, i + h1 � h2ð ÞOi, j,

ð5:9Þ

which imply that the deviatoric couple-stress tensor is generally non-symmetric.
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It is worth recalling at this point that, since the couple-stress tensor is assumed symmetric by Yang
et al. [18], the studies of the shaft torsion problem conducted by Tsiatas and Katsikadelis [16] and Kwon
[17] made no use of the elastic modulus h2. Moreover, Tsiatas and Katsikadelis [16] and Kwon [17] con-
sidered, necessarily at the time, that the spherical part of the couple-stress was an indeterminate quantity
and hence, made neither use of the elastic modulus h0 appearing in Equation (5.6).

Consideration of Equation (5.3a), followed by a comparison of Equations (5.9a) and (5.6), leads next
to the conclusion that Equation (2.11) is now replaced by the following:

W m = h0 Fm,mð Þ2=2: ð5:10Þ

It follows that, in the present case of polar material isotropy, the PDE (2.13) reduces to:

O‘mrr, ‘ = 3h0 Fm,mð Þ2 � 3 �m‘iOið Þ, ‘: ð5:11Þ

Nevertheless, contraction of the free indices appearing in Equation (5.8) reveals further that:

mrr = 3h0 + 2h1ð ÞFr, r: ð5:12Þ

Hence, a combination of this result with Equation (5.11) leads to:

O‘mrr, ‘ � hm2
rr = � 3 �m‘iOið Þ, ‘, h =

3h0

3h0 + 2h1ð Þ2
. 0, ð5:13Þ

which is clearly a non-linear PDE for the unknown trace of the couple-stress, mrr.

5.2. Effect of polar material response on the solution of the non-polar torsion problem

The analysis detailed in Section 3.1 is still valid when dealing with torsion of a linearly isotropic polar
material shaft, in the sense that it is still underpinned by the displacement field Equation (3.3) and, sub-
sequently, by the kinematics described by Equations (3.4), (3.5), and (3.22). Hence, Equations (3.2c) and
(3.6) suffice to accommodate isotropic material behaviour in the case of non-polar linear elasticity, while
the warping function, w, is still required to be a harmonic function that also satisfies the boundary con-
dition Equation (3.10).

As a result of these considerations, Equation (3.22) yields:

O 1, 2½ �=
1

2
O1, 2 � O2, 1ð Þ= q

4
w, 22 + w, 11ð Þ= 0, O 1, 3½ �=O 2, 3½ �= 0, ð5:14Þ

where use is made of the fact that w is a harmonic function. Hence, the nullification of the anti-
symmetric part of the spin gradient Oi, j, observed in the special case of this torsion problem, forces the
polar part Equation (5.9a) of the conventional strain energy function to attain the form:

WO =
q2

4
h1 w, 22 � w, 22ð Þ2 + w2

, 12 + 3
h i

, ð5:15Þ

which, like its counterpart, Equation (3.18) met in the case of the corresponding fibre-reinforced shaft, is
influenced by a single polar elastic modulus only. However, unlike Equation (3.18), which is independent
of w, Equation (5.15) is substantially influenced by the form of the cross-sectional warping function.

It is also fitting at this point to note that, due to complete lack of influence that the elastic modulus h2

exerts on this particular problem, the relevant analyses presented by Tsiatas and Katsikadelis [16] and
Kwon [17] happens to hold not only within the framework of their targeted-modified couple-stress the-
ory [18] but, also, within the framework of the conventional couple-stress theory [3,4]. In other words,
the attempted simplification proposed by Yang et al. [18], by dropping the influence of h2, makes no dif-
ference and is, therefore, unnecessary in the torsion problem of the polar isotropic shaft considered and
studied in Tsiatas and Katsikadelis [16] and Kwon [17]. However, determination of the spherical part of
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the couple-stress and, hence, introduction of the extra elastic modulus h0 [2,5], gives rise to a proper and
useful extension of the conventional couple-stress theory [3,4].

Under these considerations, the constitutive equation (5.9b) produces the following non-zero deviato-
ric couple-stress components:

�m11 = 2h1O1, 1 = h1q w, 12 � 1ð Þ, �m22 = 2h1O2, 2 = � h1q w, 12 + 1ð Þ,

�m33 = 2h1O3, 3 = 2h1q, �m12 = �m21 = 2h1O 1, 2ð Þ=
h1q

2
w, 22 � w, 11ð Þ,

ð5:16Þ

which naturally comply with the requirement of traceless deviatoric tensor (�mrr = 0). The trace (or,
equivalently, the spherical part) of the couple-stress tensor, m, must then be determined by solving the
non-linear PDE (5.13), which now attains the following form:

w, 2 � x1ð Þmrr, 1 � w, 1 + x2ð Þmrr, 2 + 2x3mrr, 3 �
2h

q
m2

rr = � 6qh1 2 + w2
, 12


 �
, h =

3h0

3h0 + 2h1ð Þ2
. 0: ð5:17Þ

A combination of Equation (5.16) with a suitable solution of the PDE (5.17a) will fully determine the
couple-stresses and, as is already anticipated in Section 3.2, use of Equation (2.12b) will finally enable
determination of the anti-symmetric part of the stress tensor. However, such a successful conclusion can
become possible only after the shape of the shaft cross-section is decided and, hence, after a subsequent
solution of the PDE (3.10) yield the form of the warping function, w, which now appears not only in
Equation (5.16) and the left-hand side of Equation (5.17a) but also in the right-hand side of the latter
PDE.

5.3. Polar isotropic shaft with elliptical cross-section

Consider, for example, an elliptical shaft whose cross-section is bounded by the plane curve Equation
(3.42) and, thus, possesses the outward unit normal, n̂, provided in Equation (3.43). The warping func-
tion and the torsional rigidity of such an isotropic elliptical shaft are evidently still given in Equation
(3.13) and, after recalling that isotropy now implies that C44 = m, the relation between the torsional para-
meter q and the magnitude of the externally applied torsional moment, M3, is still given by Equation
(3.14).

The second derivative of the warping function Equation (3.13) with respect to either of the in-plane
co-ordinate parameters is zero and, hence, the shear couple-stress components (5.16d) are also zero. The
normal deviatoric couple-stresses:

�m11 = h1q A� 1ð Þ, �m22 = 2h1O2, 2 = � h1q A + 1ð Þ, �m33 = 2h1q, ð5:18Þ

thus, stand as the only non-zero components of the, thus, symmetric deviatoric couple-stress tensor,
where the appearing parameter A is still given in Equation (3.45a). Hence, the non-zero deviatoric
couple-stresses are all constant, and this enables again reduction of the polar elasticity equilibrium
Equation (2.12a) into its already satisfied non-polar elasticity form (3.7).

In this case, the PDE (5.17) thus reduces to:

1� Að Þx1mrr, 1 + 1 + Að Þx2mrr, 2 � 2x3mrr, 3 + 2
h

q
m2

rr = 6qh1 3 + A2
� �

, h =
3h0

3h0 + 2h1ð Þ2
. 0: ð5:19Þ

It is observed that its simplest possible solutions are obtained for constant values of the spherical couple-
stress and are as follows:

mrr = 6q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 3 + A2ð Þh1=h

p
: ð5:20Þ

A combination of Equations (5.20) and (5.18) with Equation (2.7) then reveals that the normal couple-
stresses can attain either of the two sets of constant values:
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m11 = q 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
� h1 1� Að Þ

h i
,

m22 = q 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
� h1 1 + Að Þ

h i
,

m33 = q 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
+ 2h1

h i
:

ð5:21Þ

It is further observed in this regard that, since the direction of m33 is parallel to the direction of the exter-
nally applied torsional moment, M3, either of its constant values (5.21c) can be absorbed by or incorpo-
rated into the value of M3j j employed in Equation (3.14).

A straightforward way towards this incorporation begins by re-defining the total torsional moment
acting on the elliptical shaft as follows:

M̂3 =M3 + m33e3, M̂3

 = M3j j+ m33, ð5:22Þ

and, by virtue of Equation (3.14), thus deduce that

q ¼ jM̂3j
De

¼ ðjM3j þ m33Þ=De: ð5:23Þ

With further use of Equation (5.21c), this relation returns two values of this torsional parameter, namely

q6 ¼ jM̂
6

3 j
De

¼ jM3j
De

1þ h1

26d

De

� �
; d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ A2=3

hh1

s
: ð5:24Þ

By thus replacing Equation (3.14) with Equation (5.24), either of the two sets of in-plane normal couple-
stresses:

m6
11 = q6 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
� h1 1� Að Þ

h i
, m6

22 = q6 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
� h1 1 + Að Þ

h i
, ð5:25Þ

may be considered as representing the only non-zero couple-stresses of principal interest.
Hence, by inserting Equation (5.25) into Equation (2.15b), one determines the couple-traction field

acting throughout the body for either of the implied solutions. On the lateral shaft boundary, where the
outward unit normal is given according to Equation (3.43), that field produces the boundary couple-
tractions:

L(n̂)
i = mjin̂j, ð5:26Þ

or, in explicit form:

L(n̂)
1 = m11n̂1 = q6 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
� h1 1� Að Þ

h i
n̂1,

L(n̂)
2 = m22n̂2 = q6 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + A2=3ð Þh1=h

p
� h1 1 + Að Þ

h i
n̂2, L(n̂)

3 = m33n̂3 = 0:
ð5:27Þ

It follows that the constant couple-stress field (5.25) can be maintained by an elliptical shaft only if
the nonzero normal couple-tractions (5.27a, b) are applied externally throughout the shaft lateral
boundary. It must be mentioned in this context that observations and comments analogous to those
detailed in the last two paragraphs of Section 3.4, for the relevant analysis referring to torsion of the
fibre-reinforced shaft, may also become applicable in this case, and need not be repeated or discussed
any further.

However, a note must be made of the fact that, in the present case, either of the couple-stress fields
(5.25) is constant. This observation implies that, by virtue of Equation (2.12b), the anti-symmetric part
of all stress components is zero. It thus follows that, the stress field observed throughout the body of a
polar, isotropic elliptical shaft subjected to combined torsion and action of the boundary couple-
tractions (5.27) is still symmetric.
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5.4. The special case of a shaft with circular cross-section

Due to its simplicity, the torsional problem of a polar isotropic circular shaft was first considered, as an
example application, in Koiter’s pioneering publication [4]. However, the spherical part of the couple-
stress tensor, left indeterminate by Koiter [4], was determined most recently by Soldatos [5].

The shape of a circular cross-section is evidently obtained as a special case of its elliptic counterpart
considered in the preceding section, by setting A=0. In this manner, all results presented in Equations
(5.18)–(5.21) become equivalent to their counterparts obtained in Section 5.1 of Soldatos’ study [5],
where, however, the axis of the externally applied torsional moment is aligned with the x1 co-ordinate
axis.

In this connection, the only new relevant information that the present analysis may add on its coun-
terpart presented by Koiter [4] and Soldatos [5] relates to the emergence of Equation (5.24) and its sub-
sequent reduction,

q6 =
M̂6

3

 
Dc

=
M3

 
Dc

1 + h1

26 hh1ð Þ�1=2

Dc

 !
, ð5:28Þ

where the appearing torsional rigidity of a circular isotropic shaft,

Dc = pma4=2, ð5:29Þ

is evidently obtained by setting b= a and C44 = m in Equation (3.13b).

6. Conclusion and future research directions

Upon reversing the order of the Introduction narrative, it can be claimed that this communication dealt
with a substantial expansion of a couple-stress theory application, first employed by Koiter [4] in his pio-
neering relevant publication and more recently complemented by Soldatos [5]. Namely, the problem of
torsion of a polar isotropic circular shaft subjected to an externally applied torque.

In a first step, that expansion re-formulated that fundamental polar elasticity problem by enabling it
to embrace the general case of an isotropic shaft of arbitrary cross-section (Sections 5.1 and 5.2) and,
afterwards, developing its analytical solution for the case of an elliptical shaft (Section 5.3). The obtained
solution led to full determination of (1) the couple-stress field (including both its deviatoric and spherical
parts) and, hence, (2) the stress field (including both its symmetric and anti-symmetric parts). This step
thus also prepares the ground for future potential applications, where, as has already happened in the
case of the corresponding non-polar isotropic shaft [6,19], relevant solutions may be sought and found
for several different shapes of the shaft cross-section.

In a second step (Section 3), the implied extension was engaged with material properties of transverse
isotropy that is due to presence of a single family of straight fibres, aligned with the shaft axis and pos-
sessing bending stiffness, and succeeded to complete the corresponding solution for a polar material
shaft of arbitrary cross-section. In that case, formulation of the boundary value problem was under-
pinned by the linearised version of the relevant couple-stress theory developed by Spencer and Soldatos
[1] and Soldatos [2]. It is worth recalling that the theory makes use of as many as eight fibre-deforma-
tion-related elastic moduli, seven of which appear in the deviatoric couple-stress constitutive equation.
The eighth such modulus relates to the action of the spherical part of the couple-stress. The whole set of
employed moduli enables the unrestricted theory to capture and tailor together effects that are due to
three inter-related fibre-deformation modes, first observed in Section 9 of Spencer and Soldatos’ study
[1] and now termed as the fibre-bending, the fibre-splay, and the fibre-twist such.

However, the rather large number of the involved couple-stress moduli still justifies careful use of the
existing pair of restricted versions of the full theory (termed as the restricted fibre-bending and the
restricted fibre-splay versions). Either of those versions conveniently employs a substantially reduced
number of couple-stress elastic moduli, at the expense of reducing accuracy and confining applicability
to certain boundary problem subclasses. In this context, Section 4 completed a relevant round of inter-
esting studies and comparisons (also refer [8–10]) that refer to the relation of the full (unrestricted)
couple-stress theory employed in Section 3 with its implied pair of restricted versions.
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Accordingly, in summarising principal criteria that would help the choice of a most suitable restricted
version, one may begin by recalling that the number of seven deviatoric couple-stress moduli emerging
in the unrestricted theory reduces to, just, a single one in the case of its restricted fibre-bending version.
That version captures effects predominantly due to the fibre-bending deformation mode, which is natu-
rally regarded as the most influential such in the large majority of applications. The fibre-bending ver-
sion provides practically identical results to those obtained through use of the full (unrestricted) theory
for problems that are purely influenced by fibre-bending types of deformation, but fails to provide any
kind of physically meaningful information when dealing with problems that are purely influenced by
fibre-splay and/or fibre-twist types of deformation.

On the other side of the deformation spectrum, the restricted fibre-splay version of the theory makes
use of only two deviatoric couple-stress elastic moduli and gives practically identical results to those
obtained through use of the full theory for problems that are purely influenced by fibre-splay types of
deformation. However, that version fails to provide physically meaningful information when dealing
with problems that are predominantly influenced by fibre-bending and/or fibre-twist types of
deformation.

In dealing with future relevant developments, attention must also be given to an alternative type of
relevant boundary value problems, where a fibre-reinforced specimen may exhibit polar material beha-
viour despite that its fibres (or, simply, material preference directions in such cases) are perfectly flex-
ible. The theoretical foundation of such a development has become most recently available in Soldatos’s
study [20], where it is perceived as the anisotropic material extension of the polar isotropic material the-
ory employed in Section 5 of the present communication (also refer Soldatos [5]).

It is anticipated, more generally, that systematic engagement of existing versions of the couple-stress
theory with modelling and solution of fundamental boundary value problems, such as those studied
already in non-polar (symmetric-stress) elasticity, can substantially assist the ongoing effort of decoding
the secrets, and improving understanding of the usefulness of this and, perhaps, other theoretical frame-
works stemming from the Cosserat theory of elasticity [21]. Namely, by connecting the couple-stress
theory founded by Mindlin and Tiersten [3] and Koiter [4] with the route of the early developments fol-
lowed by non-polar linear elasticity (e.g. [6,19,22]).
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Appendix 1

Consideration of solving the PDE (3.23) with the method of characteristic lines

Solution of the PDE (3.23) with the method of characteristics requires a search for parametric represen-
tation of three-dimensional curves whose tangent satisfies all three differential equations:

dt =
dx1

w, 2 � x1

=
dx2

� w, 1 + x2ð Þ =
dx3

2x3

, ðA:1Þ

where t represents a suitable curve parameter. Upon considering these as first-order ordinary differential
equations (ODEs), one obtains their general solution as follows:

t =

Z
dx1

w, 2 � x1

+ c1 =

Z
dx2

� w, 1 + x2ð Þ + c2 = ln c3x3j j1=2, ðA:2Þ

where c1, c2, and c3 are arbitrary constants of integration.
Moreover, by virtue of the relations (A.1), the PDE (3.23) is transformed into the ODE:

dmrr

dt
= � 48qb5, ðA:3Þ

whose direct integration yields

mrr = � 48qb5t + c0, ðA:4Þ

where c0 is an additional arbitrary constant. Unique determination of all four arbitrary constants
involved may be attempted only after the shape of the shaft cross-section is specified and, hence, the
corresponding form of the warping function, w, is determined.
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Each of the three equivalent forms of the parameter t shown in (A.2) may then be considered depen-
dent on a single co-ordinate parameter, and so may be each of the three equivalent forms of mrr pro-
duced through subsequent combination of (A.4) and (A.2). Nevertheless, upon inserting in (A.4) the
logarithmic form of t obtained in (A.2), it is again seen that the particular solution (3.26) is essentially
always available, regardless of the specific shape of the shaft cross-section.
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