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Abstract: This paper studies the universal first-order Massey product of a prefactor-
ization algebra, which encodes higher algebraic operations on the cohomology. Explicit
computations of these structures are carried out in the locally constant case, with appli-
cations to factorization envelopes on R™ and a compactification of linear Chern—Simons
theory on R? x S!.
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1. Introduction and Summary

Prefactorization algebras [CG17,CG21] are a modern and versatile approach to quantum
field theory (QFT) with a broad range of applications, e.g. in topological [GG14,GW 19,
ES19,EG22], holomorphic [Wil17,Wil20,GW21] and Lorentzian [GR20,BPS19,BMS22,
GR22] settings. They are designed to axiomatize the algebraic structure of observables
in a QFT on a manifold M, possibly with additional geometric structure, such as an ori-
entation, a metric or a complex structure. In its most basic form, this algebraic structure
is relatively simple: To every suitable open subset U € M is associated a cochain com-
plex §(U) of observables and to every mutually disjoint family (Uy, ..., U,) € U of
suitable open subsets is associated a cochain map Q);_; F(U;) — F(U) that combines
observables in the small opens U; to an observable in the big open U. From a math-
ematical perspective, prefactorization algebras are algebras over a colored dg-operad
Py whose objects are suitable opens U € M and whose operations are mutually dis-
joint families of inclusions (Uy, ..., U,) € U. Depending on the flavor of QFT that
one intends to describe, there may be additional axioms. Most notably, in a topological
QFT, one demands that the structure map §(U) — F(U’) is a quasi-isomorphism for
every isotopy equivalence U C U’, which formalizes the intuition that observables in a
topological field theory depend only on the ‘shape’, but not on the ‘size’, of the subset
U C M. Prefactorization algebras § with this property are called locally constant and
they are related to factorization homology [AF15,CFM21].

In the discussion above, we have intentionally kept vague the term ‘suitable opens’
U C M for the objects of the prefactorization operad Py, in order to accommodate for
the different choices which appear in the literature. In the books of Costello and Gwilliam
[CG17,CG21] and follow-up works such as [IR23], the default choice is to consider all
open subsets U € M. In contrast to this, Lurie considers only topological open disks
D C M, i.e. open subsets which are homeomorphic to R” with m = dim(M), see
[LurHA, Definition 5.4.5.6 and Remark 5.4.5.7]. The latter choice is consistent with the
one of Ayala and Francis by noting that what they define in [AF15, Definition 2.9] is not
the operad Py but rather its monoidal envelope 731%1, which is a universally constructed
symmetric monoidal category whose objects are tuples of the objects of Py;. (In this
case these are finite disjoint unions of disks.) In our paper we follow [LurHA, AF15]
and focus on disks D € M rather than general open subsets U € M.

Cochain complexes appear in prefactorization algebras as a manifestation of the BV
formalism from theoretical physics. They are necessary to capture the rich and interesting
homological phenomena that arise from gauge symmetries and the complicated dynam-
ical behavior of QFTs. The world of cochain complexes is naturally oco-categorical,
with higher morphisms given by (higher) cochain homotopies and equivalences given
by quasi-isomorphisms, which leads to conceptual and also practical difficulties when
working with prefactorization algebras. The main complication is that cochain com-
plexes may contain redundancies, e.g. one can replace the complex of observables §(U)
with a much bigger quasi-isomorphic complex (in physics terminology, this corresponds
to introducing ‘auxiliary fields’), hence it is difficult to give a concrete interpretation of
elements in §(U). One way to circumvent such issues is to take the cohomology HF of
the prefactorization algebra, which produces a prefactorization algebra that takes values
in graded vector spaces (i.e. cochain complexes with trivial differential). Unfortunately,
this construction in general forgets/truncates some of the structure of the original pref-
actorization algebra §, except in very special cases where § is formal. Using more
sophisticated technology from operad theory, there are ways to recover the entire struc-
ture of § at the level of the cohomology HF. The relevant concept is the so-called
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homotopy transfer theorem (see e.g. [LV12]), or more specifically the minimal model
construction, which allows one to transfer the prefactorization algebra structure on §
to an oco-prefactorization algebra structure on HF, such that there exists an equivalence
HF ~ §.

The main goal of this paper is to describe the first, potentially non-trivial, higher
structure of the cohomology co-prefactorization algebra HF, and to illustrate this struc-
ture by simple examples. Abstractly, it is given by the universal first-order Massey
product [Mur23a,Mur23b]. It is realized by a cohomology class, constructed from any
choice of minimal model, that describes the first-order obstruction of § being formal
[Dim12]. The advantage of this cohomology class, in contrast to a minimal model, is
that it is insensitive to the choice of minimal model, hence it does not suffer from any
redundancy or dependence of auxiliary choices. We would like to mention that there
also exist successive higher obstruction classes [Dim12], or in other words higher-order
Massey products [FM23], which encode higher-order obstructions to § being formal. In
the present paper, we restrict our attention to the simplest case of universal first-order
Massey products, but we hope to come back to their higher-order variants in a future
work.

The main mathematical tools that we use for formulating and proving our results
are from homotopical algebra and operad theory, see e.g. the influential works [Hin97,
Hin15] and the comprehensive monograph [LV12]. Similar techniques have been used
previously in the context of prefactorization algebras. For instance, Carmona, Flores and
Muro [CFM21] describe the abstract homotopy theory of prefactorization algebras and
factorization algebras, which are variants satisfying a descent condition, using model cat-
egory theory and Bousfield localizations. A more concrete and computational approach,
based on Koszul duality of dg-operads, was studied recently by Idrissi and Rabinovich
in [IR23]. Their main result is a proof that a certain variant of the prefactorization operad
(whose objects are all open subsets and not only disks) is Koszul, which implies that
there exists a quite concrete model for homotopy-coherent prefactorization algebras, a
homotopy transfer theorem, and hence a concept of minimal models in this case.

The outline of the remainder of our paper is as follows. In Sect. 2, we recall the rel-
evant background on operadic homological algebra, following mainly the presentation
of Loday and Vallette [LV12], but slightly generalizing their constructions to the case
of colored dg-operads. More specifically, we recall the operadic bar-cobar adjunction,
which allows us to determine a semi-free resolution P, — P of any augmented col-
ored dg-operad P, and hence a concept of homotopy-coherent P-algebras, also known
as Poo-algebras. With these methods we also obtain a homotopy transfer theorem, as
well as a minimal model construction. We conclude this section with an explicit and
computationally accessible description of the cohomology class that describes the uni-
versal first-order Massey product, slightly generalizing the constructions in [Dim12] and
[Mur23a,Mur23b] to the case of colored operads.

In Sect. 3, we apply these homological techniques to prefactorization algebras on a
manifold M, thereby obtaining an explicit description of the minimal model and the
universal first-order Massey product of any prefactorization algebra §. In the special
case of a locally constant prefactorization algebra § on M = R™, which as explained
above describes a topological QFT on the Cartesian space, we prove some non-trivial
results that provide a simplified model for the cocycle that determines the universal first-
order Massey product, see in particular Proposition 3.7. In Sect. 3.4 we determine a very
simple and computationally accessible invariant for a locally constant prefactorization
algebra on the 2-dimensional Cartesian space R?, which provides sufficient conditions
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for proving non-triviality of the universal first-order Massey product. In contrast to
the entire cohomology class that defines the universal first-order Massey product, our
invariant has pleasant algebraic properties, namely it is given by a degree —1 Poisson
bracket, i.e. alP;-algebra structure, see Theorem 3.12. This allows us to make contact with
the result of Lurie [LurHA, Theorem 5.4.5.9], see also [AF15] and [CFM21], that locally
constant prefactorization algebras on R™ are equivalent to E,,-algebras. (See Remark
3.9 for further explanations and comments on this point.) We would like to emphasize
that our Poisson bracket invariant has the practical advantage that it is described very
explicitly, hence it can be computed in examples. A more physical approach towards
such higher structures, in the context of supersymmetric QFTs, has previously appeared
in [BBBDN20].

In Sect. 4, we illustrate and apply our results to the factorization envelope § = g
on the m-dimensional Cartesian space R, where ng = g ® Q, denotes the local
dg-Lie algebra determined by an ordinary Lie algebra g and the sheaf of de Rham
complexes Qp,, on R™.In m = 1 dimensions, we prove that ilgR is formal, i.e. there do
not exist higher structures. We also show by an explicit computation, using homological
perturbation theory and homotopy transfer, that the cohomology of $g® is equivalent
to the associative and unital algebra (Sym(g), +, 1) with multiplication % given by the
Gutt star-product [Gut83]. This provides an alternative proof for the result in [CG17,
Proposition 3.4.1]. In m > 3 dimensions, we prove that the cohomology of {gR" is
simply given by the associative, unital and commutative algebra Sym(g[1 — m]) and
that the universal first-order Massey product is trivial. We expect that in this case there
are non-trivial higher obstruction classes [Dim12], i.e. higher-order Massey products
[FM23], but we do not attempt to describe these in our work. The most interesting

RrR™

case for us is m = 2 dimensions, where we prove that the cohomology of ngRz is the
associative, unital and commutative algebra Sym (g[—1]) and that the universal first-order
Massey product is non-trivial. This non-triviality follows from a detailed investigation
of the simple 2-dimensional Poisson bracket invariant from Sect. 3.4. Hence, with our

methods we are able to show that the 2-dimensional factorization envelope ilng isa
non-formal prefactorization algebra, and we are able to compute explicitly to first order
the higher structures that cause this non-formality.

In Sect.5 we study linear Chern—Simons theory §g with structure group G = R,
another simple example of a locally constant prefactorization algebra. When defined on
M = R3, we find similarly to the case of factorization envelopes in Sect. 4 that the uni-
versal first-order Massey product is trivial, but we again expect that there are non-trivial
higher obstruction classes, i.e. higher-order Massey products. In order to exhibit a non-
trivial universal first-order Massey product, we consider the compactification of linear
Chern—Simons theory on M = R? x S!, which we regard as a 2-dimensional prefactor-
ization algebra along R?. We show that the cohomology of Scg is the associative, unital
and commutative algebra Sym(H(‘lR (Sl)), with H3, (S") the de Rham cohomology of
the circle S!, and that the universal first-order Massey product is non-trivial. For the lat-
ter conclusion we again compute explicitly the 2-dimensional Poisson bracket invariant
from Sect. 3.4.

2. Background on Operadic Homological Algebra

In this section we recall some relevant concepts and homological tools from operad the-
ory that are needed for this work. This also allows us to fix our notations and conventions.
We refer the reader to [LV12] for further details.
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2.1. Cochain complexes. Let us fix a field K of characteristic 0. We work with coho-
mological degree conventions and denote by Ch the category of cochain complexes of
K-vector spaces. This category is closed symmetric monoidal with respect to the usual
structures that we shall briefly recall. The tensor product V @ W € Ch of two cochain
complexes V and W is the cochain complex defined by

vewy =@ (v ew) (2.12)
JEZ
for all i € Z, and the differential
dyew@®w) = ([dyv) @ w+(—DH"v @ [dyw), (2.1b)

for all homogeneous v € V and w € W, where |v| € Z denotes the cohomological
degree. The monoidal unit is K € Ch, regarded as a cochain complex concentrated in
degree 0 and endowed with the trivial differential. The symmetric braiding is given by
the Koszul sign rule

T:VOW — WV, vw —> (=D y v (2.2)

on homogeneous elements v € V and w € W. The internal hom [V, W] € Ch between
two cochain complexes V and W is the cochain complex defined by

[V. W] := []Homg(V/, wi*), (2.3a)

JjEZ
for all i € Z, where Homy denotes the vector space of linear maps, and the differential
L :==dy L— (=D Ld,, (2.3b)

for all homogeneous L € [V, W].

Given any integer p € Z and cochain complex V € Ch, our convention for the
p-shifted cochain complex V[p] € Chis V[p]' := V'*? foralli € Z, and dv[
(=hHrd,.

Pl =

2.2. Operads and cooperads. Let us fix a non-empty set C € Set, which will play the
role of the set of colors (or objects) for our operads. We denote by X the groupoid
whose objects are (possibly empty) tuples ¢ := (c1, .. ., ¢,) of elements in C and whose
morphisms are right permutations ¢ = (¢1, ..., ¢y) = ¢o = (Cs(1), - - - » Co(n)), Where
o € %, is an element of the permutation group on n letters. The category of symmetric
sequences is defined as the functor category

SymSeq := Ch¥c*C, (2.4)

Explicitly, this means that an object is a functor X : ¥¢c x C — Ch assigning to
each (¢, ¢) = ((c1, - .., cn), ¢) a cochain complex X (z) € Ch and to each permutation
(c.¢) = (co,c) a cochain map X (¢) — X(co), and that a morphism X — Y is a
family of cochain maps X (¢) — Y(¢), for all (c, c), that is equivariant with respect
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to permutations. The category SymSeq is monoidal with respect to the circle-product
X oY € SymSeq, which is defined object-wise by the coend formula

. aexc p(by...b)eTE . a @
xon@ = [ [ Ze(br, b0 ) 9 X OV () 0 V().
2.5)

for all (¢, c¢), where k denotes the length of the tuple a = (ay, ..., ax) and X¢ ((lgl, e,
by), g) € Set the Hom-set in X¢. The Set-tensoring on cochain complexes is defined by
®:SetxCh — Ch, SxV = SQ®V =&, ¢ V. The monoidal unit /, € SymSeq
for the circle-product is

K, ifc=c,

o . _
lo(d) = Pele, O 8K = 0, else,

(2.6)

for all (c, ¢).

Definition 2.1. (a) A (C-colored symmetric dg-)operad is an associative and unital
monoid P = (’P, y : PoP —> P1:1, — P) in the monoidal category
(SymSeq, o, I,). We denote the category of operads by Op-. An augmented op-
erad is a pair (P, €) consisting of an operad P and an operad morphisme : P — [.
We denote the category of augmented operads and augmentation preserving mor-
phisms by Op?g.

(b) A (C-colored symmetric dg-)cooperad is a coassociative and counital comonoid
C= (C, A:C—->ColC,e:C— Io) in the monoidal category (SymSeq, o, I,).
We denote the category of cooperads by CoOp,. A coaugmented cooperad is a
pair (C, 1) consisting of a cooperad C and a cooperad morphism 1 : I, — C.
We denote the category of coaugmented cooperads and coaugmentation preserving

morphisms by CoOpccoaug. The full subcategory of conilpotent cooperads is denoted

by CoOpCCOnil - CoOpccoaug, see e.g. [LV12, Section 5.8] for the definition of a
conilpotent cooperad.

We briefly recall the construction of free augmented operads and of cofree conilpotent
cooperads in terms of tree modules, see [LV12, Section 5] for the details. Given any
X € SymSeq, we define inductively a family of SymSeq--objects by

ToX =L, T,X = L& (XoT,_1X), (2.7a)

forall n > 1, and a family of SymSeq-morphism ¢, : T,—_1 X — T, X by the inclusion
mapt; : ToX =1, — I, dX =T X and

tw =id® ([doty_1) : Ld(XoTy2X) — L®(XoTy1X),  (2.7b)
for all n > 2. The tree module is then defined as the colimit
TX := colim,,(T,X € SymSeq, (2.7¢)

in the category of symmetric sequences. This admits a graphical interpretation in terms
of C-colored rooted trees whose vertices are ordered and decorated by elements of X
that match the color pattern given by the tree.

A model for the free augmented operad associated with X € SymSeq( is given by

TX := (TX,y,1,€) € Opg* (2.8)
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with composition y : TX o TX — TX given by grafting of trees, unit 1 : I, — TX
the inclusion of I, = Ty X into the colimit, and augmentation € : TX — I, induced by
the projections pr; : T, X = I, ® (X o ']I‘n_lX) — I,. The universal property of the
free augmented operad functor T : SymSeq. — Op?lg is that it is left adjoint to the
forgetful functor U : Opeéug — SymSeq., (P,y,1,¢) — P :=ker (e P — IO) that
assigns the augmentation ideal.

A model for the cofree conilpotent cooperad associated with X € SymSeq is given
by

T°X := (TX, A, e 1) € CoOpi™! (2.9)

with decomposition A : TX — TX o TX given by degrafting of trees, counite : TX —

I, induced by the projections pry : T, X = IOGB(X oT,— 1X) — I,, and coaugmentation

1 : 1, — TX the inclusion of I, = ToX into the colimit. The universal property of
conil

the cofree conilpotent cooperad functor T¢ : SymSeq. — CoOpF™ is that it is right
conil

adjoint to the forgetful functor U° : CoOp™ — SymSeq., (C, A, 1,¢) — C =
coker(1 : I, — C) that assigns the coaugmentation coideal.

2.3. Operadic bar—cobar adjunction. The operadic bar-cobar adjunction

Qo CoOpCC"nil 1L Op}éug : B

(2.10)

introduces a fruitful interplay between augmented operads and conilpotent cooperads.
Its relevance in the context of our paper is that it allows us to construct a semi-free
resolution

P := QBP — P (2.11)

of an augmented operad P € Op?g, which provides a concept of homotopy-coherent
‘P-algebras (in terms of ordinary Py, = 2BP-algebras) that is stable under homotopy
transfer. A detailed description of the bar-cobar adjunction is spelled out in [LV12,
Section 6.5], but we will briefly sketch the relevant steps in order to fix our notations.
The bar construction B assigns to an augmented operad P = (P, y, 1,¢) € Opacug

the semi-cofree conilpotent cooperad
BP := TP[l], := (T°P[1], dpppy +dy) € CoOpE™ (2.12)

that is given by forming the cofree conilpotent cooperad (2.9) over the 1-shifted aug-
mentation ideal P[1] = ker(e)[1] € SymSeq. and then deforming its differential by a
coderivation d,, that is constructed out of the operadic composition map y of P.

The cobar construction €2 assigns to a conilpotent cooperad C = (C, A,€,1) €
CoOpX! the semi-free augmented operad

QC = TC[-1]a = (TC[—1].dyg_;,+da) € Opg® (2.13)

thatis given by forming the free augmented operad (2.8) over the (—1)-shifted coaugmen-
tation coideal C[—1] = coker(1)[—1] € SymSeq, and then deforming its differential
by a derivation d that is constructed out of the cooperadic decomposition map A of C.
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One proves that (2.10) is indeed an adjunction by using an intermediate step

Hom s (QC,P) = Tw(C,P) = Hom C,BP) (2.14)

Coopfémil (
that relates morphisms in these categories to so-called operadic twisting morphisms.
The latter are degree 1 elements « € [C, P]' in the cochain complex

C, Pl = / [C(©).P()] € Ch (2.15)
(¢c,c)excxC

of natural transformations between C, P € SymSeq, constructed as usual in terms of
an end over the internal hom complexes (2.3), that annihilate the (co)augmentations, i.e.
al1¢ =0 and ep o = 0, and satisfy the Maurer—Cartan equation

da+axa =0 (2.16a)
with respect to the convolution product

axa: €20 ConyC 2% Pogy P U P (2.16b)

The subscripts (1) denote the infinitesimal composites from [LV12, Section 6.1], which
are linearizations of the circle-product (2.5) in the right entry. The identifications in
(2.14) then work as follows: By semi-freeness of 2C, the datum of an Ope(l;Ll -morphism
QC — P is equivalent to a degree 0 map C[—1] — P, or equivalently a degree 1
map C — C — P — P annihilating the (co)augmentations, that due to the definition
of the differential on (2.13) satisfies the Maurer—Cartan equation (2.16). Similarly, by
semi-cofreeness of BP, the datum of a C00p°°nll morphism C — BP is equivalent
to a degree 0 map C — P[1], or equivalently a degree I mapC — C — P — P
annihilating the (co)augmentations, that due to the definition of the differential on (2.12)
satisfies the Maurer—Cartan equation (2.16).

Remark 2.2. The bijections in (2.14) can be generalized to the case where the operads are
not augmented. Given any non-augmented operad P = (P, y, 1) € Op, one defines
similarly to (2.12), but without taking an augmentation ideal,

B™P := T°P[1], := (T°P[1], dreppj +dy,) € CoOpE™. (2.17)

We further write QC € Op for the non-augmented operad given by forgetting the
augmentation of the cobar construction in (2.13). Then one has bijections

Homy, (€, P) = Tw™(C, P) = Homyqcon (C. B™P), (2.18)
where the relevant twisting morphisms in this case are degree 1 elements « € [C, P]'
that annihilate the coaugmentation « 1 = 0, but of course not an augmentation since
there is none, and satisfy the Maurer—Cartan equation (2.16). It is important to stress

that, even though one has an adjunction €2 - B™ in the non-augmented case, its counit

QBap l> P does not define a resolution of the non-augmented operad P € Op.

This is inessential for the purpose of our paper since we are using (2.18) only as a tool to
relate the different equivalent models for homotopy-coherent algebras over an augmented
operad. As a side-remark, resolutions of non-augmented operads can be constructed from
the curved bar-cobar adjunction [HM12,LeG19], but this is not needed in our paper.
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2.4. Algebras and coalgebras. We have to introduce some further terminology before
we can define the important concepts of (co)algebras over (co)operads. A symmetric
sequence N € SymSeq is called a C-colored object if

N() = 0 € Ch, (2.19)

for all (c, ¢) with ¢ = (cy, ..., c,) a tuple of length n > 1. The full subcategory of
C-colored objects is thus given by the functor category Ch® C SymSeq, i.e. an object
N € Ch€ is simply a family of cochain complexes {N(c) = N (é) € Ch}.cc. From
the definition of the circle-product (2.5), one immediately observes that it restricts to a
functor

o : SymSeq. x Ch® — Ch¢, (2.20a)
which for X € SymSeq. and N € ChC is given explicitly by
ae¥c
xom@ = [ X@eN@® 8N, (2.20b)
for all ¢ € C. This implies that (Ch€, o) is a left-module category over the monoidal

category (SymSeq, o, [,).

Definition 2.3.(a) Let P = (P, y,1) € Opc be an operad. A P-algebra is a pair
(A, ya) consisting of an object A € Ch® and a Ch®-morphism y4 : Po A — A
(called left action) that satisfies the axioms of a left module, i.e.

idoya Toid

PoPoA —— PoA I,oA —— PoA
yoidl J{VA N J/VA . 2.21)

A morphism f : (A, y4) — (B, yp) of P-algebras is a Ch®-morphism f : A — B
that preserves the left actions, i.e. yp (id o f) = f ya. We denote the category of P-
algebrasby Algp. If P = (P, y, 1,¢) € Opgjg is an augmented operad, the category
of P-algebras is defined as the category Algp of algebras over the underlying operad
Py, 1).

(b)y Let C = (C, A,e) € CoOp be a cooperad. A C-coalgebra is a pair (D, Ap)
consisting of an object D € Ch® and a Ch®-morphism Ap : D — C o D (called
left coaction) that satisfies the axioms of a left comodule, i.e.

D —22 ,cop D22, ¢cop
AD\L lidoAD ~ léoid . (222)
CoD ——= CoCoD I.,oD
Aoid

A morphism f : (D, Ap) — (E, Ag) of C-coalgebras is a Ch®-morphism f :
D — E that preserves the left coactions, i.e. (id o f) Ap = Ag f. We denote the

conil/coaug .

category of C-coalgebras by CoAlge. If C = (C, A,€,1) € CoOp, isa
conilpotent (or coaugmented) cooperad, the category of C-coalgebras is defined as
the category CoAlg, of coalgebras over the underlying cooperad (C, A, €).
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Remark 2.4. 1t is sometimes useful to work with an equivalent description of P-algebras
that uses the concept of endomorphism operads. For this we recall that the monoidal
category (SymSeq, o, I,) is right closed, i.e. there exists an internal hom functor
[—, —1o: SymSeq% x SymSeq, — SymSeq such that

Homgymseq (X © Y, Z) = Homgymseq (X, [Y, Z1o). (2.23)

forall X, Y, Z € SymSeq.. When applied to a left action y4 : P o A — A, this defines
an Op-morphism (denoted with abuse of notation by the same symbol)

ya : P — Endy = [A, Al (2.24)

to the endomorphism operad associated with A € Ch®. The endomorphism operad
End4 = (Endy, y, 1) is given concretely by the symmetric sequence that is defined by

Ends(§) = [A(c) ® -+ ® A(cn), A(©)] € Ch, (2.25)

for all (c, ¢), where on the right-hand side [—, —] denotes the internal hom (2.3) in Ch,
with y : Endg o Endy — Endy4 defined by composing maps and 1 : I, — Endg
assigning the identity maps.

2.5. Homotopy-coherent P-algebras. Let P = (P,y,1,¢€) € Op‘rglg be an augmented
operad. Using the bar-cobar adjunction (2.10), one obtains a semi-free resolution Py, :=
QBP = P of P that allows one to introduce a concept of homotopy-coherent P-
algebras.

Definition 2.5. A P-algebra is an algebra (A, y4 : Poo 0 A — A) € Algp_ over the

augmented operad Po, := QBP € Opeéug given by the semi-free resolution QBP = P.
A strict morphism f : (A, ya) — (B, yp) of Pxo-algebras is an ordinary P,-algebra
morphism, i.e. a Ch®-morphism f : A — B satisfying yp (id o f) = f ya.

Although conceptually very clear, this definition is impractical for concrete compu-
tations because Poo, = QBP € Op?Jg is a complicated operad that is obtained from
‘P by taking twice a tree module, see (2.12) and (2.13), i.e. it consists of trees whose
vertices are decorated by trees whose vertices are decorated by elements of P. This can
be simplified considerably by making use of the endomorphism operads from Remark
2.4 and the variant of the bar-cobar adjunction from Remark 2.2. Indeed, the datum of
a left action y4 : QBP o A — A is equivalent to an Op,-morphism (denoted with
abuse of notation by the same symbol) y4 : 2BP — Endy4 to the endomorphism op-
erad associated with A. Via bar-cobar, the latter can be expressed in the following three
equivalent ways

Homop,. (2BP, Ends) = Tw"(BP,Ends) = Hom o peoni (BP,B™End,).
(2.26)

The phenomenon of having available multiple useful descriptions of P..-algebra struc-
tures is known as the Rosetta Stone in [LV12, Theorem 10.1.13]. The latter comes with
one further equivalent description that we will briefly recall. Given a P;-algebra struc-
ture that is described, say, by a twisting morphism o € Tw"(BP, End,), i.e. a degree 1
element & € [BP, End4]' that annihilates the coaugmentation « Igp = 0 and satisfies
the Maurer—Cartan equation (2.16), one can use that End4 = [A, A], is given by the
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internal hom in SymSeq in order to identify o with a degree 1 element (denoted by
the same symbol) o € [BP o A, A]'. Interpreting BP o A as a cofree coalgebra over
BP e CoOp%Oml, with left coaction Agp oid : BPoA — BPoBPo A, one can extend
the element (egp o id) dgpos +@ € [BP o A, ALl given by adding « to the differential
on BP o A to a deformed differential on BP o A. (This differential squares to zero
as a consequence of the Maurer—Cartan equation, see [LV12, Proposition 10.1.11].)
Hence, the datum of a Py;-algebra structure on A is equivalent to a deformation of
the cofree coalgebra BP o A € CoAlggp to a semi-cofree one, which we denote by
(BP o A)y € CoAlggp. The latter point of view is useful to introduce a weaker concept
of morphisms between Po.-algebras.

Definition 2.6. Consider two Poo-algebras (A, ya), (B, yp) € Algp_ and denote by
o, B the twisting morphisms corresponding to the left actions y4, yp. An co-morphism
¢ : (A, ya) ~ (B, yp) between Pys-algebras is an ordinary CoAlggp-morphism ¢ :
(BP o A)y — (BP o B)g between the associated semi-cofree coalgebras. An oco-
morphism is called an co-quasi-isomorphism if the composite morphism

1gpoid oid
A= ILoA 2% BPoA)y —— BPoB)y %5 ,oB=B (227)

is a quasi-isomorphism in Ch®, i.e. an object-wise quasi-isomorphism of cochain com-
plexes.

There exist other equivalent descriptions of co-morphisms, see [LV12, Section 10.2],
but these will not be needed in our paper.

2.6. Homotopy transfer and minimal models. Consider any homotopy retract

AN
B i Agh (2.28)

in the category Ch of C-colored objects. This consists of two quasi-isomorphisms
i B — Aand p : A — B in Ch®, and a homotopy & € [A, A]™!, such that
oh=1ip—id.

Theorem 2.7 (Homotopy transfer theorem). Let P = (P, y, 1,¢€) € Op?:ug be an aug-

mented operad. Any Pso-algebra structure on A € ChC can be transferred along the
homotopy retract (2.28) into a Pso-algebra structure on B € Ch® such that i extends
to an co-quasi-isomorphism.

The proof of the homotopy transfer theorem is constructive and rather explicit, see
[LV12, Theorem 10.3.1], but it heavily uses the identifications given by the Rosetta Stone
(2.26). Since we are interested in explicit computations, we have to spell out concretely
how the transferred Pyo-algebra structure on B can be computed from the given Poo-
algebra structure on A. For the applications considered in this paper, it suffices to consider
the case where A is endowed with a strict P-algebra structure y4 : P — Enda. Ap-
plying the bar construction we obtain a CoOp&™!-morphism @ : B — B"End 4 that,
via the Rosetta Stone, gives an equivalent description of the given P-algebra structure
ya. Explicitly, when interpreted in terms of trees, @ sends a tree that is decorated with
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operations in P[1] to the same tree, but now decorated with the corresponding operations
in End 4[1] that are obtained from the left P-action y4 : P — End 4. (See (2.32) below
for an illustration.) The transferred Px,-algebra structure on B € Ch€ is then given by

the composite CoOpz?“il—morphism

B: BP —% B®End, —Y B™Endg, (2.29)

where W is determined from the homotopy retract (2.28) by the construction given in
[LV12, Proposition 10.3.2]. Because B"™Endp € CoOpCCOml is semi-cofree, this mor-
phism is fully determined by projecting onto cogenerators

(B: BP —"> B™Ends —— B™Ends —— Endg[1] ) € [BP, Ends(1]]",
(2.30)

which equivalently defines a degree 1 element 8 € [BP, Endp]' thatsatisfies 8 1gp = 0
and, as a consequence of the Rosetta Stone, the Maurer—Cartan equation (2.16). This
defines the transferred P,-algebra structure on B € Ch€.

Let us illustrate how the map B in (2.30) can be computed by using an example.
Recall that an element in BP is a (C-colored rooted) tree whose vertices are ordered and
decorated by elements in P[1]. The following picture gives an example

|
MZ/MI\MS
SN N\,
N

where for notational convenience we suppress the C-colors. (Recall that each u; has

a tuple (cq, ..., cy) of input colors and an output color c¢. For each tree the colors on
the edges have to match.) The map @ in (2.30) assigns to such tree the same tree, but
now decorated by the elements y4 (1;) in End4[1] that are obtained by applying the left
P-action y4 : P — Endyg, i.e.

F(L1s M2, U3, fa) = , (2.31)

va(ur)

(1, 2, 13, 1a)) = ya(u) ya(us) . (2.32)

SN N

va(ua)

AN
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The transferred Po-algebra structure 8 in (2.30) assigns to this tree the element in
Endp[1] that is obtained by composing the tree

|1)

i ra(i1) \
Blir, o, 3, pa) = B(t(r, na, w3, 1a)) = vaua) vAG)
AN A \mlm
AN
(2.33a)

that is formed by decorating the edges of (2.32) with the data of the homotopy retract
(2.28). (Note that incoming edges are decorated by i, the outgoing edge by p and internal
edges by h.) Written in a more standard notation, the result of this composition reads as

B, 12, 13, a) = pyalen) (hya(uea) ®id) (id®3 @ hya(113)) (id®* @ hya(ug)) i®7,
(2.33b)

where it is important to note that the order in which the terms are composed is dictated
by the ordering of vertices of the tree 7 (w1, 12, U3, (1a)-

Given any C-colored object A € Ch®, we can take object-wise cohomology and
define a new object HA = {HA(c) € Ch}.cc € Ch€ that has a trivial differential
dya = 0. Since we are working over a field K of characteristic 0, there exists a strong

deformation retract
iy
HA . Ai)h (2.34a)

in the category Chc, 1.€.

3 =0 dp=0, pi=id, dh=ip—id, hi=0, ph=0, h* =0
(2.34b)

The following result is an immediate consequence of the Homotopy Transfer Theorem
2.7.

Corollary 2.8. Let P = (P,y,1,¢) € Opeéug be an augmented operad. Any Peo-
algebra structure on A € ChC can be transferred along the strong deformation retract
(2.32) into a Paso-algebra structure on the cohomology HA € Ch®. The latter is called
a minimal model for the given Px-algebra A. Minimal models are unique up to oo-
isomorphism.

We conclude this section with a basic observation that will be useful in the main
part of our paper. For this we consider the special case of an augmented operad P =
P,y,1,¢) € Opzéug that is concentrated in cohomological degree zero, i.e. all cochain
complexes of operations P (z) € Ch are concentrated in degree 0 and hence, in particular,
have a trivial differential dp = 0. Furthermore, let A € Ch€ be endowed with a strict
‘Pso-algebra structure y4 : P — End4. We define a SymSeq -morphism

YHa : P —> Endya (2.35a)
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by using the transferred Poo-algebra structure (2.31) on HA and the decomposition
P = P & I, that is obtained from the projector 1p ep : P — P determined by the
augmentation and unit of P. Explicitly, we set

YHA(P) = Tgnay, HA(W) = B() = peya() Qic; =t peya(i)ic,
i=1
(2.35b)

forall u € 7_7((51 < cn)) = f(ﬁ)

,,,,,

Proposition 2.9. Let P € Op?g be an augmented operad concentrated in degree 0 and
(A,ya : P — Endy) € Algp_ a strict Pog-algebra. Then the map (2.35) is an Op-
morphism, i.e. the cohomology HA € ChC carries as part of its transferred Poo-algebra
structure a strict Peo-algebra structure yys : P — Endya.

Proof. The only slightly non-trivial step is to show that y4 preserves operadic compo-
sitions. For this it is sufficient to consider composable non-identity operations u € P(E)
and u; € 5(2), fori =1,...,n, and compute

YEndy 4 (VHA(,U«): (vHa (D), - - VHA(Hn))) = yHa(w) (VHA(M) ® - ® VHA(M))
= pcya(p) <icl Pey va(1) ® -+ Q i, e, VA(Mn)) icpvne,) - (2.36)

It is important to observe that all maps in this expression are cochain maps, i.e. they are
annihilated by the differential d. (For this our assumption that P has a trivial differential
dp = 0 is crucial, because otherwise dy4 (i) = ya(dpup) # 0 could be non-trivial.)
We can now iteratively insert i., p., = id + 0k, and find that, as a consequence of the
previous observation, the terms with 9/, vanish. Hence, we obtain

C ) = VHA (V'P(/'Lv (M]v LR Mn)))7 (237)

=n

where in the second step we used that y4 is a P-algebra structure. O

2.7. Universal first-order Massey product. It is important to emphasize that the strict
Poo-algebra structure yy4 : P — Endyy on the cohomology HA from (2.35) does
in general not capture the whole Po-algebra structure of the minimal model. There
often exist higher structures, called Massey products, that are related to the values of the
transferred Pyo-algebra structure (2.31) on trees that have multiple vertices. Note that,
for a tree r (w1, ..., Un) € BP with n vertices, such higher structures take the form of
degree 1 — n elements B(u1, ..., 4y) € Endyy in the endomorphism operad of HA
when P is concentrated in degree zero.

The description and interpretation of these higher structures is rather subtle because
the individual components B(u1, ..., 4n) € Endyu are not invariants of the Puo-
algebra (A, ys : P — Enda) € Algp_. In particular, they transform non-trivially
under oco-isomorphisms when changing the strong deformation retract (2.32) used in
the minimal model construction from Corollary 2.8, which involves mixing different
components among each other. This issue has been overcome by Dimitrova [Dim12].
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She has constructed from the transferred P,-algebra structure 8 a cohomology class
[ﬂ(z)] € HIL (HA, YH A) in operadic Gamma-cohomology of the underlying strict Puo-
algebra (HA, yqa) € Algp_ from (2.35) thatis an invariant of (A, y4). In particular, this
cohomology class is independent of the choice of strong deformation retract used in the
minimal model construction. More recently [Mur23a,Mur23b], Muro has established
a relationship between this cohomology class and the ordinary concept of first-order
Massey products, thereby coining and justifying the terminology universal first-order
Massey product for Dimitrova’s cohomology class [8®] € HL(HA, yH4). A higher-
order generalization is given by the successive obstruction classes in [Dim12, Theorem
4.6], see also [FM23].

Let us briefly recall how Dimitrova’s class is computed from the transferred Pyo-
algebra structure 8 on a minimal model HA. We will focus mainly on computational
aspects, since these will be relevant for our work, and refer the reader to [Dim12] for
more details. A model for the operadic Gamma-cohomology of the strict Py.-algebra
(HA, yHa) € Alg7;Oo underlying the minimal model (2.35) is given by the cochain
complex

['(HA, ya) = RDer(HA) := Der(QHA, HA) € Ch (2.38)

that is obtained from the derived functor of derivations. A concrete model for the cofibrant
resolution QHA = HA in Algp_ can be obtained by using the bar-cobar adjunction
Qj : CoAlggp = Algp_ : B; for (co)operad (co)algebras that is associated with
the canonical twisting morphism j : BP — QBP = P, see [LV12, Section 11].
Explicitly, this cofibrant resolution is given by the counit 2;B;HA — HA of this
adjunction. Using that, by definition, the functors Q; = Py o0 (=) and B; = BPo; (-)
assign semi-(co)free (co)algebras, one finds that

I'(HA, yna) = Der(Q;B;HA, HA) = ([BP, Endy ], ar) € Ch (2.39)

for a suitable differential or that is constructed out of the differential dgp on the bar
construction, the twisting morphism j : BP — QBP = Py, and the strict Po,-algebra
structure yH4 : P — Endya on HA. The details are spelled out in [Dim12, Section 4.1].

From the transferred Py,-algebra structure § € [BP, Endy A] ! on the minimal model,
we define a 1-cochain 8 e T''(HA, yy4) in this complex by defining for each tree
t(u, ..., uy) € BP with n > 0 vertices

B, u2), forn =2,

2.4
0, forn # 2. (2.40)

BP (1, ... ) = i

Since this cochain is only non-trivial on trees with 2 vertices, one finds from the explicit
form of dr that the cocycle condition 9 = 0 is only non-trivial on trees with 3
vertices. There exist two different types of such 3-vertex trees, given by

M1

- //VL\\ (2.41a)
/IN
/I\

t(u, 2, 13)
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and

|
F(rs a1 p22) = //IT\\ . (2.41b)
MH21 H22
/N /N

Evaluating the cocycle condition 3-8 = 0 on these two types of trees gives the
identities

0 = B2 (w1, v (2, 13)) — B2 (v (1, p2), 13)

+ A (un) BP (2, 13) — BP (w1, 142) Yra (u3) (2.42a)
and

0 = B2 (v (1, #22), 21) — BP (voy (i1, 1), pa2)
+BP (w1, 122) YHa(21) — BP (w1, 121) yHa (122), (2.42b)

which hold true as a consequence of the Maurer—Cartan equation (2.16) for the trans-
ferred Poo-algebra structure 8. (Recall that y(;, denotes the infinitesimal composition
of the operad P. Graphically, this corresponds to composing two vertices in the trees
(2.41) along a common edge.)

Definition 2.10. The universal first-order Massey product of a strict Po-algebra (A, y4 :
P — Endy) € Algp_ is defined as the cohomology class

[B@] € HL(HA, yha) (2.43)

in operadic Gamma-cohomology (2.39) that is defined by the 1-cocycle (2.40) associated
with any choice of minimal model (HA, ) € Algp_ . This cohomology class is an
invariant of (A, y4) € Algp, in particular it does not depend on the choice of minimal
model that is used to compute it, see [Dim12, Theorem 4.2].

As usual, two 1-cocycles 5P, '@ e ! (HA, YH A) represent the same cohomology
class [8®] = [B'®] € H].(HA, yn4) if and only if they differ by a coboundary, i.e.

for some x € I'°(HA, y14). Requiring that both representatives 8® and g’ vanish
as in (2.40) on all trees with n # 2 vertices constrains x to be of the form

x(n1), forn=1,
= 245
X1, o vy tn) 0. forn # 1. (2.45)

Evaluating both sides of (2.44) on a tree t (u1, . . ., i) With n vertices then vanishes for
n # 2, and for n = 2 it gives the explicit transformation formula

B (11, m2) = BP (i, 12) — x (voy (1, 102)) + x (141) yHa(12) + yHa (1) x (12)
(2.46)

for the representing cocycles of the universal first-order Massey product. As a side-
remark, we would like to note that this transformation formula can also be interpreted
in terms of gauge transformations of Maurer—Cartan elements as introduced e.g. in
[DSV22].
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3. Application to Prefactorization Algebras

3.1. Prefactorization operad and algebras. We will briefly recall the definition of a
prefactorization algebra on a smooth m-dimensional manifold M. More details can
be found in the textbooks of Costello and Gwilliam [CG17,CG21]. Let us start by
introducing some relevant terminology. An open subset D C M is called a disk if
it is diffeomorphic D = R™ to the m-dimensional Cartesian space. We denote by
Disky = {D € M} the set of all disks in M.

Definition 3.1. The prefactorization operad P,, = (P, v, 1) € OpDiskM on a smooth
m-dimensional manifold M is the (Disk p;-colored dg-)operad that is defined as follows:
The underlying symmetric sequence P, € SymSeqp;,, is given object-wise by

K[B] € Ch, ifDi S DViand D;iND; =0Vi # j
P, (B) = D ’ = / ’ 3.1
M (Q) {O € Ch, else, G-1)

for all tuples (D, D) = (D, ..., D,), D) of disks, where K[¢}] denotes the cochain

complex (with trivial differential) spanned by a degree 0 element Lg, together with

the permutation action P,, (B) — Py ( QD,,), Lg — tlD) - The operadic composition

Y : Py o Py, — Py, is given by

D (,D Dy, . D
y(LD, (LQII,...,LQH>) = Up,,..D,)" (3.2)

and the operadic unit 1 : I, — P,, sends 1 € I,() to (5 € P,,(B).

The prefactorization operad is canonically augmented via the augmentation map

I, ifD=D,

3.3
0, else (3:3)

€ Py — L, tﬁn—){

The corresponding augmentation ideal fM = ker(e) is then given by all non-identity
operations Lg, for D # D. Since the prefactorization operad Py = (Py, v, 1,¢€) €

Opia)uifk is an augmented operad, the homological techniques from Sect. 2 apply to this
example.

Definition 3.2. A prefactorization algebra § on a smooth m-manifold M is an algebra
over the prefactorization operad Py = (Py, v, 1,€) € Op?)uiko. More explicitly, a
prefactorization algebra § € AlgpM consists of the following data:

(i) For each disk D € M, a cochain complex §(D) € Ch.
(ii) For each tuple (D, D) = ((Dy, ..., D), D) of disks in M, such that D; € D, for
alli =1,...,n,and D; N D; =, forall i # j, a cochain map

3(3) : QD) — F(D). (3.4)

i=1

This includes a cochain map F(:3) : K — F(D) for the empty tuple & = () and
each D.
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These data have to satisfy the following axioms:

(1) Preservation of compositions:

®: ()

® @ F(Dy) ® (D) (3.52)
i=1j=1 i=1
S(‘g)l.,,.,g,,))\ %(ﬁ)
S(D)
(2) Preservation of identities:
3(p) = idgmp) : (D) — F(D) (3.5b)
(3) Equivariance under permutation actions:
® §(Di) = ® §(Doi) (3.5¢0)
i=1 i=1
s()\ /()

§(D)
with the permutation t, acting by the symmetric braiding (2.2).

Remark 3.3. We have already highlighted in the second paragraph of the introduction
that our prefactorization operad from Definition 3.1 agrees with the operad used in
the context of factorization homology, see e.g. [LurHA, Definition 5.4.5.6 and Remark
5.4.5.7] and [AF15, Definition 2.9]. (To avoid confusion, let us reemphasize that Ayala
and Francis consider the symmetric monoidal envelope 731%’1 of the operad Py, which
is the origin of their multidisks.) Costello and Gwilliam [CG17,CG21] consider also
alternative (inequivalent) variants of prefactorization operads whose objects are not only
disks D € M, but also multidisks D; U --- U D,, € M or even general open subsets
U C M. Allowing for multidisks as part of the objects has the advantage that (the
non-unital version of) the resulting operad admits a very simple quadratic presentation
that can be shown to be Koszul [IR23], while it is presently not known if the operad
from Definition 3.1 is Koszul.! A disadvantage of such operads including multidisks is
that they describe more operations than those one is interested in. This has led Costello
and Gwilliam to introduce a multiplicativity property [CG17, Definition 6.1.3] which
demands that the structure map

F(miny) : 5D @F(D2) —> F(Diu Dy) (3.6)

is a quasi-isomorphism for every pair of disjoint disks D1, D, € M. It is not clear to us
how this multiplicativity property interacts with the Koszul property from [IR23].

I Koszulness is a property that a dg-operad may or may not have. If an operad P is Koszul, then there exists
an alternative cofibrant resolution that is considerably smaller than the bar-cobar resolution from (2.10). This
leads to a simplified description of P -algebras, their co-morphisms, homotopy transfer and minimal models.
Hence, the advantage of Koszul operads is that their homological algebra is practically better manageable.
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We will later consider a special class of prefactorization algebras that correspond to
topological quantum field theories. The precise definition is as follows.

Definition 3.4. A prefactorization algebra § € AlgpM is called locally constant if it
assigns to every disk inclusion D € D’ a quasi-isomorphism of cochain complexes

DY F(D) > F(D).

3.2. Minimal model and universal first-order Massey product. Since the prefactorization
operad Pyy = (Py,y,1,¢€) € OpaDuiko is canonically augmented, the construction
of minimal models from Corollary 2.8 can be applied to any (not necessarily locally
constant) prefactorization algebra §. Let us briefly specialize the relevant constructions
from Sect. 2 to this specific case. To compute a minimal model for §, we have to choose

a strong deformation retract
—
3 73 O (3.7)

in the category ChP*# to the cohomology HF = {HS(D) e Ch : DC M} €
ChPsk¥ | which we regard as a family of cochain complexes with trivial differentials
dngp) = 0. Applying Corollary 2.8 to the strong deformation retract (3.7) yields a
transferred (P,,),-algebra structure g : BP,, — Endnygz on the cohomology HF €
ChPskM | This means that associated to each Disk ps-colored rooted tree, whose vertices
are ordered and decorated by elements in P ,[1], we have an element in Endng, i.e. an
operation on H§ whose arity and colors matches that of the tree. To illustrate this better,
let us spell out a simple example in full detail, following the presentation in (2.31): To
the tree
|

D D L(%l-,Dz)
t(l(Dl,Dz)’ t(Du,Dlz,Dls)) = Dy ~ \ (3.8)
“(D11,D12,D13)
is associated the degree [1 — (number of vertices)] = —1 linear map

Bb, by th Dip1y) ¢ HE(D1) ® HE(D12) ® HE(D13) ® HE(D2) —> HE(D)
(3.8b)

that is given by the composite

D Dy _
B(t(Dy. D2y LD D12 D1) =

D . . . . .
Pp 3’(L(DDI,DZ)) (th%V(L(DIH,Dlz,DB)) ® ldS(D2)> <lDll ® lDlZ ® lDl} ® lDz)'
(3.8¢)

Recall that by Proposition 2.9 the minimal model (HS, ,B) has an underlying strict
(P)s) so-algebra structure that is given by evaluating B on trees with a single vertex.
(This does not include the higher structure given by the Massey products, which we
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will spell out below.) In the present context, this means that the cohomology HF is a
prefactorization algebra with respect to the structure maps

H3 () = B(:p) = ppT(1p)ip : HF(D) — HF(D). (3.9)

where we introduce the convenient abbreviations HF(D) := ®l'-’=1 HF(D;) and ip :=
®:l:1 iD;-

On top of this strict prefactorization algebra H§ there are potentially non-trivial higher
structures given by the Massey products. The universal first-order Massey product from
Definition 2.10 is described by the cohomology class [ﬁ(z)] € HIF(HS) defined by a
certain 1-cocycle 8® e I'' (HF) that is non-trivial only on trees with n = 2 vertices. In
the present case of prefactorization algebras, these trees take the form

_‘D“D_

t(pip) = /D\\ (3.10)

and the non-vanishing components of the 1-cocycle reads as

BB 1) = B(D-1p) = po §(B) ho §(3) ioy..pyps  BoD)

where here and below we use a condensed notation suppressing all tensor products with
identity morphisms. As illustrated in (2.46), different representatives (that vanish on all
trees with n # 2 vertices) of the cohomology class [,3 (2)] € HIL (HF) are related by the
transformation formula

B 0) = B2(D 1) = X(t{py....p,.... o) + X (15) HE(R) +HF (D) x (1),
(3.12)

where x € I'(Hg) is any O-cochain that vanishes on all trees with n # 1 vertices.

In our present high level of generality, it is difficult (if not impossible) to make any
non-trivial statements about the universal first-order Massey product associated with a
prefactorization algebra §. The defining cohomology class 8] € HL(HJ) can (in
principle) be determined for any example of § by choosing a strong deformation retract
(3.7) and using the formula in (3.11). The general theory from Sect.2 implies that the
result will be an invariant of §, in particular it will not depend on any of the choices made.
Of course, it will strongly depend on specific details of the prefactorization algebra §
whether or not the class [,3(2)] € HlL(HS) is trivial.

3.3. Locally constant prefactorization algebras on R™. Some non-trivial statements
about the minimal model and universal first-order Massey product can be made for
locally constant prefactorization algebras on the Cartesian space R™. The aim of this
subsection is to explore some general consequences arising from local constancy, which
will become useful in our study of explicit examples in Sects. 4 and 5 below. Throughout
this subsection, we fix any locally constant prefactorization algebra § € Algp_,, on the
m-dimensional Cartesian space R™. We also choose an orientation of R,



Universal First-order Massey Page 21 of 47 206

As a simple first observation, we note that the transferred (strict) prefactorization
algebra HF in (3.9) is locally constant as a consequence of local constancy of §. More
explicitly, given any disk inclusion D C D’, the cochain map § (Lg/) 1 Z(D) S F(D)
is a quasi-isomorphism, and hence by definition the induced map on cohomology

HE(.5) : H3(D) —> HF (D), 3.13)

given by (3.9), is an isomorphism. Thus HF is locally constant even in the stricter
sense given by replacing in Definition 3.4 the concept of quasi-isomorphisms by actual
isomorphisms.

Using the isomorphisms (3.13), we can canonically identify HF(:%") : HF(D) >
HF(R™) the object HF(D) € Ch, for any disk D C R™, with the object HF(R") € Ch
that is assigned to the whole Cartesian space R™. Considering the commutative diagram

HZ®R™M® — "2 HF®R™) (3.14)

o HI (W) .
@i H3Gp, ) | = = | HFEY

H3(D) ———— H3(D)
H&(‘Q)

allows us to regard the structure maps of H§ from (3.9) equivalently as operations x p on
HF(R™) whose arity is given by the length of the tuple of disks D = (Dy, ..., D,).Using
the composition property (3.5a) of a prefactorization algebra, one directly checks from
the deﬁmng d1agram (3.14) that up = pp for every pair of tuples D = (Dy,...,Dyp)

and Q (D1, .. D ) of mutually disjoint disks such that D C D;, foralli =

1,...,n. Asa consequence we find that two operations pp and u D coincide whenever
the tuples of mutually disjoint disks D = (Dy, ..., D,) and D' = (D], ..., D)) canbe
connected by a finite chain of zig-zags
D D, D, e Dy «— Dy — D
3.15)

of families of single-disk inclusions. The existence of such zig-zags depends on the
dimension m of the Cartesian space R™:

e On the 1-dimensional Cartesian space R!, given two n-tuples D and D’ of mutually
disjoint disks (i.e. intervals), there exist unique permutations o, 6’ € X, such that the
permuted tuples Do and D’o’ are ordered with respect to the choice of orientation
of R, i.e. Ds(1) < Dg2)y < -+ < Dg(ny and D/ o) < D’ @) << DU ) The
tuples D and D’ can be connected by a chain of zig-zags (3.15) if and only if o = o”.

e On the (m > 2)-dimensional Cartesian space R™, any two n-tuples D and D’ of

mutually disjoint disks can be connected by a chain of zig-zags (3.15).

These observations allow us to identify the algebraic structure that is determined by
the transferred structure maps in (3.9) and (3.14).

Proposition 3.5. We have:

(1) In m = 1 dimension, the structure maps up =: (o in (3.14) depend only on the
permutation o € X, that orders Do = (Dy (1), . .., Dyn)) along the orientation.
The resulting family of operations {ius : 0 € X,, n > 0} defines the structure of
an associative and unital algebra on HS(]R] ).
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(2) In m > 2 dimensions, the structure maps jAp =: [, in (3.14) depend only on the
length of the tuple of disks D = (D1, ..., Dy). The resulting family of operations
{un = n > 0} defines the structure of an associative, unital and commutative algebra
on HF(R™).

Proof. The associative and unital algebra axioms for {u, : o € X,, n > 0} fol-
low directly from the prefactorization algebra axioms in Definition 3.2, and so do the
associative, unital and commutative algebra axioms for {i,, : n > 0}. m]

In order to make some non-trivial statements about the universal first-order Massey
product of a locally constant prefactorization algebra § € Algp,_,, , we leverage the fact
that HF is strictly locally constant (3.13) in order to improve the general choice (3.7) of
a strong deformation retract. (Recall that changing the strong deformation retract does
not change the cohomology class [/3 (2)] € HIL(HS) that defines the universal Massey
product.)

Lemma 3.6. Given any strong deformation retract (3.7) for a locally constant prefac-
torization algebra § on M = R™, then the components

ip = ipHI(5) (3.16a)
Pp = prn(ip ). (3.16b)
Wp = hp—ipHFE) ™" pro S ) o, (3.16¢)

for all disks D € Diskgm, define a strong deformation retract
7
H3(R™) ; NPl (3.16d)

to the constant object HF(R™) := {HS(R’”) eCh: De DiSkRm} e ChPiskem

Proof. 1t is a straightforward algebraic check to show that the strong deformation re-
tract properties (2.34b) for (i, p, h) are inherited from the strong deformation retract
properties of (i, p, h). O

Using the improved strong deformation retract (3.16) results in various simplifications
in the computation of a minimal model for §, and hence the universal Massey product.
Before explaining these simplifications, let us note that the associated underlying strict
(Prm)oo-algebra structure reads as

B(tp) = Pp3(:3)in = pen3(p )in (@ HS([%Z")_1> = up, (.17
i=1

i.e. it agrees precisely with the cohomology operations from (3.14). For the 1-cocycle
representing the universal first-order Massey product of §, we find

5(2) (tﬁ, LZ’_)

Db 8’(@) hp, 3(13)7(01,...,Qi,...,0,,)

= pRrm S(ﬂy) hp; 3(13) i(Dy,...D;,....Dy)

~

— pRm %’([g”) iD,- HS(Lﬂgin)_l PR %'(Lﬂgln) h]_)[. :S(Lg") I(Dy,...,.D;,....Dp)
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= PO o PO D) G.18)

where E(z) is defined from the 1-cocycle 8® associated with the original strong defor-
mation retract (3.11) by the commutative diagram

32 (lg,Lgi‘)
H (R @i =D — HZ(R™)
H&(t]}‘;',")®-~-®Qél(HS(zﬂ,ﬁj"i))@--@HS(t%f)T; %Hg(z%’”)
i= /
H§(Dy,...,D;,...,D;) ——— HF(D
3(Dr. ... D ) s ™ 3(D)

(3.19)

Note that these are the same canonical identifications that we have used for defining the
cohomology operations (i p in (3.14).

Proposition 3.7. The 1-cocycle ,5(2) S FI(HS) in (3.18) that is associated with the
improved strong deformation retract (3.16) has the following properties:

(1) It is constant in the outgoing disk, i.e.

FOWB. D) = BO(E D), (3.20)
forall D € Diskpm.
(2) It vanishes
BO(p.p) =0 (3.21)
on all trees of the form
, B
tip.p) = |- (3.22)

/N

(3) Its value 5(2) (Lg, Lgi_) on any 2-vertex tree is determined by a linear combination
=z Y

of its values 5(2) (Lf)DLDZ)’ lgll) on trees of the form

D Dl [3)1,[)2)
t(L(Dl,Dz)"Ql) = D/ \ , (3.23)

/N

where Dy = (D11, ..., Diy,) is a tuple of arbitrary length ny > 0.
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Proof. Ttem (1)is adirect consequence of the explicit formula (3.18), which is manifestly
independent of the disk D. Item (2) is proven by a short calculation using the same
formula

5(2)(‘3/"3) = B2 (i ’LD) wo B2 (5 v‘D) =0, (3.24)

where in the last step we used that up = id as a consequence of Proposition 3.5.

To prove item (3), let us first observe that, as a consequence of item (2), the 1-cocycle
B B can only be non-vanishing on trees (3.10) with at least one free edge at the top vertex.
So the statement we have to prove is that its value on any such tree can be determined
as a linear combination of its values on trees of the form (3.23). Note that the latter have
precisely one free edge at the top vertex that moreover points to the right. The proof is
slightly different in dimensions m = 1 andm > 2, so we will treat these cases separately.
Item (3)indimensionm > 2 : Using permutation actions, it suffices to consider trees
of the form

|

(Dl - D)

1ty oy tD) = Dl/ N (3.25)
/ |\

where the bottom vertex connects to the left disk Dy. Choosing any disk D’ € R™ such

that | J!—] D; € D’ C D\ D,, we can factorize at the top vertex and obtain the 3-vertex
tree

D D’ D
[(L(D/’Dn),L(Dl ..... anl)’LQ]I)' (3.26)

Applying the cocycle condition (2.42a) for ,E ) to this tree gives the identity

5(2)(‘(DD ..... Dy )’tD ) = 3(2)(‘3)/,Dn)"(D1;1 ..... Dy 1))

o D
+ (D', Dy) B )(‘(Dl Du_1)’ LQi)

,,,,,

- B? ((D/ Dy )’l(D] ..... H)) KDy (3.27)

that expresses the value of E @ on the tree (3.25) as a linear combination of its values
on trees whose top vertex has arity n — 1 or 2. Applying this procedure iteratively allow
us to reduce the arity of the top vertex to 2, which completes the proof.

Item (3)indimension m = 1 : Using permutation actions, it suffices to consider trees
(3.10) for which the (n+n; —1)-tuple (D1, ..., D;, ..., D,) is either ordered or reverse-
ordered with respect to the orientation of R!. Choosing any disk (i.e. interval) D’ C R!
such that (J}_; D;j C D’ C D\ Uf/_:ll D;, we can factorize at the top vertex and obtain
the 3-vertex tree

D D’ D;
t(‘(Dl‘...,DH,D/)’L(Di,.-.,Dn)’LQ,-) . (3.28)

Applying the cocycle condition (2.42a) for B@ to this tree gives the identity
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2)(,D D 32 (D D;
= ,3()(‘(01 D,-,I,D’)"(g,...,Dn))"‘M(Dl ,,,,, D;_1,D’) :3()(‘(0[ ..... Dn)"Q,.)

.....

3Q)(,D D'
_ﬂ()(‘(Dl ..... Di_1.D") YDy, ..., Dn)) KD, (3.29)

that expresses the value of E @ on the tree (3.10) as a linear combination of its values on
trees whose top vertex has free edges only to the left or to the right. If the free edges are
to the left, we use again permutation actions to reverse the order and bring all the free
edges to the right. Using now the same argument as in dimension m > 2, we can reduce
iteratively the arity of the top vertex to arrive at arity 2, which completes the proof. O

Remark 3.8. The relevance of this proposition is that it allows us to simplify the compu-
tation of the universal first-order Massey product [5(2)] e HL (HS) by working with the
improved strong deformation retract (3.16). Item (2) states that the value of the repre-
sentative 1-cocycle ;3(2) is zero on all trees of the form (3.22), hence one does not have
to consider these trees. Item (3) shows that all operations ,3(2)( th Lg ) can be expressed
using trees of the form (3.23), i.e. with a single free edge on the topqvertex that points to
the right, so any explicit computation should start with understanding the values of ,3(2)
on such trees. In the case one finds that these values are all zero, then item (3) implies that
the cohomology class [ﬂ(2)] = 0 vanishes, i.e. the universal first-order Massey product
is trivial. It is important to stress that the opposite conclusion is in general not true: If the
value of B2 is non-zero on some of the trees (3.23), it still can happen that [£®] = 0
if there exists a coboundary or x that transforms these components to zero via (3.12). In
order to preserve the constancy property in item (1), the O-cochain x € I’ O(HS) must
satisfy the condition

X)) = X(tbynipy) = X(5 )i, = x (D) p,.  (3.30)

i

for all trees (3.10), and to preserve the vanishing property in item (2), it must satisfy

x(:p) = x(tp) = x(:5) o (3.31)
for all trees of the form (3.22). Using the identity (3.31) twice, with D’ = R™ and then
also with D replaced by (Dy, ..., D;, ..., D) one obtains that (3.31) implies (3.30).

3.4. A simple binary invariant in m = 2 dimensions. In this subsection we consider a
locally constant prefactorization algebra § € Algp]Rz on the 2-dimensional Cartesian

space R?. We construct a binary invariant L € [HF(R*)%?, HS(Rz)]_1 of § which,
when non-trivial L # 0, implies non-triviality of the universal first-order Massey product
[,8(2)] # 0. We will show that the invariant L has pleasant algebraic properties, namely
that it defines a degree — 1 Poisson bracket (i.e. a P;-algebra structure) on the associative,
unital and commutative algebra HF (R2) from Proposition 3.5.

Remark 3.9. We believe, but do not know how to prove, that our invariant L captures in
dimension m = 2 the higher algebraic structure that is expected by the following more
abstract reasoning: By a result of Lurie [LurHA, Theorem 5.4.5.9], see also [AF15]
and [CFM21], it is known that locally constant prefactorization algebras on R™ are
equivalent to [E,,-algebras. Furthermore, the E,,-operads are formal in dimension m >
2 by [Tam03,FW20], hence E,,-algebras can be described equivalently in terms of
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HE,, ~ P,,-algebras for m > 2. The degree —1 Poisson bracket that we find should be
related to this P;-algebra structure. We also expect that there exists a generalization of
our invariant to m > 3 dimensions which detects the degree 1 — m Poisson bracket of
the PP,,-operad. However, as seen by a simple degree count, this requires working with
the more involved higher-order Massey products [Dim12,FM23], which lies beyond the
scope of our paper. We hope to come back to this issue in a future work.

To define the invariant L € LH& (R%)®2, HS(RZ)]_I, let us consider any configura-

tion of disks Dy, D2, Dy, D4, D € Diskg2 in some D_€ Diskg2, with the property that
DyuDy C Dy, DiuDy C Dg, D,ND = DgND = ¢ and D, U Dy forming an
annulus around D, as depicted in the following picture:

Dy

To this choice we assign the linear combination

= 18(2)((0 D)"g?) ﬂ(Z)((D D)’LD2) 18(2)((0 D)’lDz) ﬂ(Z)((Dd D)’LlD)f)

(3.33)

of degree —1 linear maps HS(IRZ)®2 — HF (Rz). Informally, one should think of L as
being defined by moving the disk D clockwise once around D.

Proposition 3.10. L is invariant under the transformations B@ - B@ 4+ orx, for all
0-cochains x € TO(HF) that satisfy the conditions in Remark 3.8. Hence, L depends
only on the cohomology class [,3(2)] € H1 (HJ) and it can be computed using any
representative 1-cocycle that satisfies the propertles [from Proposition 3.7. Furthermore,
if L # 0 is non-trivial, then the cohomology class [,3 (2)] # 0 is non-trivial too.

Proof. We have to show that

8FX((D D)’LDI) 3FX((D D)"Dz)"'arx((p D)’LDz) 8FX((D D)’Lgllj) =0
(3.34)

for every 0-cochain x € I'’(Hg) that satisfies the conditions in Remark 3.8. Using the
explicit formula for dr x from (3.12), this simplifies to

2 (@D = X QR+ xWpH = x(@phH) ®id) = 0, (3.35)

where (1> denotes the binary commutative multiplication from Proposition 3.5. The latter
holds true by using the conditions (3.31) on x for the inclusions D, C D and Dy C D.

To prove the last claim, note that [®] = 0 implies #® = drx, hence L = 0 by
(3.34). O
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Lemma 3.11. L is independent of the choice of disk configuration as in (3.32).

Proof. It suffices to show that L does not change when replacing any of the individual
disks D1, D2, Dy, Dg, D, D by a bigger one such that the resulting disk configuration
is still of the form (3.32). Independence of the choice of big disk D € R? is a direct
consequence of Proposition 3.7 (1). Next, let us consider D; C Dﬁ C D, N Dg. The
difference L’ — L of (3.33) evaluated for the two different disk configurations then reads
as

L= By B =y, )~ B e ) + B, )
~, D/ ~, D/
= _ﬁ(z)(t?Diﬁ),LDi) +ﬂ(2)(‘?Dg,5)"D:) =0, (3.36)

D Dy

where in the second step we used the cocycle conditions (2.42a) for the trees ¢ (L (DD LD
us 1

D/l D Dy Di /
tp) and £(c DDy Dl p,)- Independence under the replacements Dy C Dy C Dy N

D4, D, C D), € D\D and Dy C D, C D\D is shown similarly. For D ¢ D’ C
D\ (D, U Dg), instead of (2.42a) one uses the cocycle conditions (2.42b). O

Theorem 3.12. The map L : HF(R?)QHF(R?) — HF(R?) defines a degree —1 Poisson
bracket (i.e. a P>-algebra structure) on the associative, unital and commutative algebra

HF(R?) from Proposition 3.5. Explicitly, it satisfies:
(1) Symmetry:*
Lt =1L, (3.37)

where T denotes the symmetric braiding (2.2).
(2) Derivation property:

Lid®u2) = n2(L®id)+u2 (d® L) (r ®id) . (3.38)
(3) Jacobi identity:
LAM@®L)+LGd®L)T23)+LGd® L) 113 = 0, (3.39)

where t(123) and T(132) denote the actions of the cyclic permutations (123) and (132)
in X3, respectively, on H{S’(Rz)®3 via the symmetric braiding (2.2).

Proof. Ttem (1) can be proven by considering the following configuration of disks

(3.40)

2 Recall that oddly shifted Poisson brackets are symmetric and not antisymmetric, see e.g. [FW20].
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and suitably combining the cocycle conditions (2.42b) for the trees

Dy [Ed)

D D Dy 514
t(L(Dde)’ Lpy s B, and t( L L= ), (3.41)

“Da.Bu) 'Di* D,

for all combinations of i, j € {1, 2}. To arrive at the result L T = L, one also has to use
that L is insensitive to the choice of disk configuration and that the invariant (3.33) is
trivial whenever D lies outside of the annulus formed by D, U D,;. Both of these claims

are a consequence of Lemma 3.11 and its proof.
To prove item (2), we use the following configuration of disks

(3.42)

and the fact that L is insensitive to the choice of disk configuration by Lemma 3.11.
To evaluate the term L (id ® wup) on the left-hand side of (3.38), we use a suitable
combination of the cocycle conditions (2.42b) for the trees

(O S R B 1 (T (343)

D
“(Du.Dy i > (B Do) (D4.B)* 'D; Y By B)*
with i € {1, 2}. For the first term ©> (L ® id) on the right-hand side of (3.38), we use
instead a suitable combination of the cocycle conditions (2.42a) for the trees

~ ~

b, Duy  and D, Dy

D D
t(t(ﬁu,ﬁz)’t(Du,Bl)’LDi) t(L(Bu,Ez)’L(Dm,Bl)’LDi ), (3.44)

where Bu c R?is a disk such that D,,, D,, C 5,, and 5,, N 52 = {J, as in the following
picture:

(3.45)
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Similarly, to compute the second term w> (id ® L)(r ® id) on the right-hand side of
(3.38), we use a suitable combination of the cocycle conditions (2.42a) for the trees

Bd D,,

HB, Doy Lo By or) and (e P bay, (3.46)

“B1.Da) “(Da D) D

where 5d c R2 is a disk such that D,,, Dy C 5,1 and ﬁd N 51 = {, as in the following
picture:

(3.47)

Combining all the above, the identity (3.38) follows immediately.

Finally, in order to prove item (3), it will be convenient to consider a configuration
of input disks Dy, D>, D, D}, D1, Dy C R? which is symmetric under rotation by
/3. We will also need four types of disks 5,,, D;n, Dy, D), C R2, as depicted in the
following picture:

(3.48)

together with their rotations by 257 /3, which we call D, 5m, D), D;, C R?, and their
rotations by —2s /3, which we call D}, Dy, 5d, 5p C R?. We require the pairwise
disjointness conditions
D, ND, =0, D, NDy =0, D,NDs=%,  (3.49a)
D, ND, =, D, N D, =0, D,ND, =40, (3.49b)
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suggested by the picture (3.48) (note that D, is the rotation of Bu by 27/3), and similarly
for the rotations of these disks by 27 /3.

Since L is insensitive to the choice of disk configuration by Lemma 3.11, the first
term on the left-hand side of (3.39) can be expressed using the following configuration
of disks:

(3.50)
Explicitly,
2 . D
: _ i+j+k 22)(,D Do\ 2(2) (,D B
LoD = Y Y oL B O o ),
i,j,k=1 aefu,d}
Beim.d}
(3.51)

where D C R2 is a disk such that DZJ UD, C 5, DN D, = ¥ and DN Dg = ¥, and
we define |u| := 0, |m| := 0 and |d| := 1. Note that the sum over k = 2 is not a part
of the usual expression of L (id ® L), but it is zero by Lemma 3.11 with an argument
similar to the one used in the proof of item (1).

We now use a suitable combination of the Maurer—Cartan equation (2.16) evaluated
on the 4-vertex trees

D Dy D Dy
“(4p,. 5y ;" “py.Be ‘D) )- (3.52)

with o € {u,d}, B € {m,d} and i, j, k € {1, 2}. We then find that

2
) L. . D'
L (ld ® L) — Z Z _(_1)l+]+k+|(¥‘+‘lg‘ ﬂ(L(DDa,D/ ,Bk)’ Lg;’(, LD/,S) . (353)
i,jk=1 acfu,d) P !
pelm.d}

The other two terms L (id®L)7(123) and L (id®L)7(137) on the left-hand side of (3.39) are
given by similar expressions involving the disks D,,, D/;, D,,, Dg and D, Dy, Dy, Dy,
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respectively. To this expression of the left-hand side of (3.39) we now apply the Maurer—
Cartan equation (2.16) evaluated on the 4-vertex trees

D D, D, 5m D Dy D, Dy
(0. B D1 ) By ) oy, B0 D1+ D L)

D Dy Dy D D Dy Dj Dy
t(L(Dm,D;,,Da)’LDi ,LD},L5I() and l‘(L(DmD&’DQ),LDl_,LD},LBk), (3.54)

with i, j, k € {1, 2}, first with « = d and then with @ = p. One then finds that
LGd® L)+ L3Ad ® L)t23) + LGd ® L)t(132) = K + K7(123) + K7(132).  (3.55)
Here, K is the same expression as on the right-hand side of (3.53), but with the disks Dy

and D/, replaced by D, and D;,, respectively, i.e. with the disks in picture (3.50) used
in the expression (3.53) for L(id ® L) replaced by the disks in the following picture:

(3.56)
Explicitly, we set
2 b
= i+ +k 3(,P Doy “B
K= Y 3 —(-piritkrlens ﬁ(‘(Da,Dg,Ek)’ s ,LD}), (3.57)
i,j,k=1 ae{u,p}
Bel{m.p}
where as before we have |u| = 0, |[m| = 0 and we now also set |p| := 1. The terms

K t(123) and K 7(132) on the right-hand side of (3.55) are given by similar expressions to
(3.57) involving the disks D}, D;,, Dy, 5,, and D,,, l~)p, Dy, D), respectively.

The result now follows by noting that K = 0. Indeed, by the same argument as
in the proof of Lemma 3.11, one shows that K is independent of the choice of disk
configurations as in (3.56). Hence, the terms in the sum in (3.57) with k = 1 vanish
by deforming D;] into D), and the terms in the sum in (3.57) with k = 2 vanish by
deforming D, into D,,. O
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4. Factorization Envelopes

Throughout this section, we fix the field K to be either the real numbers R or the complex
numbers C. Let us recall from [CG17, Chapter 3.6] that associated with any local dg-Lie
algebra is a (pre)factorization algebra, called its factorization envelope, that is formed by
taking Chevalley—Eilenberg chains. In this section we study the case of g& := g® Qpms
where g is any finite-dimensional Lie algebra over K and 23, is the sheaf of de Rham
complexes on R™. The associated factorization envelope is then given by

g™ = CE,(g%") = (Sym( "[11). ddR[1]+dCE) € Algp,,,, 4.1)

where gc "M:=g® Q8 g [ 1] denotes the cosheaf of (1-shifted) compactly supported
sections and the Chevalley—Ellenberg differential dcg will be described explicitly in
(4.13) below. This prefactorization algebra is locally constant.

4.1. Strong deformation retract. Recall that the input for our constructions in Sect. 3 is
a strong deformation retract (3.7) between the Diskgn-colored object § € ChPISK%” and
its cohomology HF € ChP**k#" To construct such datum for the factorization envelope
§ = UgR”, we shall start from a strong deformation retract between the compactly
supported de Rham complexes Qg . € ChPke" and their cohomologies HQI'R,,,’ .
Since HQ2 (D) = K[—m], for every disk D € Diskgn, this is equivalent to a strong
deformation retract between Qﬁw <€ ChPiske™ and the constant Diskprm-colored object
K[—m] := {K[—m] € Ch : D € Diskgmn} € ChPiske"

We require a sufficiently explicit model for this strong deformation retract, which we
will build in Lemma 4.1 by making the following choices: For each disk D € Diskgm,
we choose a representative wp € QU (D) of the non-trivial cohomology class 1 € K =
H"Q2 (D), ie. fD wp = 1, which defines a decomposition

Q"(D) = Kwp @ drQ"'(D). (4.2a)

Foreachr € {1, ..., m—1}, wechooseacomplement K" (D) ofddRQQ’l (D) C QL(D),
which defines decompositions

QUD) = K"(D) @ dar2.1(D), (4.2b)

forr € {1,...,m — 1}. Finally, we set K%D) := Q?(D). Comparing with (4.2a), it is
convenient to denote K™ (D) := Kwp. Since H”lﬂg(D) =0,forallr € {l1,...,m},
it follows that the differential defines an isomorphism dgqg : K"~ (D) S dar Qg_l (D).
We denote its inverse by

1 dr QLN (D) = K7TN(D). (4.3)

Extending by zero to the complements K" (D) in (4.2), we obtain from this a family
of linear maps 4, : QL(D) — K'~1(D) c QL~(D), forr € {1,...,m}. It will be
convenient to denote by 1%, : Q2(D) — 0 the zero map.
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Lemma 4.1. For each disk D € Diskrm, let us define
pp(w) = / w, ip(k) = kwp, hp(®) = —hp(w), 4.4)
D

forallw € QL(D) withr € {0, ..., m} and k € K[—m]. This defines a strong deforma-

tion retract
i
Ki-m] 7 @, Dh 4.5)

in the category ChPiskr™

Proof. From the decompositions (4.2) and the definition of A, : Q¢(D) — K" -I(D),
it follows that

w = wa o + dar M’ (@), (4.6a)
D
for every w € QI (D), and
o = W (dgrow) + dar i) (@), (4.6b)
for every w € Q7 (D) withr € {0,...,m — 1}. For r = 0 this reads o = hb(ddRa)).

The identity dhp = ip pp — id from (2.34b) then follows from (4.6), noting the minus
sign in the definition of 4 p. All other identities in (2.34b) immediately follow from the
definitions.

Remark 4.2. In dimension m = 1, we have an explicit formula for k!l . which is the only
non-trivial component of the homotopy /4 p in this case. This formula is given by

h})(w) = /(a)—a)D/ co), 4.7
D

for all o € QL(D), where [ : QL(D) — Q%(D) denotes the following indefinite
integral: Writing the disk (i.e. interval) as D = (a, b) € R, we define ([ 0)(x) := [ o
for all x € D. Note that if [, w = 0, [ @ € Q°(D) has compact support. So 1} (w) is
compactly supported.

Applying the tensor product g ® (—) : Ch — Ch with the Lie algebra g and the shift
functor [1] : Ch — Ch, V — V[1] to (4.5), we obtain a strong deformation retract

i[1]
gll —m] 7 g¥"[1] Dh[l (4.8)

where g&" == g® Qb ¢ € ChPiske” and g[1 — m] € ChP*2” denotes the constant
Diskgrm-colored object given by g[1 — m] = g ® K[1 — m] on all D € Diskgm. The
components pp[l], ip[1] and hp[1] of the maps in (4.8) are given explicitly by
pD[l](X(X)a)) = X/ w, iD[l](X) = XQ® wp, hD[l](X®a)) = X® h'(w),
D
4.9)
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for all w € QL(D) with r € {0,...,m} and X € g, where the sign change in the
expression for hp[1] compared to (4.4) comes from the fact that 4p has degree —1
whereas pp and i p both have degree 0. Applying the symmetric algebra functor Sym :
Ch — Ch to (4.8), we obtain a strong deformation retract

Sym(gll —ml) sym(gﬂﬁ’"u@h (4.10)
p

in ChP!sk2" where by abuse of notation we denote the maps simply by p, i and h. Their
components are defined in Sym-degree n € Z>q by

n

ph o= ppll1®, % = ip[1]®", (4.11a)

and the symmetrization

1 n ) .
Wp = =3 3 1w (10U @ ol @ (i1 pol1)*" ™) 70, (A11b)
" j=loex,

where 7, denotes the action of the permutation o € X, via the symmetric braiding (2.2).
The differential on Sym(ggw [1]) is dgrp1], 1.e. the differential on gggm [1] extended by
the Leibniz rule.

The factorization envelope Ug®” e Algp,,, is constructed by deforming the dif-
ferential dgry1] of Sym(gﬂfm [1]) along the Chevalley—FEilenberg differential dcg. The
latter is defined as follows: For every disk D € Diskgrm, the unshifted cochain com-
plex gICRm(D) = g ® QI(D) € Ch can be endowed with a dg-Lie algebra structure
[— —1: 98" (D) ®gs (D) > g¢ (D) by setting [X®,Y @n]:=[X, Y@ An,
forall X, Y € gand w, n € Q2(D). This induces a degree 1 map

dcg @ Sym(gE [11) — Sym(g5 [1]) (4.12)

in ChP'%e"  whose component at D € Diskgn is given by

n

dCE( 1_[ X ® wa)> = Z (—1)'"i-7 (—1)leilar (Xi. Xj1® w; Aw)) 1_[ (X4 ® wa),
a=1

i,j=1 a=l
i<j az#i, j
(4.13)

for all X, € gand w, € Q¢(D) witha € {1, ..., n}. The products in Sym(géRm [1]) are
ordered from left to right and (—l)"'?ef denotes the Koszul sign that arises from bring-
ing X; ® w; and X; ® w; to the front of the product. This map satisfies dgrj1]dcg +
dcg dgrp1] = 0 and dcg? = 0, hence it defines a perturbation of the Diskgm-colored
object Sym (géRm [1]) € ChPsk®"  The underlying Diskgn-colored object of the factor-
ization envelope is then defined as

Yg®" = (Sym(g§"l[l]),ddR[1]+dCE) € ChPisker, (4.14)
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Remark 4.3. A trivial yet important observation is that the only non-trivial contributions
to (4.13) come from pairs of factors X; ® w; and X; ® w; for which the de Rham degrees
satisfy |wi |qr + |a)j laR < m.

Note that the perturbation dcg is small since it lowers the Sym-degree by one and the
latter is bounded from below by 0. Hence, we can apply the homological perturbation
lemma [Cra04] and obtain

Proposition 4.4. There exists a perturbed strong deformation retract

Sym(gll —m]) " Ug™” Dﬁ (4.15)
1

in the category ChPe™ with i given by (4.10) and the components of p and T at any
D e Diskgm given in terms of those of p and h in (4.10) by
Pp ==Y _ ppWcehp), hp =Y hpcehp). (4.16)
j=0 j=0

Proof. This follows immediately by applying the homological perturbation lemma
[Cra04] to the strong deformation retract (4.10) and the small perturbation dcg. The
reason why i does not get deformed is as follows: For any disk D € Diskg~, the image
of i}, lies in the subcomplex Sym” (g ® QY (D)[l]) of Sym” (g?m (D)[l]) El\lat is gener-
ated by top forms. Hence, dcg ip = 0 by Remark 4.3, which implies thatip = ip. By
the same argument, one sees that the (trivial) differential on Sym(g[1 — m]) is also not
deformed.

O

4.2. Underlying strict prefactorization algebra structure. The prefactorization algebra
structure of the factorization envelope tg®” e Algp,, can be described as follows.
First, we note that Sym(g?m [1]) € Algp,,, carries a canonical prefactorization algebra
structure that is defined from the pre-cosheaf structure of g?m [1],1i.e. extension by zero of
compactly supported differential forms, and the commutative product of the symmetric
algebra. The Chevalley—FEilenberg differential (4.13) is a degree 1 derivation of this
‘Prm-algebra structure, i.e.

(deg)p Sym(ge [11)(:p) = Sym(ge [1)(:3) D _dce)p,.  (4.17)

i=1

for all operations Lg in the operad Pgr~. Hence, we obtain an induced Pgm-algebra

structure on the deformation ilng = (Sym (ggw [1D), dar[1] + dCE) € Algp]Rm . As
discussed in Sect. 3.2, this Pgrm-algebra structure transfers along the strong deformation
retract (4.15) to a (Prm)so-algebra structure on the cohomology Hilng = Sym(g[1 —
m]) € ChPke" which is called a minimal model for UgR" e Algp,,, . The aim of this
subsection is to compute the underlying strict (Prm)oso-algebra structure of this minimal
model, or equivalently the structure maps from Proposition 3.5. The presence or absence
of higher structures in the minimal model will be studied in the next subsection.
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To match our notation for the perturbed strong deformation retract (4.15), we will
denote the structure maps from Proposition 3.5by i p : Sym(g[1—m])®" — Sym(g[1—
m]). Explicitly, they are given by

ip = pre g™ (") ip = > prn (deg hrm)? 4g™ (") ip. (4.18)
Jj=0
where we recall that D = (Dy, ..., Dy) is a tuple of mutually disjoint disks. Note

that there is a stark difference between the cases of dimension m = 1 and m > 2,
stemming from the trivial observation made in Remark 4.3. Indeed, since the image of
UgR” (tgm) ip consists of products of top forms in Sym(gX [1](R™)) and since hgm
only lowers the total degree of these forms by 1, we find the following two cases:

Dimension m = 1: All terms in the sum over j > 0 in (4.18) can, in principle,
contribute. This implies that the structure map fip is a deformation of the standard
n-ary commutative product on Sym(g[l — m]). (The latter agrees with the j = 0
term in (4.18).)

Dimension m > 2: Only the j = 0O term in (4.18) can be non-trivial. This implies
that the structure map fp is simply the standard n-ary commutative product on
Sym(g[1 — m]).

As a consequence of this observation, we can restrict our attention in the remainder
of this subsection to the case of dimension m = 1. Since by Proposition 3.5 the structure
maps (4.18) define an associative and unital algebra structure on Sym(g), it suffices to
determine the binary multiplication

* 1= [I(p,py : Sym(g) ® Sym(g) —> Sym(g), (4.19)

for any pair of disjoint intervals D, D’ € Diskg with D to the leftof D' inR,i.e. D < D’.
(Note that the unit iy = 1 € Sym(g) is the standard one since the homotopy in (4.18)
acts trivially in Sym-degree 0.) To describe the multiplication (4.19) on arbitrary elements
of Sym(g), it suffices to compute the product X" x Y € Sym(g) for arbitrary X,Y € g
and n € Z>1. Indeed, the product of Y with an arbitrary monomial []'_, X; € Sym(g)
of degree n is obtained from this by polarization

al’l
(1) s, () ] com

where #; € Kare parameters fori € {1, ..., n}, and the product ( [T, Xl-) *( [Tie, Yk)
of two arbitrary monomials is obtained by induction on m using the associativity of
(4.19). Explicitly, it follows from (4.18) that we can write ( ]_[Z'_ll Yi)*Ym = [Tie; Ye+
A for some A € Sym=""!(g) of Sym-degree at most m — 1 (the first term [Tiz; Yk
corresponds to the j = 0 term in the sum in (4.18) and A corresponds to all other terms
j > 0). We then have

(1) (119) = (1)~ (TT) v - (1T . 0

where both terms on the right-hand side involve x-products in which the second factor
has Sym-degree at most m — 1.
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We will now compute X" Y € Sym(g) explicitly. First, let us note that
ip.oHX"®Y) = X®wp)"® (Y Qwp) € Ug™(D)@Ug™(D) . (4.22)

Applying the cochain map g (LI(RD’D,)) we obtain (X ® wp)" (Y ® wp) € UgR(R),
and hence

X'+Y = 3" pa(dcehp)’ (X@wp)" (Y @ wp)) € Sym(g) . (4.23)
Jj=0

To determine the latter sum, we can make a computationally important simplification
by using the freedom to choose our strong deformation retract in Lemma 4.1 to satisfy
wRr = wp, for some fixed Dy € Diskg. Using independence of the structure maps under
the choice of tuples of intervals with fixed ordering along R (see Proposition 3.5), we
can then take without loss of generality D = Dy and D’ any interval to the right of Dy.
With this simplification, we obtain the following result.

Lemma 4.5. Forany X,Y € gand j € {0, ..., n}, we have
(dee he)’ (X®@ 0p)" (Y ® wp) = X @ wp)" ™ (adg () @ 1), (4.24)

where ady (Y) := [X, Y] denotes the adjoint action and n}") € Qi (R) is defined recur-
sively by 778') = wp and

i = = pao | (n;f” —on [ n;-'”), (4.25)

forje{0,...,n—1}.
Proof. We will show that, for any j € {0,...,n — 1} and n}”) € QL(R), we have

dce hR((X ® wp)" 7 (ad(Y) ® n}”))) = X®wp)" ! (adi” (V) @ 1%),).
(4.26)

with ), € Q¢ (R) given by (4.25). The desired identity (4.24) then follows by induction

with the choice 77(()" ' =wp.
Using the explicit expression for h%ﬁj +l given in (4.11), we find that

i (X @ wp)' (adf(V) @ 1))

= (X®wp)"™ (ad{((Y)@) / (n;'” —p / n;'”)) : 4.27)
R

In this calculation it is crucial to use the specific choice wrx = wp for the strong
deformation retract, which in particular implies that i pr acts as the identity on XQwp.
Furthermore, if the factor hg[1] in A}, ’ *I from (4.11) acts on any of the n— j factors

X ® wp, then the corresponding term in the sum vanishes by virtue of the choice wr =
wp. Hence, hr[1] must act on the last factor ad;( M ® n;.'”, and it can be computed by
using the explicit expression for Ar[1] in dimension m = 1 given in Remark 4.2. The

result now follows by applying dcg given in (4.13). O
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n—j+l1

Applying pp to both sides of the identity (4.24), we obtain

PR (deg hr) (X ® wp)" (Y @ wp)) = X"~/ adf(Y) / @, (4.28)

)

so it remains to solve the recurrence relation (4.25) for n;" € Qé (R) and compute its

integral over R. The result is given by the following lemma.

Lemma 4.6. Forall j € {0, ..., n}, we have
/ @ = (=1)/ < ) (4.29)
where B are the Bernoulli numbers with sign convention By = —%.

Proof. First, we observe that the n'" iterated integral of wp is given by [ wp [@p -+
Jop = ;1, and that wp [‘wp = 0 since D is to the left of D’. This allows us to use the
recurrence relation (4.25) to express fR n(j") for any j € {1, ..., n} in terms of all the

previous [p 0 forr =0,..., j — 1 as follows

1 1 I+ 1
_(_1)1(”_.)/]1% = X(:)<]+ >(_1)r(7) A«W , (4.30)
J = r

The statement now follows from the fact that the Bernoulli numbers satisfy the same
recurrence relation, namely, for all j > 0,

I vl 1 et
> C)B=0 = —Bj:ﬁz ) B 4.31)

r=0 r=|

and the same initial condition By = 1 = fR wp = fR n("). O

From the results above, we can deduce that (4.23) is given explicitly by
TxY = Z( 1)/ < >B X"~ adf (Y) . (4.32)

This identity characterizes the Gutt star-product [Gut83] on Sym(g), see e.g. [ESW17,
Proposition 2.7], hence the associative and unital product (4.19) on Sym(g) coincides
with the Gutt star-product. Summing up, we have shown the following result, which was
observed before in [CG17, Proposition 3.4.1] by using different techniques.

Proposition 4.7. The Pr-algebra structure on the factorization envelope tg® € Algp,
transfers along the strong deformation retract (4.15) to the associative and unital algebra
structure on Sym(g) that is given by the Gutt star-product. The latter is isomorphic to
the universal enveloping algebra U g.
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4.3. Universal first-order Massey product. On top of the underlying strict (Pgrm)oo-
algebra structure on the cohomology HtlgR" that we have described in Sect. 4.2, there
may exist additional higher structures in the sense of Sects. 2.6 and 2.7. The first instance
of such higher structures is given by the universal first-order Massey product, which in the
context of locally constant prefactorization algebras was described in Sect. 3.3. The aim
of this subsection is to compute and interpret the universal first-order Massey products
for the factorization envelopes UgR" Algp,, onR™.

Following the approach in Sect. 3.3, we can use local constancy of the factorization
envelope Ug®" to improve the strong deformation retract (4.15) as in Lemma 3.6. Then
the 1-cocycle representing the universal first-order Massey product (3.18) becomes

B (3. tgi_) - Bm(tg",tg) —Tip /’372)([%:”,[3), (4.33)

where 11 p denotes the structure maps from Sect. 4.2 and B\Q) is defined by the commu-
tative diagram (3.19) in terms of the 1-cocycle 8 associated with the original strong
deformation retract (4.15). In our present example, the identification between 8 and
B\(Z) is trivial because Hilng(Lg) = id, for all D C D’, hence we obtain the explicit
expression

B\(2) (Lﬂgm’ Lg’l) _ ﬁR’" ung([g’") 7/1\[)[ ﬂng([g’;) i(Dl ’’’’’ D;.,...D;) - 4.34)

We observe that the behavior of this 1-cocycle depends strongly on the dimension .

Dimensionm = 1: The cohomology Hilg® = Sym(g) is concentrated in cohomolog-
ical degree 0, hence the degree —1 operations B\Q) (tﬂgn, Lgi_ ) : Sym(g)®Hni—D
Sym(g) all vanish on degree grounds. More generally, by the same reason, the trans-
ferred (Prm)o-algebra structure B on Hilng vanishes on all trees with more than
one vertex. This implies that the factorization envelope LUg® e Algp, inm = 1 di-
mensions is formal, i.e. it is co-quasi-isomorphic to its cohomology Hig® = Sym(g)
endowed with the strict prefactorization algebra structure. By a similar argument, an
analogous result is found in [IR23, Section 5.3].

Dimension m > 3: Using the concrete expression for the strong deformation retract
(4.15), we can write (4.34) more explicitly as

B (%m , ng) = Z pre (dcg hrm )jilng(tg”) hp, (dce hp,)* uBRm(lg) i(Dy,...D; ...
J,k=>0

(4.35)

As a consequence of Remark 4.3, one would need at least m > 3 homotopies h
preceding any dcg to obtain a non-trivial contribution to the sum. This is obviously

impossible, which implies that all ,E @ (tﬂgm, Lgf ) = 0 vanish in dimension m > 3,
and consequently all B2 (i3, Lg{) = 0in (4.33) vanish as well. This implies that the
factorization envelope Ug®" € Algp_, inm > 3 dimensions has a trivial universal

first-order Massey product [E )] = 0, but it still may have non-trivial higher-order
Massey products in the sense of [Dim12,FM23]. See also the related discussion in
Remark 3.9.
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As a consequence of this observation, we restrict our attention in the remainder of
this subsection to the case of dimension m = 2. Our goal is to show that the cohomology
class [,E (2)] e HL r(Hug 2) is non-trivial, which implies that the cohomology HilgR™ =
Sym(g[—1]) carries, on top of its commutative algebra structure from Sect. 4.2, non-
trivial higher structures. To show non-triviality of [®], we will study the simpler
L-invariant from Sect. 3.4, which is available in our present case of m = 2 dimensions.

We start by computing explicitly the value of the improved 1-cocycle ,g @) in (4.33)
on trees of the form (3.23), and use this result to argue that the L-invariant (3.33) and
hence the cohomology class [,3 (2)] # 0 is non-trivial. For our argument it suffices to
focus on trees with only two free edges

D
, LD}, D)
D Dy !
t([(D/l,Dz)’ LDI) = Di/ \ ) (4.36)

for all Dy, D}, D, D € Diskg such that Dy C D}, D N D} =@ and D} u D; C D.
The values of the 1-cocycle (4.33) on such trees are degree —1 binary operations

By, by tn)) : Sym(gl-1) ® Sym(g[~1]) — Sym(g[-1)  (437)

on Sym(g[—1]) € Ch, which we will compute in Lemma 4.8 below.

In order to ease the notation in what follows, we will always suppress the extension
maps ﬂng(tg/) for all disk inclusion D C D’, which is justified since they are simply
extension by zero of compactly supported forms from D to D’. Then the first term on
the right-hand side of (4.33) explicitly reads

BOE i)

LoDy tp)) = Pr2 g™ ((D/ D2))hD’ I(D1.Dy)

= D pre (g ) g (5o;. pyy) 1y (et hpy) 0y, oy

k=0
(4.38)

It follows from Remark 4.3 that the only non-vanishing term in the sum is given by
k = 0and j = 1, hence the above reduces to

sz)( Loy, 1)2)"01) = pge dcg hge Ug™ ((D/ py) 1 iD1Dy) (4.39)
Similarly, for the ,B\(Z) factor in the second term on the right-hand side of (4.33), we have

PO (i ' p)) = P hpyip, = ppedeg hye hpy ip, (4.40)
Using also the result from Sect. 4.2 that [z DDy = M2 is the standard commutative

binary multiplication of the symmetric algebra, we can put the above together and find
that the value of the 1-cocycle (4.33) on the trees (4.36) can be written explicitly as
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2 Dy .
B (b by tp)) = Pre dce g2 Ug® ((D, Dy)) 1D} i(D1.Dy) = 12 PR2 ACE hg2 hpy i -

(4.41)
Our first result is the following
Lemma 4.8. For every pair of elements A, B € Sym(g[—1]), we have that
72 (,D Dj _ D D;
p (‘(D;,Dz)’ ip,)(A®B) = ‘PO(‘(D;,DZ)’ tp,) {4, Bl ), (4.42)

where

{(— =}y : Sym(al~1]) ® Sym(g[~1]) —> Sym(g[~1)  (4.43)

denotes the degree —1 Poisson bracket (i.e. Py-algebra structure) that is defined on the
generators by
{X, Y}(fl) = [X, Y], forall X,Y € g[—1], and the numerical prefactor is given explic-
itly by

D; 1 1 (2 2 2
0y pyye i) = E/RZ (ks (1%, @D)) A (@b, + o) + W (@) Al (@) -
(4.44)

Proof. To simplify notation, we will denote in this proof the given tree by

t= t( Dy ) By linearity, it suffices to consider the case where A = [[_, X, €

LDy, Dy Dy
Sym"(g[—1]) and B = [[,_,; Y, € Sym’(g[—1]) are two arbitrary monomials in
Sym(g[—1]). The result follows from a direct computation of the evaluation of (4.41) on
A ® B. This computation is straightforward but rather lengthy, so we will only highlight
the key points. Evaluating the first term on the right-hand side of (4.41) on A ® B, we
find

pr2 dcE hg2 ilg ( (D’ D )) th i(py,Dy)(AQ B)

= —y® Z( D™ X, X1 1"[ X4 1‘[Yb

llj<11 11751]
—wo(t)ZZ( 1yt [x,,YJHX Hvb, (4.45)

i=1 j=l1
a;ét h;éj

where ¢o(¢) € K is defined as in the statement of the lemma and ¥ () € K is given by
the integral

w([) = —1 (l’ll (h2 (CU )) A ((l) +wpn +2(() )+h2 ((1) + w /) A h2 (CU ))
. 2 ) R2 Di D D D1 R2 R2 Dy Dl Di D
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On the other hand, evaluating the second term on the right-hand side of (4.41)on A ® B,
we find

12 pra dce hye hpy ip, (A ® B) = —y/ (1) Z( D™ X X1 1"[ Xa 1‘[Yb

l] 1
i<j a?fll

(4.47)

This coincides with the first term on the right-hand side of (4.45) and therefore they
cancel in the expression for g2 (t)(A ® B). The latter then reads as

BPM(A®B) = —got) Y ) (D" X, Y1 [[Xa [T Yo
a=1

i=1 j=1 = b=1

a#i  b#j
=¢o() {A, B} _y), (4.48)
where in the last equality we have used the definition of the degree —1 Poisson bracket
(4.43) and its biderivation property. O

In the next proposition, we obtain a simpler, expresswn for (4.42) by exploiting the
freedom to add a suitable coboundary term to S,

Proposition 4.9. There exists a 0-cochain x € FO(Sym(g[—l])), satisfying the condi-
tions from Remark 3.8, such that B'® := B + ar x takes the values

B {D;.D> )"Dl)(A ® B) = (i YD}.D )"Dl) {A, B} _yys (4.49)

for all trees t( andall A, B € Sym(g[—1]), where the numerical prefactor

YDy, Doy ‘D )
is now given by the simpler integral

D Dyy | 1 (12
go(L(Di)Dz),LD}) = /thRZ(hDj(le))/\w[b . (4.50)

Proof. Recalling the explicit form (3.12) of the transformation formula E/ @ = ,g @ 4
or x, we find for our trees

D D’ D
B top o2y o)) = B Ly sy 1) X (b py) +X(L(DD’1,D2)) + 12 x(ep,)
(4.51)

We define the 0-cochain x on trees with one and two free edges by
5 5 1
X)) =0, x(:{p p))(A®B) = - fR a(@p) Ahga(@p) (A, By,
(4.52)

for all A, B € Sym(g[—1]), and by zero on all other trees. Note that this satisfies the
conditions (3.31) from Remark 3.8. Then the last term in (4.51) vanishes and evaluation
on A ® B gives

212)(,D Dy
ﬂ/( )(L(DQ,DZ)’ LDi)(A ® B)
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D) 1
= (wo(z?Di,Dﬂ, )+ 5 fR za(@py) A (= higa(@p) +h]§2<wD;>)) {A, B},

1
_ E/Rz (h]}gz(h?)i (@D,)) A (@D, + o) +

hga(@py) A (hy (@p)) = higa (0p,) + hﬂéz(w,);))) {A. B}y . (4.53)
Now using the identities (4.6), we have

hy (@p,) = hga(darhiy (@p,)) +darhga (W (@p))

= hga(0p,) = hio (@py) +darhgs (hy (D)) (4.54)

where in the second line we have used |, D, @D = 1. The result now follows us-

ing this identity in the last line above, then using Stokes’ theorem and the fact that
dar iz, (@p,) = wp, — wge, which follows again by (4.6a). O

. . .o R2
Theorem 4.10. The L-invariant (3.33) for the factorization envelope g™ € Algp]Rz
on R? coincides with the degree —1 Poisson bracket from (4.43), i.e.

L={-}_p - (4.55)

It follows that the cohomology class [B‘(z)] € H%(Sym(g[—l])) defining the universal
first-order Massey product is non-trivial for ilng € AlngZ.

Proof. Using Proposition 3.10, we can equivalently consider the simpler transformed
1-cocycle 8/® from Proposition 4.9. Inserting this into the definition of L from (3.33),
we find

LA® B):/Rz (hﬁgz(h%u (wp, — wp,)) —ha (h], (@D, — tz))) Awp{A, B}
(4.56)

Since [}, (wp, — wp,) = 0, we have wp, — wp, = darBu for f = h3, (wp, —
wp,) € Q(Dy) and wp, — wp, = darBa for fa = h}, (wp, — wp,) € QL (Da)
by identity (4.6a). Similarly, because dgr (B, — Bs) = O we have B, — B4 = darg
for g = hﬁz (Bu — Ba) € QUD) by (4.6b), noting that because dgrg = 0 outside of

D, U Dy, g € QU(D) for any disk D containing D,, and Dy. So

L(A®B) = / his(Bu — Ba) Awp {A, B} 1) = / g Nwp{A, B}y
R2 R2
4.57)

Now, since dgrgl g = (B« — Ba) | = O, it follows that the restriction g| 5 is constant
and we claim that g|5 = 1. Indeed, g can be constructed explicitly as the line integral
glp) = fyp (Bu — Ba) along any path y, from a fixed base point pg &€ D to p € D. The

definition is independent of the choice of path by Stokes’ theorem since dgr (B4 — Ba) =
0.Now let p € D and pick any path y,, € R?\ D;. Then g(p) = fyp Bu.Let yI’, e R?\D,



206 Page 44 of 47 S. Bruinsma, A. Schenkel, B. Vicedo

be another path such that y, — yl’, forms a cycle bounding a region R O D; with
RN Dy = @. Then fy, B = 0and so
P

g<p>=/ ﬁu—/ b= [ 8 =/ddRﬁu =/(le—wDZ)=/wDI ~ 1
Yp vp oR R R R

(4.58)

as claimed, where in the third equality we used Stokes’ theorem. So we have
L(A® B) = /]R2 grnop A, By ) = {A, B}y (4.59)
because fRZ wp = 1 by assumption. O

5. Linear Chern—Simons Theory

Throughout this section, we fix the field K to be either the real numbers R or the complex
numbers C. Recall from [CG17, Chapter 4.5] that the prefactorization algebra describing
linear Chern—Simons theory (i.e. with structure group R) on an oriented 3-manifold M
is given by

es = (Sym(szhc[z]),ddm]+ABV) € Algp, . (5.1)

where Qf, . is the cosheaf of compactly supported differential forms on M and Agy is

the BV Laplacian. The latter is the second-order differential operator on Sym(QZ'VL C[2])
defined by

n

ABV<H%> : Z( 1) (/ a,-Aa]) I ¢ (5.2)
a=1

a=1 i,j=1 -1
i<j a#i, j

foralla, € Q}, [2] witha € {1,..., n}, where (=1) "J is the Koszul sign arising from
bringing «o; and a j to the front of the product. This prefactorization algebra is locally
constant.

The aim of this section is to describe the universal first-order Massey product of
the prefactorization algebra §g. By the same argument as around (4.35), one easily
sees that the associated cohomology class [E <2)] = 0 is trivial for linear Chern—Simons
theory on the 3-dimensional Cartesian space M = R3. This is compatible with the more
abstract point of view explained in Remark 3.9: Since §g on RR3 is equivalent to an E3-
algebra, one does not expect a non-trivial first-order Massey product. In order to observe
a non-trivial cohomology class [,8 (2)] # 0, we will consider the compactification of
linear Chern—Simons theory on the 3-manifold M = R? x S!, with S! denoting the
circle, which we regard as a 2-dimensional prefactorization algebra on the R2-factor.
This example can be treated with similar methods as in Sect. 4, hence we can be relatively
brief in presenting the results.

As a first step, we observe that the compactified prefactorization algebra §g on

2 x S! can be replaced by a weakly equivalent model that is more suitable for the
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computations in this section. For every 2-dimensional disk D € Diskp2, we have by
Kiinneth’s theorem a quasi-isomorphism
QD)@ Q* (S — QD xShH . (5.3)

This family of quasi-isomorphisms is natural in D, hence we can consider instead of the
compactification of (5.1) on R? x S! the weakly equivalent prefactorization algebra

1 2 1
F = <Sym($2£§2!c[2] ® Q*(S1)), ey + S + ABV> cAlgp,. (54

where now Q7, denotes the cosheaf of compactly supported differential forms on the

2-dimensional Cartesian space R2. Using the strong deformation retract from Lemma
4.1, we can define a strong deformation retract

i[2]®id
Q*SH = Ko Q*Sh pR— Q5. 2 ]®Q'(Sl)i>hm®id . (55)
r2]®

To pass to the cohomology H(}R (SH Z K@ K[—1] of Q°(S"), we further use the strong

deformation retract
(Sl) o e D (5.6)

that is obtained by choosing the standard metric g = dr ® d¢ on S! and using Hodge
theory. Combining the strong deformation retracts (5.5) and (5.6), lifting along Sym and
applying as in Proposition 4.4 the homological perturbation lemma, we obtain the strong
deformation retract

Sym(H2, (S — 35 P (5.7)
(M) =2 85 )

which we use to determine a minimal model and the universal first-order Massey product
for Sgls

Similarly to Sect. 4.2, one finds that the underlying strict (Pp2)oo-algebra structure
on Sym(H(‘jR (Sl)) that is obtained via homotopy transfer along the strong deformation
retract (5.7) is given by the standard associative, unital and commutative algebra structure

on the symmetric algebra. The non-formality of S(S:ls € Algp]R2 is established again by
explicitly computing the L-invariant from Sect. 3.4.
Theorem 5.1. The L-invariant (3.33) for the prefactorization algebra Sgls € Algp]Rz of

compactified linear Chern—Simons theory on R* x S! is given by the degree —1 Poisson
bracket

L ={-. -}y : Sym(Hi(SH) ® Sym(Hix(S"H) — Sym(H3z(S")) (5.8
that is defined on the generators [1], [dt] € Sym(H&R(Sl)) by

.o}y, =0 = {del 1der} . {01}y = 1= {ldel. (11},
5.9
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It follows that the cohomology class [E(Z)] € HIL (Sym( ar (St ))) defining the universal
. .. Sl
first-order Massey product is non-trivial for §¢g € Alngz.

Proof. The proof follows the same steps as the proof of Theorem 4.10 in Sect. 4.3. As in
Lemma 4.8, we find that forany A, B € Sym( IR (S! )) the universal first-order Massey
product is

~ D D
By by 0} (A® B) = 90(1(yr 1,y tp)) 1A BY Ly (5.10)

where {A, B}(_1) is the bracket determined by (5.9) and ¢ (L(DD,I D)’ tgi) is the prefactor

given by (4.44). The reason that this is the same prefactor as in Lemma 4.8 is that both the
strong deformation retract (4.8) and the strong deformation retract (5.5) are constructed
using the strong deformation retract for de Rham forms found in Lemma 4.1.

As in Proposition 4.9 one then finds that after a gauge transformation y (the nonzero
part of which is given by (4.52), where {A, B}_1) now is the bracket determined by

(5.9)) the prefactor becomes go(L(DD, Dy’ Lg:), which is defined in (4.50). Finally, as in
19

the proof of Theorem 4.10 one finds that the prefactor of L is 1, proving the Theorem. O
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