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Abstract

We show that there are compact plane sets X, Y such that R(X) and
R(Y) are regular but R(X UY) is not regular.

1 Introduction

In [11], McKissick gave the first example of a non-trivial, regular uniform alge-
bra. His example was R(X) for a suitable compact plane set X. (We recall the
relevant definitions in the next section.) In [5, Corollary 7.7] it was shown that
if X and Y are compact plane sets such that R(X) and R(Y) are regular and
X NY is countable, then R(X UY') is also regular.

This note addresses the question of whether R(X UY') is regular whenever
R(X) and R(Y') are regular, without any additional assumptions on the compact
plane sets X and Y. If the answer was positive, the result would clearly also
hold for all finite unions. Bearing this in mind, we show that the answer is
negative, in Theorem 6 below, by the slightly indirect method of finding four
compact plane sets Xi, 1 < k < 4, such that each R(X}) is regular, but such
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that R (U Xk.> is not regular.

k=1
We describe this result by saying that regularity of R(X) does not pass to
finite unions. Along the way, in Theorem 5, we give a slightly easier example
showing that (in an obvious sense) regularity of R(X) does not pass to countable
unions.

2 Preliminaries

Throughout this note, by a compact space we shall mean a non-empty, compact,
Hausdorff topological space; by a compact plane set we shall mean a non-empty,
compact subset of the complex plane. We shall use the term clopen to describe
sets which are both open and closed in a given topological space (typically a
compact plane set).

Let a € C and let » > 0. We denote the open disk of radius r and centre a by

D(a,r) and the corresponding closed disk by D(a,r). We denote the diameter
of a non-empty, bounded subset E of C by diam(FE).



We assume that the reader has some familiarity with uniform algebras. We
refer the reader to [1, 9, 12] for further background. For the general theory of
commutative Banach algebras, the reader may consult [2, 10].

Let X be a compact space, and let C'(X) be the algebra of all continuous
complex-valued functions on X. For each function f € C(X) and each non-
empty subset E of X, we denote the uniform norm of the restriction of f to
E by |f|g. In particular, we denote by |- |y the uniform norm on X. When
endowed with the norm |- |y, C(X) is a Banach algebra. A uniform algebra
on X is a closed subalgebra of C(X) that contains the constant functions and
separates the points of X. We say that a uniform algebra A on X is nontrivial
if A+# C(X), and is natural (on X) if X is the character space of A (under the
usual identification of points of X with evaluation functionals).

Let A be a natural uniform algebra on X, and let x € X. We denote by J,
the ideal of functions f in A such that z is in the interior of the zero set of f,
f71({0}). We denote by M, the ideal of functions f in A such that f(z) = 0.

We say that x is a point of continuity (for A) if, for all y € X \ {} we have
Jy € My; we say that x is an R-point (for A) if, for all y € X \ {z} we have
Jr € M,. We say that A is regular if, for every closed subset F' of X and every
y € X \ F, there exists f € A with f(y) =1 and f(F) C {0}.

The natural uniform algebra A is regular if and only if every point of X is a
point of continuity, and this is also equivalent to the condition that every point
of X is an R-point ([6, 7]).

Let X be a compact plane set. By R(X) we denote the set of those functions
f € C(X) which can be uniformly approximated on X by rational functions with
no poles on X. It is standard that R(X) is a natural uniform algebra on X.

Let z € X. As we will sometimes need to work with different compact plane
sets simultaneously, in this note we will denote the ideals J, and M, in R(X)
by JX and M respectively.

We will occasionally use the fact that all idempotents in C(X) are automat-
ically in R(X). This does not require the full force of the Shilov Idempotent
Theorem, as for R(X) it follows from Runge’s theorem.

Let X be a compact plane set, let Y be a compact subset of X and suppose
that x,y € Y with x # y. Trivially the restriction R(X)|y is contained in
R(Y). Tt follows immediately that if JX ¢ M,X then JY ¢ M). Thus if 2 is
an R-point for R(X) then z is also an R-point for R(Y). Similarly, if « is a
point of continuity for R(X) then z is a point of continuity for R(Y"). If R(X)
is regular, then so is R(Y).

We now discuss some conditions under which converses to some of these
implications hold.

Lemma 1. Let X be a compact plane set and suppose that E is a non-empty,
clopen subset of X. Let x € E. If x is an R-point for R(FE) then x is an R-point
for R(X). Similarly, if x is a point of continuity for R(E) then x is a point of



continuity for R(X).

Proof. This is almost trivial in view of the idempotents available in R(X).
The only point that may be worth noting is the fact that, for all y € E, each
function in Jf has an extension in sz( . This is because every function in R(F)
can be extended to give a function in R(X) which is constantly zero on X \ E.
O

Let X and Y be compact plane sets, with ¥ C X, and suppose that X
contains no bounded component of C\ Y. Then, by Runge’s theorem, R(X)|y
is dense in R(Y"). This condition concerning the bounded components of C\ Y
is, of course, automatically satisfied if X has empty interior.

Theorem 2. Let X and Y be compact plane sets, with Y C X and suppose
that x,y € Y with x # y. Suppose that X contains no bounded component
of C\'Y and that X \'Y is the union of a sequence of pairwise disjoint, non-
empty relatively clopen subsets Y, of X whose diameters tend to 0 as n — oo.
Then Y is a peak set for R(X) and R(X)|y = R(Y). Moreover the following
implications hold.

(i) If JY & M) then JX & MX.
(ii) If x is an R-point for R(Y) then x is an R-point for R(X).

(i11) If x is a point of continuity for R(Y') then x is a point of continuity for
R(X).

Proof. In this proof, we work on X when discussing clopen sets or characteristic
functions: the characteristic functions of the clopen sets are then precisely the
idempotents in R(X).

Note that clopen subsets of X are automatically peak sets (using idempo-
tents in R(X)). Clearly Y is an intersection of (a sequence of) clopen subsets of
X, soY is also a peak set for R(X). Thus R(X)|y is a uniformly closed subset
of R(Y). As X contains no bounded component of C\ Y, R(X)|y is dense in
R(Y), so equality holds.

Using idempotents, we also see that, for each z € X \ 'Y, we have JX ¢ MX
and JX ¢ MX. Thus (ii) and (iii) follow quickly from (i).

To prove (i), suppose that J) ¢ M)". Choose f € JY \ M. We shall show
that f has an extension in JX, from which (i) follows. We know that f has an
extension, say F', in R(X). However F might not be in JX, so we modify F as
follows.

Choose 7 > 0 such that f(D(z,7)NY) = {0}.

Set

S={neN:Y,NnD(xr)#0}.

If S is finite, then F is already in J:X. So we may assume that S is infinite, say
S ={ni,ng,...} withny <ng <---. Set U =U,cqYn =Upz1 Yo,



We define f: X — C by f = (1 — xu)F. We claim that f is the extension
of f that we need. Clearly f vanishes on X N D(x,7). It remains to show that
f € R(X) (and, in particular, that f is continuous).

For each m € N, set Uy, = UL, Yo, and Vi, = Up 41 Yoo Then Uy, is
clopen in X, so xy,, € R(X) and hence (1—xyp,,)F € R(X). Since diam(Y,,,) —
0 as k — oo, we see that the the sequence of clopen sets Y,,, can accumulate
only at points of D(z,r)NY, and that dist(Y,,,D(z,r)NY) = 0 as k — oo. It
then follows that |F'|y, — 0 as m — oo, and hence (1 — xy,, )F — f uniformly
on X. The result follows. O

Using Theorem 2 and our earlier observations, we immediately obtain the
following corollary concerning the regularity of R(X) for this type of compact
plane set X.

Corollary 3. Let X and Y be compact plane sets, with Y C X. Suppose that
X contains no bounded component of C\'Y and that X \'Y is the union of a
sequence of pairwise disjoint, non-empty relatively clopen subsets Y, of X whose
diameters tend to 0 as n — oco. Then R(X) is reqular if and only if R(Y) is
regular and each R(Y,) is regular.

3 Main results

We are almost ready to construct the examples mentioned in the introduction.
First we need the following result, which is taken from [3] (see also [4, 8]).

Proposition 4. There exist a compact plane set X and a non-degenerate closed
interval J in R with J C X such that R(X) is not reqular, but every point of
X\ J is a point of continuity for R(X).

Let X, J be as in Proposition 4. Clearly X has empty interior. For every
non-empty compact subset K of X \ J, R(K) is regular, because every point
of K is a point of continuity for R(K). We have R(J) = C(J), and so R(J)
is regular. However, R(X) is not regular, so not every point of X is a point
of continuity for R(X). The points of X which are not points of continuity for
R(X) must all be in J. By Lemma 1, J is not clopen in X. In particular,
X #J.

Using this example, we next show that, in a suitable sense, regularity of
R(X) does not pass to countable unions.

Theorem 5. There exist a compact plane set X and a sequence of compact
plane sets Xy (k € N) such that X = ey X and each R(Xy) is regular, but
R(X) is not regular.

Proof. Let X and J be as in Proposition 4. Scaling X if necessary, we may
assume that {z € X : dist(z,J) > 1/2} # 0. Set X; = J and, for k > 2, set
X, ={z€ X :dist(z,J) > 1/k}. Then R(X) is not regular, but each R(X}) is
regular, and X = J, .y X as required. O



Thus regularity of R(X) does not pass to countable unions. We finish by
showing that regularity of R(X) does not pass to finite unions either.

Theorem 6. There exist a compact plane set X and four compact plane sets
4

X, k=1,2,3,4, such that X = U Xy and each R(X}) is reqular, but R(X)
k=1
s not reqular.

Proof. Again, let X and J be as in Proposition 4. Scaling X if necessary,
we may assume that X C {z € C: dist(z,J) < 1}.
We begin by defining subsets K, and K. as follows.
Set
Ko=JU | J{z€X:1/(2n+1) <dist(z,J) < 1/2n}
neN

and
K.=JU|J{z € X :1/2n < dist(z,J) <1/(2n - 1)} .
neN
Then X = K, U K., and R(X) is not regular.

It is not clear whether or not R(K,) or R(K.) are regular. In the following,
we assume that J is clopen in neither K, nor K. (otherwise the arguments may
be simplified). We now show that each of K, and K, is a union of two sets where
we can establish regularity using Corollary 3. We may write K, = X; U X3 and
K. = X5 U X4, where the sets X} are defined with the help of vertical bands as
follows:

X =Ju U {z€ X :1/(2n+1) < dist(z,J) < 1/2n and sin(nRe(z)) < 0};
neN

Xo=JU U {z€ X :1/2n <dist(z,J) <1/(2n — 1) and sin(nRe(z)) < 0};
neN

X3=JU U {zeX:1/(2n+1) < dist(z,J) < 1/2n and sin(nRe(z)) > 0};
neN

Xy,=JU U {z€ X :1/2n < dist(z,J) <1/(2n — 1) and sin(nRe(z)) > 0}.
neN

Then, for 1 < k < 4, it is easy to see that X} is the disjoint union of J with a
sequence (Y )22, of pairwise disjoint, non-empty relatively clopen subsets of
X, whose diameters tend to 0. Each of the sets X}, then satisfies the conditions
of Corollary 3 with Y = J and Y¥,, = Y3, (n € N). Since R(J) and all of



the R(Yy,,) are regular, each R(Xy) is regular by Corollary 3. Certainly X =

4
U Xk, and R(X) is not regular, as required. O
k=1

As noted earlier, it follows that regularity of R(X) does not pass to unions
of two sets either. However, we do not know which pair of sets mentioned above
demonstrates this. Clearly at least one of the following pairs of sets must provide
a suitable example: X; and X3; X5 and Xy4; K, and K..

We do not know whether or not regularity of R(X) does pass to unions of
two sets if the sets are assumed to be connected.

We are grateful to the referee for a careful reading and for useful comments
and suggestions.
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