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Abstract

The number and position of sensors and actuators are key decision variables that dictate the performance of any struc-
tural health monitoring system. This paper proposes choosing them optimally by using an objective function that
combines a measure of parameter uncertainty, the expected information entropy, along with the cost of both sensors
and actuators. The resulting optimization problem over discrete decision variables is computationally challenging,
but here it is convexified by relaxing them into continuous variables, thus obtaining a significant reduction of the
computational cost. The proposed approach is applied to ultrasonic guided-wave based inspection and is illustrated
using two case studies with arbitrary geometries and different materials. The results demonstrate the high efficiency
and accuracy of the convex optimization in trading-off uncertainty and cost in order to provide optimal sensor config-
urations in complex structures. As a key contribution, the proposed methodology allows us to include the actuators
with the sensors in the optimization problem while still maintaining the efficiency of the minimization process. In the
application to ultrasonic guided-waves, the optimal configurations lead to set-ups where the sensors and actuators are
coincident in number and position.

Keywords: Optimal sensor configuration, Optimal actuator configuration, Entropy, Time of flight, Structural health

monitoring, Guided waves

1. Introduction

Efficient and reliable condition-based maintenance requires an accurate and effective diagnosis provided by a suit-
able structural health monitoring (SHM) system. Such effectiveness depends heavily on the configuration (number and
location) of sensors and actuators. Inaccurate and biased diagnosis in safety-critical structures may lead to erroneous
actions such as false positive (also known as Type I error) or false negative (Type II error) alerts [[1], which might lead

to catastrophic economical and safety-related consequences. In order to provide a reliable, yet efficient, configuration
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for a SHM system, the selection of an optimal sensor and actuator configuration is desirable, that provides a balance
between the performance of the SHM system and the related cost of sensors and actuators [2]]. To this end, several
approaches have been reported in the literature, which can be broadly categorized into two groups, namely approaches
using the value of information [3} /4] and those using cost-benefit analysis [5,16]. The first approach provides the sensor
and actuator configuration that holds the best balance between cost and information gain of the SHM system. How-
ever, its main limitation lies in its computational cost, especially in complex real-life engineering applications, such
as ultrasonic guided-wave based SHM [[7]]. Alternatively, the second one typically uses performance indexes and cost-
related information associated to the layout of sensors of the SHM system, which are simultaneously maximized and
minimized respectively in a multi-objective type of optimization algorithm. This approach, although less informative,
is more generic and therefore it provides a higher flexibility to adapt to real-world engineering applications.

The optimal placement of sensor transducers within an ultrasonic guided-wave based SHM system has been ad-
dressed in the literature for both active and passive sensing diagnosis by maximizing the performance of the systems
with specific indexes. One such index is the probability of detection, which is typically defined ad-hoc by quantifying
different features such as the distance of the damage from the sensor [8] or the strain caused by an impact [9]. Another
one is the area of coverage, which relies on geometrical and physical properties [10, [11], as well as the influence of
defective sensors [12]]. This approach has proven effective in maximizing the coverage of control points [13]], assum-
ing sensor locations as continuous variables [14]], and considering different types of sensors [[15]. The area of coverage
has also been combined with numerical, experimental, and analytical information to address the sensor optimization
in an efficient yet accurate manner [16]. Besides, wave propagation modeling approaches can be used directly for op-
timizing transducer locations, e.g. by selecting the areas with the largest wave amplitude [17]. Their main limitation,
however, lies in the computational cost, which can be alleviated if approximation techniques are adopted such as the
continuous wavelet transform [18]]. However, their optimization procedure relies on combinatorial algorithms such as
genetic algorithms [19, 20]], simulated annealing [21, 22]], or particle swarm optimization [23] and may, in general,
give a suboptimal layout with no indication of its accuracy. Additionally, the optimal joint positioning of actuators
and sensors has been studied in structural applications other than ultrasonic guided-wave based SHM by maximizing
the controllability [24]], observability, or spillover effect [25, [26]. Alternatively, convex optimization [27] techniques
have been used to provide optimal configurations of sensors and/or actuators in an efficient manner [28-30] using an
objective function that can be minimized using conventional algorithms for function minimization such as the interior
point algorithm [31} 32], which is more efficient in terms of computational cost. However, none of them have consid-
ered the uncertainty present in the data and also in the guided-wave related model, thus limiting its robustness against
noise or modeling uncertainty.

Bayesian approaches have been proposed to address the optimal sensor configuration by quantifying uncertainty
using the Kullback-Leibler (KL) divergence between the prior and posterior distribution as a measurement of the
information gain [33}34]], the Shannon information entropy of the posterior distribution as a measure of the uncertainty
of posterior information [35H37]], and the mutual information [38}139] between data and model parameters. In [39], the
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authors note that all three of these information-theoretic quantities give equivalent optimization problems for optimal
location placement. More recently, a value of information based cost-benefit analysis for optimal sensor configuration
in plate-like structures for ultrasonic guided-wave based SHM has been proposed in the literature [7]].

To relieve this burden, an efficient method is proposed in this paper to obtain both the optimal number and location
of sensors and actuators for SHM systems by minimizing a cost-benefit function in terms of Shannon’s information
entropy and a cost function. This approach extends the work previously developed in [38, 39], which addresses op-
timal placement of a fixed number of sensors by applying convexification and relaxation techniques to the entropy
of the pre-posterior distribution, which is based on the model-predicted data rather than experimental data. By per-
forming a cost-benefit optimization, we find the optimal number, as well as the optimal location of both sensors and
actuators. Although the methodology presented here is generic and employable within any monitoring field involving
actuators and sensors for obtaining information relating to a structural, chemical, or biological system, we illustrate
it here using ultrasonic guided-wave based SHM. This application provides a challenging scenario involving the op-
timal configuration (number and location) of actuators and sensors over a two-dimensional space in isotropic and
orthotropic materials. The chosen layout of the sensor and actuator grids and the area of possible damage occurrence
are customizable, so that they can be adapted to any kind of structure and prior information. Nonetheless, the spa-
tial resolution of each grid is limited by the size of these devices and their wiring. A high efficiency in obtaining
the optimal configurations is observed in comparison with existing information-based approaches regardless of the
complexity of the material, which enhances the use of this methodology in complex, real-world applications.

The remainder of this paper is organized as follows: Section [2]describes the proposed entropy-based convex opti-
mization methodology for the configuration of actuators and sensors configuration; Section [3|illustrates the method-
ology through two case studies using two different plate-like structures; Sectiond] provides a discussion of the impact

of the proposed method on ultrasonic guided-wave based SHM. Finally, Section 5] provides concluding remarks.

2. Methodology

2.1. Optimal placement for a given number of sensors and actuators

Let x{ (n,0) € R denote a deterministic model prediction for parameters @ of an arbitrary quantity of interest
(Qol) at discrete time n (e.g. time of flight of an ultrasonic wave or acceleration at a material point) at the i-th sensor,
assuming that the input excitation is provided by the j-th actuator. We assume that N observations will be available for
this Qol, denoted by Dy = {yl’ (n) € R, n=1,...,N}, when the sensors are installed. These observations could come
from an experiment or simulation that is repeated N times, or n could be interpreted as an instant of time within a Qol
time-history [35,[36]]. The deterministic model prediction and the actual Qol are related by introducing a stochastic
prediction-error term that accounts for the discrepancy between the model output and the actual observation [40], as
follows:

vl (n) = x/(n,8) + el (n) ()
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The uncertain prediction error is assumed to be modeled as a zero-mean Gaussian distribution with standard deviation
O, € R by applying the Principle of Maximum Information Entropy, which gives a distribution that has the largest
uncertainty for specified first and second moments. Any other choice of distribution would have less uncertainty
without any additional information [40} 41]]. If the actual number of sensors and actuators installed are denoted by N§

and N3, respectively, then the predicted data for a specified sensor and actuator configuration is:

N§ N§

p(Dn[6) HHHP yl(n )

j=li=ln=

where the prediction errors in Equation are chosen to be independent stochastically, that is, if we know one
prediction error, it provides no information about the others. Next, two grids of sensor and actuator positions of
N; and N, points, respectively, are chosen to provide possible locations of these devices. The actual locations of
the sensors and actuators are then selected by activating binary variables denoted by ‘P €{0,1} and ‘P s {0,1},
respectively, where 0 and 1 correspond to the absence and presence of a sensor or actuator at the i-th and j-th locations

of their respective sets of grid points. Thus, we can rewrite Equation (T)) as:

N, N N ,
p(Dy|6) = H‘P H T r0im)16) 3)
i=1 n=1

Assuming a large number of data points N [35] 36], the posterior PDF of the model parameters @ given the data
Dy and a particular actuator and sensor configuration specified by ¥, and ¥, respectively, can be asymptotically

approximated as [36]:

=

detQ(‘Pav‘PMO)] 1

(276,) 2 Nals 26,

PO, %, Dy) = (0-0)0(¥,.¥..6)(6— ) @
where @ is the MAP (maximum a posteriori) value of the posterior distribution in Equation @) and
Q(¥,,¥,,0) c RNo>*No (Ng: the number of uncertain model parameters considered in the predictive deterministic

model x{ (0)) is given by [42]:

0%, '%,,0) = %‘P Z‘P {i( )} Zl{l Z‘P 'P/(6 ®)

n=

where matrix P/ (0) = Y¥_, Vox! (0)V]x/(6) € RYe*Ne and Vgx!(8) denotes the gradient vector x/(8). Notice that
in Equation (@), the dependence on data Dy is only through the MAP values 6.

When the optimal sensor and actuator configuration is being determined, data Dy will not be available, so a
pre-posterior analysis is necessary where an expectation of the information entropy of the posterior in Equation @) is
taken, which is a measure of the posterior parameter uncertainty that also accounts for it being conditional on unknown
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future data that will be collected by the sensor network. The expectation of the posterior entropy is with respect to the
data Dy as predicted probabilistically by the model in Equation (TJ).

An approximation was introduced in [36] that avoids such computationally demanding Monte Carlo simulation
of samples for Dy, as follows. Assuming large N, the MAP values 6 of the model parameters are replaced by the
nominal values @ of the model parameters defined by their prior distribution p(80y), which describes the designers’
uncertainty about appropriate values of the model parameters. The entropy-based objective function can then be
expressed as [36]]:

h(¥,,¥,) = ~Eq, [logdet Q('¥,, ¥;. 8)] ©)

The problem of optimal sensor and actuator placement now becomes the minimization of this pre-posterior measure
of parameter uncertainty over discrete variables ‘P‘gi) and ‘P,(lj >, where Zﬁ\i | ‘I’@ = N¥ and Y. ‘P,(f) = N&.

Next, based on the idea in [28) 138} |39], the variables ‘Pgi) and ‘ng ) in Equation @) are relaxed into contin-
uous variables z; and w; in the interval [0,1]. Therefore, the function Q now can be expressed as Q(w,z,00) =
i wir, 2P/ (8¢) with w; € [0,1] and z € [0,1]. Equation @ is then of the form of f(X) = —Ex[logdet(X)],
where X is a positive semidefinite matrix that is linear in the continuous variables, and therefore the function is con-
vex in the domain of these variables [27]]. Thus, the original combinatorial optimization problem is transformed into a
continuous convex optimization problem with respect to z € [0, 11" and w € [0, 1]V that is readily solved numerically
using classical convex minimization methods [28 [39]] such as the interior-point algorithm:

minyivr?ize h(w,z) = —Eg, [logdetQ(w,z, 09)]

subjectto 0<w; <1, j=1,...,N,

0<z<1,i=1,...,N;

7
. )
Y wi=N§

=

N
Y zi=nN¢
=1

Note that 2(w*,z"), corresponding to the optimal values in Equation (7)) for each w% € [0, 1] and z; € [0, 1], provides a
lower bound of the minimum of A(¥,, ¥;) in Equation (6). If any w or z; is not at its boundary value of 0 or 1, then
the solution to Equation (/) is not directly applicable in its continuous form in practice since the sensors or actuators
can only be present or absent at each grid point, i.e., w; and z; need to be either 1 or 0. In this case, the variables
can be rounded to their closest binary value while ensuring that the constraints Z}inl w; = Ni and Z?ﬁ 12 = N are
still satisfied. This gives a binary solution (¥}, ¥;) where h(¥}, ¥;) is an upper bound of the exact minimum of
h(¥,,¥,). If these upper and lower bounds are close, then (¥),'¥;) can be taken as a near-optimal placement

solution.
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2.2. Optimal actuator and sensor configuration: cost-benefit analysis

Building on the problem of optimal actuator and sensor placement formulated in the previous sub-section, the opti-
mal number of sensors and actuators may also be addressed by introducing a monotonically increasing dimensionless
cost function s(n) : [1, (N, + N;)] — [0, 1] that quantifies the cost of adding n devices into the SHM system. Note that
the cost function includes both actuators and sensors in the same function, which is appropriate for our application of
interest, ultrasonic guided-wave based SHM, where a piezoelectric (PZT) transducer can be used as either a receiver
or emitter. However, s(n) can be defined differently in other applications where sensors and actuators may have dif-
ferent costs. For efficient optimization, we choose variable n to be real, lying in the interval n € [0, (N, + N;)|. Since
the objective function in Equation (7)) is monotonically decreasing with respect to n [43]], i.e. the more devices that
are added to the system, the less entropy (pre-posterior parameter uncertainty) is obtained, and s(n) is monotonically
increasing, we can define a new convex minimization problem as follows:

milvlv%zrglize h*(w,z,n) = —Egq, [logdetQ(w,z,00)] +1 - s(n)
subjectto 0<w; <1, j=1,...,N,

8
0<z<1,i=1,...,N, ®)

Na Ns
Z w;i+ ZZ,‘ =n
=1 i=1

where 1 > 0 is used to establish a particular trade-off between information gain and cost. We choose s(n) : [1, (N, +
Ns)] — [0,1] as a dimensionless cost function formed using interpolating monotonic cubic splines [44] due to their
ease of implementation and versatility in mimicking almost any monotonically increasing cost function. The function
s(n) takes a value of 0 when there is the specified minimum number of sensors and actuators, and the value of 1 for
the specified maximum number of them. As for the minimization in Equation (7), the convex optimization problem
in Equation (8) may be addressed with standard convex minimization algorithms such as the interior-point algorithm.
Hence, both the optimal placement and optimal number of actuators and sensors are simultaneously obtained in a very

efficient, yet rigorous, manner.

2.3. Bayesian damage localization using ultrasonic guided-waves

Our presented approach for selecting the optimal sensor and actuator configuration is utilized here for ultrasonic
guided-wave based SHM for damage localization in a plate-like structure [45]. The damage position is inferred using
an ellipse-based model inverse problem and the ToF (time of flight) of the scattered wave from the damage to the

sensors. The observations at each sensor are compared with the predictions of a ToF model, which in this case is

defined as:
N2 N2 N2 N2
, (Xd—xg) n (Yd—YaJ) (Xd—X;) n (Yd—Y;)
J

%= VealFoa) * Vs () ®
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Figure 1: Graphical representation of the paths followed by the guided-waves emitted by the actuator a/, which interact with the damage d and are
acquired at the sensor s'. The gray points represent the space of possible sensor/actuator positions.

where (X;,Y;) € R? are the coordinates of the damage position, (Xa’ , Y/ ) € R? are the j-th actuator transducer coor-
dinates, (X!,Y/) € R? are the coordinates of the i-th sensor transducer, and V,_4(f, &) and V;_,(f,a) are the wave
propagation velocities of the actuator-damage and damage-sensor paths defined by the angle a, respectively. Figure|[T]
depicts the geometrical characteristics of the paths from an arbitrary actuator to a sensor (selected from the possible
sensor/actuator positions), passing through the damage position. In general, the velocities depend on the frequency of
excitation f, the wave mode under investigation, and the direction of the path with respect to the material orientation.
Assuming that the situation involves an orthotropic material, such as a composite laminate, these velocities can be
approximated by modeling the velocity profile with respect to the angle for a given frequency. Here, the velocity is

assumed to be distributed elliptically in space as in the case of angle-ply laminates, as follows [46]:

V(f,0) = V24V = \/(a-cos(1))? + (b-sin())? (10)

where the parameter angle 7y relates to the physical angle o [46] as follows:

Y, Y] Y-,
Y = arctan (Etan(a)); o, = arctan e , O = arctan (‘d) (11)
b X;— X X —Xa
where oy, and o denote the geometrical angle formed by the actuator-damage and damage-sensor paths, respectively,
and a and b denote the two main axes of the velocity ellipse. Therefore, the set of uncertain parameters of the ToF
model for orthotropic materials are the damage coordinates in addition to @ and b, so 8 = {X;,Yy,a,b}. Alternatively,

the set of parameters can be simplified if an isotropic structure (e.g. an aluminum plate) is considered. Then, the set
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of parameters would be 8 = {X;,Y,, V}[H

3. Case studies

In this section, the optimal actuator and sensor configuration methodology is applied to plate-like structures with
irregular, but realistic, geometries motivated by the shape of wing skin panels of standard commercial aircraft, as

suggested in Figure [2]

Panel B 2.3|3

] Jo3

0.7
h 1
Panel A 0.3

Figure 2: Top view of the central part of standard aircraft. Two typical skin panel geometries (A and B) with irregular geometries are highlighted
in the right wing. Units expressed in meters.

3.1. Description of structures and definition of problem

Two thin-walled structures, named panels A and B, as depicted in Figure [2} are considered in this case study.
Additionally, it is assumed that there exist two possible panels for each geometry A and B, denoted as panels Al, A2,
B1, and B2, where the number refers to different materials. Panels Al and B1 are made of aluminum alloy 2024-T351
with 2 mm. On the other hand, panels A2 and B2 are made of a quasi-isotropic T800-M913 carbon fiber laminate with
[-45/90,/45/0]; stacking sequence and 1.5 mm thickness. The mechanical properties of both materials are shown in
Table[Il

The guided-wave mode assumed for health monitoring of the aluminum sheets (panels A1 and B1) is the Ag mode
at 300 kHz, whose group velocity is 3000 m/s. In case of the composite plates (panels A2 and B2), the So mode
is chosen at 150 kHz, whose group velocity is angle-dependent following an elliptical profile defined by its major
axis a = 7549 m/s and its minor axis b = 6030 m/s, as shown in Figure The wave propagation velocities for
both aluminum and composite materials are related to their mechanical properties and obtained by computing their

dispersion curves at different angles using the Dispersion Calculator [47]. Note that the only information needed to

Note that both velocity terms are the same under the assumption of isotropic materials and damage concentrated within a bounded region, i.e.
V=Via=Viys.
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Table 1: Mechanical properties of both the aluminum structure and one layer of the composite material.

Composite Longitudinal stiffness Transverse stiffness Shear stiffness  Poisson’s ratio  Poisson’s ratio Density
T800-M913 E;; [GPa] Ep; [GPa] G, [GPa] viz [-] V23 [-] p [kg/m3]
152.14 6.64 4.20 0.25 0.54 1550
Aluminum Young’s modulus Poisson’s ratio Density
2024-T351 E [GPa] v p [kg/m?]
73.1 0.33 2780

address the ToF-based actuator and sensor optimization is the wave propagation velocity, either as a constant value

for isotropic materials, or angle-dependent in case of orthotropic materials.

90°
8 120° 60°
E 6|
% o
= 150 30°
o4 0 _
2 <
5 , <
0 180° 360° &
2
8
@]
210° 330°
! !
0 20 40 60
240° 300°
270° Number of sensors and actuators, n
(a) Group velocity (Sp mode) profile in the composite laminate. (b) Cost function used in the design of the SHM system.

Figure 3: Data used in the optimal design of the SHM system. In panel (a), angular dependence of the group velocity of the Sp mode at 150 kHz
(solid line) and its approximation by an ellipse with major axis a = 7549 m/s and minor axis b = 6030 m/s (dashed line). In panel (b), the cost
function s(n) used for the optimization of the number of sensors and actuators made by interpolating cubic splines between a number fixed points,
represented by circles.

A cost function s(n) is arbitarily defined in order to address the proposed combined optimization of the number
and positions of PZT sensors and actuators (recall Eq. (§)) in the form of interpolating cubic splines with intermediate
points that defined such a function, as shown in Figure bl The interpolating points are represented as circles in
Figure [3b] and are as follows: (0, 0), (30, 0.3), (50, 0.95), (60, 1), in pairs of (n,s(n)) where n is the number of
transducers. Here, the same cost per unit is used for both sensors and actuators, arising from the nature of guided-
wave based SHM, which uses PZT transducers for emitting and receiving ultrasonic signals. Additionally, the trade-off
between information gain and cost, dictated by 1 in Equation (8], is chosen to be 11 = |h(w,z)] for the case studies

presented hereinafter.
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3.2. Optimal sensor and actuator configuration: panel A

3.2.1. Aluminum panel Al

The results for the isotropic plate (panel Al) are obtained using a uniform distribution of possible damage oc-
currence inside the gray area represented in Figure flal The prior uncertainty for the wave propagation velocity is
quantified by a Gaussian PDF, V ~ .4(3000, 40?) in [m/s] units. Then, 500 samples drawn from the prior distribu-
tion of the model parameters 8 = {X,,Y,;,V} are used in the optimization, along with the previously proposed cost
function s(n) in Figure Results from Figure [4a| show that the optimal locations for the sensors and actuators are
the same, generally at the corners, with the same optimal number of Z;Vil wj= Z?ﬁ 12i = 6.30 for each device type
(i.e. n=12.60, as in Eq. (8)). Note that the total number of sensors and actuators is a real number since the decision
variables (w; and z;) are continuous in the interval [0, 1]. Note also that the results show only the sensor and actuator
positions with w; > 0.2 and z; > 0.2 to better identify the optimal positions. These thresholds make the sum of de-
cision variables }';w; = 4.726 and Y ;z; = 4.722 for actuators and sensors, respectively, which are different from the
optimal numbers of sensors and actuators given above as they consider all the values below the previous threshold.

In the left corners, both the upper and bottom ones, the results provide two sensors and actuators placed next to
each other. This behavior can be explained under the assumption of the stochastic independence of the data acquired
by the sensors, which causes a sensor clustering effect. In this case, the optimal sensor and actuator configuration
provides an objective function value (recall Eq. ) of A*(w,z,n) = 55.0237. However, such optimal configuration
cannot be applied in practice, and therefore, a Boolean approximation is selected by rounding off the number of
sensors and actuators (e.g. 6.30 — 6) for each device type, and selecting the six positions with higher w; and z;
(see Table . This Boolean approximation provides an objective function value of h*(¥,, ¥s,n) = 55.0587, which
represents a remarkably close approximation to the optimal convex configuration. The coordinates of the positions

above the specified threshold and the corresponding Boolean layout are given in Table

Table 2: Sensors and actuators above the specified threshold of w; > 0.2 and z; > 0.2 along with their corresponding coordinates and the approximate
Boolean solution for the panel Al.

PZT coordinates Relaxed solution Binary solution
PZT No. X [m] Y [m] w -] z[-] ¥, Y
1 —0.900 —0.450 0.984 0.984 1 1
2 —0.800 —0.450 0.489 0.483 1 1
3 0.900 —0.450 0.970 0.970 1 1
4 0.900 —0.200 0.715 0.723 1 1
5 —0.830 0.350 0.986 0.986 1 1
6 —0.825 0.400 0.582 0.576 1 1

3.2.2. Composite panel A2
In the case of the composite panel A2, the same number of samples and prior distribution of the damage co-
ordinates (X;,Y;) used for the previous case (panel Al) are applied. The prior information of the parameters that

define the elliptical model of the wave propagation velocity, a and b, are distributed using Gaussian PDFs as follows:

10
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(a) Optimal actuator and sensor configuration for panel Al.
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(b) Optimal actuator and sensor configuration for panel A2.

Figure 4: Optimal actuator and sensor configuration for the panel geometry A assuming different materials and prior distributions of the damage
occurrence. (a) depicts the case for aluminum alloy 2024-T351 and a uniform prior over the gray inner polygon, and (b) shows the same geometry
and prior uncertainty of potential damage occurrence in case of the composite laminate of layup [-45/90, /45 /0];. Red and blue numbers represent
the value of actuator and sensor decision variables (w; and z;), respectively.

a~ (6030, 40%) and b ~ .4 (7549, 40%), with both expressed in [m/s] units. Figure@shows the optimal actuator
and sensor configuration using the s(n) defined in Figure which gives an equal optimal number for sensors and
actuators of 5.33. Note that the transducers are distributed differently from those in the isotropic case, appearing
at intermediate zones of the structure. The angular-dependent wave propagation profile (see Figure [3a) drives the
optimal positioning of the transducers, hence highlighting the importance of carrying out optimal sensor and actuator
configuration studies for structures with different materials, even if they share the same geometry. The seven sensors

that appear in Figure |15| are listed in Table |§| considering again the threshold values w; > 0.2 and z; > 0.2, and they

11
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lead to an objective function evaluation of 4*(w,z,n) = 99.6435, which is a lower bound. Given the stochastic nature
of the objective function and that several PZTs have similar w and z values, the practical solution using a Boolean
approximation is addressed by exploring the combinations of PZT 3 and 6 (i.e. the ones with highest w and z values)
with the rest of transducers listed in Table[3] The best sub-optimal Boolean approximation corresponds to the six sen-
sors and actuators specified in Table[3|and results in h*(Wq, ¥y, n) = 100.2577. Note also in Figure[4b|that PZT 4 and

5 are close to each other and that with this approximation one of them is dropped, hence avoiding sensor clustering.

Table 3: Sensors and actuators above the specified threshold of w; > 0.2 and z; > 0.2 along with their corresponding coordinates and the approximate
Boolean solution for panel A2.

PZT coordinates Relaxed solution Binary solution
PZT No. X [m] Y [m] w -] z[-] Y, Y
1 —0.500 —0.450 0.201 0.201 1 1
2 0.900 —0.450 0.332 0.332 1 1
3 0.900 —0.200 0.687 0.687 1 1
4 —0.890 —0.240 0.209 0.209 0 0
5 —0.885 —0.190 0.216 0.216 1 1
6 —0.825 0.410 0.764 0.764 1 1
7 —0.400 0.242 0.265 0.265 1 1

3.3. Optimal sensor and actuator configuration: panel B

3.3.1. Aluminum panel Bl

The results for the isotropic plate with the geometry B that are shown in Figure [5a] are obtained in this case
using a prior damage distribution of possible occurrence over the gray polygon with two concentrated areas. Thus,
the a priori information of the X; coordinate is represented as a bimodal Gaussian distribution consisting of the
weighted summation of two Gaussian PDFs, X; ~ {1/2.4"(—0.6,0.2%) +1/2.47(0.6,0.2%)} with units expressed in
meters, while the Y, is uniformly distributed, both within the bounded area represented in Figure @ Furthermore,
the wave propagation velocity V is equally distributed as specified in Section [3.2.1) using the same number of prior
samples to evaluate the objective function. As observed from the results shown in Figure[5a] the sensors and actuators
above the previously specified thresholds (w; > 0.2 and z; > 0.2) are again coincident and concentrated at the corners
of the plate, especially at the bottom left and upper right ones, with an optimal number of 6.35. Table[d]summarizes the
optimal positions along with their corresponding coordinates for the convex optimization problem, which provides an
objective function evaluation of 2*(w,z,n) = 54.2611. Correspondingly, the Boolean solution using the six actuators

and six sensors shown in Table |4| results in i*(¥,,¥,,n) = 54.3951, which again represents a remarkably close

approximation to the convex solution.

3.3.2. Composite panel B2
Finally, the composite panel with the B geometry is assessed in order to identify the optimal positions for both sen-
sors and actuators. The prior information of the damage coordinates is the same as the one specified in Section [3.3.1]
while the wave propagation velocity related parameters a and b are defined as in Section Using 500 samples
12
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(b) Optimal actuator and sensor configuration for panel B2.

Figure 5: Optimal actuator and sensor configuration for the panel geometry B assuming different materials and prior distributions of the damage
occurrence. Panel (a) depicts the case for aluminum alloy 2024-T351 and a bimodal prior distribution of damage occurrence within the gray areas,
and (b) shows the case for the composite laminate of layup [-45/90,/45/0]; and the same prior distribution of potential damage occurrence. Red
and blue numbers represent the value of actuator and sensor decision variables (w; and z;), respectively.

of the prior distribution for the evaluation of the objective function, the optimal number of actuators and sensors is
n=10.75, i.e., 5.37 actuators and 5.37 sensors. Figure [5b|depicts the optimal layout considering the threshold values
of w; > 0.2 and z; > 0.2, which distributes both coincident actuators and sensors around the most probable damage
occurrence areas. Their corresponding coordinates are also listed in Table[5] In this case, the evaluation of the objec-
tive convex function with the optimal solution provides a value of 4*(w,z,n) = 98.2052. Note that no obvious choice

can be made for the Boolean approximation in Table [5| given the small w and z values. Therefore, the approximation

is obtained by exploring the combinations of PZT 1 and 6 (i.e. the ones with the largest w and z values) with the
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Table 4: Sensors and actuators above the specified threshold of w; > 0.2 and z; > 0.2 along with their corresponding coordinates and the approxi-
mated Boolean solution for the panel B1.

PZT coordinates Relaxed solution Binary solution
PZT No. X [m] Y [m] w -] z[-] ¥, ¥
1 —1.400 —0.400 0.412 0.408 1 1
2 —1.400 —0.450 0.997 0.997 1 1
3 0.900 —0.450 0.261 0.259 0 0
4 1.000 —0.450 0.991 0.991 1 1
5 —1.160 0.450 0.981 0.983 1 1
6 1.300 0.450 0.995 0.995 1 1
7 1.300 0.400 0.517 0.513 1 1

rest of transducers. The best Boolean approximation results to have six sensors and six actuators (defined in Table [3)
and leads to h*(¥,, ¥s,n) = 98.3123, which is very close to the convex solution. Note also in Figure that this
configuration avoids sensor clustering in PZT 7 and 8 and in PZT 3 and 4 by dropping PZT 3 and 7, respectively.

Table 5: Sensors and actuators above the specified threshold of w; > 0.2 and z; > 0.2 along with their corresponding coordinates and the approxi-
mated Boolean solution for the panel B2.

PZT coordinates Relaxed solution Binary solution
PZT No. X [m] Y [m] w[-] z[-] ¥, ¥y
1 —1.400 —0.450 0.496 0.496 1 1
2 —0.500 —0.450 0.327 0.327 1 1
3 0.600 —0.450 0.299 0.299 0 0
4 0.700 —0.450 0.210 0.210 1 1
5 —0.668 0.450 0.325 0.325 1 1
6 —0.513 0.450 0.492 0.492 1 1
7 1.300 0.450 0.363 0.363 0 0
8 1.310 0.300 0.343 0.343 1 1

4. Discussion

4.1. On the case study results

The proposed methodology for sensor and actuator entropy-based convex optimization has been illustrated for
ultrasonic guided-wave based inspection. This optimization problem is addressed by relaxing the position-related
decision variables (w; and z;) from binary {0, 1} to continuous [0, 1] values, thus transforming the combinatorial ob-
jective function into a convex one (recall Eq. (8)). This relaxation provides a lower bound for the original minimization
problem over the binary values. However, the obtained solution cannot be directly translated into an actual optimal
sensor and actuator layout when any of these decision variables lie within the open interval (0, 1). However, an actual
sensor and actuator configuration may be obtained by selecting the positions that have values close to 1, while avoid-
ing sensor clustering as much as possible. This clustering effect is obtained due to the assumption of the stochastic
independence of the predicted data, regardless of how close the positions of the sensor/actuators are [39]. When the
optimal convex solution provides relatively low w and z values, the best Boolean approximation is not obvious and it

arises from the evaluation of the objective function considering combinations of sensors and actuators with the largest
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w and z values. Note that the use of sub-optimal configurations would lead to more uncertain damage localization
with respect to the optimal one.

It is also noticeable from the results that both the location and number of the sensors and actuators are coincident
for the aluminum and composite plates and for the different geometries, because they have the same values of w; and
z;. Since PZT transducers are able to both emit and receive ultrasonic guided-waves, they can act as both a sensor
and an actuator and so only half of the PZTs would be needed for the inspection and monitoring of these plate-like
structures. Furthermore, note that the resulting optimal PZTs in both aluminum plates are located at the corners of
the plate, irrespective of the different prior distributions of damage considered in the case studies (see Figures fa]
and [5a). Given that the aluminum plate provides a homogeneous media for the guided-waves to travel and that the
attenuation is not taken into account, placing the PZTs at the corners allows a greater area to be monitored. In the
case of the composite structures, the PZTs are spread along the plates with a certain preference for the predominant
fiber directions due to the higher wave propagation velocity in such directions. Additionally, observe from the results
for the composite panel B2 (Figure [5b)) that the optimal PZTs are located around the most probable damage areas of
the prior distribution in a triangular pattern.

The optimal number of sensors and actuators is influenced by the type of material, due to the different as-
sumptions adopted in modeling the wave propagation velocity. In particular, the optimal configurations for the
aluminum structures contain more sensors with a lower expected information entropy than those obtained for the
composite plates. This behavior can be explained by analyzing the objective function in Equation (8), which di-
rectly multiplies the expected information entropy by the cost given our choice of the penalty term 1 = |a(w, z,n)|, as
h(w,z,n) +|h(w,z,n)| x s(n). To further clarify this behavior, the derivative of the objective function is set to zero so

that the optimal number of sensors and actuators can be illustrated in cases where the entropy is different, as follows:

i {h(w,z,n) + |h(w,z,n)| x s(n)} =0 =

an P (14 fpEstn) ) = =25 x ez 12

on |h(w,z,n) an

Variation of entropy Variation of cost

Thus, in case of two alternatives with similar dh(w,z,n)/dn and equal cost s(n), the optimal number of sensors
is found to be smaller for structures providing lower variation of entropy. This is depicted in Figure [6| where the
derivatives for the aluminum and composite results in panel A of the case studies are compared. This behavior
can be interpreted as a penalty for scenarios with higher uncertainty by reducing the amount of relatively unreliable
information. Alternatively, in cases with lower uncertainty (entropy), the quality of such data is higher and more

reliable, and hence the proposed approach allows it to use more sensors/actuators.

4.2. On the ToF model and computational aspects

The ToF model used in this paper allows the simulation of the time of flight of a scattered ultrasonic guided-

wave to reach an arbitrary sensor without the need of a transient ultrasonic guided-wave simulation. This model
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Figure 6: Behavior of the objective function considering two different entropy curves for optimal distributions of sensors for each n, red for the
composite and black for the aluminum for panel A of the case studies in (a), the same cost function in (b), and the intersection of the two members
(plain lines for variation of entropy, and using markers for the variation of cost) of Eq. (T2) in (c).

has proven efficiency when dealing with complex materials and structures, providing the propagation characteristics
are known. It is worth mentioning that the elliptical model of the wave propagation velocity used in this paper is
only valid for anisotropic structures with quasi-elliptical slowness curves. However, the extension to more complex
structures could be achieved by finding mathematical expressions that approximate such slowness curves. In addition,
the optimization framework does not account for sensor and actuator malfunctioning, multiple damage scenarios, or
the geometry of the structure except for the area of potential damage occurrence and its spatial prior distribution. Note
that the robustness of the proposed methodology is expected to be further enhanced should the aforementioned factors
be taken into account. An observation from the case studies is that the definition of such prior information is a key
aspect, as it can drastically change the optimal sensor layout, at least in the composite structure. Despite its flexibility,
the ToF model entails several limitations with regards to the physics of the guided-wave propagation as it does not
account for attenuation or wave interaction with different types of damage. Therefore, it is desirable for future work
to investigate a physics-based wave propagation model that is continuous and differentiable (e.g. by approximating
a finite element model using a surrogate model such as a polynomial chaos expansion [48]]), so that the gradients of
Equation (3) can be applied.

Nevertheless, the computational efficiency of the proposed approach is remarkable as compared to other ap-
proaches in the literature that approximate the optimal binary solution. The optimal designs of the case studies in
Section [3| have been obtained in approximately 300 - 400 seconds of runtime (equivalent to 75 - 120 objective func-
tion evaluations) in an Intel i3 2-core computer with 8§ Gb of RAM, depending on the type of material and the prior
distribution. In contrast, other approaches that use approximation methods such as the forward sequential sensor
algorithm [7]], take several hours to obtain a suboptimal sensor layout, assuming a fixed distribution of actuators.
Therefore, the runtime needed to address the joint search for sensors and actuators would be significantly longer, thus

highlighting the benefits of the proposed approach in practice. This efficiency encourages the use of the proposed
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methodology in industrial applications where structures with large and arbitrary geometries and complex materials
are used, such as in the aerospace industry. In addition, the use of information-theoretic approaches entail a more
robust damage detection that is expected to reduce the number of false alarms and their economic impact.

Finally, note that the proposed method relies on the assumption of a large number of data N — oo, so that the
posterior distribution can be approximated as Gaussian, ultimately justifying the use of the MAP parameter values [35}
36]. However, this hypothesis causes the model to lose some information about the model error and its uncertainty.
Therefore, a more rigorous method would be to use the mutual information between data and model parameters as
objective function given by [38l 39]:

I(Dy,0) =H(Dy)— H(Dy|O) 13)

where H(Dy) is the entropy of the data and H(Dy/|0) is the conditional entropy. Note that the first term involves a
large number of evidence calculations p(Dy), which is known to be computationally demanding [49] and could make

the problem impractical.

5. Conclusions

An entropy-based approach for optimal sensor and actuator configuration (number of devices and their position)
is proposed in this paper. The methodology exploits the convexity of a relaxed optimization problem where the
discrete variables in {0,1} are relaxed to continuous variables in [0, 1], allowing it to be addressed with standard
continuous-variable minimization algorithms at relatively low computational cost. The efficiency and versatility of
the optimization method in addressing structures with arbitrary geometries and complex materials is illustrated using

two case studies based on ultrasonic guided-wave based inspection. The following conclusions can be drawn:

* The proposed convex optimization method produces a lower bound of the objective function using continuous
optimization variables, which are then approximated by Boolean variables to give a near-optimal sensor/actuator
configuration. We place the devices at locations of the variables with higher values while avoiding sensor

clustering.

* The optimal sensor and actuator layouts coincide, at least for the ultrasonic guided-wave based application,

which suggests that the use of PZT transducers in pulse-echo mode is the most efficient test mode.

* The proposed objective function, which combines entropy and cost, provides less sensors/actuators in cases

with higher uncertainty (entropy), hence penalizing scenarios with poor quality of data.

Further improvements in our approach are under consideration on the following topics: (1) the inclusion of po-
tential sensor and actuator malfunctioning as well as multiple damage scenarios to further enhance the robustness
of the optimal configuration, (2) the computation of the mutual information between data and model parameters by
addressing the calculation of the evidence, and (3) the use of a physics-based model, along with a surrogate of it for
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efficient calculations, so that wave interaction with different types of damage as well as wave attenuation are taken

into account.
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