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Abstract: Non-adiabatic processes near conical intersections are rooted in the stronger coupling
between electronic and nuclear degrees of freedom. Using a system of two trapped Rydberg ions,
their high polarizability and strong dipolar interactions allow to form a conical intersection, where
dynamics takes place on a microsecond time scale. Rydberg lifetimes are typically from a few to tens
of microseconds, which could affect the conical dynamics. We study the effect of the finite lifetime of
the Rydberg state on the vibronic dynamics around the conical intersection via analyzing the master
equation. Through mean field and numerical calculations, damping dynamics are found in both the
phonon populations and electronic states depending on the initial states. It is found that oscillatory
vibronic dynamics can be seen clearly within the Rydberg lifetime, permitting to observe the conical
effect in the trapped Rydberg ion system.

Keywords: conical intersection; trapped Rydberg ion; master equation; dissipative process

1. Introduction

Non-adiabatic couplings between electronic and nuclear motions [1] influence a wide
range of chemical processes [2]. In the vicinity of a conical intersection (CI), two or more
molecular energy surfaces degenerate at certain spatial coordinates [3–5]. Due to the
degeneracy, Born–Oppenheimer (BO) approximation fails, leading to strong vibronic cou-
pling between electronic and vibrational states [6]. This has immense consequences for
excited state dynamics [7] when molecular wavepackets traverse the intersection, produc-
ing, for example, ultrafast radiationless reactions [8,9]. Geometrical phases associated with
the quantum interference of the wavepacket around CIs are generated that slow down the
nuclear motion [10–12]. Investigating the dynamics around CIs serves important applica-
tions in atomic physics [13,14], chemistry [9,15], solid state materials [16], and biological
processes [17–19]. Non-adiabatic dynamics in molecules typically take place on a femtosec-
ond time scale, which requires ultra-fast and broadband spectroscopy techniques to reveal
details in the vicinity of a CI [20–24]. A growing effort has been spent to quantum simulate
CIs with controllable physical systems [25], including superconductors [26], ultra-cold
atoms [13,14,27], trapped ions [11,12,28,29], and Rydberg atoms [30], to understand and
control the dynamics near CIs. Compared to real molecules, CI dynamics occurs on a
much slower time scale in these quantum simulators. The internal and external states of
the trapped ion quantum simulator can be controlled [31,32], which allows to monitor the
dynamics and understand quantum effects in detail.

Rydberg ions have large state-dependent polarizability [33–37] and strong dipole–dipole
interactions [38]. In a linear Paul trap, Rydberg ions interact with the electric field of the trap,
leading to sizable electron–vibration couplings [39]. Trapped Rydberg ions have emerged
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as a versatile quantum simulation and computation platform [38,40] for realizing fast quan-
tum gates [37], and simulating novel physics, such as Dicke states [41], flywheel [42], spin
model [43], non-Hermitian dynamics [44], and the tripartite Rabi model [45]. Recently, it
has been proposed that a CI can be created between a pair of trapped Rydberg ions [30] by
merging the high degree of control over the internal and external states of trapped ions with
lasers [46,47], state-dependent polarizability [37,48], and tunable dipole–dipole interactions in
Rydberg states [41,49,50]. This setting enables the study of the geometric effects and vibronic
dynamics near a CI where the electronic and vibrational states are encoded in two Rydberg
states and the breathing mode of the ion crystal, respectively. By preparing the wavepacket in
one of the potential minima around the CI, it has been shown that the wavepacket is largely
localized in the initial potential minima due to the geometric phase-induced destructive
interference [10].

On the other hand, dissipation plays an important role [51] in, for example, the
damping of emission [52], charge transfer [53], and system–bath coupling [54] around CIs.
In a recent experiment with a superconducting circuit simulator [26], it was shown that the
dephasing of electronic states enhances wavepacket branching when passing through an
engineered CI. In Rydberg states, lifetimes are long (compared to the laser–ion coupling
and dipolar interaction) but finite [50,55,56]. How finite lifetimes of the Rydberg states
will affect vibronic dynamics around the CI has not been yet investigated. In this work,
we provide a case study of the dissipative spin and phonon dynamics around the CI by
taking into account the spontaneous decay in Rydberg states of Sr+ ions. Lifetimes in
|nS1/2⟩ states are much shorter than that of |nP1/2⟩ states (n is the principal quantum
number). Without the spontaneous decay, the spin and phonon dynamics are affected
by the CI; for example, non-adiabatic effects due to the spin–phonon coupling take place.
Based on a quantum master equation, we numerically simulate the spin–phonon dynamics
with different coupling strengths and initial states. We show that phonon populations and
spin–phonon correlations oscillate initially and reach steady states at later stages depending
on the lifetime.

The structure of the paper is as follows. In Section 2, we introduce the physical system,
energy levels and model Hamiltonian. We discuss lifetimes in the Rydberg state that are the
source of dissipation in our case. We observe the coherent dynamics encoded in physical
quantities such as the phonon number and population of both Rydberg levels without
considering the dissipation. In Section 3, we introduce the dissipation and discuss the
stationary state due to the spin–phonon coupling and decay using the mean field theory.
Then, we solve the exact master equation numerically and analyze the time evolution
of the coupled spin–phonon modes and compare it with the mean field results. Finally,
in Section 4, we conclude the results and provide the future perspective.

2. Model and Coherent Dynamics
2.1. Hamiltonian

Following the scheme in our previous work [30], we engineer a CI in a system of two
Sr+ ions in a linear Paul trap. The setting is depicted in Figure 1a. The ions form a two-ion
crystal and vibrate around their equilibrium positions [57]. Both ions are laser excited to
Rydberg states coherently [40]. One ion is in Rydberg energy level |0⟩ = |nS⟩ and the other
is in the |1⟩ = |nP⟩ state, where n is the principal quantum number. In Rydberg states,
the ions interact strongly via a long-range dipole–dipole interaction. Due to the spatial
dependence, the dipole–dipole interaction between Rydberg ions couples to the breathing
mode of the ion crystal [57]. Using an additional static electric field and exploiting the state-
dependent polarizability of Rybderg states, we create two linear couplings perpendicular
to each other, forming a peaked (symmetric) CI as shown in Figure 1b. More details on the
derivation of the CI can be found in ref. [30]. The atomic properties of Sr+ ions are based
on a model potential calculation [58].
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Figure 1. (a) Two Rydberg ions in Rydberg states |0⟩ = |nS1/2⟩ and |1⟩ = |n′P1/2⟩ vibrate around
their equilibrium distance |X| in a linear Paul trap. In Rydberg states, the long-range dipole–dipole
interaction couples to the breathing mode of the crystal vibration. (b) The conical intersection is
formed due to the coupling of Rydberg states |0⟩ and |1⟩ with the breathing mode. (c) Energy levels.
Both Rydberg states decay to low-lying electronic states. The low-lying state does not participate in
the CI dynamics. (d) Lifetime of Sr+ ions in the |nP1/2⟩ state (star) and in the |nS1/2⟩ state (empty
circle). The lifetime in S states is much shorter than that in the P states.

Around the CI of the trapped ions, the vibronic dynamics is governed by the Hamilto-
nian [30]. We use the units with h̄ ≡ 1:

H =
p2

x
2m

+
p2

y

2m
+

mω2
xx2

2
+

mω2
yy2

2
+ gxxSz + gyySx (1)

where m is the mass, and pξ and ωξ are the momentum operator and trapping frequency
along the ξ-axis (ξ = x, y, z). gx and gy represent the coupling between the spin and
the motional degrees of freedom. The coupling strength can be individually tuned by
varying the dipole–dipole interaction between the Rydberg ions, or an external electric
field. Operators Sξ are two-ion collective spin operators as

Sx = |10⟩⟨01|+ |01⟩⟨10| = σl
10σr

01 + σl
01σr

10,

Sy = i(|10⟩⟨01| − |01⟩⟨10|) = i(σl
10σr

01 − σl
01σr

10),

Sz = |10⟩⟨10| − |01⟩⟨01| = σl
11σr

00 − σl
00σr

11 (2)

where the individual projection operator σl,r
ij = |i⟩⟨j| with i, j = g, 0, 1. In a previous

work [30], we studied the CI dynamics with the Hamiltonian (1) numerically without
quantizing the spatial coordinates. In this work, we quantize the vibrations and use phonon
Fock states [47]. As a result, the Hamiltonian (1) can be rewritten as

H = ωx

(
a†

xax +
1
2

)
+ ωy

(
a†

yay +
1
2

)
+ Gx(a†

x + ax)Sz + Gy(a†
y + ay)Sx (3)
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where aξ(a†
ξ) represents the annihilation (creation) operator of the ξth phonon mode, i.e,

ξ = ηξ(a†
ξ + aξ) where ηξ =

√
1/2mωξ is the Lamb–Dicke parameter. The coupling

parameters Gξ = ηξ gξ , and ξ ∈ (x, y).

2.2. Quantum Vibronic Dynamics

We first discuss the coherent dynamics of the system governed by the Hamiltonian (3),
i.e., in the absence of spontaneous decay. It will help us to understand the effect of spin–
phonon coupling and also later compare with that of the dissipative dynamics. We assume
that the phonons along the x-direction are in a coherent state, whereas those along the
y-axis are in the vacuum state (zero phonon state). The ion on the left-hand side is prepared
in state |0⟩ and the right ion is in state |1⟩. Explicitly, the initial state is described by

|ψi⟩ = |αxαy⟩ ⊗ |0, 1⟩, (4)

where the coherent state is defined in terms of phonon Fock states as [59,60],

|α⟩ = e−
|α|2

2

∞

∑
n=0

αn
√

n!
|n⟩, (5)

where |n⟩ is the phonon Fock (number) state with n phonons. The phonon number operator
and its mean value are determined by Nξ = a†

ξ aξ , and ⟨Nξ⟩ = ⟨a†
ξ aξ⟩, respectively.

Upon solving the time-dependent Schrödinger equation i∂|ψ(t)⟩/∂t = H|ψ(t)⟩, we
analyze the spin and phonon dynamics with the parameters that are relevant to the current
experiment. The numerical simulation is performed in the {|g⟩, |0⟩, |1⟩} spin basis in the
tensor product with the phonon Fock basis. The average value ⟨O⟩ of an operator O is
then evaluated with ⟨O⟩ = ⟨ψ(t)|O|ψ(t)⟩. Considering the trap parameters used in ref. [30],
we obtain Gx = 2π × 0.22 MHz, and Gy = 2π × 0.86 MHz, ωx = 2π × 1 MHz, and
ωy = 2π × 1.6 MHz. We note that coupling Gξ can be increased, for example, by increasing
the principal quantum number [45]. We see that the spin population ⟨Sz⟩ = ⟨ψ(t)|Sz|ψ(t)⟩ is
not significantly affected as shown in Figure 2a. The expectation values ⟨Sx⟩ and ⟨Sy⟩ vanish,
as the coupling generates the spin configuration which is orthogonal to the initial state.
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Figure 2. Coherent quantum dynamics. Time evolution of (a) average values ⟨x⟩ and ⟨Sz⟩,
and (b) average phonon number ⟨Nx⟩ and ⟨Ny⟩. These quantities are obtained by solving the
Hamiltonian (3). In both figures, we consider different coupling (Gx, Gy) = 2π × (0.22, 0.86) MHz
(solid line), and (Gx, Gy) = 2π × (1, 1) MHz (dashed line), respectively. Other parameters are
αx =

√
2, αy = 0, ωx = 2π × 1 MHz, ωy = 2π × 1.6 MHz and γS = 0. The units of ⟨x⟩ are in nm.

Due to the spin–vibronic coupling, particularly Gx and the choice of the initial state,
⟨x⟩ oscillates around xm = 2ηxαx = 21.44 nm while ⟨y⟩ remains zero. This means that
the phonon wavepacket shows a localization around the initial location but not a tunnel
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to the other minimum at −xm, despite the energies at the two symmetric minima being
degenerate. This results from the geometric effect, where the phonon wavepacket will gain
a π phase shift when encircling the conical intersection. This phase leads to destructive
interference such that the wavepacket at the opposite minimum vanishes [10,30]. When the
coupling is weak, there is no significant change in the phonon number in both the x and y
directions as shown in Figure 2b. Increasing the coupling Gx results in a larger amplitude
of oscillation of ⟨x⟩. Here, the variation in the expectation value ⟨Sz⟩ does not change
significantly with the change in the coupling and exhibits small oscillation around −1 .
This value is close to the initial state. The phonon fluctuations ⟨Ny⟩ are relatively small,
whose value is related to ⟨Sz⟩. This is due to the parity symmetry, i.e., PHP† = H, where
P = SzeiπNy , is the parity operator [61,62]. Hence, (⟨Sz⟩+ ⟨Ny⟩) is a conserved quantity.
See Appendix A for details.

One can find that the spin and phonon dynamics are strongly correlated. Figure 3
shows correlations between the spin operators corresponding to Rydberg states and vi-
brational modes. The spin operator Sz only couples with the x phonon. One finds that
the expectation value ⟨xSz⟩ oscillates as shown in Figure 3a. Average values of the spin
operators Sx, Sy with the y phonon are non-zero (Figure 3b) due to the coupling Gy ̸= 0. Cor-
relations ⟨xSz⟩ and ⟨ySx⟩ become stronger by increasing the coupling Gx and Gy as shown
in Figure 3a,b. We note that other correlation terms, such as ⟨xSx⟩, ⟨xSy⟩, and ⟨ySz⟩ are
zero, as the coupling does not generate the correlations between the spins and phonons in
these directions.

(a)

0.5

0.0

1.0

0 1 2 3 4 5

0.5

1.0

1.5

(b)

0.00

0.05

0.10

0.15

0 1 2 3 4 5

Figure 3. Correlation between spin and phonon modes. We show (a) ⟨xSz⟩ and (b) ⟨ySx⟩. Here,
(Gx, Gy) = 2π × (0.22, 0.86) MHz (solid line), and (Gx, Gy) = 2π × (1, 1) MHz (dashed line),
respectively. Other parameters are αx =

√
2, αy = 0, ωx = 2π × 1 MHz, ωy = 2π × 1.6 MHz and

γS = 0.

3. Dissipative Vibronic Dynamics

With the illustration of the coherent CI dynamics, we now turn to the investigation of
the dissipative vibronic dynamics. Rydberg states have finite lifetimes and decay sponta-
neously to the ground state via many intermediate states [63]. Decay from the two Rydberg
states is our main concern, while we are not interested in details of the decay via the
intermediate states. With this consideration, we will employ a model in which Rydberg
states decay to the ground state, and the intermediate steps will be neglected. The level
scheme is given in Figure 1c. State |g⟩ is a low-lying state, where Rydberg states decay
directly or through cascade processes to the ground state. To be concrete, we will focus on
Sr+ ions in the simulation.

3.1. Rydberg Lifetime and Master Equation

Lifetimes in nS states are a few to a few tens of microseconds, while being much longer
(tens to hundreds of microseconds) in nP states when n > 30 as depicted in Figure 1d.
For example, we find lifetimes are 7.2µs and 158µs in 50S and 50P states of Sr+ ions,
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respectively. Lifetimes in nP states are one order of magnitude larger than nS states.
The difference between the lifetimes of these two states can be turned even larger by
increasing n. Trap frequencies and ion–phonon coupling are in the order of megahertz [30].
As we discussed earlier, one could obtain Gx = 2π × 0.22 MHz, and Gy = 2π × 0.86 MHz,
ωx = 2π × 1 MHz, and ωy = 2π × 1.6 MHz in typically linear Paul traps. As a result,
decay from Rydberg nS states will play immediate roles once the dynamics starts, whose
time scale is comparable to that of the trap frequency and spin–phonon coupling. Decay
from the nP state takes place at a much later stage, where the conical intersection is not
relevant, due to the decay in the nS state (i.e., the spin sector). In the following analysis, we
will focus on the decay in the Rydberg nS state (i.e., state |0⟩).

Taking into account the spontaneous decay of Rydberg states, the dynamics of the
system are governed by a master equation [60,64],

∂ρ

∂t
= −i[H, ρ] +D(ρ) (6)

where ρ is the density matrix of the spin and phonon states. The spontaneous decay from
Rydberg states |0⟩ to the ground state |g⟩ is described by Liouvillian operator D(ρ),

D(ρ) = ∑
j=1,2

γS(σ
j
g0ρσ

j
0g − {σ

j
0gσ

j
g0, ρ}/2), (7)

and γS represents the decay rate for the dissipation process. Our approach differs from the
work in ref. [26] in the sense that we employ the controllable state-dependent polarizability
and stronger dipole interactions in Rydberg states as opposed to the superconducting
circuits. In the latter case, the decoherence is due to the dephasing. We now analyze the
time evolution of the dissipative dynamics by solving the master equation numerically
using the Qutip toolbox [65]. We analyze time evolution of the phonon and spin dynamics
for the various coupling strengths and a given initial state.

3.2. Dynamics of the Collective Spin and Phonons

Figure 4 shows the dynamical evolution of the collective spins and phonons with the
initial state (4) in the presence of dissipation with different coupling parameters. With
the coupling Gx = 2π × 0.22 MHz and Gy = 2π × 0.86 MHz, it is evident from Figure 4a
that the non-zero expectation value of the spin operator |⟨Sz⟩| decreases with time and
attains a steady state with ⟨Sz⟩ = 0. This is expected, as eventually, state |0⟩ will decay to
|g⟩ at a later time. Note that ⟨Sz⟩ = 0 is not caused by equal populations in states |1, 0⟩
and |0, 1⟩ but by the fact that the collective spin sector is destroyed, i.e., spin state |0, 1⟩ is
eliminated. In other words, the expectation values of the collective spin are always zero.
This is also confirmed through our mean field calculation (see Appendix B). The mean
position⟨x⟩ of the x phonon oscillates with time, rapidly. Note that the oscillation of ⟨x⟩
persists, though ⟨Sz⟩ already reaches its steady value.

An interesting effect is observed for both the average phonon number ⟨Nx⟩ and ⟨Ny⟩
as shown in Figure 4b. Though there is no phonon loss term in the dissipative process
in the master equation, the coupling with the spins makes the average phonon number
decrease with time. It attains the steady state value ⟨Nx⟩steady and ⟨Ny⟩steady at a longer
evolution time. The parity symmetry of the Hamiltonian, on the other hand, is broken in
the master equation due to the decay in Rydberg states such that ⟨Ny⟩ = 0 in the steady
state. Increasing the coupling to Gx = Gy = 2π × 1 MHz, one finds larger amplitudes
in the expectation value of the x phonon mode that decreases with the time, as can be
seen in Figure 4b. It is clear that the average phonon number in the x phonon mode is
larger compared to the y phonon mode. This is largely due to the choice of the initial state,
i.e., αx > 0 and αy = 0. Initially, the y phonon is in the ground (zero phonon) state, which
is hardly affected by the spin–phonon coupling.
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Figure 4. (a) Average values of ⟨x⟩ and ⟨Sz⟩. (b) Average phonon number ⟨Nx⟩ and ⟨Ny⟩. Couplings
are (Gx, Gy) = 2π × (0.22, 0.86) MHz (solid line), and (Gx, Gy) = 2π × (1, 1) MHz (dashed line), re-
spectively, with the dissipation parameter γS = 0.13µs−1 for the Rydberg state 50S. Other parameters
are αx =

√
2, αy = 0, ωx = 2π × 1 MHz, and ωy = 2π × 1.6 MHz.

The correlations between spin operators associated with the Rydberg levels and
phonon also show intriguing properties. We can see that the correlation oscillates initially
and decays with time as shown in Figure 5. Eventually, all the correlations between spins
and phonons vanish at a longer time. This is because the left ion is occupied by state |g⟩
when t → ∞. As a result, the collective spin sector is gone completely. The time scale of the
damping is largely determined by the time scale of the collective spin operator, i.e., lifetime
in the state |0⟩. On the other hand, the correlation is robust against changing parameters.
By increasing the coupling of Gx and Gy, the oscillation amplitude changes insignificantly.

0 10 20 30 40

0.00

(b)

0.04

0.08

0.12

0.16
0 10 20 30 40

1.0

0.5

0.0

(a)

0.5

1.0

1.5

Figure 5. Correlation between spin and phonon modes in the dissipation regime. (a) ⟨xSz⟩ (b) ⟨ySx⟩.
Here (Gx, Gy) = 2π × (0.22, 0.86) MHz (solid line), and (Gx, Gy) = 2π × (1, 1) MHz (dashed line),
respectively. Other parameters are αx =

√
2, αy = 0, ωx = 2π × 1 MHz, ωy = 2π × 1.6 MHz and

γS = 0.13 µs−1.

3.3. Dynamics of Individual Rydberg Ions

We now investigate dynamics of individual ions, which allows us to understand
how state |0⟩ decays to state |g⟩, and hence results in our understanding of the time scale.
In Figure 6, we show the time variation in the population of various electronic states.
For the coupling case Gx = 2π × 0.22 MHz and Gy = 2π × 0.86 MHz, it is evident from
Figure 6a that the population in state |0⟩ of the left ion decreases with time. It happens as
the Rydberg state |0⟩ decays to the ground state |g⟩ and the population of the ground state
|g⟩ increases. At later times, the occupancy of the state |0⟩ of the left ion is zero, while it is
fully occupied by the |g⟩ state. The occupancy of the right ion remains in the level |1⟩, as
there is no spontaneous decay from this level. Instead, we observe weak oscillations due to
the spin–phonon coupling.
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Figure 6. Evolution of individual Rydberg ions with the coupling (a) (Gx, Gy) = (0.22, 0.86),
(b) (Gx, Gy) = (1, 1) for the decay rate γS = 0.13 µs−1. The population of the level ⟨σl

gg⟩ increases
due to the spontaneous decay from the level ⟨σl

00⟩. The population of the Rydberg state ⟨σl
00⟩ follows

an exponential decay e−γSt represented by the dotted black line. Population dynamics of the right
ion remains unaffected, as the decay of state |1⟩ is not taken into account due to its very long lifetime.

This simulation shows that the left ion completely decays to the state |g⟩. As a result,
the collective spin sector defined by Sξ does not exist anymore. As the CI is formed in
the collective spin sector, this means that the effect of CI decays due to the spontaneous
emission of the Rydberg state. However, when the coupling is as strong as it is for the
coupling case Gx = Gy = 2π × 1 MHz shown in Figure 6b, we see oscillatory behaviors
of the single spin quantities initially before the Rydberg state of the left ion decays to the
ground state. Compared to the dynamics of the collective spin sectors, the oscillation
amplitude is relatively small here. This suggests that it would be easier to observe the
oscillatory CI dynamics through measuring the collective spin states.

Note that this simulation has neglected the decay from the Rydberg state |1⟩. Including
the decay of the state |1⟩, time scales of the collective spin sector will not change dramati-
cally, as state |1⟩ will decay in a time scale given by 1/γ1. As γ ≫ γ1, such decay will be
much slower than the decay of the state |0⟩. As we are interested in the CI dynamics, the
decay of the state |1⟩ thus can be neglected in this study.

4. Summary and Conclusions

We have studied dissipative spin–phonon dynamics near a CI. The CI is engineered in
a system of two trapped Rydberg ions. The spins and phonons are coupled through the
long-range dipole–dipole interaction between the two Rydberg ions. We have considered
experimentally relevant situations, where the highly excited Rydberg states spontaneously
decay to the low-lying ground states [66]. Using a quantum master equation, we have
provided case studies to show that the interplay between the dissipation and spin–phonon
coupling influences the phonon and spin dynamics. When the spin–phonon coupling is
strong, it is found that oscillatory dynamics, due to the spin–phonon coupling, can be
observed before the collective spin sector decays completely. The time scale is largely deter-
mined by lifetimes of the Rydberg state with a larger decay rate (i.e., |0⟩). Though Rydberg
states have finite lifetimes, this study shows that the CI dynamics can be observed before
Rydberg states decay to the other low-lying electronic states. This work has focused on
the effect due to finite Rydberg lifetimes. Other factors, such as micromotions [38,67] and
motional heating [68], affect the dynamics of trapped ions in general. How the dynamics
near a conical intersection are affected by these factors is worth investigating in the future.
Such a study is of relevance to the current Rydberg ion experiments.
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Appendix A. Parity Invariance of the Physical Hamiltonian

Here, we show the parity symmetry associated with the Hamiltonian (3) such that the
total excitation number is a constant.

Using the bosonic and spin commutation relations, it can be shown that

eiπNy aye−iπNy = e−iπ
∞

∑
ny=0

√
ny + 1|ny⟩⟨ny + 1|

= −ay (A1)

SzSxSz = −Sx (A2)

and hence, we find that under the parity operation P = SzeiπNy , the bosonic and spin
operators transform into PaξP† = ±aξ where the minus sign appears in the ξ-phonon
mode along the y direction only and PSxP† = −Sx, PSzP† = Sz due to the commutative
property. It proves that the parity transformation leaves the Hamiltonian invariant, i.e.,

PHP† = H (A3)

Appendix B. Mean Field Equations

We employ the mean field (MF) analysis to explore the steady state of the system in
the long time limit. The time evolution of mean values ⟨O⟩ of an operator O is calculated
using the semiclassical approximation by neglecting two-body correlations [69]. Within this
approximation, we obtain equations of motion for various expectation values of operators,

Ȧ = −iωx A − iGx⟨Sz⟩,
Ḃ = −iωyB − iGy⟨Sx⟩,

⟨Ṡx⟩ = −2Gx⟨Sy⟩(A + A∗)− γS
2
⟨Sx⟩,

⟨Ṡy⟩ = 2Gx⟨Sx⟩(A + A∗)− γS
2
⟨Sy⟩,

⟨Ṡz⟩ = 2Gy⟨Sy⟩(B + B∗)− γS⟨Sz⟩,
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where we have defined A = ⟨ax⟩ and B = ⟨ay⟩. The solution for the steady state is obtained
by setting the derivative equal to zero. We find the simple steady state solutions, where
A = B = 0 and ⟨Sx⟩ = ⟨Sy⟩ = ⟨Sz⟩ = 0, i.e., the state is obtained with the vanishing
expectation values. This is not surprising, as the whole population will be occupied by the
state |g⟩ at long times. Such results also hint to us that we should focus on the transient
dynamics instead of the steady state. Due to the strong phonon and spin coupling, the mean
field approach will not be valid in the exploration of the dynamics, which is demonstrated
by the numerical simulation in the main text.
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