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ABSTRACT. By identifying K-polystable limits in 4 specific deformations families of smooth Fano 3-folds,
we complete the classification of one-dimensional components in the K-moduli space of smoothable Fano
3-folds.

1. INTRODUCTION

By recent advances in the theory of K-stability, there is a projective moduli space MEP® whose closed
points parameterise n-dimensional K-polystable smoothable Fano varieties over C for a choice of fixed
volume, see for the original works [Alp+20; Blu+21; BLX22; BX19; CP21; LWX21; LXZ22; OSS16;
SSY16; XZ20; XZ21], or the survey by Xu [Xu21] and the references therein.

Components of M2K P* have been studied in [OSS16]. The next step is to analyse components of M:,f( ps
together with all K-polystable smoothable Fano 3-folds.

According to the classification by Iskovskikh, Mori and Mukai, there are 105 deformation families of
smooth Fano 3-folds. Among these, 27 families contain no K-polystable smooth 3-folds [Ara+23; Fuj16],
while the general element of the remaining 78 families is K-polystable [Ara+23; Fuj23]. Note that in
one case (Ne2.26 in the Mori-Mukai notation), there are no K-polystable smooth objects, but the family
contains a unique singular K-polystable member [Ara+23, Section 5.10]. To study MBE{ P* it would be
sensible to work inductively on the dimension of components appearing in this moduli space. Among the
78 families under study, 20 deformation families contain a unique K-polystable smooth object!, hence
their corresponding K-moduli components are isolated points. Next up is to study the one-dimensional
components.

1.1. One-dimensional components in M§< P* The goal of this paper is to describe one-dimensional

components of M?f( P® There are 8 families of smooth Fano 3-folds with one-dimensional moduli, but only
6 of them have K-polystable elements. For these 6 families, all smooth K-polystable members are known
[Ara+23; CP22; Den24], and for 2 of these 6 families, the singular K-polystable limits are also known.
Let us describe K-polystable smooth Fano 3-folds in these 6 deformation families, and introduce their
singular K-polystable limits.

Family 1. Divisors of bidegree (1,2) in P? x P2, (N22.24 in Mori-Mukai notation)

For A € P!, let X be the 3-fold defined by {zu? +yv? + 2w? = A(zvw + yuw + 2uv)} C P2 x P2, where
([x :y:2],[u:v:w]) are coordinates on P2 x P2. Then X is smooth if and only if A3 # 1 or A # oo.
By [Ara+23, Lemma 4.70] X are K-polystable for all A € P'. In particular, if A> = 1, then X = X,
and this 3-fold has 3 ordinary double points. Moreover, every K-polystable smooth Fano 3-fold in this
family is isomorphic to X for some A € P!. Note that the family contains strictly K-semistable smooth
members (see [Ara+23, Section 4.7] for details).

Family 2. Blowups of P? along quartic elliptic curves. (N¢2.25 in Mori-Mukai notation)

For A € P!, consider the curve Cy = {2 + 2} + A(23 + 2}) = 0, A\(zf — 2}) + 23 — 23 = 0} C P?,
where [zg : 1 : 22 : x3] are coordinates on P3, and let m: X\ — P3 be the blowup along C,. If
A & {0,£1, £i,00}, then C) is a smooth elliptic curve, and X is a smooth K-stable Fano 3-fold [Ara+23,
Corollary 4.32]. Moreover, every smooth Fano 3-fold in this family is isomorphic to X for some A\ € P!.

n Mori-Mukai notation, these are the families numbered 1.15, 1.16, 1.17, 2.27, 2.29, 2.32, 2.34, 3.15, 3.17, 3.19, 3.20, 3.25,
3.27, 4.3, 4.4, 4.6, 4.7, 5.1, 5.3 and 6.1.
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If A € {0,£1, 47,00}, then C) is a union of 4 lines, and X = Xj is a toric K-polystable smoothable Fano
3-fold; X has four singular points, which are ordinary double points.

Family 3. Blowups of P? along rational quartic curves. (Ne2.22 in Mori-Mukai notation)

Let @ be the smooth quadric surface {xgz3 = z122} C P3, where [zo : o1 : 22 : 23] are coordinates
on P3. Identify Q with P! x P! via the isomorphism given by

([w:v],[z:y]) = [zu:azv:yu:yol,

where ([u : v], [z : y]) are coordinates on P! x PL. Let C)\ C @ be the curve defined by {uz?(z + \y) =
vy?(y + Ax)}, for A € PL. One can check that Cy is smooth if and only if A & {£1, 00}, and it is then
a rational quartic curve. If 7: X, — P3 is the blowup along Cy, then X is a smoothable Fano 3-fold.
Moreover, every (smooth) member of family Ne2.22 is isomorphic to X for some A € P'. The 3-fold X
is K-polystable for A ¢ {£1, 43,00} by [CP22]. On the other hand, X3 is strictly K-semistable, with
K-polystable limit Xj.

Since C41 is the union of a twisted cubic and a line, and Cy, is a union of a conic and two lines, X4
admits an isotrivial degeneration to X,. Hence, if X, is K-polystable, then X1 is strictly K-semistable.
Note that X, has two singular points, which are ordinary double points.

Family 4. Blowups of P? along the disjoint union of a twisted cubic and a line. (Ne3.12 in Mori-Mukai
notation)
In the notation of Family 3, identify P! x P! and C with subvarieties of P! x P? via the embedding
([u s, o y]) — ([u ), [:r2 e yQ])

Let 7: X, — P! x P? be the blowup along the curve Cy, then X is a smoothable Fano 3-fold. Further,
every (smooth) member of family Ne3.12 is isomorphic to X for some A € P!\ {£1,c0}. Moreover, if
A & {£3,41,00}, then X is K-polystable [Den24]. The smooth Fano 3-fold X3 is strictly K-semistable,
with K-polystable limit X(. Since the (singular) 3-fold X1, admits an isotrivial degeneration to X, if

X+ K-polystable, X is strictly K-semistable. Note that X, has two singular points, which are ordinary
double points.

Family 5. Blowups of P! x P! x P! along a curve of degree (1,1,3). (Ne4.13 in Mori-Mukai notation)
For A € P!, let m: X\ — (P')? be the blowup along the curve

C,\ = {:onl — T1Yo = 0,$%Z0 - .%'?Zl + )\woxl(fElZo - .1‘021) = O},

where ([zo : 1], [yo : v1],[20 : 21]) are the coordinates on (P1)3. If A € {£1,00}, then X is a smooth
K-polystable Fano 3-fold. Further, every (smooth) member of family Ne4.13 is isomorphic to X for some
A € P'. One can show that X4; = X, and the 3-fold X, has two singular points, which are ordinary
double points.

Family 6. Complete intersection of divisors of degree (1,1,0), (1,0,1), and (0,1,1) in P? x P? x P2
(Ne3.13 in Mori-Mukai notation)
For A € P!, let X, C (P?)3 be given by

(1.1) {zoyo + 191 + z2y2 = 0,y020 + Y121 + Y222 = 0, (1 + N)zoz1 + (1 — N)z120 — 23929 = 0},

where ([o : x1 : 2], [yo : y1 : ¥2],[20 : 21 : 22]) are coordinates on (P2)3. If A\ ¢ {41,00}, then X is a
smooth K-polystable Fano 3-fold. Further, every (smooth) member of family Ne3.13 is isomorphic to X
for some \ € P!, For A € {£1, 00}, X, is singular (X1 has one ordinary double point and X, is singular
along a curve) and K-unstable.

This family can reparametrised in such a way that X degenerates to the toric K-polystable Fano 3-fold
{zoy1 = T1Y0, Y122 = Y221, X022 = x220} when A — £1. Note that this 3-fold is singular; it has 3 ordinary
double points.

Now, we are ready to state our main result:



Main Theorem. Let X be one of the 3-folds X, described in Families 3, 4, 5. Then X is K-polystable.
In the notation of Family 6, let

xoys — w3y2 = 0,
Y223 — Y3z2 = 0,
(1.2) X! = zoz3 — 2322 =0,
T1Y123 + T1Y321 + T3y121 + 23Y223 = 0,
T1y122 + x1Y221 + X2y121 + w2y3z2 = 0.

Then X! has a unique singular point, which is an ordinary double point, and is a K-polystable limit of
elements of family Ne3.185.

Corollary 1.3. The Fano 3-fold X~ in Families 1, 2, 3, 4, 5 are the only singular K-polystable limits of
members of the deformation families Ne2.24, 2.25, 2.22, 3.12 and 4.13.

Proof. We only consider Family 3, since the proof is similar for other families. Denote by M2K > the one-
dimensional component of the K-moduli space M§{ P® that contains all smooth K-polystable Fano 3-folds
in Family 3 (equivalently, all K-polystable elements of Mori-Mukai family Ne2.22). Above, we described a
parametrisation {X MAE IF’l} that is a Q-Gorenstein family, and such that all smooth members of Family
3 are fibres of the family Xy for A € P'\ {43, 4+1,00}. Note that X, = X_ for A € PL.

Moreover, it follows from the description of the Family 3 above and the Main Theorem that all objects
X in the parametrisation except for the 3-folds X153 and X1, are K-polystable. As mentioned already,
the 3-folds X413 and X4, are K-semistable, and their K-polystable limits are Xy and X, respectively.

Thus we have a morphism P! — M?%SQ, the moduli stack parametrising K-semistable objects in this

family, which descends to a morphism ¢: P! — M2K 25 given by A — [X,] such than ¢(0) = ¢(£3),
d(00) = ¢(£1), and ¢(A) = ¢(—A) for A € PL. Since Myb5 is proper and one-dimensional, we conclude
that ¢ is surjective, which implies the required assertion. O

Corollary 1.4. Singular K-polystable limits of smooth Fano 3-folds in the Mori-Mukai family Ne3.13 are
the toric Fano 3-fold described in Family 6 above and the non-toric Fano 3-fold X' defined in (1.2).

Proof. Let M:)E( 3 be the one-dimensional component of M:,f{ P* that contains K-polystable smooth Fano
3-folds in this deformation family. It follows from the description in Family 6 that there exists a Q-
Gorenstein family of Fano 3-folds over P! such that the fibre X over A € P! is the complete intersection
in P2 x P? x P? given by (1.1). This family contains all smooth K-polystable 3-folds in the family Ne3.13,
which are fibres over the points in P!\ {£1, cc}. Note that X, = X_ for every A € P!. Arguing as in the
proof of Corollary 1.3, we see that there is a surjective morphism ¢: P — M?f{f:,f such that ¢(\) = [X,]
for A € P\ {41,000}, and ¢(=£1) is the K-polystable toric Fano 3-fold described in Family 6.

For \ # oo, either the K-polystable Fano 3-fold corresponding to ¢()\) is smooth or it has ordinary
double points, in particular, X has unobstructed Q-Gorenstein deformations. So, it follows from [KP21,
Remark 2.4] that MiFs is smooth at ¢(X) for A # co. It follows from Main Theorem that [X/ ] € M3 s,
where X/ is the 3-fold (1.2). But [X ] # ¢(X) for A # oo, since X/, 2 X for A ¢ {0,00}, and X/ is
not isomorphic to the toric Fano 3-fold described in Family 6. Thus, we conclude that ¢(oco) = [X. ], so
that MiFs is smooth at ¢(X), which gives Ms s = PL. O

Corollary 1.5. All one-dimensional components of M?f{ps are isomorphic to P'.

1.2. The mirage of GIT. Explicitly describing the K-moduli for a given deformation family is no easy
task at present. In all known cases, the K-moduli space either coincides with some GIT moduli space
or is closely related to it by blowing up certain subspaces in the GIT moduli. Out approach to proving
the Main Theorem was guided by this phenomenon but with a new hands-on approach. We first write
down a parametrisation of the objects and then examine their limits for K-polystability. Hidden in that
approach is the hope that the K-polystable limit has the same description as the smooth objects; in other
words it lives in the same ambient space with similar defining equations — that is to say it follows some
GIT principle. This works almost perfectly in our studies, and one obtains that the K-moduli space is
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the same as a suitable natural GIT moduli for Families 1-5. Verifying the details of the latter claim
could be an interesting research exercise. For instance, the case of Family 2 is well-studied [Pap22, §5],
cf. [Pap23]. However, as the reader has already observed, the K-polystable limit X/ in Family 6 is no
longer a complete intersection in P? x P? x P2, Indeed, by a result of Eisenbud-Buchsbaum [BE77] such
codimension 3 subschemes would be given by Pfaffians, rather than being complete intersections. So, we
rewrote the parametrisation of the complete intersection of 3 divisors in P? x P? x P? that would define
the desired (smooth) Fano 3-fold in (redundant) Pfaffian format and studied their Pfaffian limit, which is
no longer a complete intersection. This limit is X/ as in the Main Theorem and is K-polystable. Hence,
the obvious candidates of GIT compactification (regarded as complete intersection) would not read off
the K-moduli in this case. Whether there is another GIT description that coincides with the K-moduli
in this case remains to be investigated.

1.3. Structure of the paper. In Section 2, we explain the strategy of the proof for the first part of
Main Theorem, and provide details in Sections 3, 4, 5. In Section 6, we present a very simple geometric
construction for the 3-fold (1.2), and prove the second part of Main Theorem.
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2. STRATEGY OF THE PROOF

In order to prove K-polystability, we use the following powerful result proven by Zhuang in [Zhu21,
Corollary 4.14]: If G is a reductive group acting on the Fano variety X such that S(E) > 0 for all G-
invariant prime divisors E over X, then X is K-polystable. By a divisor over X, we mean that there
exists a birational morphism ¢: X — X such that E is a divisor on X , and following [Fujl9al, B(E) is
defined to be

B(E) = Ax(E) — Sx(E).
In it, Ax(E) = 1+ ordg (K — ¢*(Kx)) is the log discrepancy of the divisor E, and

(E)
Sx(E) = (_le)n / vol(p*(—Kx) — uE)du,
0

where T(E) = sup{u € Ryo | <p*( — KX) — uE is big}, and n is the dimension of X. By [Fujl9c,
Proposition 2.1], we have that

(2.1) Sx (E) < —

n+1 T(

Let X be one of the singular Fano 3-folds X, described in Families 3, 4, 5. Then X has two isolated
ordinary double points, AutD(X ) = C*, and Aut(X) is a semi-direct product of C* and a finite group.
Moreover, in each case Aut(X) swaps the singular points of X. In Sections 3, 4, 5, we will present
generators of the group Aut(X), and we will describe basic geometric facts about X. Set G = Aut(X).
Then to prove that X is K-polystable, it is enough to show that S(E) > 0 for every G-invariant prime
divisor E over X. R

Now, let ¢: X — X be a G-equivariant birational morphism with X normal, and let F be a G-invariant
prime divisor in the 3-fold X , and Z = ¢(F) its centre on X. Since G swaps singular points of X, we
have the following possibilities: Z is a smooth point of X, Z is a G-invariant irreducible curve, Z is a
G-invariant irreducible surface.

To proceed, it is more convenient to replace X with a suitable G-equivariant small resolution. A
priori, such a resolution may not exist, but in all cases considered here, it does, yielding a G-equivariant

4
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commutative diagram

where X — X and X — X are small resolutions of singularities of X, and X-»Xisa composition
of two Atiyah flops. Let Y be one of the 3-folds X or X, let : Y — X be the corresponding small
G-equivariant birational morphism, and let Zy be the centre of the divisor F on the 3-fold Y. Then
—Ky ~ n*(—Kx), which implies that Ax (F) = Ay (F) and Sx(F) = Sy (F), where we set

Sy (D) = (_Kly)g /Vol( Ky — uD)du
0

for every (not necessarily prime) divisor D over Y.

Remark 2.2. Let Si,...,S, be effective divisors on Y such that Sy (S;) < 1 for every i. If every G-

invariant prime divisor in Y is linearly equivalent to ZT: n;S; for some non-negative integers nq,...,n,,

then $(S) > 0 for every G-invariant prime divisor SZ :1;1 Y. Using (2.1) we can weaken the condition
r

“every G-invariant prime divisor in Y is linearly equivalent to > n;S; for some non-negative integers

i=1
ni,...,n," as follows: for every G-invariant prime divisor D C Y such that —Ky ~q %D + A for some
'
effective Q-divisor A on the 3-fold Y, there are non-negative integers ni,...,n, such that D ~ > n;S;.

i=1
Furthermore, using [Fuj19b, Proposition 3.2], we can weaken the latter condition slightly as follows: for
every G-invariant prime divisor D C Y such that —Ky ~g AD + A for some rational number \ > %
and some effective Q-divisor A on the 3-fold Y, there are non-negative integers nq,...,n, such that

i
=1

Now, fix a point P € Zy and set

. Ay (E)
Y)= inf
op(Y) By Sy(E)’
PeCy (E)

where the infimum runs over all prime divisors E over Y whose centre on Y contains P. If §(F) < 0 for
a divisor F whose centre contains P, then dp(Y) < 1. Quite often, we can use the inductive argument of
Abban and Zhuang [AZ22], and its formulation in certain scenarios in [Ara+23], to show that ép(Y) > 1.
To do this in the cases we deal with in Families 3, 4, 5, let € be a smooth irreducible curve in Y that
contains P, and let . be a smooth irreducible surface in Y that contains 4. They provide an admissible
flag P € € C .. To apply [AZ22; Ara+23], set
7 =7() = sup{u € Rxg the divisor | — Ky — u. is big}.

Next, for every u € [0, 7], it is required to find the Zariski decomposition

—Ky —uY ~r P(u) + N(u),
where P(u) is the positive part of the decomposition, and N (u) is the negative part. A priori, the Zariski
decomposition may not exist on Y for every uw € [0, 7], but in cases dealt with here, it exists either for
Y = X or for Y = X. Hence, we may assume that the required Zariski decomposition exists on Y for
every u € [0,7]. For u € [0, 7], set d(u) = ordy (N (u)|.s) and write

N(u)|, = N'(u) + d(u)¥

where N'(u) is an effective divisor on .# such that € ¢ Supp(N'(u)). For u € [0, 7], set

t(u) = sup{v € Ry ’ the divisor P(u)|y — V% is pseudo—effective}.
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Then, for every v € [0,t(u)], let P(u,v) be the positive part of the Zariski decomposition of the R-divisor
P(u)|.y —v%€, and let N(u,v) be its negative part. Set

T t(’LL

= (—I(gx)?’/d(u)(P( )) du+ 3/ dvdu

0

which is well defined since the support of N(u) does not contain . for every u € [0,7]. If € = Zy, it
follows from [AZ22; Ara+23] that

2. AX(F):Ay(F)>min{Syl 1 }

S(Weei %)

Sx(F)  Sy(F) () S(We: €)

Hence, if ¢ = Zy, Sy () < 1 and S(Wf:;(ﬁ) < 1, then B(F) > 0. Using this approach, we can show
that 8(F) > 0 if Z is a G-invariant irreducible curve.

Remark 2.4. (J[AZ22; Ara+23]) In fact, if € = Zy, Sy () < 1 and S(W;i/,;‘ﬁ) < 1, then S(F) >0
Now, we observe that € ¢ Supp(N (u, )) and set

Fp(W/50) = Kx // (u,v) - %) - ordp(N'(u)|,

T t(u)
S(WZ4;P) = CEYP / / %) dvdu + Fp(W,5).
0

+ N(u,v ‘Z))dvdu

and

Then it follows from [AZ22; Ara+23] that

Ay (F) ‘ ! . 1
o) mm{w S SRR

Thus, if Sy () < 1, S(WZ;€) < 1 and S(We%s; P) < 1, then dp(Y) > 1 and S(F) > 0

(2.5)

Remark 2.6 ([AZ22; Ara+23]). In fact, if P = Zy, Sx() < 1, S(W7;%€) <1 and S(Wee: P) < 1,
then we also have 5(F) > 0.

Using this approach, we will show in Sections 3, 4, 5 that X, (in the notation of Families 3, 4 and 5)
is K-polystable. We use similar techniques to treat the case of X/  in Family 6 in Section 6 .

3. K-POLYSTABILITY OF THE FANO 3-FOLD X, IN FAMILY 3

Let X = X, where X, is described in Family 3. Let Coo = C' + Ly + Lo, where C = {zg + x3 =
0,023 = 172}, L1 = {29 = 0,21 = 0} and Ly = {25 = 0,23 = 0}, and let v: V — P3 be the blowup of
the lines L1 and Lo, let ¢: X — V be the blowup of the proper transform of the conic C, and ¢: W — P3
be the blowup of the conic C, and let §: X — W be the blowup of the proper transform of the lines L;
and Ls. Then we have the following G-equivariant commutative diagram:

X X X
'
3
V 5 P 2 w

where X — X and X — X are G-equivariant small resolutions of X. Recall from Section 2 that
G = Aut(X), and either Y = X or Y = X.
Recall that @ = {xox3 = w122} C P3, and let E, Fi, F» be the m-exceptional surfaces such that
7(E) = C, w(F1) = L1, n(F3) = La. Let Ho = {z9 + 3 = 0}, Hev = {xo = x3}, and denote by H a
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general plane in P3, and denote by E Fl, Fg, Q, HC, HC/ H the proper transforms on X of the surfaces
E, I, F5, Q, Ho, Hor, H, respectively. Then Q ~2H - E — F1 F2 and HC ~ H — E. This gives

—KX-N4f‘j—E—ﬁ1—ﬁ2NQQ—FE—Fﬁl—l—FQNQ—FQHc—FzE.
Note that (—K

X)3 = (—Kx)? = 30. The divisors fI E ﬁl, ﬁz generate the group Pic()?). We have
H3=1,H-F2=H-F}=F -E*=F,-E>=—1, H-E? = F} = F} = -2, E® = —4, and all remaining
triple intersections are zero. o

Similarly, let E, F1, Fo, Q, Hco, Hcor, H be the proper transforms on X of the surfaces E, I, F», Q,
He, Her, H, respectively. Then

~Ky~4H —-FE—F1 —Fy~2Q+E+F+Fy~Q+2H¢ +2E.
The d1v1sors H, E F 1, Fy generate the group Plc(X ) and their 1ntersect10ns can be computed as follows:
H—l F1 FQ—FIH F2H FIE F2 E= lE H—72E—76 and all remaining
triple intersections are zero.
Description of the automorphism group. Let 7 be the involution of P? given by
[Xo: @1 xo : xg] > [x3 T2 1 1 : ),

and T the subgroup of Aut(P3) consisting of automorphisms

[$0:x12$21x3]>—>[woi)\.xl:%i.ﬁg}

for A € C*. Then I' 2 C*, the curve Cy is (7,I')-invariant, and the (r,I")-action lifts to X. Hence, we
can identify (7,I') with a subgroup in G = Aut(X). It is not difficult to verify that G = (7,I') = C* x p,.
Description of the G-invariant loci. Set O =[1:0:0:1]and O’ =[1:0:0: —1].

Lemma 3.1. The only G-fized points in P> are O and O'.

Proof. Left to the reader. O

Let | = {zg = 0,23 = 0}, I' = {x1 = 0,25 = 0}, C, = {z122 = rxors,x0 + 23 = 0}, C. = {z129 =
reoxs, xg = w3} for r € C*. Then | = Ho N Her is the line that passes through the points C'N Ly and
C N Lo, and !’ is the line that passes through O and O’. Note that C, is an irreducible conic in the plane
Hc, and C} is an irreducible conic in the plane H{,. All these curves are G-invariant, and C' = Cy. Set

C' = (1.
Lemma 3.2. The curves 1, I', C,, C. are the only G-invariant irreducible curves in P3.

Proof. Let C be a G-invariant irreducible curve in P3. If C is pointwise fixed by I', then C = I'. We may
assume that C # I’. Then I' acts on C effectively, which implies that C is rational. Then 7 must fix a
point P € C, which is not fixed by I', which implies that C = Orbp(P). On the other hand, the 7-fixed
points are [b:a:a:b] and [b:a: —a: —b] for [a: b] € P!, which implies the required assertion. O

Thus, the planes Ho and H¢r contain all G-invariant irreducible curves in P2 except I’. To complete
the description of G-invariant curves in X, we have to describe G-invariant irreducible curves in E, which
is done in the following lemma:

Lemma 3.3. The only G-invariant irreducible curves in E are Eﬂ@ and Eﬂﬁc, and the only G-invariant
irreducible curves in EE are ENQ and EN He.

Proof. Note that §(F) = Fy by [CS23, Lemma 2.6], and 6(ENH¢) is the (—2)-curve in E. Let ¢: P3 ——» P4
be the G-equivariant map
[.%'0 B A T o W 1‘3] — [{L‘()(l'o + 1‘3) : .,”Ul(x(] + .%'3) : J}Q({Eo + 1'3) : 1‘3(1‘0 + .%'3) L XT3 — .%'1.%2],

and let Y be the closure of its image in P4. Then Y is the quadric {tw — tx + wz + yz = 0}, where
[z :y:z:t:w are coordinates on P*. Then ¢ induces a G-equivariant birational map o: P3 --» Y such
7



that there exists the following G-equivariant commutative diagram:

where v is the contraction of §(H¢) to [0 :0:0:0:1]. Set Sy =vod(E). Then
Sy = {t+x=0,yzftx:0} cy,

and v induces a G-equivariant birational morphism 6(E) — Sy that contracts §(E N H¢). Moreover, one
can check that the only G-invariaglt irreducible curve in the cone Sy is the conic {w = t+z = yz—tz = 0},
which is the image of the curve F N Q. This implies the required assertion. 0

A G-irreducible divisor S on X is one that is not a nontrivial sum of two effective G-invariant divisors.
In order to use Remark 2.2, we need the following result.

Lgmmg 3.4. ~Let S be a G-invariant G-irreducible surface in X such that S #* ﬁl + ﬁz. Then S ~
a@Q + bHo + cE for some non-negative integers a, b, c.

Proof. We may assume that S # E, S % He, S % Q Then 7(5) is a G-invariant surface of degree d >
and S ~ dH — mE — n(F1 + Fg) for some non-negative integers m and n. Let £ be a general ruling of

QNIP’lxIPlsuchthatFl €—F2 {=1. ThenE1 f=1and 0< S -¢£=d—m—2n. Thus, we have
d>2m—2n. So,wecanleta=n,b=d—2n,c=d—m — n. O

We are ready to prove that X is K-polystable using the approach described in Section 2. Namely, let
F be a G-invariant prime divisor over X, and let Z, Z, Z be its centres on X, X and X, respectively.
Then it follows from Lemma 3.1 that

(1) either Z is a G-invariant irreducible surface,
(2) or Z is a curve described in Lemmas 3.2 and 3.3,
(3) or Z is a point, and 7(Z) is one of the points O or O'.

We start with the case of a G-invariant irreducible surface. Using Remark 2.2 and Lemma 3.4, we
obtain

Lemma 3.5. Let F be a G-invariant prime divisor on X. Then S(F) > 0.

Proof. By Remark 2.2 and Lemma 3.4, it is enough to show that 3(Q), B(Hc), B(E) are positive. We
will do this using the notations introduced in Section 2.

We start with Q Let Y = X and . = Q Then —Kg —us ~g (2—u) + E + Fy + F. This shows
that 7 = 2. Moreover, we have

Pu) ~ (2—u). +E+F, + F ifto0<u<l,
(2- )(5”+E+F1+F2) if 1 <u<2.
If u € [0,1], then N(u) = 0. If u € [1,2], then N(u) = (v — 1)(E 4+ F| + Fy). Then
2u? — 6u? — 18u + 30 if 0 <u<l,
2—u ifl1<u<2

Now, integrating (P(u))3 we get Sy (&) = 60, so that 8(Q) = é—g > 0. L
Now we deal with Ho. Set Y = X and . = Hg. Then ~Kg—uY ~gp (2—u)Y +2E+ Q. This
gives 7 = 2, because 2F + @ is not big. Moreover, we have
(2—u).? +2E+Q if 0<u
P(u) ~R ~ ~ .
2-u)S+B-u)E+Q ifl1<u
8



If u € [0,1], then N(u) = 0. If u € [1,2], then N(u) = (u— 1)E. We compute

3 ud — 6u? — 12u + 30 if0<u<l,
(P(U)) = 2
(2 —u)(u® — 10u + 22) ifl <u<2,

which gives Sy (&) = 12, so that 3(Q) = L>o.
Finally, we set Y = X and . = E. Then —Kyx — u.¥ ~g (2 — u).¥ + 2H¢ + Q. This shows that
T = 2, because 2H ¢ + @Q is not big. Moreover, we have

(2-w).+2Hc+Q if 0 <u<l,
P(u) ~r — .
(2—-u)(~+Q+2H() if1<u<2
If u € [0,1], then N(u) =0. If uw € [1,2], then N(u) = (u — 1)Q + 2(u — 1)Hc. Then
3 6u’ — 6u? —24u+30  f0<u<l,
(2—u) if 1 <u<?2,

which gives Sy () = % and B(E) = B(E) = &> 0. O

We now show that 5(F) > 0 for F a G-invariant prime divisor with small center on X.
Lemma 3.6. Suppose that Z is a G-invariant irreducible curve in Hp. Then B(F) >0

Proof. The morphism 7 o ¢ induces a birational morphism HC — H¢, which is a blowup of the points
HeN Ly and He N Ly, Set f1 F1|HC and fg FQ\H Then f1 and f2 are exceptional curves of the

morphism He — He. Let | be the third (—1)-curve in He, set h = H|flc’ and set C = E|ﬁc‘ Then
v o qﬁ(lN) =1, so that l~h— fl — fz By Lemmas 3.2 and 3.3, we have the following possible cases:

oﬂ(Z):landZ—l
L] W(Z) C’andZ szh f1 fg, _ _
o 1(Z) = C with r # 1, ZgZEandZNQh f1— fa.

Set Y = X, S = HC, % = Z. Then it follows from the proof of Lemma 3.5 that

|~ @+wh—u(fi+f) HO<u<L,
7T A wh— fi— fo if1<u<2,

and

] if 0 1,
ST lw—-1C  ifl1<u<?2
We know from the proof of Lemma 3.5 that Sy () = 13 < 1. Let us compute S(Wﬁ; t).

Suppose that Z = 1. If 0 < u < 1, then t(u) = 2+ u. If 1 < u < 2, thent ¢(u) = 4 — u. Moreover, if
0 <u<1, then

(24 u—v)h— (u—0)(f1 + f2) it 0 <v <,
P(U’U)NR .
(2+u—v)h ifu<v<2+u,
and
<v <
N(u,v) 0 o ?fO\v\u,
(w—u)(fi+ fo) Hfu<v<2+u

Similarly, if 1 < u < 2, then

P(u,v) ~r {(4—“—U)h—<1—v)(ﬁ+ﬁ) ingZ

(4—u—v)h if 1 <



1

1

0

and

0 ifog<v <1,
N(u,v) ~ .
(v—=1)(f1+ f2) ifl<v<4—u
This gives
1 1
S(W.‘fﬂ., 10//4—u2+2uv—v2+4U—4’UdUdu+10/ /(2+u—v)2dvdu+
0 0 0 wu
2 1 2 4—u
1 9 9 1
il 2uv — v —8u—14 14 —
10//u + 2uv — v Su v+ dvdu+10//
10 1 1

Hence, it follows from Remark 2.4 that S(F) > 0 in the case when

We may assume that 7(2) = C,. Then Z ~ 2h — f1 fg Ifo< 1, then t(u) =
1<u<2,thent(u):42“. Moreover, if 0 < u < 1, then
Pl v) g {202 200h—(u—v)(fi+fo) H0<v<u,
) R (2+U—2U)h 1fu<v<2+7“,
and
<v <
N(u,v) 0 - Tfo\v\zg
(v—u)(fi+ fo) fu<o< "
Similarly, if 1 < u < 2, then
P(u,v) ~ A—u—20h—(1—v)(i+f) f0<v<l,
; 1@ —u-20)n if 1 <o Y,
and
0 ifo<v<l,
N = ~ o~
) {(v—l)(f1+f2) if 1 <o 2

Therefore, if Z = C, then S (Wfi; %) can be computed as follows:
u

10

2 1
1 1
/u—l u? — Su + 14)du + // —u? 4 20% + 4u — Svdvdu +
1 00

u? + duv + 20% — 8u — 12v + 14dvdu +

2
0/
10
1

Similarly, if Z # C, then S(Wf;; €)= %

o _

1

Using computations made in the proof of Lemma 3.6, we obtain the following result:

Lemma 3.7. Suppose that w(Z) contains O. Then S(F) >0

1

10

H\w
H\

<

l.

24u
2

u

()
T\’_‘

u

v ‘

< 1. Then B(F) > 0 by (2.3).

(u+v —4)%dvdu = 1.

2*'7“. Similarly, if

/ (2 4+ u — 2v)%dvdu+

53

(u+ 2v — 4)%dvdu = — < 1.

80

Proof. Let us use notations introduced in the proof of Lemma 3.6. First, we let Y = X. Let P be the
preimage on Y of the point O. Then P is the unique G-fixed point in I:TC.

As in the proof of Lemma 3.6, we choose . = f[c, and we choose % to be the curve in the pencil
|h — f1| that contains P. Since Sy (%) = 11 (see the proof of Lemma 3.5), it follows from (2.5) that

B(F) > 0 provided that S(W7,;%) < 1 and S(W.4e; P) < 1.
10



Let us compute S(Wfi;%) and S(W.y;c.”ﬂ,P) If 0 <uw <1, then ¢t(u) = 2. If 1 < u < 2, then
t(u) = 3 — u. Moreover, if 0 < u < 1, then

P(u,v) (2+u—v)h—(u—v)j?1—uf2 if0<v<u,
and
i <v <
N(’LL,U)— 0 rs %fo\v\u7
(w—u)fi ifu<v<2,
which gives
(P(UU))Q: 4—u2+4u—41} lfogvgu’
7 (2—=v)(2+2u—v) if u<wv<2,
and
2 if 0 < v < u,
P(u,v) -6 = ?O VU
2+u—wv ifu<v<2
Similarly, if 1 < u < 2, then
P(u,v) (4—u—v)h—(1-0)fi - fo if0<v <1,
) R (4—u—v)h— fo if1 <v<3—u,
and
N(u,v) =" if0<v<l,
T (v_l)fl if1<3—-—u<3—u,
which implies that
(P(uv))2— u? + 2uv — 8u — 6v + 14 if0<v<l,
) 1B -u—0v)(5—u—v) ifl1<v<3—u,
and
- if 0 <v<l,
P(u,v) - € = 3—u ?0 v
4d—u—v ifl<v<3—u.

Observe that % is not contained in the support of the divisor N(u) for every u € [0, 2], and P is not
contained in the support of the divisor N(u,v) for u € [0,2] and v € [0,¢(u)]. Now, by integrating we get

S(WZi %) = S(Wlea; P) = 2T < 1,50 B(F) > 0 by (2.5). O

Recall that Hcr is the plane in P? that contains O’ and C'. for every r € C*.

Lemma 3.8. Suppose that ©(Z) = C!. for some r € C*. Then S(F) > 0.

Proof. As above, we use notations introduced in Section 2. Let Y = X , and let . be the proper transform
on Y of the plane Hor. Then —K g —u. ~g Q+(2—wu).”. This gives 7 = 2. If u € [0, 1], then N(u) = 0.
If u € [1,2], then N(u) = (u— 1)Q. Thus, we have
0+ (2 — ) if uw € [0, 1],
Py oy [@F@-07  ifuch
2-uw)(Q+ if u € [1,2].

Integrating, we get Sy () = %.
Set C' = Q|.». Then C’ is a smooth irreducible G-invariant curve, and

o if u € [0,1],
N(u) = {(u ~ )¢ ifuelL,2].

To describe P(u)|» explicitly, we have to say few words about the surface .7.
11



Set P, = Ho N Ly and P, = Her N Ly, Recall that [ is the line containing P, and P,. Let P be the
pencil on Her generated by 21 and C’, let [ and l5 be the lines in Hgr that are tangent to C” at the points
P, and P, respectively. Then

e the base locus of the pencil P consists of the points P; and P,
e the pencil P contains [ + lo and the conic C. for every r € C*,
e the conics 2/ and [; + Iy are the only singular curves in P.

The morphism ~ o ¢ induces a birational morphism &: . — Her that resolves the base locus of the
pencil P. The morphism ¢ is a composition of 4 blowups such that we have the following G-equivariant

commutative diagram:

,,,,,, > Pl

where Hpr --» P! is the rational map given by P, and .¥ — P! is a surjective morphism. The birational
morphism £ is a composition of the blowup of the points P; and P» with the subsequent blowup of two
points in the exceptional curves contained in the proper transforms of /1 and l5. Note that . is a weak
del Pezzo surface of degree five.

We have E| » = g1 + g2, where g; and gy are two irreducible {-exceptional (—1)-curves such that
&(g1) = P and &(g2) = Ps. Let fl and fé be the remaining &-exceptional curves that are mapped to the
points P, and P, respectlvely, and let l l1, l2, C’ be the proper transforms on .¥ of the curves [, [y, lg,
C, respectively. Then ' = C’ and 20 + f1 + fo ~ 11 + lo ~ C' ~ C!, for every r € C*, ant the curves fi,
fa G1, Gos L, ll, I generate the Mori cone NE(.#) by [CT88, Proposition 8.5].

Note that F1|y f1 + g1 and Fg]y f2 + g2. Using this, we get

O+ 3 (i f) 2 u)(Gi+32)  HO<u<,
(3.9) )|y ~r {6 3u I 2—u ~ .
§fucr 4+ (f1+f2) (2 u)(91 +gz) ifl<u<2.
Set ¢ = Z. Let us compute S(W,‘/,, %). Recall that € ~ C’. Then (3.9) gives
4—u .
5 fog<ugl1
t — 2 XY 5
w) {6—23“ if1<u<2.
Moreover, if 0 < u < 1, then (3.9) gives
P(u,v) ~g #%+(2~_u)~(ﬁ+ﬁ)+2_¥(§1+§2) if 0 <wv<1,
’ (@ 4 f o+ fo+ 51+ G2) if1< < A5y
and
if 0 <v<l,
N(u,v): ) r ra ~ ~ 1 0 ! 4—
(v —=1)(f1 + f2+ 291 + 2g2) if1 <o 452
Similarly, if 1 < u < 2, then (3.9) gives
Plu,v) ~ == + %(ﬁfr f2) + (2 —u) (31 + 32) if0<v<2—u,
U S (C 4 o+ fo+ 201+ 20) if 2 —u <o 5
and
if0<v<2—u,
N(u’v): ! 3 ra ~ ~ 1 Vs Zéf?)u
(v4u—2)(f1 + fa + 201 + 202) if2—u<v< 5

12



Therefore, if € = c’ , then we compute S (W,‘/,, %) as follows:

1 1
1
(2 — —u—1 —
/ u) U v)dvdu + 10/
0

0
22— 2 A
1 1 3
/ /(2u )(10 — bu — 4v)dvdu + / (6 — 3u72v)2dvdu: —
1 0 1

4—u
r
10

L1

5 — u — 2v)?dvdu+

\M‘

o _

2
/@ﬁ—2w+amm—1du
1

[}
;o

w

€

M

10 10 60

u

2
If Z # C’, similar computations give SWSi€) = 21 since Z ¢ Supp(N(u)) for u € [0,2]. Hence, it
follows from (2.3) that B(F) > 0, because Sy (.#) = if < 1. O

The proof of Lemma 3.8 implies the following result:

Lemma 3.10. Suppose that n(Z) = O'. Then 3(F) >0

Proof. Let us use all assumptions and notations introduced in the proof of Lemma 3.8 with one exception:
now we let %—ll Set P—llﬂlg Then P = Z and yo ¢(P) = 0O'.
Since C" ~ l1 + lg and 11 + f1 + 2g1 ~ l2 + fg + 292, it follows from (3.9) that

B—u—v)E +la+ (2—u)fi + (4 —2u)G ift0<u<l,
P(u)|, —v€ ~r ~ = ~ .
Ad-2u—v)€+2—-uwl+2—u)fi+ (4 —-2u)qn ifl1<u<2
If uw € [0,1], then t(u) =3 —u. If u € [1,2], then t(u) =4 — 2u. If u € [0, 1], then
(3—u—v)(5—|—l~2—|—(2—u)fl—|—(4—2u)§1 ifo<v<,
P(u,v) ~g (3—u—v)((€+f1+2§1)+l2 ifl<v<2—u,
(3—u—v)(cf—|—l2+f1+2§1) f2—u<v<3—u,
and
0 if0<v<l,
N(u,v) =< (v—=1)(f1 + 2g1) ifl<v<2—u,
(v=1)(fi+2q) + (v+u—2) if2-—u<v<3—u,
which gives
u? + 2uv — 0% — 8u —4v + 12 if0<v<1,
(P(u,v))2: u? 4+ 2uv +v? — 8u — Sv + 14 ifl1<v<2—u,
2(3 —u —v)? if2—u<v<3—u,
and
2—u-+v if 0 <v<l,
Pu,v)-€=q4—u—v fl<v<2—u,
6 —2u — 2v f2—u<v<3—-u
Similarly, if v € [1,2], then
Plu.v) (A—2u—0)E+ 2 —uwh+ 2 —u)fi+ (4 - 2w ifo<v<2—u,
U, V) ~ .
R (4—2u—v)(%+lg+f1+291) f2—u<v<4—2u,
and
N(u,v) = 0 L R %O v U
(w+u—2)(la+ fi+201) if2—u<v<4—20,
which implies that
2 5u? +2uv —v? —20u—4v+20  f0<v<2—u,
(P(u,v)) = 2 .
24 —2u —w) if2—u<v<4—2u
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and
9 — if0<v<2—
P(u,v)-€ = v ?0 )
8 —4u — 2v f2—u<ov< 4 2u.
Observe that d(u) = 0 for u € [0, 2], since € ¢ Supp(N (u)). Therefore, integrating, we get S(ij; €)=1.
Similarly, we compute

1 3—u 2 4-2u
1
F ... //v+u— P(u,v)-€ dvdu // v+u—2 ( )‘%)dvduzﬁ
0 2—u 1 2—u
and S(T/V.'Y;Cf7 P) = 1. Thus, it follows from Remark 2.6 that S(F) > 0, since Sy (.¥) < 1. O

Finally, we prove the following result
Lemma 3.11. Suppose that Z be a G-invariant irreducible curve in E. Then B(F) > 0.

Proof. We have §(E) = [F, see the proof of Lemma 3.3. Set 5 = QN E and 5 = Ho N E. Then §(35) is
the unique (—2)-curve in §(E), and §(3p) is a section of the projection §(E) — C disjoint from §(5). The
morphism § induces a birational map £: E — 6(F) that blows up two points in §(3p).

Set f = F1NE and fy = Fo N E. Observe that f; and f, are the &-exceptional curves. Let g; and
g5 be the proper transforms on E of the fibres of the projection §(E) — C that pass through £(f;) and
&(f5), respectively. The curves f, fo, g1, go are (—1)-curves, and the curves 5, f;, fo, 91, o generates
the Mori cone NE(E). Note that 3 is a (0)-curve.

The curves 5 and 3¢ are the only G-invariant irreducible curves in E by Lemma 3.3. Moreover, if Z = 3,
then B(F) > 0 by Lemma 3.6. Thus, we may assume that Z = 3.

Let Y = X, . = E and € = 59. Then it follows from the proof of Lemma 3.5 that
(Lu—0)E+ 2w+ o) + (2 2u)(G +72)  H0<u<],
P(u)‘y — V€ ~r =S = :
(4—-2u—v)€+ (2—u)(f1+ f2) if 1 <u<2.

Moreover, if u € [0, 1], then ¢(u) = 14 u and N(u)|» = 0. Furthermore, if v € [1,2], then ¢(u) =4 — 2u
and N(u)|» = (u—1)€ +2(u—1)s. If u € [0, 1], then

P(u,v) — (L +u—0)€ + (2 —u)(f +ﬁ?2)i‘(2—2u)<§1 +92) fo<v<l,
7 I+u—v)€+ B—u—v)(fi1+ fa) +(2—2u)(g; + 792) ifl<v<1l+u,
and
0 if 0 < v < u,
N = _ _
(w,v) {(’U—l)(fl—i—f2) ifu<v<1l+u
Similarly, if w € [1,2], then
A=2u—v)E+2—-u)(f1+f) f0<v<2—u,
P(u,v) = = 5 .
(4—2u—v)(€+ f1+[2) if2—u<v<4— 2y,

and

N(u,v) 0 ifo<v<2—u,
u,v) = _
’ (v4+u—2)(f1+ fa) 1f2—u<v 4 — 2u.

Now, we compute S (W,‘y;, %) as follows:

u+1

1
— / 2(5—-3u—v)(u+1—v)dvdu+

10

1
10

1

2
/(u—l)(6u2—24u+24 Ydu + 0
1

2
f ]
10

1

1 1
//8—6u2+4uv+4u—8vdvdu+
0 0

[\

1
10

43
6u? + duv — 24u — 8v + 24dvdu + 2(4 — 2u — v)?dvdu = 80"

1
0 1

2 4—2u
1

o}

2—u
14



But Sy () = 12, see the proof of Lemma 3.5. Then (2.3) gives 3(F) > 0. O

By Lemmas 3.1, 3.2, 3.5, 3.6, 3.7, 3.8, 3.10, 3.11, we have B(F) > 0 in all possible cases except maybe
when 7(Z) = I’ But in this case, we have O € n(Z), so B(F) > 0 by Lemma 3.7. Thus, we conclude that
X is K-polystable by [Zhu21, Corollary 4.14].

4. K-POLYSTABILITY OF THE FANO 3-FOLD X, IN FAMILY 4

Consider the following lines in P3: L = {x¢ = 0,23 = 0}, 1 = {71 = w0, 29 = 0}, {5 = {1 = 0,29 = 0},
(3 = {xy = 23,71 = 0}, where g, 1, 22, 3 are coordinates on P3. Then L is disjoint from £y, ¢, /3,
the lines ¢; and /3 are disjoint, /5N ¢ =[0:0:0:1] and foN¥3 =[1:0:0:0]. Let 7: X — P3 be the
blowup of the curve L + £1 + ly + ¢35, and let x: P3 --» P! x P? be the dominant rational map given by

[xo:x1 29 x3] ([l“o cxsl, [r1(xo — x1) : X120 ¢ T2 (T3 — .’Eg)])
Then y is undefined along L U ¢; U ¢3 U {3, w resolves the indeterminacy of y, and there exists a birational
morphism 7: X — P! x P? that fits in the following commutative diagram:

(4.1) X

To describe 7, set Hio = {x2 = 0} and Haeg = {z1 = 0}, and denote

Q = {zoz2 + 2123 — 2ox3 = 0}.
Then His is the plane containing the lines /1 and ¢, Hog is the plane containing ¢s and /3, and @ is the
unique smooth quadric in P3 that contains L, £1, and 3. Further, x(Hi2) is the curve P* x {[1:0:0])},
x(Hz3) = P x {[0 : 0 : 1])}, and x(Q) is the curve parametrised as ([u : v],[u? : wv : v?]), where
[u : v] € PL. Therefore, we see that 7 contracts the proper transforms of the surfaces Hia, Hag, Q to the
curves x(Hi2), x(Ha3), x(Q), respectively. Note that these curves are contained in the preimage of the
smooth conic {xz = y?} via the projection P! x P? — P2, where [z : y : 2] are coordinates on P2. Observe
also that

x(Q) = {uy = vz,vy = uz} C P! x P2.

Finally, note that x(Hi2) and x(Hag) are the fibres of the projection P! x P2 — P2 over the points [1 : 0 : 0]
and [0 : 0 : 1], respectively. Hence, we have the following conclusion.

Corollary 4.2. The 3-fold X is isomorphic to the 3-fold X described in Family 4.

Description of the automorphism group. Let 7 be the involution of P3 defined by [zg : 21 : 2 :
w3] + [x3 1 29 : 21 : 0], and let T be the subgroup in Aut(P?) consisting of automorphisms

[a:o:xl:xgzm3]|—>[)\x0:)\a;1:x2:x3],

where A € C*. Set G = (7,T"). Then I = C* and G = C* x py. Since L + {1 + {2 + {3 is G-invariant, the
action of the group G lifts to X. Hence, we can identify G with a subgroup in Aut(X). One can check
that Aut(X) = G. Note that (4.1) is G-equivariant.

Description of the G-invariant loci. Consider the smooth quadric surface R = {xgzy = x123}.

Lemma 4.3. There are no G-fized point or G-invariant plane in P3. If S is a G-invariant irreducible
quadric surface in P3, then S = R or

S ={axors + brixs + c(rore + T123) = 0}
for some [a : b: c] € P? such that ab # c?.
Proof. Left to the reader. O

For a € CU {0}, set L, = {0 = ax1,r3 = axs} C P3; then L, is a G-invariant line lying on R. Note
that Lo = L and Lo, = /5.

Lemma 4.4. If C C P3 is a G-invariant irreducible curve, then C' = L, for some a € C U {oo}.

Proof. See the proof of Lemma 3.2. 0
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Denote by v: V — P3 the blowup of the lines L, ¢1, ¢3, and by ¢: X — V the blowup of the proper
transform of the line /5.

Let ¢: W — P3 be the blowup of the lines L and ¢5, and §: X — W the blowup of the proper transform
of the disjoint lines ¢; and ¢3. Then we have a G-equivariant commutative diagram:

(4.5) X X X
v 5 3 2 W

where X — X and X — X are G-equivariant small resolutions of the 3-fold X.

Let Ep, F1, Es, E3 be the m-exceptional divisors that are mapped to L, {1, £2, {3, respectively, let Hy,
be a general plane in P that contains L, let Hy be a general plane in ]P’S that contains /5, let H be a
general plane in P3, let Er, By, Eq, Ej3, Q, R, Hyo, Hos, Hy,, Ho, H be the proper transforms on X of
the surfaces Er, El, FEs, Es, Q, R, Hyo, Hos, Hy,, Ho, H, respectively. Then H, EL, FEq, EQ, Es generate

Plc(X), and their intersections can be described as follows: H® = 1, EL = E2 = -2, E1 = E3 = —1,
EL -H = Ei “H = E; E = Ej -Fiz El Eg = Es E? = —1, and other triple intersections are zero.
Note that _KY ~4H — EL — E1 — E2 — E3 and

Q~2H - E[ — E, — E3, Hiy~H—E; — Ey, Hp~H-Eyp,

R~2H —E, — E, Hy3 ~ H — Ey — E3, Hy~H - FEJ.
Note also that Ej, Es, E1 + E3, Q, R, Hio + Hos are G-invariant and G-irreducible.

Lemma 4.6. Let S be a G-invariant prime divisor in X . IfS # E,, then there are non-negative integers
a1, ag, as, aq, as such that S ~ a1Ey + a2Q + asHp, + agHo + as(H12 + Hag).

Proof. We may assume that S # Ep, S # Es and S # Q. Then 7(9) is a G-invariant surface in P3 of
degree d > 1, so that S ~ dH — mE — r(E1 + E3) — sE5 for some non-negative integers m, r, s.

Let ¢ be a general ruling of the quadric Q = P! x P! that intersects L, ¢1, /3, let ¢ be its proper
transform on X. Then ¢ ¢ S, which gives 0 < S - ¢ = d —m — 2r. Similarly, let /15 be a general line in
the plane His that passes through the point His N L, and let /12 be its proper transform on X. Then
U9 ¢ S, which gives 0 < S -fio=d—m —r—s. Thus, if m>r, wecanlet ay =d —m —r —s,ap =7
as=m-—-r,aq=d—m—7r,a5=0. If m<r,wecanlet a; =d—2m —s, a3 =m, a3 =0, ag = d — 2r,
as =1 —m. ]

Lemma 4.7. Let S be a G-invariant prime divisor in X such that —K+ ~g AS + A for some positive
rational number A > % and some effective Q-divisor A on the 3-fold X. Then S = E9, S = E, or S = Q.

Proof. Suppose that S # E5 and S # E. Let us show that S = Q. Since S # E; + E3, we see that
7(9) is a G-invariant irreducible surface of degree d > 2, because P3 does not contain G-invariant planes
by Lemma 4.3. Then S ~ dH — mE} — r(E1 + E3) — sE5 for some non-negative integers m, r, s. Then
42)\d>%d, so that d = 2 and

A ~g (4=2NH + (mA—1)EL + (sA — 1)Ey + (rA — 1)(E1 + E3).

Let £ be a general line in P3 that intersects the lines 1 and /3, and let ¢ be its proper transform on
the 3-fold X. Then ¢ ¢ Supp(A), so that 0 < A-¢ =2 — 2\ + r\, which implies that r # 0. Similarly,

intersecting A with the proper transform of a general line in P? that intersects L and /o, we see that

(m,s) # (0,0).
Since r # 0, the quadric 7(S) contains ¢; and ¢3. Hence, using Lemma 4.3, we get

m(S) = {aiﬂoﬂﬁa + br1xe — a(xory + T173) = 0}

for some [a : b] € P! such that [a : b] # [0 : 1] and [a : b] # [1 : 1]. This gives £y € 7(S), so that s = 0.
Then m # 0, so that L C 7(S). Then [a:b] =[1:0] and S = Q. O
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We now turn to the proof that X is K-polystable. Let F be a G-invariant prime divisor over X, let Z
and Z be its centres on X and Y = X, respectively. Then it follows from Lemmas 4.3 and 4.4 that one
of the following four cases holds:

(1) Z is a G-invariant irreducible surface,

(2) Z is a G-invariant irreducible curve in the surface Ep,,
(3) Z is a G-invariant irreducible curve in the surface Es,
(4) n(Z) = L, for some a € C*.

By [Zhu21, Corollary 4.14], to prove that X is K-polystable, it is enough to show that S(F) > 0. We use
the assumptions and notations introduced in Section 2, we first consider the case when Z is a surface.

Lemma 4.8. Let S be a G-invariant prime divisor in X. Then $(S) > 0.

Proof. By Remark 2.2 and Lemma 4.7, it is enough to show that 3 (E9), B(EL), B(Q) are positive. Observe
that B(EL) > 0 follows from the proof of [Den24, Lemma 4.2]. Nevertheless, let us compute 3(Ez). We
let ./ = Ey,. Then

_ _ 3 1 - _
Ky —us ~p 4H — (1 +u).’ — E1 — E3 — E3 ~p <2—U>5’+2(Q+H12+H23)+2HL,

Thus, it follows from (4.1) that 7 = % Moreover, we have
P(u) ~ (53-u) S +3(Q+ Hiz+ Ha) +2H,, if 0
1CE-w) (L +Q+Hi+ Hy) +2H,  if1

and

N(w) 0 if0<u<l,
u) = o -
(u—1)(Q+ Hiz + Has) if 1 <u< 3.

Now, by integrating (P(u))® we get B(E) =1— Sy(EL) =1— 3L = 1.
Now, we deal with Q. Set . = Q. Since Q ~ 2H — E| — E, — E3, we have

3 1,— - 1
—Ky —uY ~g <2—U><7+2(EL+E1+E2)+2H27

so that 7 = 3. Moreover, if 0 < u < 1, then N(u) = 0. Similarly, if 1 < u < 3, then N(u) =
(u— 1)(EL +FE +E2). Then

(%—U)y‘i‘%(EL‘i‘El‘i‘EQ)‘i‘%ﬁQ ifo<u<l,
Pu) ~r (3—u) (Y+EL+E1+E>)+iH ifl<u<?
2 L 1 2 o412 1 \u\z,

Now, by integrating we get 3(Q) =1 — Sy (Q) =1 — % > 0.
Finally, we proceed to study Es. Let . = Eo. Then 7 = 2, since

3 = — 1 — =
—Ky —uY ~p (2 —u) + §(H12 +H23) + §(E1 —I—Eg).
Moreover, if u € [0,1], then N(u) = 0. If u € [1,2], then N(u) = (u — 1)(H12 + Has), so

Pu) ~ (2—u).S + 3(Hiz+ Haz) + 5(E1 + E3) if0<u<l,
Fle-w)s + 55 (Hip+ Ha) + 5(E1 + ;) ifl<u<

Integrating, leads to Sy (E2) = 2, so that S5 (E2) > 0. O
Let us now show that B(F) > 0 when the centre of F on X is small.
Lemma 4.9 ([Den24, Lemma 4.2]). Suppose that Z is a curve in Er. Then B(F) > 0.

Proof. Note that E; = P! x P, Let s be a section of the natural projection FE; — L such that s> =0,
and let 1 be a fibre of this projection. Then Er|5, ~ —s+1land H|g, ~ 1
17



Set Cp = QNErand Cp = RNEr. Then Cq and Cg are smooth irreducible G-invariant curves.
Furthermore, these are the only G-invariant irreducible curves in the surface Er. Therefore, we conclude
that either Z = Cg or Z = Cg. Note that Cg ~ Cg ~s+ 1.

We let . = E, ¢ = Z. Then Sy (%) = % < 1, see the proof of Lemma 4.8.

Let us compute S (W,y;,‘f) We recall from the proof of Lemma 4.8 that 7 = % Moreover, it also
follows from the proof of Lemma 4.8 that

l+u—v)s+(3—u—v)l if 0 <u<l,
P(U)ly_UCgNR ( ) ( ) ' 3
(2—v)s+ (6 —4u—v)l if 1 <u <y,
and
0 if 0 <u<l,
N =
(u)‘y {(u—l)(CQ+112+123) fl<u< %,

where ljo = Hi;NEr and lys = Hoz3 N Er. Note that 1o and lj3 are fibres of the natural projection
E; — L over the points L N Hi3 and L N Hyg, respectively.
We have P(u,v) ~r P(u)|.y —v%€ and N(u,v) =0 for v € [0,t(u)], where

14+u if 0 <u<l,
t(u) = 3
6 —4u fl<u< 5
Thus, if € = Cg, then

S(WJ4; %) 23/ u — 1)(24 — 16u)dvdu+
1
1 14w 3 6—4u
?é// —u—v)(1+u—v)dvdu—|—2?;// (2—v) 6—4u—v)dvdu:%.
0 1 0
Similarly, if ¢ = Cg, then S(W{.; %) = 131, So, it follows from (2.3) that B(F) > 0. O

We now study G-invariant irreducible curves lying on Ej.
Lemma 4.10. Suppose that n(Z) = Lo = l2; then B(F) >0

Proof. Observe that Z C Eo. We will see soon that Z is a smooth G-irreducible curve, so we let . = Ej,
# =Z. Then Sy (%) = 51 (see the proof of Lemma 4.8).

As in Lemma 4.3, let S = {xoz2 + z173 = 0}, and let S be its proper transform on X. Set Cs = S|
and Cr = R|». Using the map [zo : z1 : 2 : 23] — ([z0 : 23], [71 : 22]), we can G-equivariantly identify
§() = P! x P! with coordinates ([zg : 23], [z1 : 22]) such that the involution 7 acts as ([zg : 23], [71
xo]) > ([x3 : mo), [x2 : 21]), and T' = C* acts as

([xo : 1‘3], [a;l : .’L'Q]) — ([)\xo : xg], [/\3?1 : .CCQ]),

where A\ € C*. Then the only G-invariant irreducible curves in the surface §(.) are the curves 6(Cs) =
{zox2+z123 = 0} and 6(CRr) = {xor2—x123 = 0}, which implies that C's and Cr are the only G-invariant
irreducible curves in ., so that ¥ = Cg or € = Cjg.

The morphism § in (4.5) induces a G-equivariant birational morphism o: . — §(.#) that blows up
the points ([0 : 1],[1 : 0]) and ([1 : 0], [0 : 1]), which are not contained in the curves §(Cs) and §(Cg). In
particular, we see that . is a sextic del Pezzo surface.

Set e; = F1|» and e3 = E3|». Then e and e3 are the o-exceptional curves such that o(e;) = ([0 :
1],[1:0]) and o(e3) = ([1: 0], [0 : 1]). Let s; and s3 be the proper transforms on .% of the curves {z2 = 0}
and {z; = 0}, and 1; and 13 be the proper transforms of the curves {z¢o = 0} and {z3 = 0}, respectively.
Then o(s1) and o(s3) are the sections of the natural projection §(.#) — ¢5 that pass through the points
d(e1) and d(e3), respectively, and o(l;) and o(l3) are the fibres of this projection that pass through the
points d(eq) and d(es), respectively. Then Cg ~ Cr ~ s1 +1j + 2e; ~ s3 + 13 + 2es.
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Recall that e, es, s1, s3, 11, 13 are all (—1)-curves in .#, they generate the Mori cone NE(.¥). Note
that H|s» ~ 1; +e; and Ea|» ~ —s; + 1j, and we have H12|y = s; and Has|» = s3. So, using the
description of P(u) and N(u) obtained in the proof of Lemma 4.8, we get

P(u) 3e1—e3+(3—u)11—|—(u+1)sl if 0 <u<l,
B 4 —wer + (u—2es+ (3—wh + (3—w)s;  ifl1<u<?2,
and
u)‘ )0 if 0 <u<l,
S (w—1)(s1 +s3) ifl<u<2

In particular, we see that € ¢ Supp(N(u)| ) for every u € [0, 2].
Now, intersecting P(u)|» — v€ with ey, es, s1, s3, 1, 13, we find P(u,v) and N(u,v) for u € [0,2] and
v e [0,t(u)]. If u € [0,1], then t(u) =1,

Plu,v) (B3—2v)e; —es+ (B—u—v)l1 + (u—v+1)s; if 0 < v < u,
TR (B 20)er —es+ (3—20) + (u— v+ 1)sy if u <<,
and
i <v <
N(u,v) = 0 %fO\v\u,
(v—u)(11—1—13) ifu<ov<l.
If u € [1,2], then t(u) = 3, N(u,v) = 0 and P(u,v) ~r P(u)|» — v%€. This gives
4 —2u? + 202 4 4u — 8v if u € [0,1],v € [0, ul,
(P(u,v))2 ~r 41 =v)(14+u—) if we[0,1],v € [u,1],
2(1—21})(5—2u—2v) if u € [1,2],v € ]0,0.5].
Now, by integrating we get S(Wfi,%) 28, so that B(F) > 0 by (2.3). O

For a € C*, let II, = {zg — ax; = x3 — axs} C P3. Then L, C Il,, the plane II, does not contain
L, /1, ¢5, £3, and neither ¢1 N ¥y nor ¢5 N {3 lie on II,. Set P, =1, N4y, P, = 11, N ¥y, P53 = 11, N 43,
Py =11, N L. Let II, be the preimage on X of the plane II,. Then ¢ o4 in (4.5) induces a birational
morphism II, — II, that is a blowup of P;, Ps, P3, Pj.

Lemma 4.11. If a & {1,2}, no three of Py, Py, P3, and Py are collinear, and none of them lies on L.

When a = 1, no three of P, P>, P3, and Py are collinear, P, and Ps lie on L1, but P, and P, do not.
When a = 2, then Py, Ps and Py lie on the line lo N {xg — 1 + x2 = 0}, but Py does not, and none of
Py, Py, P3 or Py lies on Lo.

Proof. Left to the reader. O

Thus, if a # 2, II, is quintic del Pezzo surface, while if a = 2, II, is a weak quintic del Pezzo surface.
In both cases, we let Y = X and .¥ = II,. Then

3
—Ky —u¥ ~p <2—u>§ﬂ+ (Q+H12+H23)+ HL

Therefore, it follows from (4.1) that 7 = % Moreover, if 0 < u < 1, then N(u) = 0. Furthermore, if
1§U§%,thenN(u):(u—1)(@+ﬁ + H3). Thus, we have
P(u) (3—u) S +5(Q+Hiz+Ha) + 5H, if 0 <u<l,
: (%—u)(ﬂ Q+H12+H23)+2HL ifléugg,

By integrating we obtain Sy (%) = 22T,

Now, let e1, e2, e3, e4 be exceptional curves of the blowup . — 11, that are mapped to the points P,
Py, P3, Py, respectively. Then Eq|» = ey, = eo, =e3, B |s =e4. Set h= H|y. Then

‘ NR{(4—u)h—e1—e2—e3—e4 ifo<u<l,
7

(8—5u)h— (3—2u)(e1 +ex+e3) —(2—u)es ifl<u<s.
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Note that L, ¢ Hio U Hog for every a € C*. Moreover, one has L, C Q if and only if a = 2.
Lemma 4.12. Suppose that m(Z) = L, for a € C\ {0,1,2}. Then B(F) >0
Proof. Let ¢ = Z. Note that € ~ h. Arguing as in the proof of [Den24, Lemma 4.1], we get

2—u ifo<u<l,
t(u) = § B2 if1<u<],
6 —4u 1f7<u<%

Moreover, if 0 < u < 1, then P(u,v) ~gr (4 —u—v)h —e; — ey —e3 — ey for v € [0,2 — u]. Similarly, if
1<u<%and0<v<3—2u,then

P(u,v) ~g (8 —5u—v)h— (3 —2u)(e1 +e2+e3) — (u—2)ey

Finally, if 1 <u < 3 and 3 — 2u < v < t(u), then
P(u, v) ~g (17— 1lu — 4v)h — (6 — 4u — v)(e1 + €2 + e3) — (11 — Tu — 3v)ey
This gives S(W;f/;;%) = 3. so that B(F) > 0 by (2.3), since Sy () = 23L. O

Lemma 4.13. Suppose that w(Z) = L1. Then B(F) >0

Proof. Let € = Z. Then ¢ ~ h —e; — e3. Moreover, if 0 < u < 1, then t(u) = 3 — u. Similarly, if
1<u< %, then ¢(u) = 6 — 4u. Furthermore, if 0 < u < 1, then

(4—u—v)h+(v—1)(e1+e3)—eg—e4 if 0 <
<

v<1
P(u,v) ~g S (4—u—v)h—es—ey fl<v<2—u,
(3—2u—2v)(2h—e2—e4) f2—u<v<3—u
Similarly, if 1 < u < % and 0 < v < 3 — 2u, then
P(u,v) ~ (8—5u—v)h— (3—2u—v)(e; +e3) — (3—2u)es — (u—2)ey.

Finally, if 1 < u < % and 3 — 2u < v < 6 — 4u, then
P(u,v) ~g (11 = 7u —2v)h — (6 — 4u — v)es — (5 — 3u — v)ey.

Therefore, we have

1
S(ij;%):?)/ u? + 2uv — v — 8u — 4v + 12dvdu+

1
5/ [
0 0
2—u2—u 3—u3—u
3 2 2 Q. 3 2
+ 58 u” + 2uv + v° — 8u — 8v + 14dvdu + 7% 2(3 — u —v)“dvdu+
1 1 2—u2—u
3 3-2u 3 6-4u
—i—3/ / 12u2+2uv—1)2—4Ou—4v—|—33dvdu—|—3/ / 2(6 —4u — v)(5 — 3u — v)dvdu = 31
28 28 32
1 0 1 3-2u
Thus, it follows from (2.3) that 5(F) > 0, because Sy () = %. O

Lemma 4.14. Suppose that n(Z) = Ly. Then B(F) > 0

Proof. Let us introduce several curves on the surface . = I, as follows:

let 132 be the proper transform of the line in Il that contains P; and Ps,
let 1o3 be the proper transform of the line in Il that contains P> and P,
let 1o4 be the proper transform of the line in Il that contains P> and Py,
let 1 be the proper transform on . of the line IIs N {xzg + z1 — z2 = 0}.

On y, we have 112~h—e1—e2, 123~h—e2—e3. 124~h—e2—e4, l~h—e1 — €3 — ey. Note that
e1, €2, €3, €4, l12, log, lgy are all (—1)-curves in ., and 1 is the unique (—2)-curve in the surface .. By
[CT88, Proposition 8.5], these curves generate the Mori cone NE(.%).
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Now, let € = Z. Then € ~ h. Moreover, intersecting the divisors under consideration with the curves
e, ey, e3, ey, liz, I3, log, 1, we see that

e if0<u<l,

t(u) = q 1050 if 1 <u<
6—4u if3<u<

Furthermore, if 0 < u < 1, then

Ad-—u—v)h—e —ey—e3—ey fo<v<1—u,
P(u,v) ~g ?V%(Sh—el—eg—e@—eg fl—-u<v<2—u,

W(Sh—el—Qeg—eg—&;) if2—u<v<%,
and
0 fo<v<1l—u,
N(u,v) = { vHu=l] ifl-u<v<2—u,
%l+(u+v—2)(112+123+124) if2—u<v<7_33u.
Similarly, if 1 < u < %, then P(u,v) is R-rationally equivalent to
10-10u=dvpy — 5=W=r(e) +e3) — (3 —2u)ey — =3 =Yey if 0 < v <3 —2u,
22_13“_5”h — 6_42"_“ (e1 + 2e9 + e3) — 710_62“_3”(34 if3—2u<v<2—u,
710762“73“ (h —e|+2ey—e3+ e4) f2—u<v< 71056“,
and
51 if 0 <v<3—2u,
N(u,v) = g1+ (v 4 2u — 3)ly f3—-2u<sv<2—u,

S1+ (v 4 2u = 3)los + (u 4 v — 2) (L2 + lo3) if 2 — o < v 00

3
Likewise, if % <u< % and 0 < v < 3 — 2u, then

16 — 10u — 3v 6 —4u—v 4—2u—wv
P(u,v) ~g 5 h — 5 (e1+e3) — (3—2u)ey — @
and N(u,v) = 31 Finally, if § <u < 3 and 3 — 2u < v < 6 — 4u, then
22 — 14u — dv 6 —4u—v 10 — 6u — 3v
P(u,v) ~g 5 h - 5 (e1 + 2e9 + e3) — #eél

and N(u,v) = g1+ (v + 2u — 3)la4.
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If 1 <u< 3, then ¥ C Supp(N(u)) and ordg (N (u)|») = (u— 1). Thus, we have

Nl

S(Wz;%) = 238/(12u2 — 40u + 33)(u — 1)du+

1

u

3 6 302 — 18u — 18 25
u? + 2uv + v? —8u—81}+12dvdu—|—// u® + 6uv + 3 Y vt dvdu-+

1
“x
28

0

o7

2
0 1—u
1 = 3 3-2u
3 (7 - 3u 3v)? 24u? + 20uv + 3v? — 80u — 32v + 66
— Ty dvdu + dvdu+
28 2
0 2—u 1 0
4 4 10—6u
3 P (14— Su— 50)(6 — 4u — v) 3 [ [ (10— 6u—3v)?
+ 28/ / > dvdu + 28/ / 2 dvdu+
1 3—2u 1 2—u
3 3
2 3—2u 3 6—4u
/ / 24u? +20uv+3@2—80u—32v+66d Ju +/ / (14 — SU—SU)(G du — )dvdu.
4 3—-2u
3 3
This gives S(W); %) = 3555 < 1. Then B(F) > 0 by (2.3), since Sy (%) = 2% < 1. O

This finishes the proof that X is K-polystable.

5. K-POLYSTABILITY OF THE FANO 3-FOLD X IN FAMILY 5

Let X = X, be the 3-fold described in Family 5, and use the notation introduced in Section 2. Then
7: X — (PY)3 is the blowup of

3
Coo = {zoy1 — 210 = 0, woz1 (T021 — T120) = 0} C (P)”,
where ([zg : x1],[yo : 11],[20 : z1]) are coordinates on (P')3. Note that Co, = C + L1 + Lo, where
C = {.Toyl — T1Yo = 0,1’021 — X120 = 0}, L1 = {1‘0 = O,yo == 0}, L2 = {.Tl = O,yl == 0}
Description of the automorphism group. Let us consider the automorphisms 1, 12, 7y of (P!)3
defined by
l1: ([360 : 961]’ [yo : y1], [Zo : 21]) = ([III1 : 96‘0], [yl : yo], [21 : ZO]),
Lo ([960 c1], [yo 1), [20 21]) = ([yo cy1], [@o = 1], [20 Zl]),
T ([ZL’Q : xl], [yo : yl], [Z() : Zl]) — ([)\l‘o : xl], [)\yo : yl], [)\Zo : Zﬂ),
where A\ € C*. As 11,19 and 7y preserve Cy, their actions lift to X, and we can consider them as
automorphisms of X. The group G = Aut(X) is generated by these automorphisms, so that Aut(X) =
(C* X py) X py, because to lies in the centre of Aut(X).
We will view G as an infinite subgroup in Aut(P! x P! x P!) generated by automorphisms ¢1, ¢ and
T for A € C*.
Description of the G-invariant loci. Set C" = {xoy; — z1y0 = 0, 2021 + 2120 = 0} C (P1)3.

Lemma 5.1. There is no point of P x P! x P! fized by G. The only G-invariant irreducible curves in
P! x P! x P! are C and C'.

Proof. See the proof of Lemma 3.2 or the proof of [Ara+23, Lemma 5.112]. O

Let Ry = {zoy1 — z1y0 = 0}, Ry . = {x0z1 — z120 = 0} and R, . = {yoz1 — y120 = 0}. Then R,
and R, . + R, . are G-invariant and G-irreducible, and C' = R,y N R, . N R, .. Let o: W — (PY)3 be the
blowup of the curve C'. Then W is a smooth Fano 3-fold in the Mori-Mukai Family Ne4.6, and fits into a
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G-equivariant commutative diagram:

(5.2) W

where x is a birational map that is given by

([350 c21); [Yo s vl [20 21]) = [$oyoz1 — ZoY1%0 : ToYoZ1 — T1Y0Z0 : LoY121 — T1Y021 : LoY121 — xlylzo]
and w contracts the proper transforms of R, 5, Ry ., Ry , to disjoint lines {x—y = 0,z = 0}, {y = 0,¢ = 0},
{z =0,z —t = 0}, respectively, where [z :y: z: t] are coordinates on P3,

Let 6: X — W be the blowup of the proper transforms of the curves L; and Lo, let v: V — (PY)3 be

the blowup of L and Lo, and let ¢: X — V be the blowup of the proper transform of C. Then we have
a G-equivariant commutative diagram

(5.3) X X X
¢l o la
174 P! x P! x P! %%

v ®

where X — X and X — X are G-equivariant small resolutions of the 3-fold X. Recall from Section 2
that either Y = X or Y = X.

Let E, Fy, F; be the m-exceptional surfaces such that n(E) = C, n(F1) = L1, w(F3) = Lo, let Hy,
Hy, H, be general fibres of the fibrations pr, o m, pr, o m, pr, o m, respectively, where pr,, pry, pr, are
projections of (P')3 to the ﬁrst second, third factor, respectively. Let us denote by symbols E, F1, Fo,
Rw,y’ Rx,z, Ry%, H,, H > the proper transforms of E, Fy, Fy, R;,, R;., Ry ., H,, H,, H, on X.
Then

—Kv~2R,y+E+F1+Fy+2H,~Ry,+ Ry .+ Ry .+ 2F.
Note that the divisors E, Fy + F, Em,, R, + E%Z are G-invariant and G-irreducible, but the pencils
|H,|, |[Hy|, |H| do not contain G-invariant members.

We now prove that X is K-polystable. Suppose that X is not K-polystable. By [Zhu21, Corollary 4.14],
there exists a G-invariant prime divisor F over X such that

(5.4) B(F) = Ax (F) — Sx (F) <0.
Let Z and Z be its centres on X and X, respectively. WE first consider the case when Z is a divisor.

Lemma 5.5. Let S be a G-invariant prime divisor in X. Then 5(S) > 0.

Proof. If 3(S) <0, then the divisor —Kg — S is big by (2.1). On the other hand, arguing as in the proof
of [Ara+23, Lemma 5.113], we see that —Kg — S is big only if S = R,y or S = E. Thus, to complete the
proof, it is enough to show that 3(R;,) > 0 and B(E) > 0

Set Y = X and .¥ = R’E,y' Then 7 = 2. Arguing as in the proof of [Ara+23, Lemma 5.114], we see
that N(u) =0 for u € [0,1], and N(u) = (u — 1)(E + F1 + F) for u € [1,2]. Then

Plu) (2—uw)Ryy+E+F1+Fo+2H, if 0 <u<l,
u) ~ P
(2—u)(Hy + Hy) +2H, if 1 <u<2

Now, a direct computation shows that
1 2 A
— 1 1 9
Sy (Ray) = 26/26—2u3—6u2—6udu+/12 (2 — u)2du = —
1

26 52’
0

so that B(Ryy) =1 — Sy (Rey) = & > 0.
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_ Now, we compute S(E). We set Y = X and ./ = E. Then it follows from (5.2) that the divisor
R, ,+ R, .+ R, . is not big, which implies 7 = 2. Moreover, we have

(2—u)E+Ryy+Ry.+ Ry if0<u<l,
P(u) ~R _ Bl Bl b ]
(2—u)(E+Ryy+Ro-+Ry.) if1<u<2,
and
i <u<
N(u) = 0 B B B ?fO\u\l,
(u—1)(Ryy + Raz+ Ry.) ifl<u<2

Now, we compute

~ 26 26 52’

1
1 1 35
L/@ﬁ—6ﬁ—%@u+%ﬂu+/6@—u)ﬁt
0 1

so that B(E) =1 — Sy (F) = 5—2. This completes the proof of the lemma. O

We now consider the case when Z and Z are small. By Lemmas 5.1 , we only need to consider curves,
and either 7(Z) =C and Z C E, or m(Z) = C'" and Z C R,,.

Lemma 5.6. The curve Z is not contained in the surface Ry .

Proof. The proof is very similar to the proof of [Ara+23, Lemma 5.114]. Suppose that Z C Ex,y. Let
Cyy = ENR,,y, and let C’ be the proper transform on the 3-fold X of the curve C’. Then it follows
from Lemma 5.1 that either Z = C, .y or 7Z=C.

Set Y = X, ¥ = Ry, € = Z. Recall from the proof of Lemma 5.5 that Sy (%) = g—g. Thus, it follows
from (2.3) that S(W,‘y;,cg) > 1. Let us compute S(Wﬁ; %).

Let #1 and /5 be the rulings of the surface .7 = P! x P! such that pr, o 7 and pr, o 7 contract £, and
pr, o m contracts f3. Then it follows from the proof of Lemma 5.5 that

P(u)‘y—v% ~R {

(I+u—v)li+(1+u—0v)ly 0
(4—=2u—v)l1 + (2—v)ly 1

NN
oo

<
<

and
= 0 0<u<l,
7 (U_l)(éx,y+f1+f2) I<u<?,
where f; = Fi|y and fy = Fa|s. Thus, if 0 < u < 1, then t(u) = 1+ u. Similarly, if 1 < u < 2,

then t(u) = 4 — 2u. We have P(u,v) ~gr P(u ‘y — v for every v € [0,t(u)]. Hence, if Z = C,,, then

S (W,y;, %) can be computed as follows:
2 1 14u 2 4-2u
23/16 8u)( u—ldu+// 1+u—v) dvdu+// (4— 2u—v)(2—v)dvdu—52.
1
Similarly, if Z = C', then S (W;{;; €)= 5—2 < 1. This is a contradiction. O

Thus, we see that 7(Z) = C, Z C E and Z # E N R, . Observe that §(E) = P! x P'. As in the proof
of Lemma 5.6, let Cyy = ENR,,. Set f; = F1NE and fy = FoNE. Then § in (5.3) induces a birational
morphism F — §(E) that contracts f; and fy to two distinct points on the curve §(C, ), which is a
section the natural projection §(E) — C. Denote by ¢1 and /5 the proper transforms on E of the fibres
of this projection that pass through the points §(f;) and §(f,), respectively. Note that E is a weak del
Pezzo surface, the curves fy, fo, {1, £2 are all (—1)-curves in E, and a'r,y is the only (—2)-curve in E. By

[CT88, Proposition 8.3], the curves Cy.y, f1, fa, 1, {2 generate the Mori cone NE(E).
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Now, set Y = X, . = E, ¢ = Z. Then it follows from the proof of Lemma 5.5 that
Ltu—v)0+Q2=0)(fitf2) +2-u)(li+t) 0

P(u)|, —v6 ~= ( O+ 2=0)(fitF)+2-w(t+l)
(4—2u—)(C+ f1+ fo) + (2 —u) (b1 + L) 1

and

)‘ @ 0 ifo<u<l,
u)| ., —vE€ = _ _ _
4 (u— 1)(Cx,y +Chz+ nyz) ifl<u<2,

where C, = ENR, . and éy,z = EQEW. Thus, if 0 < u < 1, then ¢(u) = 1+ u. Similarly, if 1 < u < 2,
then ¢(u) = 4 — 2u. Moreover, if 0 < u < 1, then

Plu,v) ~p (1+u—v)§ (—v)(?1+?2) (2 — )(€1+€2) if0<v<u,
’ (I+u—v)C+ 2—=v)(f1+ fo+ b1+ £2) ifu<v<1l+u,
and
0 if 0 <v<u,
N =
(u,v) {(v—u)(ﬁl—i-ﬁg) ifu<v<l+u,
so that

2 7 — 3u? + 2uv + v + 6u — 10v if 0 <v < u,
(P(u v)) ]
(14+u—v)(7—u—3v) ifu<v<l+u.
Furthermore, if 1 < u < 2, then

Plu.v) ~ (A4=2u—v)(C+ f1+ fa) + (2—u)(l1 + £2) if0<v<2—u,
TR A= 20— 0) (CH+ T4 Fot f + ) if 2 —u<o<4-2u,
and
N(u,v) = 0 ?O v U
(U+u—2)(€1+£2) f2—u<v<4—2u,
so that
2 10u? + 8uv + v? —40u — 160 +40  f0<v <2 -
(P(u,v))” ~ 2 :
3(4 —2u—v) if2—u<v< 4 2u.
Note that Z ¢ Supp(N (u)) for u € [0,2]. Thus, integrating, we get S(W,’y;; %) = 2L. On the other hand,

we already know from the proof of Lemma 5.5 that Sy () = 25 < 1. Then B(F) > 0 by (2.3), which
contradicts (5.4). This shows that X is K-polystable.

6. NON-TORIC K-POLYSTABLE SINGULAR FANO 3-FOLD IN FAMILY 6

All K-polystable smooth Fano 3-folds in the deformation family Ne3.13 are described in Family 6. This
deformation family also contains some interesting members, which are worth mentioning. It contains a
unique strictly K-semistable smooth member, whose automorphism group is isomorphic to G, x S3 (see
[Ara+23, Lemma 5.98]). Recall that the automorphism group of a K-polystable Fano variety is reductive.
The family contains a singular K-polystable toric Fano 3-fold which was already discussed in Family 6.
It also contains a non-toric complete intersection in P? x P? x P? with one ordinary double point. In
Example 6.1 below we describe this Fano 3-fold. Its geometry deludes at first that it may be the missing
K-polystable limit. However, this can be proven wrong as we discuss below.

Example 6.1. Let Q be a smooth quadric 3-fold in P4, let £1, £, 5 be three general disjoint lines in Q,

let ¢: Q --» P2 x P2 x P? be the rational map given by the product of the linear projections Q --» P2

from the lines /1, ¢2, {3, and let X be the image of (. Then X is a singular Fano 3-fold in the deformation

family Ne3.13 that has one ordinary double point. Namely, in suitable coordinates, X C P? x P? x P? is
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the complete intersection
ZoYo + T1y1 + T2y2 — Toy2 + T1Y2 + T2yo — x2y1 =0,
Yozo + Y121 + Y222 + Yoz1 — Yoz2 — Y120 + Y220 = 0,
Tozo + w121 + T2z2 — To21 + T120 — T122 + w221 = 0,

The ordinary double point is at ([1:0:0],[0:1:0],[0:0 : 1]). The morphism #: Y — @ is the blowup of
the lines ¢4, ¢, ¢3, and resolves the indeterminacy of the rational map ¢, fitting in a commutative diagram

In the diagram, 7 contracts the strict transform of the unique line in @) that intersects the lines ¢1, {5,
f3 to the singular point of X. Note that after flopping the m-exceptional curve, we obtain a similar
commutative diagram. Since

rk Pic(X) =3 =1k Cl(X) — 1 = rk CI(X) — |Sing(X)],

then by definition X is maximally non-factorial (see [Che+| for a discussion of these varieties and a
classification when X is a Fano threefold with precisely one node and Pic(X) = 1). The automorphism
group of X is G, x &3, which is not reductive. Hence, X is not K-polystable. It can also be verified
numerically: if n: V' — Y denotes the blowup of the flopping curve, and F the n-exceptional surface, then
B(E) = —4—10, so X is K-unstable. If the lines ¢1, ¢, {3 were contained in a hyperplane, X would have a
curve of singularities, its automorphism group would be PGL2(C) x &3, and it would still be K-unstable.

The non-toric K-polystable limit. Let us construct a singular non-toric K-polystable Fano 3-fold,
which admits a smoothing in the deformation family Ne3.13. Consider the smooth quadric 3-fold

Q= {zy+yz+az+tw=0} CP

and the smooth conic C' = {xy +yz+axz=t=w = 0} C @, where z, y, z, t, w are homogeneous
coordinates on P*.

Now, denote by P, =[1:0:0:0:0], B =1[0:1:0:0:0],and P3=[0:0:1:0:0], and observe
these points lie on C. Let 8: Y — @ be the blowup of P, P, and Ps, C the proper transform on Y of C,|
and n: V — Y the blowup of C. Denote by E the n-exceptional surface. Then V is the unique smooth
Fano 3-fold in the deformation family Ne5.1, and E = P! x P! with E|g ~ Og(-1,-1).

This implies that — Ky is nef and big, and C is the only curve in Y that has trivial intersection with
—Ky. Hence, for m € N large enough, the linear system | — mKy | gives a birational morphism 7: ¥ — X
that contracts C. Then X is a singular Fano 3-fold with an ordinary double point at 7(C).

The 3-fold X can also be described as a subscheme of P? x P2 x P2. Indeed, consider the map (: Q --»
P? x P2 x P? given by

[iy:zitiw = ([zotw], [y t:w), [z t:w]).
Then ¢ o 6 is a morphism that contracts C to the point ([1 : 0 : 0],[1 : 0 : 0],[1 : 0 : 0]), and —Ky is
rationally equivalent to the pullback of the divisor of degree (1,1,1) via ¢ o . Moreover, the image of
the 3-fold Y under ¢ o 6 is contained in the locus defined by (1.2). Using standard symbolic computer
packages (e.g. Magma or Singular), it can be checked that (1.2) defines an integral 3-fold, with singular
locus ([1:0:0],[1:0:0],[1:0:0]), which is an ordinary double point. We see that ( o §(Y") is given by
(1.2), and X can be identified with ¢ o (Y).
We have —Ky ~ 7*(—Kx), so —K% = —K3 = 30. Using [PCS19, Lemma 5.16], we get
Aut®(X) = Aut®(Y) = Aut®(V) = C*,

so X is not toric. Since rkPic(X) =3 =rkCl(X) — 1, X is maximally non-factorial [Che+].

Now, using [JR11, Theorem 1.4] and the classification of smooth Fano 3-folds, we see that if X admits a
smoothing, then this must be to a smooth Fano 3-fold in the deformation family Ne3.13 as both X and the
smoothing must have the same Picard rank and there is only one family of rank 3 whose smooth member

has anti-canonical degree 30. One such smoothing can be constructed explicitly as follows. Following
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Eisenbud-Buchsbaum theory [BE77], let X, ; be the codimension three subscheme in P? x P? x P? that
is given by vanishing of all 4 x 4 diagonal Pfaffians of the skew-symmetric matrix

0 —2x1Yy1 — T2y3 — T3Ye 27121 — T223 — T3z2  br3z T2
2r1y1 + oy3 + T3Y2 0 —2y121 — Y223 — Y3z2 bys 2
—2x121 + X923 + x329 2121 + ya223 + Y322 0 bzg 29
—bxs —bys —bzs 0 a
—T9 —T9 —29 —a 0
In particular, these 5 equations are the vanishing of Pfq,...,Pfs5, where

(Pf1 = (b— a)zays — (b+ a)rsy: — 2ax1y1,
Pty = (b—a)yszs — (b+ a)ysze — 2ay1 21,

(6.2) Pf3 = (b — a)zozs — (b+ a)x3zs + 2ax; 21,

Pfy = bx1y123 + br1ys321 + brsyi21 + br3yazs,

Pfs5 = x1y122 + T1Y221 + XT2y121 + T2Yy322,

where ([zo : 21 : 2], [yo : y1 : ¥2), [20 : 21 : 22]) are coordinates on P? x P? x P2,
There are two interesting relations in the ideal generated by these Pfaffian equations:

2aPfy = —b(29Pf; — y3Pf3 + z3Pfy),
2aPf5 = —(ZQPfl — yoPf3 4 :L‘gpfg).

Hence, as long as a # 0 we obtain a complete intersection ideal generated by Pfq,Pfo,Pfs. If [a: b] # [1:
+1], then X, is an integral 3-fold. Further, if [1: 1] # [a : b] # [0 : 1], then X, is a smooth complete
intersection, which is a Fano 3-folds in the family Ne3.13. But X ; = X is not a complete intersection,
and its smoothing is clear from (6.2).

In the remaining part of this section, we will prove that the 3-fold X is K-polystable. The proof of this
result easily follows from [Ara+23, §5.23].
Description of the automorphism group. First, we set

G = {g € AUt(Q) ‘ g(C) = C and g({P17P27P3}) = {P17P27P3}}'
Then G = S3 x (C* X py) and &3 x (C* x py) acts on the quadric @ as follows:

e if 0 € G3, then ¢ permutes coordinates x, ¥, z,
e if \ € C*, then A acts by [z:y:z:t:w]— [Az: Ay: Az : A\ w],
o if L€ py, thenvactsby [z:y:z:t:w]—|r:y:z:w:t.

This action lifts to Y. Therefore, we can identify G with a subgroup of the group Aut(Y’). One can also
show that Aut(Y) = G. Since Aut(X) = Aut(Y), we can identify G with a subgroup of Aut(X).
Description of the G-invariant loci. The conic C' is G-invariant. Let Z = {zr — 2z =y — 2z = zy +
yz 4+ xz +tw = 0} C P4 Then Z is another smooth G-invariant conic that is contained in (). Note that
cCnz=0.

Lemma 6.3 ([Ara+23, Lemma 5.117]). The quadric Q does not contain G-invariant points, and the only
irreducible G-invariant irreducible curves in Q) are the conics C and Z.

Let ¢o: Yo — Q and ¢z: Yz — @ be the blowup of the conics C' and Z, respectively. Let Fo and Fy
be the exceptional surfaces of the blowups ¢¢c and ¢z, respectively. Then the action of the group G on
the quadric @ lifts to actions on Yo and Y, with surfaces Fo and Fz being G-invariant prime divisors
over Q.

Lemma 6.4 ([Ara+23, Lemma 5.118]). Let F be a G-invariant prime divisor over @) such that Co(F) is
not a surface. Then either Co(F) = C and Cy,(F) = Fc, or Cg(F) = Z and Cy,(F) = F.
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We have the following diagram

]P)l

%
/ \
X u Y Yo
T
where 9 is the blowup of the fibres of the projection Ec — C' over the points Py, P>, P3, and € is a
quadric bundle that is given by the linear system |[¢5(Og(1)) — Ec|.

Lemma 6.5. One has 3(E) = {5.

Proof. Let E1, Es, E3 be v-exceptional divisors that are mapped to Py, P», Ps, respectively. Set H =
(0 0on)*(Og(1)). Then £ o is given by the linear system |H — Ey + Ey + E3 — E|. Let S be a general
surface in |H — Ey + E2 + E3 — E|. Take u € R>. Then

(Won)*(—Kx) —uF ~gr 3H —2(FEy + Ea+ E3) —uFE ~p 3S+ E1 + B>+ Es+ (3 —u)E,
which implies that (7 o n)*(—Kx) — uE is pseudoeffective if and only if u < 3. Moreover, the divisor
(mon)*(—Kx) — uE is nef for u < 2. Furthermore, if u € [2, 3], the Zariski decomposition of the divisor
(mon)*(—Kx) —uFE is
(mon)"(—=Kx) —uE ~gr 3H —u(E + Ey + Ey + E3) + (u — 2)(E1 + Es +E3> .
positive part negat;\:e part

Now, we can compute 3(E). Note that H> =2, H-E? = -2 E3 =2, E|-E?> = By - B> = B3 - E? = —1,

Ei)’ = Eg’ = Eg = 1, and other triple intersections of the divisor H, E, E1, Es, E3 are zero. Now, by

integrating we get S(E) = %. O

1

Lemma 6.6. Let F be a G-invariant prime divisor in V. Then B(F) > 5.

Proof. By Lemma 6.5, we may assume that F # E. Let us use notations introduced in the proof of
Lemma 6.5. Then F ~ aS + bE + ¢(E; + E5 + E3) for some non-negative integers a, b, ¢ such that a > 1.
Therefore, we have 5(F) > 5(S).
Let us compute 3(S). Take u € R>o. Then
(mon)*(—Kx) —uS ~r B3—u)H+ (u—2)E+uF ~g (3—u)S+3E+ E + Es + Es,
so that (mon)*(—Kx) — uS is pseudoeffective if and only if u < 3. If u € [0, 2], then uF is the negative
part of the Zariski decomposition of this divisor, which implies that that
vol((mon)*(—Kx) — uS) =vol((ron)*(-Kx) — uS — uE) = u® — 18u + 30.

Similarly, if w € [2, 3], the Zariski decomposition of the divisor (7 on)*(—Kx) — uS is

(mon)*(—Kx) —uS ~g 3—uw)H +uE + (u—2)(Ey + E2 + Ej3),

N—— 4
positive part negative part
which gives vol((m o n)*(—Kx) — uS) = 2(3 — u)3. By integration we obtain 3(S) = 2—10. O

Lemma 6.7. Let F be a G-invariant prime divisor over X. Then B(F) > 5.

Proof. Let ¢:' Y — Y be the blowup of the strict transform on Y of the conic Z. By Lemmas 6.4 and
6.6, we may assume that F is the ¢-exceptional surface. _

Let H = (0 o)*(Og(1)), let Eq, Eo, E3 be strict transforms on Y of the #-exceptional divisors that
are mapped P, P>, Ps, respectively. Then

(mo)*(—Kx) — uF ~p 3H — Z(El + B, —1—E3) —uF,

and (mo9)*(—Kx) — uF is nef for u € [0, 1]. Thus, if (7 o ¢)*(—Kx) — uF is pseudoeffective, then

24 — 8u = (o) (—Kx) — uF) - ((mo9)*(~Kx) —F)* > 0.
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Hence, the divisor (7 0 9)*(—Kx) — uF is not pseudoeffective for u > 3. Then

1 3
1 1
30/ E1+E2+E3)—UF 3O/VOI 7TO"¢ )—F)du:
0 1
1 2(3H —2(Ey + E» + E3) —F)° 5 16
— — [ 4u® — 1842 + 30d _ o\ T ) _2,.0_

30/“ U Sldu 30 67 15
0
1

which implies that (F) > 5.
Now, using [Zhu21, Corollary 4.14], we see that X is K-polystable.
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