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Abstract: We study electromagnetically induced transparency in a three-level ladder type
configuration in ultracold atomic gases, where the upper level is an electronically highly excited
Rydberg state. An effective distance dependent two-body dephasing can be induced in a regime
where dipole-dipoles interaction couple nearly degenerate Rydberg pair states. We show that
strong two-body dephasing can enhance the excitation blockade of neighboring Rydberg atoms.
Due to the dissipative blockade, transmission of the probe light is reduced drastically by the
two-body dephasing in the transparent window. The reduction of transmission is accompanied by
a strong photon-photon anti-bunching. Around the Autler-Townes doublets, the photon bunching
is amplified by the two-body dephasing, while transmission is largely unaffected. Besides relevant
to the ongoing Rydberg atom studies, our study moreover provides a setting to explore and
understand two-body dephasing dynamics in many-body systems.
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1. Introduction

Electromagnetically induced transparency (EIT) [1–3] plays a pivotal role in quantum and
nonlinear optics [4–8] and has been investigated intensively in the past two decades [9–12].
Recently there has been a growing interest in the study of EIT using electronically highly excited
(Rydberg) states with principal quantum number n � 1. Rydberg atoms have long life times
(∼ n3) and strong two-body interactions (e. g. van der Waals interaction strength ∼ n11). The
distance dependent interaction can suppress multiple Rydberg excitation of nearby atoms, giving
rise to the so-called Rydberg excitation blockade. By mapping the Rydberg atom interaction
to light fields through EIT [13], strong and long-range interactions between individual photons
can be achieved. This permits to study nonlinear quantum optics at the few-photon level [14,15]
and find quantum information applications [16] to create single photon sources [17–19], filters
[13,20], subtractors [21,22], transistors [23,24], switches [25,26], and gates [27,28].

On the other hand, dephasing and decay of Rydberg atoms are unavoidable due to, e.g., atomic
motions and finite laser linewidth [29]. In the study of long time dynamics, it has been shown that
dissipation of individual atoms competes against the Rydberg interaction as well as laser-atom
coupling. The interplay leads to interesting driven-dissipative many-body dynamics, such as
glassy behaviors induced by single atom dephasing [30], bistability and metastability [31,32],
Mott-superfluid phase transition [33], emergence of antiferromagnetic phases [34], dissipation
controlled excitation statistics [35], and dissipation induced blockade and anti-blockade [36].
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Nonetheless, collective dissipative processes emerge in dense atomic gases, typically through
two-body dipolar couplings [37,38], leading to sub- and super-radiance.
In this work, we study Rydberg-EIT in a setting where both van der Waals interactions and

two-body dephasing are present. The latter could be induced by dipolar couplings between
different Rydberg pair states when they are nearly degenerate [31,39–52]. We derive a master
equation in which van der Waals (vdW) interactions and two-body dephasing (TBD) are both
present in a target Rydberg state. By directly diagonalizing the master equation of small systems
and applying superatom (SA) method for large systems [53], we study stationary properties of
the Rydberg-EIT due to the interplay between the coherent and incoherent two-body processes.
A key finding is that the blockade radius is enlarged by the two-body dephasing, which modifies
transmission and photon-photon correlation of the probe field.
The structure of the paper is as follows. In Sec. 2, the many-body Hamiltonian and master

equation that is capable to capture the two-body processes is introduced. In Sec. 3, the
modification of the blockade radius by the two-body dephasing is discussed. We achieve this by
numerically solving the master equation for two atoms, and analyze an effective Hamiltonian. In
Sec. 4, we solve the light propagation and atomic dynamics through the Heisenberg-Langevin
approach. We identify parameters where the transmission of the probe light is affected by the
TBD. Photon-photon correlations are drastically modified by the TBD in the transparent window
and around Autler-Townes splitting. The conclusion is given in Sec. 5.

2. Many-atom Hamiltonian and the master equation

We consider a cold gas of N Rb atoms, which are described by a three-level ladder type
configuration with a long-lived ground state |g〉, a low-lying excited state |e〉 with decay rate γe,
and a highly excited Rydberg state |d〉. The level scheme is shown in Fig. 1(a). Specifically these
states are given by |g〉 = |5S〉, |e〉 = |5P〉 and |d〉 = |nD〉. The upper transition |e〉 → |d〉 is
driven by a classical control field with Rabi frequency Ωd and detuning ∆d. The lower transition
|g〉 → |e〉 is coupled by a weak laser field, whose electric field operator and detuning is given by
Êp and ∆p, respectively. Long-range van der Waals (vdW) interactions Vjk = C6/R6

jk between two
atoms located at rj and rk (C6 and Rjk =

��rj − rk
�� the dispersion coefficient and atomic distance)

shift Rydberg states out of resonance, and hence affect transmission of the probe light [54–63].
The Hamiltonian of the system reads (~ ≡ 1)

Ĥ = Ĥ0 + V̂d (R) , (1)

where Ĥ0 =
∑N

j=1[∆pσ̂
j
ee +

(
∆p + ∆d

)
σ̂
j
dd] + [Ω̂pσ̂

j
eg + Ωdσ̂

j
ed + H.c] describes the atom-light

coupling. We have defined the Rabi frequency operator Ω̂p = gÊp with g the single atom coupling
constant [29]. V̂d (R) =

∑
j>k Vjkσ̂

j
ddσ̂

k
dd is the vdW interaction between Rydberg atoms. Here

σ̂
j
mn = |m〉j〈n| is the transition operator of the j-th atom.
A pair of atoms in the Rydberg |d〉 state can couple to other pairing states of similar energies

via dipole-dipole interactions, due to the small quantum defects in Rydberg |d〉 state as well as the
presence of Föster resonances. To avoid treat these background states explicitly, we will assume
atoms in the background states decay rapidly to the |d〉 state. This allows us to adiabatically
eliminate the molecular states, which leads to an effective, two-body dephasing in the |d〉 state
(see Appendix for derivation). Further taking into account of other decay processes, dynamics of
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Fig. 1. (a) Atomic levels. A weak probe field (Rabi frequency operator Ω̂p and detuning ∆p)
and a classical coupling field (Rabi frequency Ωd and detuning ∆d) couple the ground state
|g〉, intermediate state |e〉 and Rydberg state |d〉, respectively. Vjk and Γjk are long-range
van der Waals interaction and two-body dephasing. (b) A superatom is composed of three
collective state |G〉, |E〉 and |D〉. The collective coupling between states |G〉 and |E〉 is
enhanced by

√
N. (c) SAs with (blue solid line) and without (red dashed line) TBD in a

quasi one-dimensional atomic ensemble (length L). The number of SAs decreases as the
size of SAs increases.
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the many-atom system is governed by the following master equation

Û% = −i[Ĥ, %] + 2γe
∑
j

(
σ̂
j
ge%σ̂

j
eg −

1
2
{%, σ̂j

egσ̂
j
ge}

)
+ 2γd

∑
j

(
σ̂
j
dd %σ̂

j
dd −

1
2
{%, σ̂j

dd}

)
+

∑
j>k
Γjk

(
σ̂
j
ddσ̂

k
dd %σ̂

k
ddσ̂

j
dd −

1
2
{%, σ̂k

ddσ̂
j
dd}

)
,

(2)

where γd is single atom dephasing rate in state |d〉. Γjk = Γ6/R6
jk is distance dependent two-body

dephasing with Γ6 being a coefficient characterizing the strength of the TBD.

3. Two-body dephasing enhanced blockade effect

In this section, we study effects caused by the two-body dephasing in a two-atom setting. We
first calculate stationary states of two atoms by solving the master Eq. (2) numerically. Using the
stationary state solution, we evaluate the two-body correlation

C(R12) =
〈σ̂1

ddσ̂
2
dd〉

〈σ̂1
dd〉〈σ̂

2
dd〉

. (3)

Different values of C(R) give different statistics of the system. C(R)<1 [C(R)>] corresponds to
the anti-bunching (bunching) effect, where double Rydberg excitations are suppressed (enhanced).
The anti-bunching is associated to a sub-Poissonian statistics in the excitation while bunching a
super-Poissonian. In the special case C(R) = 1 Rydberg excitations are independent from each
other which follows a Poissonian distribution.
Dependence of the correlation on the atomic separation is studied under the two-photon

resonance (∆p + ∆d = 0). Simultaneous excitations of the two atoms are prohibited at short
distances, due to the vdW interaction and TBD. As a result, the correlation around R ≈ 0 is
negligible [see Fig. 2(a)]. The correlation increases rapidly at intermediate distances (around
R ∼ R0), and saturates at 1 when R→∞. When the single photon detuning (i.e. ∆p) is large, a
maximum correlation is found at intermediate distances [see marked data points in Fig. 2(a)].
Focusing on the large detuning regime, we find that heights of the maximal correlation decreases
but its location increases when the strength of the TBD increases, as shown in Fig. 2(b). Such
result indicates that the TBD enhances the blockade effect. More specifically, we will show that
the two-body dephasing can increase the blockade radius.

3.1. Blockade radius in the presence of TBD

Without TBDand for large single photon detuning, the blockade radius isR0 '
6
√
C6 |γe + i∆d | /Ω2

d,
due to the competition between the linewidth in the Rydberg state and the vdW interaction
[22,50,53,55,56,59,60,64–66]. Only one Rydberg atom can be excited in a volume determined
by the blockade radius R0 while multiple excitations are prevented by the vdW interaction.
When the TBD is present, the non-Hermitian Hamiltonian of the system is,

Ĥeff = Ĥ0 +
∑
j>k

(
C6

R6
jk
− i
Γ6

2R6
jk

)
σ̂
j
ddσ̂

k
dd, (4)

where the vdW interaction and TBD are grouped together. By treating the two terms as a complex
interaction, and using the same argument as we derived R0, a new characteristic radius Rb is
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Fig. 2. (a) Correlation function C(R) for ∆d = −∆p = −2π × 0.3 MHz (solid), ∆d =
−∆p = −2π × 2.0 MHz (dashed) and ∆d = −∆p = −2π × 4.0 MHz (dotted). A maximum
is found when the single photon detuning |∆p | = |∆d |) is large. Other parameters are
Γ6 = 2C6 and Ωp/2π = 0.5 MHz. (b) Correlation function C(R) with large single photon
detuning ∆d = −∆p = −2π × 4.0 MHz. Increasing the TBD rate Γ6, the maximal values
reduce gradually. (c) Rb v.s. Γ6. The location corresponding to the maximal value of the
correlation function is marked [see Fig. 2(b)]. ( d) Number Na of atoms per superatom and
(e) number NSA of superatoms in the one-dimensional atomic ensemble. As the blockade
radius increases with Γ6, the volume of a superatom becomes larger. Fixing the length of
the medium, the number of superatoms is reduced. Other parameters for panels (b-e) are
Ωd/2π = 2.0 MHz, γe/2π = 3.0 MHz, γd/2π = 10.0 kHz, C6/2π = 140GHz µm6, and
L = 1.0 mm.

obtained,

Rb '
6

√����1 − i Γ62C6

����R0, (5)

which depends on both the vdW interaction and TBD.
Especially this radius increases with the TBD rate Γ6. In the strong dephasing limit Γ6 � C6,

it is fully determined by the dephasing rate, Rb ∼
6
√
Γ6/2C6R0. Importantly the radius Rb is

identical to the distance corresponding to the maximal correlation, as shown in Fig. 2(b) and (c).
Such results are similar to the derivation of the blockade radius in conventional Rydberg-EIT
[66]. Hence we will treat Rb as an effective blockade radius for this dissipative optical medium.
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3.2. Enhancement of the blockade effect

As the blockade radius is increased by the TBD, the blockade effect is enhanced in a high
density atomic gas. In a blockade volume, the atoms are essentially two-level atoms (in
states |g〉 and |e〉). They behave as a superatom (SA) consisting of three collective states
[50,53,59,60,64,65], i.e the collective ground state |G〉 =

��g1, . . . , gNa

〉
, singly excited state

|E〉 =
∑

j
��g1, . . . , ej, . . . , gNa

〉
/
√
Na and |D〉 =

∑
j
��g1, . . . , dj, . . . , gNa

〉
/
√
Na [see Fig. 1(b)].

The number of the blocked atoms in the volume V = 4πR3
b/3 of a superatom is given by

Na = 4πρR3
b/3, where ρ is the density of the atomic gas. Hence the TBD increases the "mass"

(i. e. the number of atoms) of a superatom [see Fig. 1(c) and Fig. 2(d)]. In the weak probe
field limit, collective states containing two or more Rydberg excitations are prohibited from the
dynamics due to the blockade.
In the one dimensional case, the number of superatoms NSA = L/Rb reduces as the blockade

radius increases. However the number of atoms that are blocked Ntot = NSANa = 4πLρR2
b/3

increases with increasing blockade radius. Therefore we obtain less superatoms, while the total
number of blocked atoms (i.e. two-level atoms) is increased. These two-level atoms breaks the
EIT condition and causes light scattering. As a result the transmission is reduced when the TBD
rate is large.

4. Transmission and correlation of the probe light

In this section, we will study stationary properties of the weak probe light through the Heisenberg-
Langevin approach. We will work in the continuous limit, which is valid when the atomic density
is high. The one dimensional regime is realized when widths of light pulses are smaller than the
blockade radius.

4.1. Heisenberg-Langevin equations

Using the superatom model and the master Eq. (2) we obtain Heisenberg-Langevin equations of
light and atomic operators [53]

∂tÊp (z) = −c∂zÊp (z) + iηNσ̂ge (z) ,

∂tσ̂ge (z) = −
(
i∆p + γe

)
σ̂ge (z) − iΩ̂†p (z) − iΩdσ̂gd (z) ,

∂tσ̂gd (z) = −i
[
∆ + ŜV (z) − iŜΓ (z)

]
σ̂gd (z)

− γdσ̂gd (z) − iΩdσ̂ge (z) ,

(6)

where ∆ = ∆p + ∆d is the two-photon detuning. ŜV (z) =
∫
d3z′ρ (z′)C6/|z − z′ |6 σ̂dd (z′)

and ŜΓ (z) =
∫
d3z′ρ (z′) Γ6/2 |z − z′ |6 σ̂dd (z′) denote the interaction energy and TBD rate,

respectively. Both ŜV and ŜΓ are nonlocal in the sense that these quantities depend on the overall
density ρ(z) of the atomic gas and Rydberg state population.
Knowing the blockade radius, we solve the Heisenberg-Langevin equations of independent

SAs in the steady state and obtain the Rydberg excitation projection operator [53],

Σ̂DD (z) =
Naη

2Ê†p (z) Êp (z)Ω2
d

Naη2Ê
†
p (z) Êp (z)Ω2

d +
(
Ω2

d − ∆∆p

)2
+ ∆2γ2e

. (7)

The polarizability of the probe field is conditioned on the projection,

P̂ (z) = Σ̂DD (z)P2 +
[
1 − Σ̂DD (z)

]
P3 (8)
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where the polarizability becomes that of two-level atoms in a SA

P2 =
iγe

γe + i∆p
(9)

and that of three-level atoms otherwise

P3 =
iγe

γe + i∆p +
Ω2
d

γd+i∆

. (10)

It is clearly that optical response of a SA depends on the Rydberg projection operator (7), i.e.,
SAs behave like a two-level, absorptive medium due to Σ̂DD (z) = 1.

The transmission of the probe light is captured by the probe light intensity Ip (z) = 〈Ê†p(z)Êp(z)〉.
In the steady state, the intensity Ip (z) satisfies a first order differential equation,

∂z〈Ê
†
p(z)Êp(z)〉 = −κ(z)〈Im[P̂ (z)]Ê†p(z)Êp(z)〉, (11)

where κ(z) = ρ (z)ωp/(ε0cγe) denotes the resonant absorption coefficient. Similarly we find the
two-photon correlation function gp (z) = 〈Ê†2p (z)Ê2p(z)〉/〈Ê

†
p(z)Êp(z)〉2 obeys [53]

∂zgp(z) = −κ(z)Im[P2 − P3]〈Σ̂DD(z)〉gp(z). (12)

The blockade radius is encoded in the correlation function of photon pairs, which decays with
the rate proportional to the excitation probability 〈Σ̂DD〉 and absorption rate of a two-level atom
when photon separation is smaller than the blockade radius.

To solve Eq. (6)–(12) the 1D atomic medium is divided into NSA = L/(2Rb) superatoms, and
then we judge Rydberg excitation whether

〈
Σ̂DD (z)

〉
→ 1 or

〈
Σ̂DD (z)

〉
→ 0 in each SA one by

one via a Monte Carlo sampling. This procedure is repeated many times in order to evaluate
mean values.

4.2. Transmission of the probe field

The transmission of the probe field is characterized by the ratio of light intensities at the output
and input, i.e. Ĩp(L) = Ip (L) /Ip (0) with input values Ip (0). Without vdW interactions or TBD,
high transmission is obtained in the EIT window |∆p | ≤ |Ωd |

2/γe due to the formation of dark
state polaritons [3]. The vdW interaction will reduce the transmission. When turning on the
TBD, the transmission is further suppressed in the EIT window, see Fig. 3(a). Increasing the
TBD strength Γ6, the transmission Ĩp(L) decreases gradually [Fig. 3(b)]. A weaker transmission
indicates that there are more atoms prohibited from forming dark state polaritons [3]. This is
consistent with the analysis in Sec. 3B.
Outside the EIT window (|∆p |>Ω2

d/γe), the transmission first decreases with increasing
detuning ∆p. It arrives at the minimal transmission around the Autler-Townes splitting ∆p = ±Ωd.
In this region, the TBD is almost negligible [Fig. 3(a)]. Similar to the transmission of EIT in
a Rydberg medium [53], the medium enters a linear absorption regimes, where neither vdW
interactions nor TBD affects photon absorption dramatically.
In the following, we will focus on the transmission in the EIT window and explore how the

TBD interplays with other parameters. We first calculate the transmission by varying atomic
density and probe field Rabi frequency. To highlight effects due to the TBD, we calculate
differences of the transmission with and without TBD, δĨ = Ĩp(L) − Ĩ0p (L) where Ĩ0p (L) denotes
the light transmission when the TBD is turned off. The result is shown in Fig. 3(c). We find that
stronger probe field (larger Ωp) and higher atomic densities in general lead to more pronounced
TBD effect. The “phase diagram” shown in Fig. 3(c) allows us to distinguish TBD dominated
regions. To do so, we plot a phase boundary (dashed curve) when the difference δĨ>1%. Below
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Fig. 3. (a) Transmission v.s. the detuning ∆p for TBD rate Γ6 = 0 (dashed), Γ6 = C6
(dotted) and Γ6 = 32C6 (solid). (b) Dependence of the transmission on the TBD rate Γ6 at the
EIT resonance. The square and circle denote values of the transmission in (a) when Γ6 = 0
and when Γ6 = 32C6. (c ) Diagram of the transmission as a function of Rabi frequency Ωp
and atomic density ρ. A TBD active region is found when |δĨp(L)|>1% (dashed line). The
probe detuning ∆p = 0. (d) Diagram of the transmission as a function of TBD rate Γ6 and
Rabi frequency Ωp. Increasing Γ6 and Ωp will reduce the transmission. The latter is caused
by stronger blockade effect due to vdW density-density interactions. In panels (a), (b) and
(d), the atomic density is ρ = 0.5 × 1011 mm−3. Rabi frequency Ωp(0)/2π = 0.3 MHz in (a)
and (b). Γ6 = 32C6 in panel (c). Other parameters are same with that of Fig. 2.

this curve the transmission is largely affected by the vdW interactions while above this curve, the
atomic gas exhibits active TBD phase. Namely, the transmission is reduced significantly due to
the TBD.
In Fig. 3(d), we show the transmission by varying both the Rabi frequency Ωp and TBD rate
Γ6. Fixing Γ6, the transmission decreases with increasing Ωp. This results from the strong energy
shift caused by the vdW interaction [22,53] . On the other hand, the transmission decreases with
increasing Γ6 if one fixes Ωp, i.e. the EIT is dominantly affected by the TBD.
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4.3. Photon-photon correlation

The photon-photon correlation function exhibits nontrivial dependence on the TBD. The
normalized correlation function g̃p(L) = gp (L) /gp (0) at the exist of the medium is shown in
Fig. 4(a). In the EIT window, the correlation g̃p(L) becomes smaller when we turn on the
TBD. Increasing the TBD strength Γ6, the correlation decrease [see Fig. 4(a) and Fig. 4(b)]. A
smaller correlation indicates that anti-bunching becomes stronger. It is interesting to note that
the transmission is large [Fig. 3(a)] in the EIT window.

Fig. 4. (a) Second-order correlation function g̃p(L) versus the probe detuning ∆p/2π for
TBD rate Γ6 = 0 (dashed), Γ6 = C6 (dotted) and Γ6 = 32C6 (solid). (b) Dependence of the
second-order correlation function g̃p(L) on the TBD rate Γ6 when ∆p/2π = 0.0 MHz (black
solid) and ∆p/2π = 2.0 MHz (red solid). The dashed black curve (∆p/2π = 0.0 MHz) and
dashed red curve (∆p/2π = 2.0 MHz) denote the TBD rate Γ6 = 0. Other parameters are the
same as in Fig. 2.

In contrast, the correlation g̃p(L) is enhanced by the TBD outside the EIT window. We obtain
maximal correlations around the Autler-Townes doublet ∆p ≈ ±Ωd. Increasing Γ6, the maximal
value (bunching) is also increased [see Fig. 4(c)]. We shall point out that the transmission is the
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smallest at the Autler-Townes doublet. It might become difficult to observe the TBD amplified
bunching in this case, as the photon flux is low.

5. Conclusions

In summary, we have studied EIT in a one-dimensional gas of cold atoms involving highly
excited Rydberg states. In this model, each pair of atoms does not only experience the long-range
vdW interaction but also the nonlocal two-body dephasing. The TBD can enlarge the effective
blockade radius. We demonstrate that in the EIT window, the TBD enhances the blockade effect,
i.e. reducing the transmission and increasing photon-photon anti-bunching. Away from the
EIT window, the transmission is hardly affected by the TBD. However, the photon bunching is
amplified around the Autler-Townes doublet.
In the present work, we focused on stationary states of the probe light in a 1D setting. It is

worth studying how the combination of TBD and vdW interactions will affect propagating of
short light pulses, as well as transient dynamics [46,47]. In 2D and 3D, the angular dependence
of the effective dephasing will affect light propagation and Rydberg excitation dynamics in atomic
gases. We are exploring these physics based on the model studied in this work. Beyond cold
Rydberg atom physics, our work is relevant to the study of many-body physics and open quantum
systems. The master equation provides a setting to explore and understand many-body dissipative
dynamics and equilibrium phases that is influenced by two-body dephasing.

Appendix: derivation of the two-body dephasing operator

We consider a pair of atoms in Rydberg |d〉 state couple to a different Rydberg state |r〉 through a
molecular process. This is described by the HamiltonianHt = H+Hm, whereH is the Hamiltonian
given by Eq. (1), and the molecular Hamiltonian Hm describes the dipolar interaction between
the Rydberg states,

Ĥm = U(R12)(σ̂
1
drσ̂

2
dr + σ̂

1
rdσ̂

2
rd), (13)

with the dipolar interaction U(R12) = C3/R3
12. Moreover the state |r〉 decays to the |d〉 through a

single body spontaneous process. The dynamics is given by the master equation,

Û̂ρm = −i[Ĥm, ρ̂m]

+ γr
∑

j,k=1,2,j,k

(
σ̂
j
dr ρ̂mσ̂

k
rd −

1
2
{ ρ̂m, σ̂k

rdσ̂
j
dr}

)
. (14)

In the master equation, we assume that single body decay γr is large and the molecular coupling
is strong. The even weaker Hamiltonian H will be taken into account adiabatically.
We first focus on the subspace expanded by the two Rydberg states. Due to the strong single

body decay, the system rapidly reaches the equilibrium state. To consider different time scales,
the master equation Û̂ρ = (L0 + L1)ρ̂ is split into the fast (denoted by L0 ρ̂) and slow (denoted by
L1 ρ̂) parts, where

L0 ρ̂

γr
=

∑
j,k=1,2,j,k

(
σ̂
j
dr ρ̂mσ̂

k
rd −

1
2
{ ρ̂m, σ̂k

rdσ̂
j
dr}

)
,

L1 ρ̂ = −i[Ĥm, ρ̂m].
(15)

We will trace the fast dynamics and derive an effective master equation for the slow dynamics via
the second order perturbation calculation [67].

Here we define a projection operator P0 = limt→∞ etL0 , which projects the density matrix to the
subspace corresponding to the relatively slow dynamics, i.e. ρ̂ = P0 ρ̂m. The first order correction
vanishes P0L1P0 ρ̂m = 0. We then calculate the second order correction−P0L1(I−P0)L1P0 ρ̂m.
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A tedious but straightforward calculation yields an effective master equation depending on the
two-atom dephasing,

Û̂ρe ≈
2U2(R12)

γr

(
σ̂1
ddσ̂

2
dd ρ̂eσ̂

2
ddσ̂

1
dd −

1
2
{σ̂2

ddσ̂
1
dd, ρ̂e}

)
. (16)

Defining Γ12 = 2U2(R12)/γr and taking Hamiltonian H and other process into account adiabati-
cally, we obtain the master equation given in the main text (by further extending the approximate
result to the many-atom setting).
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