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Abstract

Given the L-series of a half-integral weight cusp form, we construct polynomials
behaving similarly to the classical period polynomial of an integral weight cusp form.
We also define a lift of half-integral weight cusp forms to integral weight cusp forms
that are compatible with the L-series of the respective forms.

1 Introduction
The Dirichlet series associated by Shimura to half-integral weight modular forms in the
last section of his original paper [7] has not received as much attention as its integral
weight counterpart. Partly because of its failure to possess an Euler product, it has not
been extensively studied from arithmetic and algebraic perspectives that have a long
history in the case of integral weight modular forms.
In view of this, the two main purposes of this note are: (i) to attach Eichler integrals

and period-like polynomials to the L-series of a half-integral weight cusp form. This will
lead to cohomology classes with coefficients in a finite-dimensional vector space in a way
that parallels the Eichler cohomology of the integral weight case and (ii) to define a lift
of half-integral weight cusp forms to integral weight cusp forms that are compatible with
the L-series of the respective forms.
This section presents special cases of the two main results of the note. The first one is

obtained fromTheorem 3.1 in the special caseN = 4, k such that 4|(k− 5
2 ) and a = k−2:

Theorem 1.1 Let k ∈ 1
2 +Z such that k − 5

2 ∈ 4N and let f be a cusp form of weight k for
�0(4) such that f (−1/(4z)) = (−2iz)k f (z). For each z in the upper half-plane H define the
“Eichler integral”

F (z) = �(k − 1)
∫ i∞

z
f (w)

⎛
⎜⎝

k− 5
2∑

n=0

(
(4i)n

n!�(k − 1 − n)
+ 4k−n− 11

4 i
5
2 −nw− 1

2

(k − 5
2 − n)!�(n + 3

2 )

)
znwk−2−n

⎞
⎟⎠ dw.

Then,
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(1) For each z ∈ H, P(z) := F (z) − F (−1/(4z))(−2iz)k− 5
2 is a polynomial of degree at

most k − 5
2 in z.

(2) We have

P(z) = ik−1�(k − 1)
k− 5

2∑
n=0

(
4n�f (k − 1 − n)
n!�(k − 1 − n)

+ (−1)n+1 4
k−n− 11

4 �f (k − 3
2 − n)

(k − 5
2 − n)!�(n + 3

2 )

)
zn,

where �f (s) is the L-series of f (to be defined precisely in the next section).

The polynomial P shares some of the defining features of the period polynomial of integral
weight forms: it encodes certain values of �f inside the interval [1, k − 1] and satisfies
one of the period relations. Indeed, in Prop. 3.2 we will show that P matches exactly
the (k − 3

2 )-th partial sum in the Taylor expansion of the (“symmetrised” version of the)
Eichler cocycle, as extended to all real weights in [1]. Since then the period polynomial
equals the value at the Fricke involution of an Eichler cocycle (based at i∞), we think of P
as an analogue of the period polynomial for half-integral weight cusp forms. The period
relation of P (see Th. 3.1 (i)) is not immediately visible from its expression in part (2) of
Th. 1.1, but it is deduced from its relation with the analogue of the Eichler integral F (z),
as is the case with the classical period polynomial.
A first, to our knowledge, attempt to develop a cohomology for L-series of half-integral

cusp forms was made in [3]. Its main construction encodes L-values inside [1, k − 1] and
satisfies one of the period relations too. However, the analogue of P in [3] belongs to
an infinite-dimensional space, whereas P is a polynomial of degree ≤ k − 5

2 . Another
difference is that, as will be seen in the general form of the theorem in the sequel, our
polynomial P can be made to encode values of �f (s) at a larger class of finite “arithmetic
sequences” inside [1, k − 1].
The second main result presented here is a special case of Theorem 4.1:

Theorem 1.2 Let k ∈ 1
2 + Z such that k − 5

2 ∈ 4N. For each cusp form f of weight k for
�0(4) such that f (−1/(4z)) = (−2iz)k f (z) there exists a unique pair (g, h) of cusp forms of
(integral) weight k − 1

2 and level 4 such that, for each n = 0, . . . , k − 5
2 , we have(

22n

n!�(k − 1 − n)
+ (−1)n+1 22k−5−2n

(k − 5
2 − n)!�(n + 3

2 )

)
�f

(
k − 5

4
− n

)

= i
3
4

�(k − 1)

(
k − 5

2
n

) (
in+1�g

(
k − n − 3

2

)
+ i−n−1�h

(
k − n − 3

2

))
(1.1)

The main characteristic of the “lift” induced by Theorem 1.2 is that it is compatible, in
the sense of Eq. (1.1), with the L-series of the half-integral weight form and that of the
corresponding integral weight forms. On the other hand, there does not seem to be any
compatibility with theHecke action, and the “lifted” forms are not explicitly given in terms
of Fourier expansions, as was the case of the Shimura lift. One also notices that the weight
of our “lift” is half the weight of the Shimura lift. Because of those differences in their
behaviour and the different problems they were each designed to resolve, it does not seem
likely that our lift is related to the Shimura lift.
The lack of compatibility with the Hecke action was expected: The identity of Theorem

1.2 expresses the “critical” values of L-series of a half-integral weight cusp form directly
in terms of L-values of integral weight forms. If our lift were compatible with the Hecke
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action, then we could immediately deduce algebraicity results about the L-values of some
half-integral weight Hecke eigenforms from the corresponding results in the integral
weight case. However, algebraic properties so similar to those of the integral-weight L-
values are not expected for L-series of half-integral weight forms. Therefore, additional
input is required to derive algebraic information from the translation of half-integral
weight L-values to integral weight L-values provided by Theorem 1.2.
It was also mentioned above that our lift is not given explicitly via Fourier expansions.

Nevertheless, it does have an explicit expression through the explicit inverse of the Eichler-
Shimura map given in [6]. Theorem 5.4 allows us to obtain the integral weight lift of a
given form f of half-integral weight k from k − 3/2 values of the L-series associated with
f . To formulate and prove this result we develop, in Sect. 5, a reformulation of our lift of
Theorem 4.1 whichmay be of independent interest. This reformulation (Prop. 5.2) applies
only to odd values of n and relies on a version of the Eichler-Shimura isomorphism (Th.
5.1) which considers separately the even and the odd part of a polynomial. As a result, it
makes it possible to express those L-values of f that correspond to odd n in terms of a
single integral weight form. By contrast, Th. 4.1 requires two of them, but accounts for
L-values responding to both odd and even n.

2 Terminology and notation
We first fix the terminology and the notation we will be using. They will mostly be con-
sistent with those of [7] and [3].
Let k ∈ 1

2 + Z and N ∈ 4N.We let
( c
d
)
be the Kronecker symbol. For an odd integer d,

we set

εd :=
⎧⎨
⎩
1 if d ≡ 1 mod 4,

i if d ≡ 3 mod 4,
(2.1)

so that ε2d = (−1
d

)
. We set the implied logarithm to equal its principal branch so that

−π <arg(z) ≤ π . We define the action |k of �0(N ) on smooth functions f onH as follows:

(f |kγ )(z) :=
( c
d

)
ε2kd (cz + d)−k f (γ z) for all γ =

(
∗ ∗
c d

)
∈ �0(N ). (2.2)

Further, letWN =
(

0 −1/
√
N√

N 0

)
and �0(N )∗ = 〈WN,�0(N )〉.We set

(f |kWN )(z) := (−i
√
Nz)−k f (−1/(Nz)). (2.3)

We extend the action to C[�0(N )∗] by linearity.
For n ∈ Z we let, as usual,

(f |nγ )(z) := (cz + d)−nf (γ z) for all γ =
(

∗ ∗
c d

)
∈ SL2(R). (2.4)
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Let k ∈ 1
2Z. If � is either a subgroup of finite index in SL2(Z) or �∗

0(N ) for some N , and
χ a character on �, we set

f |k,χγ := χ (γ )f |kγ for all γ ∈ �. (2.5)

We will denote the space of cusp forms of weight k and character χ for � by Sk (�,χ ). If
χ is the trivial character, we write Sk (�).
For f, g ∈ Sk (�,χ ), we define the Petersson scalar product as

(f, g) =
∫

�\H
f (z)g(z)yk

dxdy
y2

where z = x + iy.

Let λ be the width of the cusp ∞. For integral or half-integral weights k , we attach to

f (z) =
∑
n≥1

af (n)e
2π inz

λ ∈ Sk (�,χ )

the L-series

Lf (s) =
∑
n≥1

af (n)
ns

.

This is absolutely convergent for �(s) � 1 and can be analytically continued to the entire
complex plane. Its “completed” version is

�f (s) = �(s)λs

(2π )s
∑
n≥1

af (n)
ns

=
∫ ∞

0
f (it)ts

dt
t
. (2.6)

For χ trivial, it satisfies the functional equation

�f (s)=N
k
2−s�f |kWN (k−s), if k ∈ 1

2
+Z and �f (s)= ikN

k
2−s�f |kWN (k−s), if k ∈ Z.

(2.7)

Finally, we fix the following notation: We set

T :=
(
1 1
0 1

)
, S :=

(
0 −1
1 0

)
, U := TS =

(
1 −1
1 0

)
.

For z, w not necessarily non-negative integers, set(
z
w

)
:= �(z + 1)

�(w + 1)�(z − w + 1)
.

3 An analogue of the period polynomial
Let f be a cusp form of weight k ∈ 1

2 + Z for �0(N ) such that f |kWN = f . Fix a ∈
[0, 2k − 9/2] and set

Pa(z) :=
∫ i∞

0
f (w)	a(z, w)dw,

where

	a(z, w) :=
k−5/2∑
n=0

[(
k − 2
n

)
(iNz)nwa−n + ik

4√N

(
k − 2
n + 1/2

)
(iz)n(−Nw)2k−9/2−a−n

]
.
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Theorem 3.1 Let k ∈ 1
2 + Z with k > 5/2. Suppose that f ∈ Sk (�∗

0(N )) and a ∈ [0, 2k −
9/2]. With the above notation, set

Fa(z) :=
∫ i∞

z
f (w)	a(z, w)dw.

(i) For z ∈ H we have

−ik−5/2Fa|5/2−kWN + Fa = Pa.

Therefore, if χ is a character on �∗
0(N ) such that χ (WN ) = i

5
2−k , then

Pa|5/2−k,χ (WN + 1) = 0. (3.1)

In particular, if 4|(k − 5/2), then

Pa|5/2−k (WN + 1) = 0.

(ii) For each z ∈ C,

Pa(z) = ia+1
k−5/2∑
n=0

[(
k − 2
n

)
Nn�f (a + 1 − n)

+
(

k − 2
n + 1/2

)
N 2k−a−n− 19

4 i2n−k+ 1
2 �f (2k − 7/2 − a − n)

]
zn. (3.2)

Proof We first show that

−(i
√
Nz)k−5/2(−i

√
Nw)k−2	a(WNz,WNw) = 	a(z, w). (3.3)

Indeed, the left-hand side is

−(i
√
Nz)k−5/2(−i

√
Nw)k−2

k−5/2∑
n=0

[(
k − 2
n

)
(iz)−n(−Nw)n−a

+ ik
4√N

(
k − 2
n + 1/2

)
(iNz)−nwn−2k+9/2+a

]
.

Observe that(
k − 2

k − 5/2 − n

)
=

(
k − 2
n + 1/2

)
,

so that the change of variables n → k − 5/2 − n yields

− (i
√
Nz)k−5/2(−i

√
Nw)k−2

k−5/2∑
n=0

[(
k − 2
n + 1/2

)
(iz)n−k+5/2(−Nw)k−5/2−n−a (3.4)

+ ik
4√N

(
k − 2
n

)
(iNz)n−k+5/2w−k+2−n+a

]
. (3.5)

Since w ∈ H, we have, for every t ∈ R, (−w)t = e−π itwt . A routine computation shows

−(i
√
Nz)k−5/2(−i

√
Nw)k−2(iz)n−k+5/2(−Nw)k−5/2−n−a = ik

4√N
(iz)n(−Nw)2k−9/2−a−n
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and similarly:

−(i
√
Nz)k−5/2(−i

√
Nw)k−2 ik

4√N
(iNz)n−k+5/2w2−k−n+a = (iNz)nwa−n.

Therefore, (3.4) equals 	a(z, w), establishing (3.3).
With (3.3) we now have:

ik−5/2(Fa|5/2−kWN )(z) = (i
√
Nz)k−5/2

∫ i∞

WNz
f (w)	a(WNz, w)dw

= (i
√
Nz)k−5/2

∫ 0

z
f (WNw)	a(WNz,WNw)d(WNw)

= −(i
√
Nz)k−5/2

∫ 0

z
f (w)(−i

√
Nw)k	a(WNz,WNw)

dw
(−i

√
Nw)2

=
∫ 0

z
f (w)	a(z, w)dw = Fa(z) − Pa(z). (3.6)

To prove (3.1), we have from (3.6),

Pa| 5
2−k,χ (1 + WN ) = Fa| 5

2−k,χ (1 − WN )| 5
2−k,χ (1 + WN ) = Fa| 5

2−k,χ (1 − W 2
N ) = 0.

To show (3.2), we expand the defining expression for Pa and use the integral formula
for �f in (2.6).

This theoremand (2.7) show thatPa can be thought of as a “period polynomial” encoding
the L-values of f at a + 1, a, a − 1, · · · , a − k + 7/2. Among the various choices of a, the
most “canonical” is a = k − 2 because then, our “period polynomial” Pa becomes entirely
consistent with the Eichler cohomology attached to general weight cusp forms, as in [1].
Specifically, the Eichler cocycle on which that cohomology is based is induced by the
assignment (Section 2.2 of [1]) to f ∈ Sk (�) of the map

� � γ −→ ψ∞
f,γ (z) :=

∫ i∞

γ −1i∞
f (w)(w − z)k−2dw

whereψ∞
f,γ is defined on the lower half-plane H̄. For γ = WN , the integral givingψ∞

f,WN
(x)

is well-defined for x > 0 as well. We then have the following relation between our “period
polynomial” Pk−2 and ψ∞

f,WN
(x).

Proposition 3.2 For each x > 1, we have

Pk−2(ix) = ψ∞
f,WN

(Nx) − i1−2kψ∞
f,WN

(1/x) (
√
Nx)k− 5

2 + O(xk− 3
2 ).

Proof We first note that

ψ∞
f,WN

(Nx) − i1−2kψ∞
f,WN

(1/x) (
√
Nx)k− 5

2 (3.7)

= ik−1
∫ ∞

0
f (it)

(
(1 + iNxt−1)k−2 − i1−2k (1 + ix−1t−1)k−2(

√
Nx)k− 5

2
)
tk−2dt.

By Taylor’s formula we have, for eachM ∈ N,

(1 + iNxt−1)k−2

=
M−1∑
n=0

(
k − 2
n

)
(iNxt−1)n+OM

(∫ 1

0
(1 − y)M−1(1+iNyxt−1)k−2−M(iNxt−1)Mdy

)
.
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IfM > k − 2 the error term isOM((xt−1)M). Likewise, again ifM > k − 2, the error term
of (1 + ix−1t−1)k−2 is OM((x−1t−1)M). Therefore forM = k − 3

2 , we deduce, for x > 1,

ψ∞
f,WN

(Nx) − i1−2kψ∞
f,WN

(1/x) (
√
Nx)k− 5

2

= ik−1
k− 5

2∑
n=0

(
k − 2
n

)(
(iNx)n − i1−2k (ix−1)n(

√
Nx)k− 5

2
)

�f (k−1−n)+O(xk− 3
2 )

(3.8)

where the implied constant is independent of x. The change of variables n → k − 5
2 − n,

followed by (2.7) in the second sum, implies the result. ��

3.1 Comparison with the period function of [3]

Another function encoding special values of Lf is given in [3]. The result in [3] is stated
for cusp forms on Hecke groups, but, thanks to the embedding of Sk (�∗

0 (N )) into a space
of cusp forms for Hecke groups ((8.1) of [3]), it can be formulated for the modular forms
studied in Theorem 3.1:

Proposition 3.3 [3] Let k ∈ 1
2 + Z and f (z) = ∑

af (n)e2π inz ∈ Sk (�0(N )) such that
f |kWN = f . For each z ∈ H set

E∗
f (z) = 1√

π

∑
n≥1

af (n)
nk−1

(
e−2π inz�

(
1
2
,−2π inz

)
− 1√−2π inz

)
.

Then, for all z ∈ H,

(
E∗
f |2−k (1 − WN )

)
(z) =

k− 3
2∑

n=0

(
Lf (k − n − 1)

�(n + 1)
+ Lf (k − n − 1

2 )
�(n + 1

2 )

(
2πz
i

)− 1
2
) (

2πz
i

)n
.

(3.9)

The values of Lf (s) at k − 1, . . . 3
2 appearing in the right-hand side of (3.9) are also

encoded by Pk−2. However, the function on the right-hand side of (3.9) does not belong
to a finite-dimensional space closed under the action of the group. Further, the “Eichler
integral” E∗

f (z) is defined as a series. To complete the comparison of our construction
with the “period function” of [3], we show how the main piece of E∗

f (z) can nevertheless
be expressed as an integral too.

Proposition 3.4 With the notation of Theorem (3.1), for each z ∈ H,

E∗
f (z) = αk (−iz)

1
2

∫ i∞

z
Ff (w)(w − z)k− 5

2 dw − 1√−2π2iz
Lf

(
k − 1

2

)

where

Ff (w) :=
∫ ∞

0
f (xw) xk− 3

2 (x + 1)−
1
2 dx

and αk = (−2π i)k−1/(π
1
2 (k − 5

2 )!).

Proof We first recall ([5], (8.19.1), (8.19.3)) that, for Re(w) > 0,

�

(
1
2
, w

)
= w

1
2

∫ ∞

1
e−wtt−

1
2 dt.
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Therefore, for z ∈ H,∑
n≥1

af (n)
nk−1

e−2π inz
√

π
�

(
1
2
,−2π inz

)
= 1√

π

∑
n≥1

af (n)
nk−1 e

−2π inz (−2π inz)
1
2

∫ ∞

1
e2π inzt t−

1
2 dt

= (−2iz)
1
2

∫ ∞

1
t−

1
2

⎛
⎝∑

n≥1

af (n)

nk− 3
2
e2π inz(t−1)

⎞
⎠ dt.

By the theory of usual (integral weight) Eichler integrals, followed by the changes of
variables x = t − 1 and w1 = w/x, this equals

(−2iz)
1
2

∫ ∞

1
t−

1
2
(−2π i)k− 3

2

�(k − 3
2 )

∫ i∞

z(t−1)
f (w) (w − z(t − 1))k− 5

2 dwdt

= αkz
1
2

∫ ∞

0
xk− 3

2 (x + 1)−
1
2

∫ i∞

z
f (xw1) (w1 − z)k− 5

2 dw1dx.

A change in the order of integration implies the formula.

4 An Eichler cocycle
In this section, we will first use Theorem 3.1 to construct an Eichler cocycle, with coef-
ficients in the space Ck−5/2[z]. We maintain the notation and assumptions of the last
section.
Since 4|N , �0(N )/{±1} is torsion-free and hence free on a set of generators {γj}2g+h−1

j=1 ,
where γ1 = T , g is the genus and h the number of inequivalent cusps of �0(N ) ([2], Prop.
2.4; here by T, γj , etc. we mean the images of those elements of �0(N ) into �0(N )/{±1}).
We also have WN�0(N ) = �0(N )WN and thus �∗

0(N ) = 〈�0(N ),WN 〉 is generated by
{γj} ∪ {WN } with only relations (−1)2 = 1 andW 4

N = 1.
From the above, we first deduce that there is always a character χ on �∗

0(N ) such as
prescribed in Theorem 3.1, that is such that χ (WN ) = i5/2−k . Indeed, since i4(5/2−k) =
1, the character induced by the assignment χ (−1) = (−1)5/2−k , χ (WN ) = i5/2−k and
χ (γi) = 1 for i = 1, . . . 2 g + h − 1 is well-defined.
Further, let, for a ∈ [0, 2k − 9

2 ], Pa be the polynomial defined in (3.2). Consider the
polynomial

P̂a(z) := Pa(2z/
√
N ).

It is then easy to deduce from Theorem 3.1 that

P̂a| 5
2−k,χ (W4 + 1) = 0 (4.1)

for any character χ on �∗
0(4) such that χ (W4) = i

5
2−k . (Since there is no risk of confusion,

we use the same notation for both characters). Recall that �0(4)/{±1} is freely generated
on the generators

T,
(
1 0
4 1

)

and thus �∗
0(4) is generated by −1, T,W4 in �∗

0(4) with only relations (−1)2 = 1 and
W 4

4 = 1. We consider the map

π̂f : �∗
0(4) → Ck−5/2[z]

induced by the 1-cocycle condition from the values

π̂f (W4) = P̂a and π̂f (−1) = π̂f (T ) = 0.
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Then π̂f is well-defined since by (4.1),

π̂f (W 2
4 ) = π̂f (W4)| 5

2−k,χW4 + π̂f (W4) = P̂a| 5
2−kW4 + P̂a = 0.

This cocycle induces a non-trivial class inH1
par(�∗

0(4),Ck−5/2[z]) where the action of�∗
0(4)

on Ck−5/2[z] is |5/2−k,χ .
On the other hand, according to the Eichler-Shimura isomorphism, there is an isomor-

phism

φ : Sk−1/2(�∗
0(4),χ ) ⊕ Sk−1/2(�∗

0 (4), χ̄ ) −→ H1
par(�∗

0(4),Ck−5/2[z])

induced by the assignment of the following map φ(g, h̄) : �∗
0(4) → Ck−5/2[z] to (g, h̄):

φ(g, h̄)(γ ) =
∫ γ −1∞

∞
g(w)(w − z)k−5/2dw +

∫ γ −1∞

∞
h(w)(w̄ − z)k−5/2dw̄.

Therefore, there are unique g ∈ Sk−1/2(�∗
0(4),χ ), h ∈ Sk−1/2(�∗

0(4), χ̄ ) and a polynomial
Q in Ck−5/2[z] such that

π̂f (γ ) = φ(g, h̄)(γ ) + Q| 5
2−k,χ (γ − 1)

for all γ ∈ �∗
0(4). Since π̂f (T ) = φ(g, h̄)(T ) = 0, the polynomial Q should van-

ish too, because it would otherwise have infinitely many zeros. Therefore, for each
f ∈ Sk (�∗

0 (4),χ ), there are unique g ∈ Sk−1/2(�∗
0(4),χ ), h ∈ Sk−1/2(�∗

0(4), χ̄ ) such that,
for all γ ∈ �∗

0(4),

π̂f (γ ) = φ(g, h̄)(γ ). (4.2)

An application of the binomial theorem combined with the integral form of �g (s),�h(s)
implies thatφ(g, h̄)(W4) can be expressed as a polynomialwith coefficients involving values
of the critical values of g, h̄. In our case this gives

φ(g, h̄)(W4) (4.3)

= −
k−5/2∑
n=0

(
k − 5/2

n

)
(−z)n

(
ik−n−3/2�g (k − n − 3/2) + i3/2+n−k�h(k − n − 3/2)

)
.

Comparing coefficients with the expression for π̂f (W4) = P̂a in (3.2), we deduce

Theorem 4.1 Let k ∈ 1
2 + Z with k > 5

2 . For each cusp form f of weight k for �0(N ) such
that f (−1/(Nz)) = (−i

√
Nz)k f (z), a character χ on �∗

0(4) such that χ (W4) = i
5
2−k and

for each a ∈ [0, 2k − 9
2 ], there exists a unique pair (g, h) of cusp forms of (integral) weight

k − 1
2 , level 4 and character χ such that, for each n = 0, . . . , k − 5

2 , we have

ia+12n
((

k − 2
n

)
N

n
2 �f (a + 1 − n)

+i2n+ 1
2−k

(
k − 2
n + 1

2

)
N 2k−a− 3n

2 − 19
4 �f (2k − 7

2
− a − n)

)

=
(
k − 5

2
n

)(
in+ 1

2+k�g (k − n − 3
2
) + i−n− 1

2−k�h(k − n − 3
2
)
)
. (4.4)

Theorem 1.2 is a special case of this for N = 4, k such that 4|(k − 5
2 ) and a = k − 9

4 .
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4.1 A special case

In lowdimensions, Theorem4.1 can assumea simpler form. For example,we can specialise
to k such that dimSk−1/2(�∗

0(4)) = 1 and a = k−9/4. Then, if g is a normalised eigenform
in Sk−1/2(�∗

0(4)), which, in particular, implies that g has real Fourier coefficients at infinity,
Theorem 4.1 becomes

Corollary 4.2 Let k ∈ 5
2 + 4N such that Sk−1/2(�∗

0(4)) is 1-dimensional, spanned by a
normalised cusp form g. For each cusp form f of weight k for�0(N ) such that f (−1/(Nz)) =
(−i

√
Nz)k f (z) there exists a λf ∈ C such that, for each n = 0, . . . , k − 5

2 , we have

�f

(
k − 5

4
− n

)
= Ck,N,n�g

(
k − 3

2
− n

)
, (4.5)

where
Ck,N,n =

(
k − 5

2
n

)
2−n

(
i
7
4 +n + λf i−n− 1

4
) [(

k − 2
n

)
N

n
2 + (−1)n+1

(
k − 2
n + 1

2

)
Nk− 5

2 − 3n
2

]−1
.

Remark. In view of the corollary, it is tempting to try to deduce algebraicity depen-
dence for L-values of f from the corresponding properties for integral weight forms (e.g.
via Manin’s periods’ theorem). However, the number of L-values of f whose algebraic
dependence we would like to derive is the same as the number of independent L-values
of g in the RHS of (4.5). In the case of k = 13/2 for instance, the two values for odd
n ∈ {0, . . . , 4} are essentially the same because of the functional equation of�f (s), leaving
us with a single value of �f (s), trivially accounted for by the single constant λf .

5 An explicit form of the lift
The lift described in Theorem 4.1 can be made explicit via the explicit inverse of the
Eichler-Shimura map of [6]. To this end, we first reformulate the construction leading to
Theorem 4.1 in a way that parallels the decomposition of the classical period polynomial
into an “even” and “odd” part. For simplicity, in this section, we will be working with
weight k such that 4|(k − 5

2 ).
We will first review some cohomological constructions used in [6] and some notation

from [4] which we will then apply to half-integral weight cusp forms.
We first consider the Hecke groupH (2) generated by the images of T 2 and S under the

natural projection of SL2(Z) onto PSL2(Z). Since 4|(k − 5
2 ), it will be legitimate to use the

same notation for elements of SL2(Z) and their images in PSL2(Z). The group H (2) has
only the relation S2 = 1 (see Sect. 5 of [3] for the summary of some basic properties of the
Hecke groups).
Wenowrecall a constructionof [4] that is used toprovide an explicit formula for cocycles

on PSL2(Z) induced by cocycles on H (2). It is easy to see that a set of representatives of
H (2)\PSL2(Z) is

{1, T, U}, where U = TS.

Tobe able to keep track of coset representatives, we denote byu : PSL2(Z) → {1, T, U} the
mapwhich sendsx to its corresponding coset representative inH (2)\PSL2(Z). Specifically,
let x ∈ PSL2(Z). If H (2)x = H (2) (resp. H (2)T,H (2)U ), set u(x) = 1, (resp. T,U ). Some
values of u that will be repeatedly used below tacitly are: u(T−1) = T, u(TST−1) = U.



J. Branch et al. Res Math Sci           (2024) 11:44 Page 11 of 15    44 

For each x, g ∈ PSL2(Z), set

κx,g := u(x)gu(xg)−1 ∈ H (2). (5.1)

One notices that, if x ∈ H (2), κx,g = gu(g)−1 and, if x, g ∈ H (2), κx,g = g . Further,
if H (2)x = H (2)x′, then κx,g = κx′ ,g and thus κx,g is well-defined as a function of
(H (2)\PSL2(Z)) × PSL2(Z). Finally, κ satisfies the relation

κx,g1g2 = κx,g1κxg1,g2 . (5.2)

Next, we consider the space

Ik := IndPSL2(Z)H (2) (Ck−5/2[z]) = {f : H (2)\PSL2(Z) → Ck−5/2[z]}.
Since PSL2(Z) acts on Ck−5/2[z], there is an action of PSL2(Z) on Ik , given, for v ∈ Ik , by

(v||g)(x) := v(xg−1)| 5
2−kg for all x ∈ H (2)\PSL2(Z), g ∈ PSL2(Z).

Let σ : H (2) → Ik be a 1-cocycle with values in Ik . Then, as in the case of the classical
period polynomial, one sees directly by the cocycle relation that σ (U ) belongs to the space

W := {v ∈ Ik ; v||(S + 1) = v||(U2 + U + 1) = 0}
called the space of period polynomials in [6]. (Note that the condition v||(−1) = v included
in the definition of that space in [6] is not needed here because k − 5

2 is even.) We also
define the following subspace ofW :

C := {P||(1 − S);P ∈ Ik , P||T = P}.
As in the classical case again, the spaces W and C can be decomposed as a direct sum

of the ±-eigenspaces of a certain involution. Specifically, let ε = ( −1 0
0 1

)
and let ε act on a

v ∈ Ik so that

(v||ε)(x) := v(εxε)| 5
2−kε for all x ∈ H (2)\PSL2(Z).

Then Ik decomposes into±-eigenspaces under the action of ε, denoted I±k . Further, since
W (resp. C) is closed under the action of ε, it also decomposes into ±-eigenspaces W±

(resp. C±). We denote that ±-component of σ (U ) by σ (U )±, i.e.

σ (U )± = 1
2
(σ (U ) ± σ (U )||ε) ∈ W±.

The Eichler-Shimura theorem can be formulated as a pair of isomorphisms to (quotients
of) W±. We present it here in the arrangement of [6] (Theorem 2.1) as applied to our
setting. First, for each cusp form g of weight k − 1

2 forH (2), we let ρg be the element of Ik
defined by

ρg (γ )(z) =
∫ i∞

0

(
g
∣∣∣
k− 1

2
γ

)
(w)(w − z)k− 5

2 dw for all γ ∈ H (2)\PSL2(Z). (5.3)

Each polynomial ρg (γ )(z) can be expanded as

ρg (γ )(z) =
k− 5

2∑
n=0

(−1)n
(
k − 5

2
n

)
rγ ,n(g)zk− 5

2−n,

for rγ ,n(g) = in+1
∫ ∞

0

(
g
∣∣∣
k− 1

2
γ

)
(it)tndt. (5.4)

Further, it can be shown that ρg ∈ W and hence that it can be written as a sum of its +
and − components ρ±

g ∈ W±. With this notation we have
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Theorem 5.1 ([6], Theorem 2.1 (Eichler-Shimura)) The assignments g → ρ+
g and g →

ρ−
g induce isomorphisms

ρ+ : Sk− 1
2
(H (2)) ∼= W+/C+ and ρ− : Sk− 1

2
(H (2)) ∼= W−/C−.

Since H (2) is SL2(Z)-conjugate to �0(2), Prop. 4.4 of [6] shows that

C− � C−
�0(2) = {0},

where C−
�0(2) denotes the analogue for C

− for �0(2), instead of H (2).
Let k ∈ 1

2 + Z with k > 5
2 and 4|(k − 5

2 ). We will construct an element of W− based
on a cusp form f of weight k for �0(N ) such that f (−1/(Nz)) = (−i

√
Nz)k f (z). In the last

section, we defined the map π̂f : �∗
0(4) → Ck−5/2[z] induced by the 1-cocycle condition

from the values π̂f (W4) = P̂a and π̂f (−1) = π̂f (T ) = 0. Since 4|(k − 5
2 ), the 1-cocycle

condition of π̂f implies that there is a well-defined 1-cocycle π ′
f : H (2) → Ck−5/2[z]

which is induced by the 1-cocycle relation from the values

π ′
f (S)(z) = P̂a(z/2) and π ′

f (T
2) = 0.

This cocycle gives a non-trivial class inH1
par(H (2),Ck−5/2[z]) where the action ofH (2) on

Ck−5/2[z] is |5/2−k .
We now define a 1-cocycle of PSL2(Z) with coefficients in Ik induced by the cocycle π ′

f .
For each g ∈ PSL2(Z) let πf (g) be the element of Ik such that

πf (g)(x) := π ′
f (κ

−1
x,g−1 )| 52−ku(x) for all x ∈ H (2)\PSL2(Z). (5.5)

By Shapiro’s lemma or, directly with (5.1), we can see that it is a 1-cocycle. Then, as
mentioned when we introduced W earlier in this section, πf (U ) ∈ W and πf (U ) =
π+
f (U ) + π−

f (U ), for

πf (U )± = 1
2

(
πf (U ) ± πf (U )||ε) ∈ W±.

We can now state and prove another version of our lift of half-integral weight forms.

Proposition 5.2 Let k ∈ 1
2 + Z such that k > 5

2 and 4|(k − 5
2 ). For each f ∈ Sk (�0(N ))

such that f |kWN = f and for each a ∈ [0, 2k − 9
2 ], there is a g ∈ Sk− 1

2
(�∗

0(4)) such that
g |k− 1

2
W4 = g and, for all odd n ∈ {1, . . . , k − 7

2 },

ia+1
((

k − 2
n

)
N

n
2 �f (a + 1 − n) + (−1)n+1

(
k − 2
n + 1

2

)
N 2k−a− 3n

2 − 19
4 �f (2k − 7

2
− a − n)

)

=
(
k − 5

2
n

)
i−1−n2k− 3

2 −n�g

(
k − 3

2
− n

)
. (5.6)

Proof By Theorem 5.1, there exists a g1 ∈ Sk (H (2)) such that

πf (U )− = ρ−
g1 . (5.7)

Since H (2)εTε = H (2)T and H (2)εUε = H (2)T−1S−1 = H (2)U , we see that for each
x ∈ H (2)\PSL2(Z), πf (U )−(x) (resp. ρ−

g1 (x)) is the part of the polynomial πf (U )(x) (resp.
ρg1 (x)) corresponding to its odd powers. By the definition of πf and it 1-cocycle condition,

πf (U )(1)=π ′
f (κ

−1
1,U−1 )=π ′

f (T
2S)=π ′

f (T
2)| 5

2−kS + π ′
f (S) = 0 + π ′

f (S) = Pa(z/
√
N ).



J. Branch et al. Res Math Sci           (2024) 11:44 Page 13 of 15    44 

This, together with (3.2), shows that the n-th coefficient of πf (U )(1) equals the left-hand
side of (5.6).
By (5.4), the n-th coefficient of ρg1 (1) equals

(−1)n
(
k − 5

2
n

)
i1−n�g1

(
k − 3

2
− n

)
.

Since, by the analogue of the proposition in Section 8 of [3] for integral weights, the
function g such that g(z) := g1(2z) is a weight k − 1

2 cusp form for �∗
0(4) and �g1 (s) =

2s�g (s), we obtain the expression in the right-hand side of (5.6). With (5.7), we deduce
the result.

We will identify explicitly the integral weight cusp form to which a half-integral weight
form is lifted according to Prop 5.2. We will use a theorem of [6] providing explicit
inverses for the Eichler-Shimura maps ρ±. To state it, we introduce some additional
notation. Firstly, for each γ ∈ H (2)\PSL2(Z) and n = 0, . . . k − 5

2 , we denote by r
±
γ ,n(g)

the constants such that

ρ±
g (γ )(z) =

k− 5
2∑

n=0
(−1)n

(
k − 5

2
n

)
r±
γ ,n(g)zk− 5

2−n.

In particular, r+
γ ,n(g) = 0 (resp. r−

γ ,n(g) = 0), when n is odd (resp. even). Then, for each
γ ∈ H (2)\PSL2(Z) and 0 ≤ n ≤ k− 5

2 wedenote byR
±
γ ,n the unique element of Sk− 1

2
(H (2))

such that
r±
γ ,n(h) = (h, R±

γ ,n) for all h ∈ Sk− 1
2
(H (2))

and

s±γ ,n(h) =
n∑

j=0

(
n
j

)
(−1)n−jr±

γ ,j(h).

With this notation, Theorem 6.1 of [6] reads, in our case, as

Theorem 5.3 [6] For each g1 ∈ Sk− 1
2
(H (2)), we have

g1 = 2
3
(2i)

3
2−k

∑
γ∈H (2)\PSL2(Z)

k− 5
2∑

n=0

(
k − 5

2
n

)
s−
γU−1 ,n(g1)R

+
γ ,n.

To use this theorem, we first compute πf (U )(γ ) for γ ∈ H (2)\PSL2(Z):

πf (U )(1) = π ′
f (κ

−1
1,S−1 ) = π ′

f (S) = Pa(z/
√
N ), (5.8)

πf (U )(T ) = π ′
f (κ

−1
T,U−1 )|k− 5

2
T = π ′

f (S
−1)|k− 5

2
T−1 = Pa((z − 1)/

√
N ),

πf (U )(U ) = π ′
f (κ

−1
U,U−1 )|k− 5

2
U = π ′

f (UU
−1)|k− 5

2
U = 0.

Therefore, if g1 is the weight k − 1
2 cusp form for H (2) induced from f by the proof of

(5.6), then (5.7) implies that, for n odd, the n-th coefficient of ρ−
g1 (1) (resp. ρ

−
g1 (T )), equals

the n-th coefficient of Pa(z/
√
N ) (resp Pa((z − 1)/

√
N )). Thus, with (5.7) and (3.2), we

deduce that, for each γ ∈ H (2)\PSL2(Z) and odd n,

−
(
k − 5

2
n

)
r−
1,n(g1) =

αk− 5
2−n

N
k
2− 5

4− n
2

and
(
k − 5

2
n

)
r−
T,n(g1)

=
k− 5

2∑
j=k− 5

2−n

(−1)j
αj

N
j
2

( j
k − 5

2 − n

)



   44 Page 14 of 15 J. Branch et al. Res Math Sci          (2024) 11:44 

where

αj := ia+1
((

k − 2
n

)
Nn�f (a + 1 − n)

+
(
k − 2
n + 1

2

)
N 2k−a−n− 19

4 i2n−k+ 1
2 �f (2k − 7

2
− a − n)

)
.

This, in turn, implies that, for each n = 0, . . . k − 5
2 ,

s−1,n := s−1,n(g1) = (−1)n
n∑

j=0
j odd

(
n
j

)(
k − 5

2
j

)−1 αk− 5
2−j

N
k
2− 5

4− j
2

and (5.9)

s−T,n := s−T,n(g1) = (−1)n+1
n∑

j=0
j odd

(
n
j

)(
k − 5

2
j

)−1
⎛
⎜⎝

k− 5
2∑

�=k− 5
2−j

(−1)�
α�

N
�
2

(
�

k − 5
2 − j

)⎞
⎟⎠

Recall the cusp form g(z) = g1(2z) of weight k − 1
2 for �∗

0(4). Then, with Theorem 5.3, we
deduce

Theorem 5.4 Let k ∈ 1
2 + Z such that k > 5

2 and 4|(k − 5
2 ). For each f ∈ Sk (�0(N )) such

that f |kWN = f and for each a ∈ [0, 2k − 9
2 ], the “lift” g ∈ Sk− 1

2
(�∗

0 (4)) of Prop. 5.2 is given
by

g(z) = 2
3
(2i)

3
2−k

k− 5
2∑

n=0

(
k − 5

2
n

)(
s−1,nR

+
U,n(2z) + s−T,nR

+
1,n(2z),

)

where s−1,n, s
−
T,n are given by (5.9).
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