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Abstract

Discrete element method simulations are used to investigate the effects of particle shape on the plastic behaviour of sand. This is
achieved by using four different shapes of crushable particles. The behaviours of the different particles when subjected to isotropic com-
pression, triaxial shearing, and a range of stress path tests are compared, revealing the important role of particle shape on key aspects of
behaviour. Yield surfaces are established and analysed with respect to different modes of deformation, and are also shown to depend on
the particle shape. A simple state boundary surface is then obtained, which is confirmed by a performing an additional stress path test on
a sample that had been sheared to a critical state.
� 2020 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

By utilising a simple crushing model, it has been possible
using the discrete element method to reproduce all impor-
tant aspects of soil behaviour within the critical state soil
mechanics framework. For instance, the discrete element
method (DEM) has been used to correctly model and
investigate normal compression behaviour and evolving
particle size distributions, triaxial shearing behaviour and
dilatancy, and the general yielding and hardening of gran-
ular soils (e.g. de Bono and McDowell, 2018a, 2018b,
2018c). Such work has led to many insights, however, like
the majority of research to date using DEM, this previous
work used spheres to model soil particles, a convenient and
efficient yet unrealistic simplification.

The shape of real sand grains can vary widely, and par-
ticle shape is known to have a large influence on most
https://doi.org/10.1016/j.sandf.2020.04.001
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aspects of behaviour, most obviously the packing proper-
ties and bulk frictional behaviour (e.g. Cho et al., 2006).
In this work, major aspects of the critical state soil mechan-
ics framework will be revisited using DEM, but using a
variety of particle shapes, the effects of which will be sum-
marised. The aim is to shed light on how and why particle
shape influences the macroscopic behaviour of a granular
soil.

The outline of this paper is as follows: firstly a brief
background to the DEM model, outlining the key con-
cepts such as particle breakage, a comment on previous
work, and a description of the particle shapes investi-
gated here. This is followed by the results section, which
is divided into three subsections: normal compression
tests, triaxial tests, and stress path tests. The subsection
on stress paths is the largest and includes analysis of
yield surfaces obtained for each material, which is recon-
ciled with the behaviour observed in the normal com-
pression and triaxial tests. There then follows a brief
conclusion.
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2. Background to dem model

The work presented here is performed using the com-
mercial DEM software PFC3D (Itasca, 2015). A brief sum-
mary of the key modelling parameters and methods is given
here, after which the results of simulations investigating the
normal compression, shearing, and yield surfaces of four
different particles shapes are summarised and discussed.

All simulations reported on use triaxial samples. That is,
each sample tested is enclosed by a flexible cylindrical
membrane and two rigid platens, capable of applying any
specified combination of axial and radial stresses and
strains (further details can be found in (de Bono and
McDowell, 2018b) and Table 1). All stresses here should
be considered effective (no pore pressure is simulated).

2.1. Particle breakage

There are several general methods to model particle
breakage using DEM. One such method is to use model
soil grains as ‘agglomerates’ made up of many smaller
spheres, which are bonded together (e.g. Harireche and
McDowell, 2002). This has the advantage of easily facilitat-
ing realistic fragmentation of individual soil particles, how-
ever it is unsuitable for modelling breakage in larger
samples comprising thousands of particles due to limita-
tions in the number of spheres, and the fact that each par-
ticle contains internal voids. A different method is to model
soil particles as single entities and simply replace these with
multiple smaller particles when judged to have broken.
This allows the simulation of much larger samples with
many more particles but is unable to perfectly capture
the breakage of individual grains. Two alternative
approaches are to replace particles with non-overlapping
fragments whilst not obeying conserving mass (e.g. Lobo-
Guerrero et al., 2006), or to have temporarily-
overlapping fragments which obey conservation of mass
(e.g. McDowell and de Bono, 2013), which is the method
used here.

One of the key aspects of the authors’ current and pre-
vious work using DEM is the use of a simple particle
breakage model. This uses the average octahedral shear
stress in a particle:
Table 1
Key numerical model parameters.

Initial Sample Parameters

Nominal sample size (height � diameter) 30 � 15 mm
Initial number of particle 744
Initial particle size, de 2 mm
Initial average particle strength, q0 37.5 MPa
General Model Properties

Particle shear modulus, G 28 GPa
Particle Poission’s ratio 0.25
Size-effect on particle strength, b (q0 ~ d �b) �1
Particle friction coefficient 0.5
Damping coefficient 0.7
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q ¼ 1

3
r1 � r2ð Þ2 þ r2 � r3ð Þ2 þ r1 � r3ð Þ2

h i1=2
ð1Þ

to determine whether or not a particle breaks. This shear
stress is calculated from the average principal stresses (r1,
r2, r3) within a particle, which are calculated directly from
the contact forces acting on the particle (Itasca, 2015). The
average principal stresses take into account all particle con-
tacts, but no consideration is given to internal stress distri-
butions. The contact law used in all simulations is Hertz-
Mindlin, using the stiffness parameters given in Table 1.
The particles are attributed random strengths according
to a Weibull distribution, whereby the average strength
q0 for a given size (d) of particle is:

q0 / d�b ð2Þ
where b can be described as the size-effect on strength. The
average strengths, their distribution and the size-effect used
here were all obtained from single-particle crushing tests on
a silica sand (McDowell, 2002). That is, average strengths
(q0) were measured for a range of different sizes d, for a real
silica sand, which enabled the parameter b to be deter-
mined. The value b used here is given in Table 1, as well
as q0 for the initial 2 mm particles. This breakage model
has been shown to successfully reproduce the correct nor-
mal compression lines and fractal distributions for real
sands (de Bono and McDowell, 2018a), and has been used
throughout previous work (see de Bono and McDowell,
2016; McDowell and de Bono, 2013 for further details
and analysis). When breaking, particles are replaced by
two smaller fragments of the same shape, obeying conser-
vation of mass (each fragment has half original volume).
These are placed partially and temporarily overlapping,
within the original particle space, and are assigned a ran-
dom strength from a distribution where the average is
determined by Eq. (2). The strengths used were obtained
from a silica sand, and therefore many of the simulations
involve very large stresses, the conclusions however are
be applicable to any stress level.
2.2. Particle shapes

A total of four different particle shapes including
spheres are used in this study. The three non-spherical par-
ticle shapes are modelled using ‘clumps’, which is the soft-
ware terminology for a rigid particle consisting of
overlapping spheres. These particles have uniform density,
and the ‘sub-spheres’ do not interact with one another. The
three types of clumps, consisting of 2 or 3 sub-spheres are
illustrated in Fig. 1. Clump A consists of two equal-sized
spheres, with an overlap equal to their common radius.
Clump B consists of a smaller sphere overlapping a larger
one, the smaller sphere is centred on the surface of the lar-
ger one, and has half the radius. Clump C has two such
smaller spheres, located at opposite poles on the larger
sphere. These shapes are not assumed to be realistic, but
rather they were chosen as a sensible step beyond the use
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 1. Different particle shapes used in this study.

Fig. 2. Normal compression results.
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of spheres. Even though the particle shapes are still rela-
tively simplified, their increased abilities to interlock and
resist rolling are more realistic compared to spheres.
Images and shape analyses of real sand grains may be
found in Mitchell and Soga (2005) or in the work of Coop
et al. (e.g. Altuhafi and Coop, 2011).

The starting point for all work here is a single sample of
each different particle shape, i.e. four samples. Each sample
had the same number of initial particles (7 4 4). The initial
spheres had diameters of d = 2 mm; the initial clumps were
created with the same volume as these spheres. In other
words, the initial clumps had equivalent spherical diameters

of 2 mm. The equivalent spherical diameter, de, of any vol-
ume is the diameter of a sphere with the same volume, and
will be used throughout this work when referring to the size
of the clumps.

When any of the particles was deemed to have bro-
ken, it was replaced by two smaller, identically-shaped
fragments, obeying conservation of mass. For the
clumps, these fragments were placed transversely along
the longitudinal axes, to minimise any temporary over-
laps with each other and any surrounding particles (the
placement of fragments has no observable effects in the
simulations (McDowell and de Bono, 2013)). Sphere
fragments were placed along the direction of the minor
principal stress.

In reality one might expect the clumps to preferentially
fracture across one of the ‘necks’ between spheres, and to
produce different shape fragments. However to implement
such a procedure in DEM, for multiple generations of frag-
ments is very problematic (as is implementing any form of
breakage). The simplified approach here, where breaking
particles are replaced by two smaller fragments of the same
shape, allows fragments to continue breaking as many
times as needed with ease, and also allows us to completely
isolate the effects of particle shape before, during and after
yielding. This is also consistent with experimental studies
which have shown that crushing tends to reduce hetero-
geneity in shapes (Bowman et al., 2001; Yan and Shi,
2014); as well as observations of fractal distributions pro-
duced from crushing, which demonstrate self-similarity
across scales. This work should therefore be considered a
sensible next step from using just spheres. Previous investi-
gations involving this breakage model also showed that the
number of fragments produced following breakage has no
effect on the macroscopic behaviour (McDowell and de
Bono, 2013).
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
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3. Results

3.1. Normal compression

Isotropic normal compression tests were performed by
applying isotropic stress increments via the membrane
and platens (whilst allowing particles to break indefinitely).
The normal compression results for the four particle shapes
are presented in Fig. 2. All materials exhibit the same com-
pressibility, i.e. the same slope. This is due to the materials
having the same size-effect on particle strength (the slope of
the compression line is a function of the hardening rate (de
Bono and McDowell, 2018a)). The four materials all have
the same volume of solids, but different initial voids ratios.
Upon confinement, the clumps all pack more efficiently
than the spheres, with clumps A exhibiting the lowest ini-
tial voids ratio. This happens to be consistent with research
on packing which has found that prolate ellipsoids with an
aspect ratio of �1.5 are inherently able to form the densest
random packing (Donev, 2004).

The different materials appear to have remarkably dif-
ferent apparent yield stresses, despite all having the same
particle strengths. The difference in observed yield stresses
in these tests is due to crushing beginning at different points
during the tests in each material. This can be seen in Fig. 3
(a), which shows the total number of particles in each test
against the applied stress. All simulations demonstrate the
same rate of increase in particles with increasing stress (the
lines are parallel), which is due to the size-effect on particle
strength being the same. At any given applied stress the
total number of particles is dependent on the particle
shape—the separation between the lines is due to an earlier
or later onset of crushing. The initial onset of breakage is
very brittle due to the initial mono-dispersity, however
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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the underlying behaviour is clear: crushing begins earliest
in the spheres, and latest in clumps A. At the end of the
simulations, all tests contain approximately 30 000 parti-
cles, with similar fractal distributions, shown in Fig. 3(b).
An image showing the Clump B sample after the test is
shown in the inset in Fig. 3(b).

Experimentally, it has been observed that for a given
granular material (assuming approximately constant parti-
cle shape), looser samples yield at lower stresses than den-
ser samples, and that such samples of different initial
densities typically merge to a single compression line fol-
lowing yield (Hagerty et al., 1993; Nakata et al., 2001;
Pestana and Whittle, 1995). This earlier yielding of looser
samples has often been attributed to lower coordination
numbers giving rise to greater induced particle stresses,
however, previous analysis using DEM (de Bono and
McDowell, 2015) suggested that the apparent earlier yield-
ing in looser samples is mainly due to the larger initial
voids, which give a greater potential for voids reduction,
with a negligible difference in the quantity or onset of
breakage when comparing loose and dense samples of the
same material. Furthermore, for real sands there is gener-
ally a constant particle shape between different samples,
which is clearly not applicable to the simulations.

The macroscopic yield stress observed in normal com-
pression tests on real sands has been linked to the average
particle strengths (McDowell, 2002; Nakata et al., 2001). In
the simulations, it can be seen that the materials begin to
undergo major crushing (i.e. yielding) at different stages
despite having the same average particle strengths. The dif-
ferent particle shapes give rise to significantly different con-
tact distributions, which in turn influence the particle
stresses. It is known that for yielding and significant volu-
metric strains to occur, a sufficient number of particles
must break. At the start of the simulations, the samples
Fig. 3. Total number of particles (a
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only contain a single size of particle: Fig. 4(a) plots the
average shear stress in these initial (and largest) particles
(de = 2 mm), plotted against volumetric strain. The average
stresses increase approximately linearly until breakage
occurs. The samples all undergo yielding at strains of
around ev = 3–4%, at which point the rate of increase in
average particle stress greatly reduces with the onset of
major crushing. What is notable is that the particles display
different average stresses during and after yielding. The
sphere simulation yields under the lowest average particle
shear stress (around 12–13 MPa) while the clump simula-
tions all demonstrate greater values.

The clumps’ ability to bear greater average shear stresses
compared to the spheres suggests that the clumps provide a
more stable, uniform load distribution, and experience less
extreme particle stresses. This is reflected in Fig. 4(b),
which shows the average coordination numbers (for all
particles) from the four simulations: the clumps demon-
strate higher average coordination numbers than the
spheres throughout the tests. An increased number of aver-
age contacts per particle mitigates against extreme particle
shear stresses, providing a more homogeneous distribution
of forces chains. This enables the aggregate of clumps to
sustain a larger macroscopic stress before initiating particle
breakage, and therefore ‘delays’ the onset of breakage—
larger applied stresses are needed to initiate fracture and
therefore achieve volume reduction, giving a larger macro-
scopic yield stress.

Figs. 2–4 suggest that for each particle shape, there
appears a correlation between average coordination num-
ber, the induced particle shear stresses, and the amount
of breakage at any given stress. The effect of shape there-
fore appears to be as equally significant as the particles’
crushing strength in governing the compressive behaviour:
clumps A have an apparent yield stress approximately
) and final size distributions (b).

hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 4. Average particle stress (a) and average coordination number (b) as functions of volumetric strain.
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double that of the spheres, despite having the same
strengths, due to their geometry.

3.2. Triaxial shearing

The varying abilities of the four particle shapes to form
and maintain contacts will also have an effect on the shear
strength, which will be briefly examined in this section
using triaxial shear tests. Taking into account the different
isotropic yield stresses of the materials, it was chosen to
compare triaxial tests performed from normally consoli-
dated states at which the samples have approximately the
same number of particles (as opposed to the same stress).
The shearing behaviour and critical state line of the spheres
has previously been thoroughly examined (de Bono and
McDowell, 2018b), by means of 27 triaxial tests on com-
pacted, normally consolidated, and overconsolidated
states. This included constant-r3, constant-p’ and
constant-volume tests, and resulted in a well-defined criti-
cal state line, which was parallel to the normal compression
line. To minimise computational time, only a single repre-
sentative test was performed here for each clump, which
are compared to the equivalent sphere simulation.
Constant-volume triaxial simulations were performed on
normally consolidated states at which each sample con-
tained approximately 6000 particles. The different com-
pressibility of each particle shape meant that different
stresses were needed to achieve samples with approximately
this same number of particles (mean stresses of between
24 MPa and 40 MPa). The triaxial tests were performed
by applying axial strain increments whilst adjusting the
confining pressure so as to achieve a constant volume.

Fig. 5(a) and (b) show the stress–strain results from the
constant-volume tests for each material, and Fig. 5(c)
shows the stress paths in q-p’ space (in this plot, the data
has been ‘smoothed’ for clarity using a moving average
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
https://doi.org/10.1016/j.sandf.2020.04.001
technique (de Bono and McDowell, 2018b)). All simula-
tions demonstrate contractile behaviour, which in these
tests manifests itself as a decrease in the mean stress p, fol-
lowed by a slight dilative tendency at large strains, typical
for such ‘undrained’ tests on sands (Been and Jefferies,
1985). As elaborated in earlier work (de Bono and
McDowell, 2018b), the spheres reached critical states (con-
tinuous shearing with no further change in stresses or vol-
ume), and demonstrate a critical state constant M of
around 0.7. It is immediately clear that the clumps have a
greater frictional shear resistance, with the clumps A and
C both displaying the highest value of M�1 at the end of
the tests as they approach critical states (in the figure, the
ultimate states have been assumed critical). The difference
in shear strengths correlate with the capacity of each parti-
cle shape to form contacts: clumps A demonstrate the high-
est average coordination number, whilst the spheres the
lowest. The average coordination numbers measured dur-
ing the triaxial tests are shown in Fig. 6, showing how
the coordination number decreases to a stable value
towards the critical state in all tests, and with the same
overall observation as Fig. 4(b) whereby the spheres have
the fewest contacts and clumps A have the most, followed
by clumps C. The difference in coordination numbers
between clumps A and C, which both have the same shear
strength (M�1), shows that while the capacity to form con-
tacts provides a good indication of shear the strength, the
resistance to shear must also be influenced by other geo-
metrical properties. Clumps C are slightly more angular,
and possess different rotational inertias, which are likely
to play a role.

The decrease in average coordination number observed
in all constant-volume tests is consistent with previous
observations (de Bono andMcDowell, 2018b), and suggests
that the samples are packed less efficiently, despite the con-
tractile behaviour. This is caused by crushing, without
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 5. Constant-volume triaxial results: deviatoric stress versus shear
strain (a), stress ratio (b) and stress-paths (c).

Fig. 6. Coordination number during triaxial shearing.
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which it is not possible to achieve contractile behaviour in
DEM. To show the crushing that occurs, the total number
of particles in each test is plotted against shear strain in
Fig. 7(a). All simulations show a rapid initial increase up
to eq � 2%, after which the quantity of particles increases
at an approximately steady rate. Thus the number of parti-
cles increases continually with shear strain, despite the sam-
ples reaching steady stress states. However, the residual rate
of increase is the relatively small particles crushing and con-
tinuing to crush, which is evident in Fig. 7(b). This shows
the total particle surface area in terms of percentage against
shear strain. The rate of increase in particle surface area can
be seen to reduce, showing that the particles continuing to
break must be getting smaller. In other words, crushing
occurs towards the fine end of the particle size distribution.
The reason that this continuing breakage has no apparent
effect on the volumetric behaviour (or in these ‘undrained’
simulations, the mean stress) is due to the fact that for vol-
ume change to occur, particles of all sizes must break, rather
than only the smallest (which will be demonstrated more
clearly in the following sections). Another observation is
that the rate of breakage during shearing appears to corre-
late with the stress level—clumps A, sheared under the
greatest stress, exhibit the most rapid increase in the number
of particles; whilst the spheres, sheared under the lowest
stress, exhibit the least rapid increase with shear strain. This
is despite the varying stress levels resulting in approximately
identical levels of crushing (i.e. �6000 particles) during nor-
mal compression.
3.3. Stress path tests

3.3.1. Background

To investigate yielding and establish and compare the
yield surfaces of the materials, series of stress path tests
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 7. Total number of particles (a) and total particle surface area (b).
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were performed. A previous state-boundary surface
obtained from triaxial tests on spheres using DEM gave
a clear indication of two separate yield surfaces, consistent
with what has been observed for sands (e.g. Chandler,
1985; Vermeer, 1978; Wood, 1990). This prompted further
examination of the yield surface, whereby stress path tests
(probes) were performed on samples with different stress
histories.

Two distinct basic modes of deformation and yielding
were characterised and then investigated (de Bono and
McDowell, 2018c). Each mode of yielding was associated
with a distinct yield surface, which is idealised here in
Fig. 8(a). The first type of yielding, which could be consid-
ered as frictional yielding, occurred under increasing mag-
nitude of stress ratio |g|, at relatively low mean stress levels,
and was characterised by a gradual change in the macro-
scopic deviatoric response from stiff to less stiff behaviour.
The deviatoric responses from stress probes at relatively
low mean stress levels appeared to be a unique function
of stress ratio g, i.e. all responses merged into a single
g-eq curve (for example paths 1 and 2 in Fig. 8). Thus,
any interpretation of yielding from this unique response
led to a linear yield surface in q-p’ space. At significantly
greater mean stresses, this ‘intrinsic’ frictional behaviour
was superseded by ‘compressive yielding’, caused by sub-
stantial particle crushing and occurring at lower stress
ratios (e.g. paths 3 and 4 in Fig. 8). This type of yielding
was characterised by a rapid volumetric contraction, easily
identifiable on p-ev or e–p plots (Fig. 8(c)). The decrease in
volume was caused by major particle crushing, and a sub-
sequent reduction or filling of void space by smaller
particles.

The above findings were compared extensively with
experimental data for sands (de Bono and McDowell,
2018c), which agreed well, and also revealed insights to ani-
sotropy and kinematic and rotational hardening observed
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
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for real sands. Key results from that work will here be com-
pared to data obtained from similar simulations using the
clumps. Specifically, yield surfaces for overconsolidated
samples of clumps will be compared to a yield surface for
an overconsolidated sample of spheres, all with the same
overconsolidation ratio and approximately the same num-
ber of particles, and any differences relating to particle
shape will be revealed. Each sample was first isotropically
compressed until containing approximately 6000 particles,
and then (isotropically) unloaded to an overconsolidation
ratio of 2.4. From these overconsolidated states, eight
stress-controlled stress path tests were performed on each
material (e.g. Fig. 9). All stress path tests were stress-
controlled, with stress increments of 25 kPa (=

p
[dq2 +

dq2]), and were terminated once yielding was deemed to
have occurred.

3.3.2. Stress strain results
To illustrate the behaviour, the stress probes on clumps

C are shown in Fig. 9(a). Although not shown, crushing
occurs in nearly all stress probes, with by far the greatest
occurring under large mean stresses. It is worth noting that
increasing the deviatoric stress, even when the mean stress
decreases (e.g. probe 2), also produces breakage—however
this is exclusively fine particles breaking. For analysis of
such breakage, including contours of increasing surface
area, please refer to previous work using spheres (de
Bono and McDowell, 2018c).

The volumetric mean stress responses for clumps C (as
an illustrative example) are given in Fig. 9(b) in terms of
voids ratio against mean stress p. An abrupt change in
the response and decrease in volume (‘compressive yield-
ing’) is clearly visible for tests 5–8. Defining compressive
yielding from these volumetric responses as the onset of
permanent volume reduction, indicated by the crosses in
the figure, shows that yielding for tests 5–8 occurs across
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 8. Diagram showing idealised two modes of yielding: stress paths (a),
deviatoric responses (b) and volumetric responses (c).
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a range of p values. These yield points lead to a curved
compressive yield surface in q-p space (as in Fig. 8), a
well-known observation for sand (e.g. Yasufuku et al.,
1991).

Fig. 9(c) contains the deviatoric responses, which shows
that tests 1–4 merge into a single unique g-eq response;
demonstrating the ‘intrinsic’ frictional behaviour of this
sample of clumps. This common g-eq response for tests
1–4 suggests a linear yield surface, which is consistent with
experimental data for sands (Ishihara et al., 1975; Vermeer,
1978). This common g-eq response for tests 1–4 means any
definition of yielding—for example: the point of maximum
curvature, or the end of linearity—will occur at identical
values of g. The term ‘frictional yielding’ is used to refer
to any such yielding based on this single intrinsic deviatoric
response, for which the behaviour is not affected by crush-

ing. Meanwhile, the term ‘deviatoric yielding’ refers to all
observations of yield in the deviatoric response, regardless
of whether it is intrinsic behaviour or not (i.e. all tests in
Fig. 9(c)).
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
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This unique behaviour and frictional yielding only
applies at relatively low mean stresses—once substantial
crushing occurs at higher stresses the deviatoric responses
deviate from the intrinsic behaviour and demonstrate ear-
lier yielding. This is the case for tests 5–8, which all clearly
demonstrate yielding caused by crushing at lower values of
g and eq. It is important to note however that the compres-
sive yielding observed in Fig. 9(b) does not coincide with
the obvious yielding observed in Fig. 9(c). To illustrate this,
the crosses in 9(b) have been superimposed in Fig. 9(c).
Tests 5–7 demonstrate plastic behaviour in the deviatoric
response and deviate from tests 1–4 before yielding is
observed in the volumetric response. This is caused by sub-
stantial crushing of relatively smaller particles, and occurs
before the samples demonstrate compressive yielding in
Fig. 9(c).

Previous DEM analysis on the mechanisms behind
yielding (de Bono and McDowell, 2018c) established that
what was unique to compressive yielding is that crushing
occurs simultaneously across all particle sizes. Specifically,
this included the largest particles. In the absence of, or
prior to compressive yielding, any crushing that occurs is
limited to only the relatively finer particles. That is, a per-
manent decrease in volume only occurs when particles of
all sizes crush. There must be a proportional breakage of
all sizes of particles in order to create smaller fragments
and enable a denser geometrical packing whilst maintain-
ing an efficient fractal particle size distribution. Thus, com-
pressive yielding, observed from the volumetric response,
e.g. the crosses in Fig. 9(b), can be conceptualised as repre-
senting the point(s) at which the largest particles begin to
break (alongside breakage across all other particle sizes).

For tests 5–7, this means that i) any yield surface
obtained from the deviatoric responses is no longer linear;
and ii) the yielding observed in the deviatoric response is
distinct from, and not coincident with the compressive
yielding observed in the volumetric response. This latter
point means that any potential yield point depends on
the macroscopic variables used to identify it. This is a
known issue for sands, and engineers have often used aver-
age or multiple yield points obtained from various stress
strain plots to construct a yield surface (Wood, 1990;
Yasufuku et al., 1991).

This transitional behaviour has the effect of ‘rounding
off’ the apex or cusp between the two idealised yield sur-
faces shown in Fig. 8(a), and can be considered as interme-
diate behaviour, between purely frictional yielding—in
which negligible crushing occurs—and purely compressive
yielding—in which major crushing of all sizes occurs, facil-
itating a reduction in volume.

3.3.3. Compressive yield surface

Compressive yielding is associated with breakage of par-
ticles of all sizes. The fact that this is preceded by crushing
of the relatively finer particles—and that this minor crush-
ing also occurs in the absence of compressive yielding (at
low stress)—implies that the largest particles are the most
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 9. Stress probes (a), volumetric responses (b) and deviatoric
responses (c) for clumps C.
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difficult in which to initiate any breakage. It was found pre-
viously (de Bono and McDowell, 2018c) that for any given
sample, the average stress in the largest particles was
approximately constant at compressive yield, irrespective
of the stress path. This meant that the shape of the com-
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
https://doi.org/10.1016/j.sandf.2020.04.001
pressive yield surface could be well represented in q-p’
space by contours of average particle stress. This is demon-
strated in Fig. 10(a) which shows contours of average stress
in the largest particles for clumps C (the same observation
applies to all materials). The compressive yield points,
defined previously in Fig. 9(b), are superimposed again
and coincide well with the outermost contour (an average
particle shear stress of 16 MPa).

The data for each contour can be normalised by the
value of p at which the contour crosses the p-axis, to pro-
duce Fig. 10(b). By scaling the contours in this way, any
uniqueness of shape can be established. The contours cor-
responding to larger particle stresses (as the sample
approaches yielding) appear coincident in Fig. 10(b) and
independent of stress level. To state more clearly, there
appears negligible difference between the contours corre-
sponding to average particle stresses of 12–16 MPa. This
suggests that the compressive yield surface of a given mate-
rial has a constant shape, independent of stress level (unlike
any shear yield surface). Similar average stress contours for
the largest particles are shown for all materials together in
Fig. 10(c) in normalised stress space. The values of average
shear stress associated with each contour are chosen such
that each group of contours share a common point on
the p-axis. The purpose of this is to compare the shape of
the contours between materials. The contours are largely
similar but a consistent trend is visible: the contours for
the spheres are the highest (and less curved), whilst those
for clumps A and B are consistently lower (more curved).
This shows that for a given increase in deviatoric stress
(e.g. at a constant p), the average shear stress in the largest
particles increases more rapidly in clumps A and B, and
less rapidly in clumps C and the spheres. This observation
appears to be uniquely determined by the particle shape.
There are no obvious correlations with the stress level,
average coordination number, voids ratio or frictional
strength for each material.

3.3.4. General yield surfaces
For the purpose of comparing, at least qualitatively, the

overall yield surfaces for the simulated materials here, a
robust definition of yielding is needed which can be applied
to all stress probes and therefore not dependent on a single
variable. From analysis of plastic strains (not shown) it was
deemed that a suitable definition of yield might be the point
at which either the deviatoric or volumetric plastic strain
exceeds 0.5% (max{eq

p, ev
p} � 0.5%) (any threshold value

may be used). This arbitrary definition provides a simple
and universal method of comparing general yield surfaces,
and takes into account yielding observed from any combi-
nation of stress and strain variables. The resulting yield
surfaces are shown in Fig. 11(a). The section of any yield
surface corresponding to shear yielding (i.e. low mean
stresses, high stress ratio) appears governed by the fric-
tional strength of the material (M): frictionally-stronger
materials display steeper/larger elastic zones. Yielding
under isotropic compression, i.e. along the p-axis, is purely
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 10. Contours of average particle stress (a), and the same contours
scaled and superimposed (b). Normalised contours for all materials (c).

Fig. 11. Yield surfaces according to deviatoric and volumetric plastic
strains.
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compressive yielding and is determined by the material’s
stress-history. At intermediate stresses (0.5 < p/p0 < 1)
the materials exhibit increasing shear strains, which may
or may not be followed by volumetric strains and compres-
sive yielding—see Fig. 9(c).

Fig. 11(b) shows the same yield surfaces normalised by
the isotropic yield stress, and reveals clear differences in
yield surface shape in the intermediate region (0.5 < p/
p0 < 1). This difference in shape is caused by crushing of
the relatively finer particles, which is dependent on the
magnitude of the applied stresses. To summarise, from
analysis of particle breakage and plastic strains, it appears
that the yield surface (using the current definition) becomes
more rounded with increasing preconsolidation pressure.
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
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For example, Clumps A have the largest M, but due to
the higher stress level for the stress path tests, Clumps A
have the most rounded or ‘flattened’ yield surface. In other
words, increasing p0 causes the normalised yield surface to
display greater curvature between the linear frictional sec-
tion at low stress and isotropic yielding at p/p0 �1.

A general scheme for yielding can be conceptualised as
that illustrated in Fig. 12(a). The general deviatoric yield
surface(s) depicted in this figure can be based on any arbi-
trary definition of yield observed from the deviatoric
response. Any such deviatoric yield surface is linear at
low stresses (corresponding to purely frictional yielding),
before becoming curved and tending towards the compres-
sive yield surface at p � p0. Each deviatoric yield surface
depicted corresponds to a single definition of yielding, such
as degradation of shear stiffness or the accumulation of
plastic shear strains. On the other hand, the single com-
pressive yield surface depicted in Fig. 12(a) corresponds
to the unambiguous yielding observed in the volumetric
response for a material.

Fig. 12(b) shows the effects of material and sample prop-
erties on the deviatoric and compressive yield surfaces.
These double yield surfaces resemble those suggested by
Vermeer (1978) and Wood (1990). For any definition of
deviatoric yielding, the deviatoric yield surface is directed
through the origin, is initially linear, and the incline is lar-
hape on the yielding behaviour of crushable sand, Soils and Foundations,

https://doi.org/10.1016/j.sandf.2020.04.001


Fig. 12. Generalised yield surfaces: schematic showing frictional yielding,
and general deviatoric and compressive yield surfaces (a); schematic
showing effects of key parameters on yield surface shape (b); and general
yield surfaces shown with respect to triaxial behaviour (c).
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gely governed by the frictional strength (M) of the material
(as well as the stress history (de Bono and McDowell,
2018c)). The curved section of the shear yield surface
depends on both the applied stresses and the location of
the compressive yield surface, and is characterised by mod-
erate crushing of relatively fine particles. Therefore the
shape of the combined yield surface as a whole is
stress-dependent and not constant. The location of the
compressive yield surface is defined by the preconsolidation
pressure only, and the shape appears a material constant
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
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(e.g. depending on the particle shape). The particle shape
clearly influences both the compressive and deviatoric yield
surfaces; with further work (with a much wider range of
particle shapes) it should be possible to relate these yield
surfaces more quantitatively to particle shape parameters
(such as sphericity, angularity, etc.).

This general scheme is replotted with reference to triax-
ial behaviour in Fig. 12(c). Samples of a given material
sheared at relatively low pressures will demonstrate a max-
imum peak stress, the peak envelope being linear in q-p
space (at low stresses). As mean stress increases, any arbi-
trary deviatoric yield surface curves down, and this reflects
the reduction in peak strength that is observed under
increasing pressures. As can be seen, all samples subjected
to shearing (all stress paths except isotropic compression)
will demonstrate plastic shear strains and a form of devia-
toric yielding before reaching the critical state line. This
includes both dilative samples sheared at low pressures,
and contractile samples sheared at high pressures, which
subsequently undergo compressive yielding and major vol-
umetric contraction. (Only those stress paths which reach
the compressive yield surface before the critical state line
demonstrate volumetric contraction.) This generalised
behaviour was matched exactly by the 27 triaxial results
previously performed (de Bono and McDowell, 2018b)
using crushable spheres.

3.3.5. State boundary surface

It is clear that any deviatoric yielding is not only highly
sensitive to the choice of yield criterion, but also dependent
on the stress levels and any changes in direction of the
stress path (de Bono and McDowell, 2018c). The compres-
sive yield surface in contrast appears to possess a constant
shape which is unique to the material. The fact that the
compressive yield surface has a constant shape (a material
property) is why the critical state line and normal compres-
sion line are parallel in e–log r space. It is therefore possi-
ble to map out a state boundary surface, and/or predict the
location of the compressive yield surface from any single
known point on the compressive yield surface. An inference
from Fig. 12(c) is that any state on the (high-stress) critical
state line must also lie on the compressive yield surface.
That is, any contractile sample (e.g. normally consolidated)
sheared to a critical state must have undergone compres-
sive yielding, and be on the compressive yield surface.

To illustrate this, a compressive ‘state boundary’ along
with the critical state line is shown in Fig. 13(a) for Clumps
A. This compressive state boundary is obtained from aver-
age particle stress contours, using a similar method to that
shown in Fig. 10(b): several particle stress contours
obtained from the stress probes are shown together, reveal-
ing the unique shape of the compressive yield surface. The
critical state line is drawn using M = 1, obtained from the
triaxial test shown earlier. From this diagram, the nor-
malised mean stress at the critical state is pc/p0 = 0.46.
The mean stress p at the critical state for triaxial test on this
material (Fig. 5) is 26.8 MPa, implying that the new
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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Fig. 13. Normalised compressive yield surface and critical state line for 11
clumps (a), and results for isotropically reloading sample after triaxial
shearing (b).
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preconsolidation pressure, i.e. the isotropic yield stress is
26.6 / 0.46 � 58 MPa.

After the shearing to a critical state, the Clump A triax-
ial sample was unloaded to q = 0 MPa at a constant mean
stress, and then reloaded isotropically. The results for this
stress path are given in Fig. 13(b), and clearly show that the
sample yields at almost exactly 58 MPa, confirming the
shape of the compressive yield surface. This simple method
is more useful for predicting the yield stress in isotropic
compression than graphically. For example, if the normal
compression line is known, one may project a reloading
line from any point in e-r space to estimate the isotropic
yield point, however this assumes purely elastic reloading.
Following shearing, this is not the case, where plastic
strains typically occur (e.g. McDowell et al., 2002): note
the volumetric contraction that occurs during unloading
of the deviatoric stress in Fig. 13(b). This volume reduction
is not due to any significant further breakage, but rather
can be considered as a form of kinematic yielding due to
changing the stress path direction (de Bono and
McDowell, 2018c). Although it is outside the scope of this
work, this results from the major crushing that occurred
Please cite this article as: J. de Bono and G. McDowell, The effects of particle s
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during shearing, and is related to the difference in coordi-
nation numbers.

4. Conclusions

This work has compared the general stress–strain beha-
viour of a set of crushable sands with different particle
shapes. When subjected to isotropic normal compression,
despite all four particle shapes having the same crushing
strengths and properties, the samples demonstrated mark-
edly different yield stresses. Clumps A demonstrated the
greatest apparent yield stress, primarily due to a later onset
of crushing, in turn primarily due to the particles’ ability to
form contacts, meaning a more uniform distribution of
contact forces and thus were able to bear greater macro-
scopic stresses.

Triaxial shearing simulations on equivalent samples,
with approximately the same number of particles revealed
that the clumps exhibited greater shear strengths. During
shearing, all samples demonstrated significant breakage,
which was most influenced by the applied stress level (p).
Thus, the clumps, which required much higher stresses dur-
ing normal compression to achieve a given level of crush-
ing, then subsequently demonstrated higher rates of
crushing during shearing when compared to the spheres,
which were sheared under lower mean stresses.

Plastic behaviour and yielding was analysed from both
the deviatoric and volumetric responses. The deviatoric
responses, no matter what definition of yielding was used,
revealed a linear yield surface at low stresses which curved
down towards the p-axis at higher stresses as particle crush-
ing became more prominent. Purely ‘frictional’ yielding at
low stresses was characterised by increasing plastic shear
strains with negligible crushing. The inclination of this lin-
ear region of the deviatoric yield surface was primarily gov-
erned by the frictional strength (M) of the material. At
higher stresses, deviatoric yielding was characterised by
accelerated shear strains caused by particle crushing, which
typically preceded more substantial crushing and volumet-
ric contraction. This yielding (and thus the general yield
surface for a material) appeared to be dependent on the
stress level.

Yielding observed at high stresses from the volumetric
responses, i.e. compressive yielding, was associated with
major crushing and permanent volumetric strains. The
location of the compressive yield surface was defined by
the preconsolidation pressure, and the shape depended on
the particle shape. The results indicated that the compres-
sive yield surface for each material was a unique shape
and independent of stress, meaning it was possible to esti-
mate a compressive state boundary. From the assumption
that any (high stress) critical state point must lie on both
the critical state line and the compressive yield surface in
q-p space, it was possible to estimate the compressive yield
surface from a single critical state point. This was con-
firmed by a simple stress path simulation on the most
extensively crushed sample of clumps.
hape on the yielding behaviour of crushable sand, Soils and Foundations,
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451–456. https://doi.org/10.1680/jgeot.17.T.007.

de Bono, J.P., McDowell, G.R., 2018b. Micro mechanics of drained and
undrained shearing of compacted and overconsolidated crushable
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