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A B S T R A C T

In fretting contacts between metals such as steels, wear normally takes place by the formation of an oxide debris
in a closed contact and its subsequent expulsion. There are three stages to this process: (i) the transport of oxygen
into the closed contact to form the oxide debris; (ii) the formation of the oxide within the fretting contact; (iii) the
expulsion of this debris from the closed contact. In the steady state, the observed wear rate will be the rate of the
slowest of these three processes which is known as the Rate Determining Process (RDP).
Previously, it has been proposed that this dependence of the observed wear rate on the transport of species into

and out of the contact results in the observed wear rate being inversely proportional to a critical dimension of the
contact, with the instantaneous wear rate changing throughout tests conducted with non-conforming contact
configurations (due to the growth in contact size as the test proceeds). In this paper, for the first time, equations
for a contact-size dependent specific wear rate, ksd (with typical units of mm4 MJ-1) are presented for three
contact configurations commonly utilised in fretting tests, namely flat-on-flat, cylinder-on-flat and sphere-on-flat
contacts. These are discussed in terms of physical understanding of the fretting wear process and the ability to
compare data from tests conducted with different contact configurations more robustly than has been previously
possible. In addition, for each of these commonly utilised contact configurations, the equations describing the
development of wear scar size, contact pressure and wear depth throughout fretting wear tests are also derived,
and the significance of differences in the evolution of these throughout a test for the different contact config-
urations is discussed.

1. Introduction

It has been known for many years that the closed nature of a contact
in fretting wear means that the rate of wear is influenced by the rate at
which key transport processes are able to operate. The widely referenced
work by Godet [1] focussed on the role of the debris (termed the
third-body) in both providing a mechanism for velocity accommodation
between the two first-bodies [2] but also in controlling the rate of wear.
It is the rate of expulsion of the debris from the fretting contact which is
seen to control the rate of wear in the case where this process is slower
than any other processes that need to occur for wear to proceed. In the
late 1980s, Pendlebury [3] proposed a model based upon the probability
of escape of debris particles from a fretting contact and argued that the
debris escape probability per cycle is inversely proportional to the
contact dimension parallel to the fretting direction. Aligned with this,

Zhu et al. [4] recently hypothesised that, for fretting contacts where
debris transport out of the contact is rate-determining, the rate of debris
egress from the contact was inversely proportional to the size of the
contact parallel to the fretting direction, and clearly demonstrated that
experimental data from extended fretting wear tests with a
cylinder-on-flat contact configuration with different cylinder radii were
in accord with this hypothesis.

In the case of fretting of non-noble metals (i.e. metals prone to oxide
formation) in oxygen-containing environments, a second transport
process may act as a rate-determining process, namely that of oxygen
transport into the contact to form oxide debris [5–7]. The debris that
leaves a fretting contact is primarily oxide (for example, it has been
shown that the debris is>94% oxide for the fretting of steels over a wide
range of test conditions [8]) and therefore, oxygen is required across the
contact surface so that wear debris may be formed and subsequently
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transported away as wear proceeds. It was first suggested by Mary et al.
[9,10] that under certain conditions, the supply of oxygen into a fretting
contact may be a limiting (i.e. rate-determining) process; furthermore,
Fouvry et al. [11] argued that the ratio of the rate of wear in situation
where the oxygen supply was not sufficient was less than a third of that
where the oxygen supply was sufficient.

The concept of the rate-determining process in fretting has been most
fully outlined in the work of Shipway et al. [5] in 2021 although the
concept was first illustrated diagrammatically by Fouvry et al., in 2003
[12]. Fretting wear itself is deemed to be the “overarching process”,
which depends on a number of sub-processes, namely (i) oxygen trans-
port into the contact; (ii) wear and debris formation, and (iii) debris
transport out of the contact. The slowest of the sub-processes is termed
the rate-determining process (RDP); moreover, all the sub-processes
must operate at the same rate to ensure that equilibrium is main-
tained, and thus all processes will operate at the rate of the slowest of
these (i.e. the RDP), and this will be the observed rate of fretting wear.
The concept is illustrated in Fig. 1.

It has been clearly demonstrated in the literature over a number of
years that the wear rate depends upon the physical dimensions of the
fretting contact, although the nature of this size effect was never well
described. However, the recent papers which have presented models
which describe the role of the two key transport processes (oxygen
transport into the contact and debris transport out of the contact) on
wear [5,13] have argued that contact size will have a significant influ-
ence on the rate at which these two rate-determining transport processes
will operate and thus upon the observed rate of wear. In some of the first
quantitative experimental work in this area, Fouvry and Merhej [14,15]
demonstrated that the energy wear rate (volume lost per unit energy
dissipated) during fretting of 52100 steel in a both a sphere-on-flat and a
cylinder-on-flat contact configuration was very sensitive to the radius of
either the sphere or cylinder employed; for example, for tests with a slip
amplitude of 72 μm, they observed an increase in the energy wear rate
(α) from 19.9 mm3 MJ-1 with a 50 mm radius sphere to 70.0 mm3 MJ-1

with an 8 mm radius sphere. Work by Fouvry and co-workers published
at a similar time also reported similar behaviour for cylinder-on-flat
fretting tests with a titanium alloy (Ti-6Al-4V), with an increase in en-
ergy wear rate of more than 1.5 as the cylinder radius was decreased
from 40 mm to 20 mm [16]. Later work by Warmuth and co-workers
examined the behaviour of a high strength steel observing very much
greater differences in wear rate of a high strength steel as the cylinder
radius was decreased from 160 mm to 6 mm, the magnitude of the in-
crease in wear rate being observed to be strongly dependent upon both
the fretting frequency and slip amplitude [17,18].

The work of Shipway et al. [5] argued that irrespective of whether
oxygen transport into the contact or debris transport out of the contact
was the RDP, the observed wear rate would be proportional to some
linear dimension of the contact size, namely the dimension of the

contact in the direction of fretting motion. Accordingly, the observed
rate of wear at any time is expected to be inversely proportional to the
size of the contact in the fretting direction, x, as follows:

dV
dE

=
ksd
x

Equation 1

where dV
dE is the rate of change of the wear volume, V, with energy

dissipated, E (i.e. the instantaneous wear rate) and ksd is the size-
dependent specific wear rate (with units of m4 J-1).

In fretting situations (including fretting wear testing) where the
contact configuration is non-conforming (e.g. a sphere-on-flat or
cylinder-on-flat contact), the size of the contact changes (increases) as
wear proceeds, and thus the wear rate will change (decrease) as the test
proceeds. Example experimental data showing the change in wear scar
size (width) with wear scar volume for a cylinder-on-flat contact worn in
fretting are presented in Fig. 2.

In the extensive literature in the area of laboratory fretting wear
testing, there are a number of contact configurations that are commonly
employed, some of which are conforming (i.e. do not have a natural
dependence of the wear scar size upon the degree of wear) whilst others
are non-conforming (with a natural dependence of the wear scar size
upon the degree of wear); the configurations most commonly employed
are listed as follows: (i) flat-on-flat (FoF) conforming configuration; (ii)
cylinder-on-flat (CoF) non-conforming configuration; (iii) sphere-on-flat
(SoF) non-conforming configuration; (iv) crossed cylinder-on-cylinder
(CoC) non-conforming configuration. Within the subset of flat-on-flat
contact configurations, the majority of tests are conducted with con-
tacts that have a finite length in the direction of fretting motion, but in a
few cases, annular conforming contacts are employed which can be
classed as infinite in the direction of fretting motion [19,20]. It has been
highlighted that there are other changes in non-conforming contacts
which occur as wear proceeds which thus complicate interpretation of
the data [20]; not only does the contact size change, but also the contact
pressure changes as well as the ratio of the contact width to the imposed
displacement (and thus the degree to which the contact is covered
during the test). Also, the rate at which the depth of the wear scar de-
velops with the wear scar volume differs for different contact

Fig. 1. Diagram illustrating the concept of the rate-determining process (RDP);
in the case illustrated, the rate controlled by oxygen flow is the RDP, and the
other two sub-processes throttle back their rates to match that of the RDP. After
Fouvry et al. [12].

Fig. 2. Measured total wear scar volumes for a fretting pair plotted against the
scar width, 2b, for a 10 mm long cylinder-on-flat fretting pair with cylinders of
two radii (R = 6 mm and R = 160 mm). Alongside the measured values are the
predicted relationships based upon the hypothesis that the wear scar volume is
that of a prismatic segment of a circle. From Ref. [5].
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configurations.
Using only the hypothesis that the instantaneous wear rate is

inversely proportional to a critical dimension of the contact (Equation
(1)), Zhu and Shipway [21] derived equations that showed how the wear
volume was expected to depend upon the energy dissipated in the wear
process. These equations are presented in Table 1; a key element of this
paper was the argument that the wear volume is not expected to be
proportional to the energy dissipated in the wear process (as is often
assumed to be the case). The success of this approach was evidenced by
the fact that for both CoF and SoF contact configurations, differences in
evolution of wear volume with energy dissipated in tests with different
radii of either the cylinder or sphere could be rationalised.

It is argued here that the way that the work was presented previously
(as outlined in Table 1) [21] unfortunately obscures the size-dependent
specific wear rate (ksd) within the constants A1, A2 and A3. Moreover,
the derivation of the equations of the form presented in Table 1 in the
original paper by Zhu and Shipway [21] did not present the constants in
the most simplified forms, and also did not utilise available geometrical
simplifications which would have allowed a simpler and more trans-
parent understanding of the derivations. As such, in the current paper,
the equations previously presented [21] will be re-derived, with the
size-dependent specific wear rate (ksd) being made explicit in each case
(see section 2). Using these equations and data from the literature for
three contact configurations (namely FoF, CoF and SoF contact config-
urations), values of the size-dependent specific wear rate (ksd) will be
derived and compared for materials tested under these different con-
figurations. The evolution of the wear depth and contact pressure with
wear for each of the contact configurations will be used in the devel-
opment of an understanding of differences in data from tests conducted
with different contact configurations.

1.1. Clarifying statements

Given that fretting is by its nature symmetrical along the line of
fretting motion, it is suggested that the measure of the size of the wear
scar in the fretting direction used should be the half-length (different
measures have been used previously and therefore there is need for
clarity here).

In the work of Zhu and Shipway [21], as well as exploring the hy-
pothesis that the observed rate of wear at any time is inversely pro-
portional to the size of the contact in the fretting direction (see Equation
(1)), they also explored the hypothesis that the instantaneous wear rate
is inversely proportional to the area of the wearing contact, having based
this hypothesis on the idea that the rate of flow of debris is proportional
to the contact pressure. However, more recent work by Baydoun et al.
[13] has usefully presented a much clearer understanding based upon
tests using conforming contacts with different geometries which has
demonstrated unequivocally that the primary cause of the independence
of wear rate on contact size is through that of the characteristic length
over which debris needs to be transported to leave the contact.
Accordingly, the work presented in this paper is based only upon the
hypothesis that the instantaneous wear rate is inversely proportional to
the size of the wearing contact in the fretting direction.

As stated previously, the work of Zhu and Shipway [21] obscured the
wear coefficients in the final equations that they presented which did
not facilitate ready comparisons between tests conducted with different

contact configurations. Moreover, they did not present equations to
describe the development of wear scar size, wear scar depth and contact
pressure with wear scar volume (i.e. as the tests proceed). The current
work will present these important equations, with their derivation being
derived from simple approximations relating the volume of wear scars to
linear dimensions of interest for the different contact configurations
being considered.

2. Equations describing the evolution of wear volume, contact
size and wear depth with the energy dissipated in the contact
configurations commonly employed for fretting wear testing

2.1. Conforming contacts

For this case, a conforming flat-on-flat (FoF) contact which is finite
both parallel and perpendicular to the direction of fretting is considered
(see Fig. 3). Although not necessary, a rectangular contact is considered
here with the contact semi-width in the fretting direction being defined
as b and the contact length (perpendicular to the fretting direction)
defined as L. The area of the fretting contact is therefore 2 b L.

The following relationship between the instantaneous wear rate and
the contact size is assumed:

dV
dE

=
ksd
b

Equation 2

where ksd is the semi-width-based size-dependent specific wear rate for a
flat-on-flat contact. In effect, this assumes that the debris loss from the
contact in a direction perpendicular to the direction of fretting motion
(i.e. edge leakage) is negligible. Whilst this paper will proceed with this
assumption, it is recognised that data in the literature do not fully
support this assumption [13], and that further work is required to
explore this.

Given that b in Equation [2] remains constant throughout a test with
this contact configuration, this can be directly integrated to yield:

V b= ksd E Equation 3

The wear depth, h, is simply the ratio of the wear volume to the
contact area and is given by the following equation:

h=
ksd E
2 b2 L

Equation 4

Finally, the (mean) contact pressure, pm, remains constant throughout a
fretting wear test with a conforming contact geometry of this type, and is
given by the following equation:

Table 1
Summary of the wear equations presented by Zhu and Shipway [21] for
the three different non-conforming contact configurations considered in
this work, namely cylinder-on-flat, sphere-on-flat and crossed-cylinders.

Contact configurations Wear equation

Cylinder-on-flat V = A1R− 0.25 E0.75

Sphere-on-flat V= A2R− 0.2E0.8

Crossed cylinder-on-cylinder V = A3R− 0.2E0.8
Fig. 3. Illustration of the relationship between the wear volume and its di-
mensions for the flat-on-flat fretting contact configuration.
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pm=
W
2 b L

Equation 5

where W is the contact load between the two bodies during the test.

2.2. Cylinder-on-flat contact configuration

For the cylinder-on-flat (CoF) contact, the wear scar volume takes the
form of the prismatic minor segment of a cylinder as shown in Fig. 4.

A simple approximation exists which relates a wear volume of this
geometry to its key dimensions as follows:

V ≈
2 b3 L
3R

Equation 6

This estimate is an underestimate of the true volume; however, as
presented in Appendix 1, the difference between the exact and
approximate solutions is less than 5 % for b/R less than 0.4.

From this simplified equation, it follows that:

dV
db

=
2 b2 L
R

Equation 7

The proposed dependence of the instantaneous wear rate upon the
wear scar dimensions for this case can be written as follows:

dV
dE

=
ksd
b

Equation 8

where ksd is the semi-width-based size-dependent specific wear rate for a
cylinder-on-flat contact. Again, this assumes that debris edge-leakage is
negligible. From Equation (7) and Equation (8), the following can be
written:

dE
db

=
2 b3 L
ksd R

Equation 9

which (assuming that E = 0 when b = 0) can be integrated as follows:

E=
b4 L
2 ksd R

Equation 10

Eliminating the wear scar semi-width, b, between Equation (6) and
Equation (10) yields:

V4

/3 =
27

/3

34

/3

(
L
R

)
1 /3 ksd E

or

0.8585 V4

/3
(
R
L

)
1 /3 = ksd E

Equation 11

It is noted that it can be shown that this is identical to the equation
derived for the cylinder-on-flat contact configuration by Zhu and
Shipway [21].

Also, by rearranging Equation (10), it can be shown that:

b=
(
2 E ksd R

L

)1 /4
Equation 12

An approximation for the relationship between the scar depth and
scar semi-width for a wear volume of this geometry exists as follows:

h ≈
b2

2R
Equation 13

This estimate is an underestimate of the true depth; however, as
presented in Appendix 1, the difference between the exact and
approximate solutions is less than 5 % for b/R less than 0.4.

Substitution of b from Equation (12) into Equation (13) thus yields:

h=
(
E ksd
2 L R

)1 /2
Equation 14

Finally, the mean pressure in the contact, pm, is simplyW/2bL which
(from Equation (12)) can be written as follows:

pm=
W

(
32 L3 E ksd R

)1 /4
Equation 15

2.3. Sphere-on-flat contact configuration

For the sphere-on-flat (SoF) contact, the wear scar volume takes the
form of a spherical cap as shown in Fig. 5. A simple approximation exists
which relates a wear volume of this geometry to its key dimensions as
follows:

V ≈
π a4
4R

Equation 16

This estimate is an underestimate of the true depth; however, as
presented in Appendix 1, the difference between the exact and

Fig. 4. Illustration of the relationship between the wear volume (the minor
segment of the cylinder) and its corresponding dimensions for the cylinder-on-
flat fretting contact configuration.

Fig. 5. Illustration of the relationship between the wear volume (the spherical
cap) and its corresponding dimensions for the sphere-on-flat fretting contact
configuration.
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approximate solutions is less than 6 % for a/R less than 0.4. From this
simplified equation, it follows that:

dV
da

=
π a3
R

Equation 17

The proposed dependence of the instantaneous wear rate upon the wear
scar dimensions for this case can be written as follows:

dV
dE

=
ksd
a

Equation 18

where ksd is the semi-width-based size-dependent specific wear rate for a
sphere-on-flat contact. Again, this assumes that debris edge-leakage is
negligible. From Equation (17) and Equation (18), the following can be
written:

dE
da

=
π a4
ksd R

Equation 19

which (assuming that E = 0 when a = 0) can be integrated as follows:

E=
π a5
5 ksd R

Equation 20

Eliminating a between Equation (16) and Equation (20) yields:

V5

/4 = π1

/4 5
45

/4
R− 1 /4 ksd E

or

0.8498 V5

/4 R1

/4 = ksd E

Equation 21

It is noted that it can be shown that this is identical to the equation
derived for the sphere-on-flat contact configuration by Zhu and Shipway
[21].

Also, by rearranging Equation (20), it can be shown that:

a=
(
5 ksd R E

π

)1 /5
Equation 22

An approximation for the relationship between the scar depth and scar
semi-width for a wear volume of this geometry exists as follows:

h ≈
a2

2R
Equation 23

This estimate is an underestimate of the true depth; however, as
presented in Appendix 1, the difference between the exact and
approximate solutions is less than 5 % for a/R less than 0.4.

Substitution of a from Equation (22) into Equation (23) thus yields:

h=

(
5 ksd E
̅̅̅̅̅̅
32

√
π R3

/2

)2 /5

Equation 24

Finally, the mean pressure in the contact, pm, is simplyW/π a2 which
(from Equation (22)) can be written as follows:

pm=
W

(
5 π3

/2 ksd R E
)2 /5

Equation 25

2.4. Crossed-cylinder configuration

In the work of Zhu and Shipway [21], it was explicitly demonstrated
that the development of the wear scar in a fretting test with a
crossed-cylinder (CoC) configuration was identical to that with a
sphere-on-flat (SoF) contact configuration. As such, in this work, the
equations for a crossed-cylinder contact configuration will not be
derived explicitly and will simply be assumed to be the same as those
derived for the sphere-on-flat contact configuration as presented in

Section 2.3.

2.5. Errors resulting from use of approximate equations

As can be seen in Appendix 1, the errors associated with the use of
the three approximate equations all increase as either (a / R) or (b / R)
increase, with in each case, the approximate solution being an under-
estimate of the true value. However, an error of 5 % is not reached in any
case until values of (a / R) or (b / R) reach relatively large values (>
0.38); to put this into context, the largest value of b / R in the experi-
mental work conducted at the University of Nottingham over recent
years was ~ 0.32, observed in a test with a 6mm cylinder-on-flat contact
configuration after fretting for 5 × 106 cycles; if the approximate solu-
tions were employed in this case, an error of 3.5 % in the wear volume
would have resulted. With larger radius elements in non-conforming
fretting test configurations, the normalised values of the critical di-
mensions are much smaller, and thus smaller errors result.

3. Derivation of size-dependent wear coefficients from data in
the literature

In considering examples from the literature, only papers which
concerned fretting of high strength steel-on-steel contacts were
included. In addition, only data were considered where both the total
wear volume (the sum of that over the two bodies making up the con-
tact) and the energy dissipated were either reported or could be derived
from reported data.

3.1. Flat-on-flat contacts

3.1.1. The work of Baydoun and co-workers (Test programme 1)
Baydoun and co-workers [13,22] reported fretting tests where con-

forming rectangular flat-on-flat contacts (see Fig. 3) between
34NiCrMo16 samples with a Vickers hardness of ~ 420 HV were
considered. In their tests, the contact length, L (perpendicular to the
fretting direction) was 5 mm and the contact semi-width, b (parallel to
the fretting direction) was varied between 0.375 and 2.5 mm; it is noted
that (unlike tests with non-conforming contact configurations), the
contact semi-width, b, does not change as the test proceeds. In the
original work, data were presented in the form of the energy wear rate α
(where α = V/E) against the contact semi-width, b (see Fig. 6a). In light
of Equation (2), these same data could have been re-presented here in
the form of a plot of α against the reciprocal of the contact semi-width
(
1
/b

)

, and when this was done, the expected linear relationship was

observed. However, to align with the figures presented later in this paper
for the other contact configurations (where the critical contact dimen-
sion, a or b, varies throughout a test), there is a desire to instead present
the data in the form of Equation (3), namely a plot of (V×b) against E.
However, in the original work of Baydoun and co-workers [13,22],
neither the wear volume nor energy dissipated by the end of a particular
test were directly reported. However, it has been possible to estimate the
energy dissipated during a fretting wear test from the following
equation:

E=4 δ N μE W Equation 26

where δ is the slip amplitude, N is the total number of cycles in the test
and μE is the energy coefficient of friction. Baydoun and co-workers
reported that a global energy coefficient of friction (μE) of 0.69 is
deemed to be representative for all the tests reported in their work [13]
and thus the energy dissipated over the duration of the test, E, could
estimated since the other parameters were reported directly in their
work. Knowing the energy dissipated and the energy wear rate also
allowed the wear volume to be estimated. These estimated data for E and
V are presented in Fig. 6b in the form indicated by Equation (3); the
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size-dependent specific wear rate, ksd, is given by the gradient of the line
through the origin, with ksd ∼ 107 mm4 MJ-1.

In the case of a conforming contact, the wear depth is simply the ratio
of the wear volume to the contact area. In this work, the contact pres-
sure, pm, was maintained at a constant value of 100 MPa (with loads
being altered to achieve this) and so (as before) the energy dissipated per
unit area throughout the test can be estimated; from this and a knowl-
edge of the energy wear rate, a wear volume per unit area (i.e. the wear
depth, h) can be calculated as follows:

h = 4 δ N μE pm α Equation 27

where α = V/E. In this work, δ, N and pm were held constant and μE was
assumed to be constant; as such, the depth of wear, h, is simply pro-
portional to the reported wear rate, α (as presented in Fig. 6a). The wear

depths, h, so estimated are presented in Fig. 7; it is noted that this depth
represents the sum of the wear depths on the two contact surfaces, and is
thus twice the size of the values presented in the original source of these
data [22].

3.2. Cylinder-on-flat contacts

3.2.1. The work of Zhu and Shipway (Test programme 2)
Zhu and Shipway [21] reported fretting wear tests of a high strength

steel (S132 with a hardness of 485 HV) over a range of test durations
using the cylinder-on-flat contact configuration with a range of cylinder
radii between 6 mm and 160 mm. Whilst they demonstrated that an
equation of the form Vw = A1R− 0.25 E0.75 (see Table 1) allowed the
dependence of the wear volume of the cylinder radius and test duration
to be rationalised, they did not present the equations in the form that
allowed the size-dependent wear coefficient to be readily observed. The
reformulation of their equations into the format presented in Equation

Fig. 6. Plots of the wear data of Baydoun for fretting of conforming contacts for
both plain and textured samples across a range of values of b presented in
different ways; (a) plot of the wear rate, α, versus, b; (b) Plot of (V b) versus E in
accord with Equation (3). L = 5 mm, N = 20000 cycles, pm = 100 MPa, δ = 100
μm, frequency (f) = 1 Hz. Data from Figure 3.34 from the PhD thesis of Soha
Baydoun [22].

Fig. 7. Final wear depth, h, of the tests presented in Fig. 6.

Fig. 8. Data from cylinder-on-flat wear tests of a steel presented in the format
suggested by Equation (11) (data from the work of Zhu and Shipway [21]).
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(11) has allowed their data to be re-presented as shown in Fig. 8, where
the size-dependent specific wear rate, ksd, is given by the gradient of the
line through the origin, with ksd ∼ 30 mm4 MJ-1.

In tests with this non-conforming contact configuration, the wear
scar semi-width, b, can be calculated via Equation (12) and the
maximum wear scar depth, h, via Equation (13). Four different cylinder
radii were employed in the tests reported [21] with tests being con-
ducted for various numbers of cycles, but with the same load, W, and
contact length, L, in each case. The calculated scar semi-width, b, and
maximum depth, h, following the test of maximum duration, N, for each
cylinder radius, R, employed are presented in Table 2. It can be seen that
for similar energies dissipated during the test, E, the wear scar
semi-width, b, increased and maximum wear scar depth, h, decreased as
the cylinder radius, R, was increased. It can be seen that after these
extended tests (between 2 and 5 million cycles), the final scar
semi-widths, b, are of the same order of magnitude as the largest scar
semi-width employed in the tests of Baydoun and co-workers (2.5 mm)
as reported in Section 3.1.1; in addition, the maximumwear scar depths,
h, are of the same order of magnitude too. However, it is noted that
although the initial Hertzian elastic mean contact pressures are high in
these non-conforming tests (between 406 MPa when R = 6 mm and 79
MPa with R = 160 mm), these pressures rapidly fall as the wear scar
increases in size due to wear; indeed, it can be seen from Equation (15)
that (with other parameters being constant in these tests) pm∝ (E R)− 0.25.
To illustrate this, mean contact pressures are calculated (using Equation
(15)) as a function of energy dissipated, E, for the two extreme cylinder
radii, R (6 mm and 160 mm) with a size dependent wear rate, ksd of 30.4
mm4MJ-1 being used as derived from Fig. 8; themean contact pressure is
assumed to be the smaller of the pressure calculated in this way and the
Hertzian (elastic) mean contact pressure and these are presented in

Fig. 9. It can be seen that even by ~ 1 ‰ of the maximum energy
dissipated in these tests (~0.3 kJ), the mean contact pressures had fallen
to 70 MPa and 31 MPa for the 6 mm and 160 mm cases respectively, and
that by ~ 10 % of the maximum energy dissipated in these tests (~30
kJ), the mean contact pressures had fallen to 22 MPa and 10 MPa for the
6 mm and 160 mm cases respectively. As such, for the bulk of each test,
the contact pressures in these tests were very much lower than the 100
MPa used in the work of Baydoun and co-workers (where the contact
pressure was maintained throughout a test due to the conforming nature
of the contact configuration employed).

3.2.2. The work of Merhej and Fouvry (Test programme 3)
Merhej and Fouvry presented data relating to fretting of 52100 steel

contacts (~856 HV) utilising a cylinder-on-flat contact configuration
with cylinder radii between 10 and 60 mm [14,15,23]; seven different
test condition sets were reported, with tests under each condition being
conducted at a number of cycles up to 10000 cycles. As the cylinder
radius was varied, the applied load was adjusted to ensure that the initial
Hertzian maximum contact pressure remained constant at 550 MPa. Slip
amplitudes employed ranged from 24 μm to 288 μm with the contact
length, L, also being varied with the cylinder radius in the tests to ensure
that the ratio of the initial Hertzian contact semi-width to the contact
length, bH/L, was less than 0.1.

For each test, the details of the contact configuration were presented
along with the applied load, the slip amplitude, and the measured en-
ergy coefficient of friction (μE). From these, the energy dissipated in
each configuration after 10000 cycles could be estimated (as previously
described) from the relationship presented in Equation (26) and using
this estimated energy and the wear rate (α) which was reported for each
test, an estimate of the final wear volume, V, could also be made.

Table 2
Data from Shipway and Zhu [21] (ordered by cylinder radius) along with estimates of scar size (width and maximum depth) and average contact pressure at the end of
the longest test conducted for each cylinder radius examined.

E/kJ V/mm3 R/mm L/mm W/N N/106 Δ/μm μE b/mm h/μm pm/MPa

295.0 7.27 6 10 450 5 50 0.69 1.87 291.6 12.0
300.5 5.43 15 10 450 5 50 0.69 2.30 176.8 9.8
120.6 1.92 80 10 450 2 50 0.69 2.84 50.5 7.9
292.6 2.58 160 10 450 5 50 0.69 3.96 48.9 5.7

Fig. 9. Calculated evolution of contact pressure as test proceeds (i.e. with
increasing energy dissipated) for the cylinder-on-flat contact configuration re-
ported by Zhu and Shipway [21] for the two extreme cylinder radii, R, reported.

Fig. 10. Data from the cylinder-on-flat wear tests of a steel presented in the
format suggested by Equation (11) (data from Merhej and Fouvry [15] as
presented in Table 3).
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These estimates of the wear volume and energy dissipated for each
test after 10000 cycles are presented in Fig. 10 in the form indicated by
Equation (11) (as was previously done in Fig. 8); the size-dependent
specific wear rate, ksd, is given by the gradient of the line through the
origin, with ksd ∼ 9.9 mm4 MJ-1. For each test condition examined, the
calculated scar semi-width, b, and maximum depth, h, and contact
pressure pm, at the end of the test were calculated and are presented in
Table 3. It is noted that the energy dissipated in each of these tests is
much smaller than those dissipated in the test programme of Zhu and
Shipway reported in Table 2. This results in the wear scar semi-widths, b,
and the maximum depths, h, at the end of the tests (Table 3) being much
smaller than those reported in Table 2; in particular, it is noted that in
the tests reported in Table 3, the total maximumwear depth (i.e. the sum
of the depth across the two samples in the couple) is as low as ~ 6 μm. If
it is assumed that the two samples wear equally, this is equivalent to a
wear depth of ~ 3 μm on each body which is clearly of the same order of
magnitude as the typical roughness of engineering components. It is also
noted that, in this work, the estimated contact pressures at the end of the
tests (Table 3) are of an order of magnitude larger than those reported in
Table 2.

3.3. Sphere-on-flat contacts

3.3.1. The work of Merhej and Fouvry (Test programme 4)
As part of the work already described in Section 3.2.2, Merhej and

Fouvry presented data relating to fretting of 52100 steel contacts (~856
HV) utilising a sphere-on-flat contact configuration with sphere radii
between 8 and 50 mm [14,15,23]; 32 different test condition sets were
reported, with tests under each condition being conducted at a number
of cycles up to 10000 cycles. As well as the sphere radius being varied,
the different test conditions spanned a range of applied loads and slip
amplitudes; the majority of the tests were conducted with an initial
Hertzian (elastic) maximum contact pressure of 1100 MPa (although a
few tests were conducted with higher and lower initial Hertzian contact
pressures) and the contact loads, W, were therefore adjusted to achieve
this.

In the original work, data were presented for tests with a fixed slip
amplitude (δ) of 72 μm across a range of test durations for three different
sphere radii. Whilst these data have been analysed previously in the
work of Zhu and Shipway [21], they are presented here again in cor-
rected form since an error1 in the data published in the journal papers by
Merhej and Fouvry (the data which were analysed by Zhu and Shipway

[21]) has been identified. The corrected form of the data relating the
wear volume to the energy dissipated across a range of test durations is
presented in Fig. 11a (these data are taken from Figure 11 from the
paper by Fouvry and Merhej [15] and are now correctly presented in the
format V vs. E). It can be seen that the energy wear rates from the three
different sphere radii vary by almost a factor of three. The same data are
then presented again in Fig. 11b in the form indicated by Equation (21);
the size-dependent specific wear rate, ksd, is given by the gradient of the
best-fit line through these data and through the origin, with ksd ∼ 20
mm4 MJ-1.

For the bulk of the test conditions examined in the paper with the
sphere-on-flat contact configuration, the details of the contact configu-
ration were presented in the paper in tabular form along with the
applied load, the slip amplitude, and the measured energy coefficient of
friction (μE) [14,15,23]. From these, the energy dissipated in each
configuration after 10000 cycles could be estimated (as previously
described) using Equation (26) and using this estimated energy and the
wear rate (α) which was reported for each test, an estimate of the final
wear volume, V, could also be made. These data are presented in
Table 4.

The estimates of the wear volume and energy dissipated for each test
after 10000 cycles (Table 4) are presented in Fig. 12 in the form indi-
cated by Equation (21); despite the range of test conditions indicated in
Table 4 (for example, across the dataset, the range of δ is from 36 μm to
566 μm and the range ofW is from 33 N to 2700 N), it can be seen that
the data are in accord with the linear relationship between
0.8498 V5

/4 R1

/4 and E as suggested by Equation (21). The size-
dependent specific wear rate, ksd, from a best fit to the whole dataset
is given by the gradient of the line through the origin, with ksd ∼ 14.8
mm4 MJ-1. It is noted that these data are presented on axes with loga-
rithmic scales so that the fit of the data across the very wide range of
energies dissipated can be clearly observed.

Whilst the data presented in Fig. 12 show a good fit to the prediction
of Equation (21) (as indicated by the line of best fit through the origin),
it is clear that the fit is less good for tests where the energy dissipated
was less than ~ 2 kJ. It is noted that whilst this may indicate a direct
influence of the energy dissipated on the size-dependent specific wear
rate, it may also indicate an influence of other parameters which
themselves affect the total energy dissipated in a test2 upon the size-
dependent specific wear rate. Further experimental work would be
required to explore these relationships.

4. Discussion

In previous work, the ability of the size-dependent specific wear rate
to provide a framework in which fretting data from tests conducted with

Table 3
Data from Fouvry and Merhej [15] (ordered by energy dissipated) along with estimates of scar size (b and h) and average contact pressure (pm) at the end of the longest
test (10000 cycles) conducted for each cylinder radius examined. In each case, the load was selected to produce an initial Hertzian (elastic) maximum contact pressure
of 550 MPa.

E/kJ V/mm3 R/mm L/mm W/N N/103 δ/μm μE b/mm h/μm pm/MPa

0.17 0.012 10 3 248 10 24 0.72 0.39 7.6 106
0.36 0.016 10 3 248 10 48 0.76 0.43 9.2 96
0.81 0.022 20 4 663 10 48 0.63 0.54 7.4 152
1.89 0.036 20 4 663 10 96 0.74 0.65 10.4 128
3.39 0.029 40 5 1658 10 96 0.53 0.70 6.1 237
8.23 0.086 40 5 1648 10 192 0.65 1.01 12.8 163
21.69 0.204 60 6 2984 10 288 0.63 1.45 17.6 171

1 In the journal papers by Merhej and Fouvry [14,15,23], the graph presented
which shows the wear volume versus the energy dissipated (e.g. Figure 16 in
Ref. [15]) is in fact the data for the wear volume versus the Archard Factor. It is
in fact Fig. 11 which correctly shows the data relating the wear volume to the
energy dissipated (although this is incorrectly labelled as being the wear vol-
ume versus the Archard Factor). The versions presented in Merhej’s PhD thesis
[23] (Figures 62 and 66 in that document) are correct but present data for R =

12.7, 25.4 and 50 mm (slightly different coverage of the data to those presented
in the journal papers [14,15]).

2 For example, in these tests, the number of cycles has been held constant,
and so as the slip amplitude is changes, the total energy dissipated in a test also
changes. Likewise, the load has been varied for different contact geometries in
an attempt to deliver certain initial Hertzian contact pressures, and in doing
this, the total energy dissipated in a test also changes.
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different radii of the contact bodies could be rationalised was demon-
strated for both CoF contact configurations and SoF contact configura-
tions [21]. In the current work, this approach has been extended with
data from a conforming FOF geometrical configuration [22] being pre-
sented (Fig. 6b) in the form of indicated by Equation (3), the derivation
of which is based upon the hypothesis that the wear rate is inversely
proportional to the contact semi-width. It can be seen that the four-fold
differences in wear rate (α) in the data as presented in the original
format (Fig. 6a) can be rationalised in terms of the size-dependent
specific wear rate, with the fit of the data to a linear relationship
through the origin giving strong support to the underlying hypothesis.

In the original work where the formulae presented in Table 1 were
derived [21], the values for the size-dependent specific wear rate

themselves were not derived, and therefore no comparison could be
made between these values for the different contact geometries. As such,
in this paper, values of the size-dependent specific wear rate have been
derived using data from experimental work on fretting of high strength
steels as reported in the literature.

It is recognised that in making comparisons between these data (and
the size-dependent specific wear rates derived from them as presented in
Section 3), the role of the very different conditions under which the tests
were conducted need to be considered. As such, a summary of key data is
presented in Table 5 (a subset of Test Programme 4 relating to the data
presented in Fig. 11 is reported separately as Test Programme 4a in
Table 5). A commentary based upon the observations presented in
Table 5 follows.

a) Very wide ranges of energy wear coefficient (α) have been reported
within each of the individual Test Programmes (between 2.8 times
and 8.1 times as can be seen from the summary in Table 5). The use
of the size-dependent specific wear rate (ksd) has allowed the wide
range of measured wear coefficients (α) to be sensibly rationalised
into a single value of ksd for each individual Test Programme.

b) An expectation based upon the original hypothesis (namely that the
observed rate of wear at any time is expected to be inversely pro-
portional to the size of the contact in the fretting direction – see
Equation (1)) is that (assuming that the RDP is not dependent upon
the contact pressure), the size-dependent specific wear rate (ksd)
would be the same for tests conducted under the same conditions
irrespective of the contact geometry type used for the test.

c) It can be seen from Table 5 that a wide range of the size-dependent
specific wear rate (ksd) is reported, with values between 9.86 mm4

MJ-1 and 107.4 mm4 MJ-1 across the four Test Programmes.
d) The tests in the four Test Programmes reported in Table 5 are con-

ducted under a wide range of conditions, with differences between
them in material type, frequency, slip/displacement amplitude,
applied load, test duration etc.

e) It is not clear from this work whether the wide range of values for ksd
reported (see section (d) above) is due to a failure of the original
hypothesis, or due to the conditions under which the fretting tests
were conducted being so variable both within and between test
programmes.

A commentary on the significance of the test parameters which were
varied both within and between Test Programmes is now presented.

f) Although different steels were used across the four test programmes
(Table 5), the fretting wear rate has been reported to be relatively
insensitive to the hardness of steels [24,25] which indicates that this
may not be a significant factor in the differences in the values of ksd
reported.

g) The fretting frequencies employed varied between 1 Hz and 20 Hz
across the four Test Programmes. Frequency controls both the fric-
tional power dissipated in the contact (and thus temperature) and the
balance between the rate determining process being oxygen flow into
the contact and debris egress from the contact [26], and its influence
on the observed wear rate is therefore complex. Moreover, it is not an
insignificant influence; Fouvry and co-workers examined the fretting
wear behaviour of a Ti-6Al-4V contact pair, and observed an almost
five-fold decrease in wear as the frequency was increased from 0.11
Hz to 5 Hz. As such, differences in frequency between the Test Pro-
grammes are likely to be a significant factor in the differences in the
values of ksd reported.

h) Some of the Test Programmes described in Section 3 reported slip
amplitude whilst in others, displacement amplitude was reported.
Notwithstanding this, it is well understood that wear rate increases
with slip amplitude in gross slip fretting [27]. In the four Test Pro-
grammes (see summary in Table 5), the Test Programmes 1, 2 and 4a
are conducted with constant values of slip/displacement amplitude,

Fig. 11. – Plot of experimental data from the literature relating to fretting of a
52100 steel pair in a sphere-on-flat contact configuration [14,15] following
correction from the original versions; (a) the wear volume as a function of
dissipated energy from tests with three different sphere radii (namely R =

9.525 mm, 25.4 mm and 50 mm); (b) data presented in the format indicated by
Equation (21) with a bast-fit line indicating a size-dependent wear rate of 19.8
mm4 MJ-1. Data relate to tests with δ = 72 μm tests and an initial maximum
Hertzian contact pressure of 1100 MPa. For further details of the tests, see the
original publications [14,15,23].
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whereas in Programmes 3 and 4, the slip/displacement amplitude
was varied over a wide range as indicated. As such, differences in
slip/displacement amplitude between and within the Test Pro-
grammes are likely to be a significant factor in the differences in the
values of ksd reported.

i) The differences in test conditions led to differences in the depths of
the wear scars. In some cases, wear scars were so shallow that they
were not significantly larger than the scale of the surface roughness

of the specimens. It is recognised that the wear rate of the surface
material may not be representative of that of the materials as a whole
(due to effects of surface preparation) and it is therefore recom-
mended that the duration of a wear tests should be planned such that
the depth of the scar in a wear test is significantly larger than any
preparation-affected surface layer thickness.

j) In light of the preceding comments, it is perhaps surprising that the
data from Programmes 3 and 4 (where the test loads and slip/
displacement amplitude were varied over quite wide ranges) show a
good fit to the linear relationships proposed by Equation (11) and
Equation (21), with very limited scatter (as can be seen in Figs. 10
and 12) given that the applied load and slip/displacement amplitude
are not included in the derivation of the equations for the size-
dependent specific wear rate (except via their influence on the en-
ergy dissipated).

From this work and previous work, it is clear that the wear rate in
fretting is dependent upon the contact size, and there is clear merit in the
use of the size-dependent specific wear rate since this has now been
successfully used to rationalise differences in the contact size within
individual test programmes across the range of contact configurations
(the four Test Programmes presented here in Section 3 being good ex-
amples). However, it is not clear from this work whether the wide range
of values for ksd reported (see the summary in Table 5) is due to a failure
of the original hypothesis that the observed rate of wear at any time is
expected to be inversely proportional to the size of the contact in the
fretting direction, or due to the conditions under which the fretting tests
were conducted being so variable both within and between test pro-
grammes. Accordingly, a recommendation from this work is that specific
fretting test programmes need to be run with different contact config-
urations (FoF, SoF, CoF) where the number of variables is controlled and
limited to allow stronger conclusions to be drawn with regard to the

Table 4
Data from Fouvry and Merhej [15] (ordered by energy dissipated) along with estimates of the wear scar size (a and h) and average contact pressure (pm) at the end of
the longest test (10000 cycles) conducted for each sphere radius examined. In each case, the load was selected by the original authors to produce a target initial
Hertzian (elastic) maximum contact pressure, po,H , as indicated.

E/kJ V/mm3 R/mm po,H/MPa W/N N/103 δ/μm μE a/mm h/μm pm/MPa

0.05 0.0027 9.525 1100 48 10 36 0.702 0.43 9.5 84
0.06 0.0043 8 1100 34 10 61 0.697 0.46 13.0 52
0.07 0.0049 12.7 800 33 10 70 0.74 0.53 11.1 37
0.08 0.0054 8 1100 34 10 72 0.783 0.48 14.6 46
0.10 0.0062 9.525 1100 48 10 72 0.756 0.52 14.4 56
0.11 0.0067 12.7 1100 86 10 48 0.689 0.57 12.9 83
0.15 0.0092 9.525 1100 48 10 108 0.736 0.58 17.5 46
0.18 0.0095 12.7 1100 86 10 72 0.722 0.63 15.4 70
0.19 0.0096 11.5 1100 70 10 87 0.775 0.61 16.3 59
0.23 0.0162 19.05 800 74 10 105 0.73 0.79 16.4 38
0.24 0.0126 12.7 1100 86 10 96 0.726 0.67 17.8 61
0.28 0.0129 9.525 1400 99 10 92 0.76 0.63 20.8 80
0.33 0.0171 12.7 1100 86 10 144 0.671 0.73 20.7 52
0.36 0.0166 19.05 1100 192 10 72 0.648 0.80 16.7 96
0.53 0.0198 25.4 1100 340 10 72 0.537 0.89 15.7 135
0.55 0.0190 25.4 800 131 10 140 0.75 0.89 15.4 53
0.63 0.0213 12.7 1400 176 10 123 0.73 0.77 23.1 95
1.09 0.0291 19.05 1100 192 10 216 0.66 0.92 22.0 73
1.19 0.0331 40 1100 840 10 72 0.49 1.14 16.2 206
1.57 0.0275 40 800 324 10 220 0.55 1.09 14.8 87
1.69 0.0319 25.4 1100 340 10 192 0.649 1.01 20.0 107
1.71 0.0344 19.05 1400 395 10 183 0.59 0.96 24.0 138
1.74 0.0346 50 1100 1310 10 72 0.46 1.22 14.8 281
2.53 0.0388 40 1100 840 10 151 0.499 1.19 17.6 190
3.06 0.0439 50 800 506 10 275 0.55 1.29 16.7 96
4.53 0.0681 50 1100 1310 10 189 0.457 1.44 20.8 200
5.58 0.0771 40 1100 840 10 302 0.55 1.41 24.8 135
8.52 0.1197 40 1100 840 10 453 0.56 1.57 30.9 108
8.61 0.1034 50 1100 1310 10 377 0.436 1.60 25.7 163
11.69 0.1114 40 1400 1730 10 384 0.44 1.54 29.8 231
13.35 0.1314 50 1100 1310 10 566 0.45 1.70 28.9 144
20.74 0.2098 50 1400 2700 10 480 0.4 1.91 36.5 235

Fig. 12. Data from the sphere-on-flat wear tests of a 52100 steel presented in
the format suggested by Equation (21) (data from Merhej and Fouvry [15] as
presented in Table 4).
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validity of the original hypothesis between different contact
configurations.

5. Conclusions

It has been previously proposed that in fretting testing, transport of a
species either into or out of a contact is the rate determining process
(RDP) under the majority of circumstances. Furthermore, it was pro-
posed that in these cases, the specific wear rate (α) is not a constant but is
instead inversely proportional to the dimension of the contact in the
fretting direction. In this paper, this work has been extended to the
derivation of a size-dependent specific wear rate (ksd). Equations for this
size-dependent specific wear rate (ksd) have been derived for three key
contact configurations used in fretting wear testing, namely the FoF, CoF
and SoF configurations; in addition, based upon previous work, it has
been proposed that the equations for a CoC configuration are identical to
those for a SoF configuration. In addition to these, equations which
describe the evolution through a fretting test of the depth of a wear scar,
the width of a wear scar and the average contact pressure within across a
wear scar have been derived for all three contact configurations.

It has been demonstrated that the use of the size-dependent specific
wear rate (ksd) within a specific contact configuration allows the
contact-size dependence of the V – E data resulting from such tests to be
rationalised; using data from the literature relating to fretting wear of
high-strength steels, values of the size-dependent specific wear rate (ksd)
have been derived for all three contact configurations considered. The
resulting values range between 9.86 mm4 MJ-1 and 107.4 mm4 MJ-1;

however, it is not clear from this work whether this wide range is due to
a failure of the original hypothesis that the observed rate of wear at any
time is expected to be inversely proportional to the size of the contact in
the fretting direction, or due to the conditions under which the fretting
tests were conducted being so variable both within and between test
programmes.

A key recommendation from this work is that a test programme is
required covering different contact configurations where the other
variables of significance are controlled and limited to allow stronger
conclusions to be drawn with regard to the validity of the original hy-
pothesis between different contact configurations. This work will also
support analysis of the influence of other parameters on the observed
rate of wear along with efforts to deconvolute overlapping effects.
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Appendix 1. Errors associated with the use of approximate equations for wear volumes and depths

A1.1 Exact equations for the non-conforming contact geometries

To allow the errors associated with the approximate equations for the wear scar volumes and depths for the non-conforming contact configurations
to be assessed requires the exact equations; these exact equations are presented in this section for the three non-conforming contact geometries
considered.

A1.1.1 Cylinder-on-flat configuration

The volume of a prismatic cylindrical segment is given by the following equation:

Vw = L
(

R2 arcsin
(
b
R

)

− b
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
R2 − b2

√
)

Equation 28

with the corresponding approximate equation being presented in Equation (6).
The relationship between the scar semi-width, b, and the scar depth, h, is as follows:

h=R −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
R2 − b2

√
Equation 29

with the corresponding approximate equation being presented in Equation (13).

A1.1.2 Sphere-on-flat configuration
The volume of a spherical cap is given by the following equation:

Table 5
Summary of test conditions and outcomes from the four Test Programmes (TPs) considered, including geometrical configuration of the tests, the hardness of the steels
employed, the fretting test frequency and slip/displacement amplitude. In terms of outcomes, the energy wear rate, the size-dependent specific wear rate are both
quoted; the values quoted for wear depth (h) and contact pressure (pm) are those expected at the end of the tests conducted.

TP Link Geometry Hardness/HV f/Hz δ or Δ/μm α/mm3 MJ-1 ksd/mm4 MJ-1 h/μm pm/MPa

1 § 3.1.1 FoF 420 1 100 43 – 206 107.4 24–114 100
2 § 3.2.1 CoF 485 20 50 9.2 – 25.9 30.4 49–292 6–12
3 § 3.2.2 CoF 856 10 24–288 8.5 – 68.6 9.86 6–18 96–237
4 § 3.3.1 SoF 856 10 36–566 9.5 – 73.7 14.8 10–37 37–281
4a § 3.3.1 SoF 856 10 72 20.5 – 60.7 19.8 14–16 46–281
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Vw=
1
3

π h2 (3R − h) Equation 30

with the corresponding approximate equation being presented in Equation (16).
The relationship between the scar radius, a, and the scar depth, h, is as follows:

h=R −
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
R2 − a2

√
Equation 31

with the corresponding approximate equation being presented in Equation (23).

A1.1.3 Crossed-cylinders configuration
The exact and approximate equations employed for the crossed cylinder contact configuration are the same as those used for the sphere-on-flat

contact configuration as presented in Section A1.1.2 and Section 2.3.

A1.2 Errors associated with use of the approximations

The errors associated with the use of each of the approximate equations (compared to their exact equations) are presented in Fig. 13 in the form of a
percentage difference. It can be seen that in each case, the use of the approximate equation results in an underestimate of the particular quantity, but
that the errors associated with the approximations remain small (less than 6 % in all cases) for values of (a / R) or (b / R) < 0.4.

Fig. 13. Error associated with use of the approximate equations for depth and volumes for both the spherical cap and prismatic cylindrical segment geometries as a
function of either (a / R) (in the case of the spherical cap) or (b / R) (in the case of the prismatic cylindrical segment). h-a and h-b relationships refer to the ap-
proximations presented in Equation (13) and Equation (23) for both spheres and cylindrical segments; V-b relationship refers to the approximation presented in
Equation (6) for prismatic cylindrical segments; V-a relationship refers to the approximation presented in Equation (16) for spherical caps.
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