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We develop a life-cycle optimal investment and consumption model with deferred annuities, hous-
ing, mortgages and home equity release. The investor can hold cash, bonds, stocks, annuities and
can invest in housing, through renting, purchasing, or a mix of both, with access to variable-rate
mortgages. In retirement, the investor can access his housing equity through a form of home equity
release called a home reversion contract. Transaction costs, taxes and management fees are explic-
itly included. The investor’s risk preferences are represented by standard power utility derived from
housing and non-housing consumption, both before and after retirement, and from bequest. We use
multi-stage stochastic programming to solve the optimization problem numerically. Our results show
that both non-housing and housing consumption may be higher in retirement when deferred annu-
ities and home reversion are available than when they are absent. The bequest motive has little effect
on home reversion and results in a small reduction in overall annuitization.

Keywords: Stochastic programming; Retirement planning; Home equity reversion; Deferred
annuities

JEL Classification: C61, E21, G11

1. Introduction

During an individual’s financial life-cycle, consumption and
investment decisions have to be made regarding housing and
retirement planning. Housing is a consumption good since
utility is derived from owning or renting residential prop-
erty. If owned, housing is also a part of the individual’s
investment portfolio, as a marketable risky asset, when a
residential property is bought either with or without a mort-
gage. The 2016 Survey of Consumer Finances reports that
U.S. households’ primary residence was worth US$24.2 tril-
lion, amounting to 24% of total assets held by households
(Federal Reserve Board 2016). Because of its sheer mone-
tary value, and the leverage with which it is bought, housing
often dominates both consumption and investment, but is a
significant missing component in standard life-cycle models
(Cocco 2005, Campbell 2006, Kraft et al. 2018).

∗Corresponding author. Email: m.i.owadally@city.ac.uk

By the time a home-owner retires, he will typically have
paid off any home loan and may wish to access the large
amount of equity that he has in his residence in order to
smooth consumption over time. It turns out that home-owning
retirees can release the equity in their homes, without selling
or down-sizing their homes, by purchasing products such as
reverse mortgages and home reversions. These home equity
release products can be an important source of income for
retirees (Hanewald et al. 2016). As of October 2019, a total
of 1,137,055 reverse mortgages have been sold under the
U.S. federal Home Equity Conversion Program since the pro-
gram’s inception with the National Housing Act of 1987
(NRMLA 2019).

Income in retirement is principally secured through retire-
ment plans (as well as social security). Retirement plans
involve long-term saving and investment with assets accu-
mulating over decades. According to the 2016 Survey of
Consumer Finances, retirement accounts in the U.S. were
worth US$15 trillion, which represents 15% of households’
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total assets (Federal Reserve Board 2016). Retirement plan-
ning includes investment in life-contingent income products,
such as annuities of various kinds, which provide stable life-
time income beginning at a pre-specified date, in most cases at
retirement or at an advanced age (Horneff et al. 2010, Maurer
et al. 2013). Sales of annuities totaled $203.5 billion in 2017
in the U.S. (Chen et al. 2019).

The bulk of life-cycle research tends to involve highly styl-
ized models with restricted investment choices, and limited
consideration of transaction costs and other frictions. These
models typically exclude the combination of housing and
annuities, although these are important to investors in the real
world. Our main contribution is to address this gap in the
literature and determine the optimal life-cycle decisions for
individuals in a realistic setting, where housing, mortgages,
home equity release and annuities (immediate and deferred)
are available, in addition to the usual financial assets (cash,
bonds, equities). We replicate empirical findings in terms
of equity allocation over the life-cycle and find that home
equity release and deferred annuities can boost housing and
non-housing consumption in retirement, even with a bequest
motive present.

In this paper, we use multi-stage stochastic programming
(MSP), a method very commonly used in operations research.
MSP enables us to integrate a financial market, an annuity
market, a housing market and a home equity release prod-
uct, as well as realistic constraints such as no short sales,
maximum loan-to-value ratios on mortgages, income taxes,
transaction costs and management fees. Our optimization
problem has a non-linear objective function with linear con-
straints. For an individual retirement planning problem with
the application of MSP, refer to Dempster (2011), Consigli
et al. (2012), and Konicz et al. (2016). In particular, we extend
the approach of Konicz et al. (2016) by including deferred
annuities, housing services and home reversion products in
the individual retirement planning problem.

The rest of this paper is organized as follows. In Section 2,
we present an overview of housing, home equity release and
annuity products. In Section 3, the financial market model
consisting of equity returns and yield curves based on the
Vasicek model is defined. This underlies our multi-stage port-
folio optimization problem. We also present the annuity and
house price models. A description of the individual’s life-
time investment optimization problem is given in Section 4.
Further, in Section 5, we formulate the multi-stage stochas-
tic programming problem and in Section 6, we investigate
the numerical solutions to the portfolio optimization problem
using five different product mixes of immediate and deferred
annuities, and home reversion contracts. We also provide an
economic interpretation for our numerical analysis.

2. Background and literature review

In this section, we discuss housing in an individual’s life-cycle
investment. We also introduce home equity release products,
in particular home reversion contracts. Annuities, immediate
and deferred, are important products that generate income for
retirees and are also discussed.

2.1. Housing

The life-cycle literature shows that housing, with risky price
dynamics, has a large effect on the consumption and invest-
ment decisions made by a rational individual over his lifetime.
Standard life-cycle models without housing, for example by
Viceira (2001) and Cocco et al. (2005), predict that equity
holdings decline as individuals age, particularly if labour
income is risk-free and bond-like, as human capital falls
with age. The empirical data show the opposite, with stock
holding increasing with age before retirement (Cocco 2005).
Flavin and Yamashita (2002) and Cocco (2005) find that,
when housing is an available asset, relatively young indi-
viduals invest a low proportion of their wealth in stocks
because they have to pay off their mortgage and because
their house can itself be regarded as a risky asset holding.
Cocco (2005) also shows that housing market risk crowds out
stock market investment, with this effect being more promi-
nent for lower net-worth individuals (who will also typically
be younger).

Yao and Zhang (2005) distinguish between owning and
renting property. They also introduce a bequest motive when
an individual dies and leaves wealth to his heirs, net of
the costs of selling his house. Like Cocco (2005), they also
find that home-owning investors hold less stocks as a pro-
portion of their net worth, compared to renters, because
stock market risk is replaced by housing risk. Kraft and
Munk (2011) conclude that the young prefer to rent ini-
tially to moderate risk, since housing and labour income
are positively correlated, but that home ownership increases
with age. Kraft et al. (2018) add habit formation in hous-
ing consumption, and find that empirical life-cycle patterns
are reproduced: initially, housing dominates and stock mar-
ket investments are low, but stock holdings then increase with
age and then decline in retirement; non-housing consump-
tion is likewise hump-shaped. The housing habit requires
the investor to hold a wealth buffer, in effect, and younger
investors can ill-afford stock market risk to this wealth
buffer.

2.2. Home equity release products

These products can be broadly classified into two types,
reverse mortgages and home reversion contracts, and we
briefly review them here. For more detail, see Alai
et al. (2014) and Hanewald et al. (2016).

Reverse mortgages involve debt. Using a reverse mortgage
product, a home-owner can borrow a certain amount of money
(usually as a lump sum but possibly also as an annuity) with
his house as collateral. No interest is paid and the loan balance
is rolled up at a fixed or adjustable interest rate. The owner
retains the right to live in his home until he dies (or moves per-
manently out), at which point the reverse mortgage is repaid
by selling the house. The reverse mortgage provider offers
a no negative equity guarantee, also known as non-recourse
provision, i.e. the loan balance cannot exceed the sale price of
the house.

Home reversion contracts involve the transfer of equity; no
new debt is incurred. The home-owner sells all or a portion
of his home to the home reversion provider and receives a
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lump sum as well as a lifetime lease contract which enables
him to stay in his property until death. Reverse mortgages are
more popular than home reversion plans, but they are both
available in the U.S., the U.K., Australia, Canada, as well
as several European countries (Alai et al. 2014, Hanewald
et al. 2016). In this paper, we will consider the home reversion
contract.

The use of home equity release products is an impor-
tant decision for an individual investor, but there are few
studies on this topic. Most of these tend to be focused on
the distributional advantages of retirees’ income rather than
the lifetime investment decisions. A reverse mortgage which
pays an annuity, rather than a lump sum, does not increase
most retirees’ income by much, but it can be a signifi-
cant component of income for an older retiree whose life
expectancy is very short. On the other hand, a reverse lump-
sum mortgage can help home-owners diversify wealth and
reduce exposure to a single and illiquid house asset (Venti
and Wise 1991, Mayer and Simons 1994). Alai et al. (2014)
find that a home reversion contract is more profitable and less
risky for the provider than a reverse mortgage if the loan-to-
value (LTV) is greater than 50%, but that it is the other way
round if the LTV is less than 50%. Hanewald et al. (2016)
conclude that both types of home equity release products
are welfare-enhancing for individuals, with the reverse mort-
gage being better because it supplies a higher lump sum
and protects against house price declines. However, their
model is highly stylized: it is a two-period model, with
a single financial asset (cash) and with interest rate and
house price growth being independent of each other and
i.i.d.

2.3. Annuity products

An annuity makes a regular stream of payments to the
annuity-holder while he is alive. It is sold by life insurers to
individuals for retirement planning purposes since annuities
provide an income for life and mitigate retirees’ longevity
risk, i.e. the risk that retirees will outlive their savings.
Deferred annuities comprise a deferment period between the
purchase date of the annuity and its first payment date. If the
deferment period is zero, the deferred annuity is known as
an immediate annuity. In this paper, the individual investor
can purchase deferred annuities, and we use this term to
encompass immediate annuities.

Most life-cycle research has been limited to immediate
annuities: see for example Koijen et al. (2011). However,
deferred annuities can be very useful to reduce longevity risk
at very old ages (Scott 2008, Ezra 2016). Horneff et al. (2010)
and Maurer et al. (2013) also show that they can help younger
working individuals secure a retirement income well before
retirement: the optimal strategy is to buy deferred annuities
from the age of 40 and to continue buying them using up to
80% of wealth at retirement. Huang et al. (2016) assume a
mean-reverting interest rate and show that the optimal strat-
egy for a risk-averse agent is to start buying deferred annuities
at a lower boundary of interest rates and invest all wealth
in deferred annuities when the interest rate reaches an upper
boundary.

3. Market structure

The assumptions that we make about financial assets are
described in this section. We also describe annuities, housing,
mortgages and home reversion contracts and we explain how
these are modelled in relation to the financial market.

3.1. Financial markets

We consider an investor who is allowed to invest in cash,
bond funds and equity funds, denoted by C, B and E, respec-
tively. Let Si,t, i = {C, B, E} be the price at time t of a unit†
in the cash, bond and equity funds, respectively. In order
to incorporate interest rate uncertainty in our framework,
a stochastic term structure model is required. We use the
Vasicek mean-reverting process to model the short rate rt,

drt = ν(θ̃ − rt) dt + σ0 dWr,t, (1)

where ν > 0 is the speed of reversion to the mean level θ̃ , σ0

is the volatility and r0 > 0.
The stock price (the price of a unit in the equity fund) SE,t

is given by

dSE,t = (rt + μE) SE,t dt + σE SE,t dWE,t, (2)

where μE is the risk premium, σE > 0 is the volatility. WE,t

and Wr,t are correlated Wiener processes, with correlation
coefficient ρEB:

dWr,t = dW̃1,t, dWE,t = ρEBdW̃1,t +
√

1 − ρ2
EB dW̃2,t, (3)

where W̃1,t and W̃2,t are independent Wiener processes.
The individual can rebalance his portfolio, as well as buy

deferred annuities, at regular intervals of length �t years.
There are N ∈ N such regular intervals in his lifetime [0, τ).
Defining Ri,t as the continuously compounded return of asset
i ∈ {C, B, E} from time t −�t to t, the price Si,t of asset i
evolves according to the following:

Si,t = Si,t−�t · exp(Ri,t), (4)

where Si,0 = 1 without loss of generality.
The return of the cash fund over the time period (t −�t, t)

is simply the accumulated spot rates defined by the Vasicek
model, i.e. RC,t = ∫ t

t−�t rs ds. This can be substituted into (4)
to give SC,t, the price of a unit of the cash fund.

Using the price of a zero-coupon bond in the Vasicek
model, the gross return of the long-term bond fund with a
maturity of M years over a holding period of length �t from
time t −�t to t is approximated by

RB,t = a(M −�t)− a(M )− b(M −�t)rt + b(M )rt−�t,
(5)

where b(M ) = (1 − e−νM )/ν and a(M ) = (θ̃ + μ0 − σ 2
0 /2ν

2)

(b(M )− M )− σ 2
0 b(M )2/4ν, and μ0 relates to the market

price of interest rate risk. Accordingly, the price dynamics of
the bond fund is obtained by substituting RB,t from (5) into (4).

† We assume throughout that units are perfectly divisible and frac-
tional units can be held. No mixed-integer programming is therefore
required.
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3.2. Annuity market

In our model, the individual investor can also buy deferred
annuities while in retirement. The deferred annuities are
priced in terms of the term structure model introduced in
section 3.1. Suppose that the investor is aged δ at time 0.
For practical purposes, we also assume that a person cannot
live beyond age ω, which is the maximum age in an actu-
arial life table, so the individual investor dies before or at
time τ = ω − δ.

We use the standard actuarial notation for survival and
death probabilities. The probability that a person aged δ + t
years survives for m years until age δ + t + m is denoted by
mpδ+t. The probability that a δ + t-year old person dies over
the following �t years is denoted by �tqδ+t, abbreviated to
qδ+t when �t = 1. The probability that a δ + t-year old per-
son survives for m years and then dies within the next�t years
is mpδ+t · �tqδ+t+m, denoted by m |�tqδ+t.

We use A(ψ) to denote a deferred annuity which starts to
pay an annual income of $1 at age ψ until death. Let the price
at time t of such an annuity be SA(ψ),t. For a policyholder aged
δ + t at time t, the fair actuarial price of a deferred annuity
contract paying $1 of annual income for lifetime from age
ψ is

SA(ψ),t =
τ−t−1∑

m=ψ−δ−t

mpδ+t exp (a(m)− b(m) rt) . (6)

It is also convenient to state the price of a whole-life imme-
diate insurance contract which pays $1 to a beneficiary upon
the policyholder’s death:

SW ,t =
τ−t−1∑
m=0

m|qδ+t exp (a(m)− b(m) rt) . (7)

We assume static pricing mortality rates here and ignore any
loading factor that an insurer might include to cover expenses.

3.3. Housing market and mortgage

We follow the approach of Kraft and Munk (2011) and Kraft
et al. (2018) and assume that the housing market is divisible
in a number of ‘units’. A housing unit represents a quantum of
housing in terms of size, quality and location, so that a house
can consist of, say, 50 units. Individuals can buy or rent a
combination of these units. We use H to denote the housing
market, D to denote the mortgage debt, and we introduce the
following notation and definitions:

(i) Let SH ,t be the price of a housing unit at time t, and Ht

be the number of such units consumed at time t. Then,
the amount of housing consumed at time t is Ht SH ,t.

(ii) Of the Ht housing units that are consumed, the individ-
ual can directly own XHA,t units as an asset and can also
rent XHR,t units from a landlord. If this represents a sin-
gle house, then this is equivalent to mixed, or shared,
ownership. Thus, Ht = XHA,t + XHR,t.

(iii) The rent that is paid on rented housing is directly pro-
portional to the housing price unit at a constant rate ϕu

HR

Table 1. Description of housing variables for an individual prior
to retirement.

Housing Rented
Total

owned
Owned

(mortgage)
Owned

(outright)

No. of units XHR,t XHA,t DH ,t/SH ,t XHA,t − DH ,t/SH ,t
Value XHR,tSH ,t XHA,tSH ,t DH ,t XHA,tSH ,t − DH ,t

paid upfront (in advance) (Yao and Zhang 2005, Kraft
and Munk 2011).

(iv) The monetary value XHA,tSH ,t of housing units directly
owned by the individual may be financed by mortgage
debt with outstanding balance DH ,t. The difference
XHA,tSH ,t − DH ,t is the individual’s own equity in hous-
ing. The mortgage provider imposes a loan-to-value
ratio of�LTV , so DH ,t ≤ XHA,t SH ,t �LTV , in the absence
of home equity release.

(v) The number of housing units purchased at time t with
a newly issued mortgage is XHD,t.

(vi) The mortgage is an interest-only mortgage with flexi-
ble repayment of principal. At time t, mortgage interest
DI,t must be paid at a variable rate rt + α, where α
is a mortgage rate premium. The individual is free to
choose the principal repayment DP,t at time t, except at
the maturity of the mortgage when all principal must
be repaid in full.

Prior to retirement, the housing situation of an individual
can be summarized as in Table 1, where SH ,t represents the
value of one unit of housing at time t:

In the lifetime finance literature, the geometric Brown-
ian motion (GBM) is commonly used to model house prices
(Kraft and Munk 2011, Kraft et al. 2018). We ignore the
short-run autocorrelation that is observed in the real estate
markets (Gau 1987, Case and Shiller 1988). We assume that
the market is efficient in the long run so that the GBM can
be used for pricing home equity release (Weinrobe 1988, Szy-
manoski 1994, Wang et al. 2008). The price SH ,t of one unit
of housing is given by

dSH ,t = (rt + μH)SH ,t dt + σH SH ,t dWH ,t, (8)

whereμH is the risk premium on the house price, rt is the short
interest rate in (1), and σH > 0 is the constant price volatility.
The Wiener processes Wr,t, WE,t and WH ,t in (1), (2) and (8) are
correlated. The correlation coefficient of housing returns with
bond returns and equity returns are ρHB and ρHE, respectively:

dWH ,t = ρHB dW̃1,t + ρ̂HE dW̃2,t +
√

1 − ρ2
HB − ρ̂2

HE dW̃3,t,
(9)

where ρ̂HE = (ρHE − ρEB ρHB)/
√
(1 − ρ2

EB), and W̃1,t, W̃2,t

and W̃3,t are independent Wiener processes.
This house price model is also used by Kraft and

Munk (2011), except that they include correlation with
stochastic labour income, whereas labour income is determin-
istic in our model. (However, they have neither annuities nor
home equity release.) Other house price models are possible,
such as the ARIMA-GARCH model of Chen et al. (2010),
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Table 2. Description of housing variables for an individual post-retirement.

Housing Rented
Total

owned
Owned

(mortgage)
Equity

released
Owned

(outright)

No. of units XHR,t XHA,t DH ,t/SH ,t XR,t XHA,t − XR,t − DH ,t/SH ,t
Value XHR,tSH ,t XHA,tSH ,t DH ,t XR,tSH ,t XHA,tSH ,t − XR,tSH ,t − DH ,t

and regression and non-regression-based models described by
Case and Quigley (1991) and Shao et al. (2015, 2018).

3.4. Home reversion contract

Once retired, the individual investor can enter into a home
reversion contract, the broad features of which are described
in section 2.2. The pricing of a home reversion contract
depends on the appraised value of the house, and the indi-
vidual’s age and gender (single- or joint-life). Age and gender
determine mortality rates, which may be obtained from a static
discrete mortality table (Weinrobe 1988, Szymanoski 1994),
a static continuous function like the Gompertz model (Alai
et al. 2014, Cho et al. 2015), or a stochastic model like Lee-
Carter (Wang et al. 2008, Chen et al. 2010). Static models
neglect uncertain mortality improvements, of course.

Assume that the notional lease payments, under the lease
associated with the home reversion plan, are paid in advance
annually at the lease rate ϕl

R. A fair actuarial value of the
lump-sum payment of a home reversion contract per housing
unit is:

SR,t =
τ−t∑
m=0

(
m|qδ+t − mpδ+t ϕ

l
R

)
exp(a(m)− b(m) rt)

× E[SH ,t+m|SH ,t]. (10)

The lump sum paid to the home-owner equals the expected
present value of a life insurance paying out the price of the
house when the home-owner dies, reduced by the expected
present value of a notional annuity made up of the annual
lease payments while the home-owner is alive.

Before retirement, an individual can only own property
(outright or through a mortgage) and rent property. After
retirement, an individual can also choose to release some of
their equity in a property to a home reversion provider. At
time t, they can choose to release XR,t housing units, which
they previously owned outright.

Post-retirement, the housing situation of an individual can
therefore be summarized as in Table 2.

4. Lifetime investment

Consider an individual who has a lifetime investment plan
with the timeline shown in Table 3. Let τM be the random age
of death of the individual. We introduce some notation below
and emphasize the key features of this investment plan:

(i) The timeline ends at time τ , which is the final age in
an actuarial lifetable, included for practical reasons:
0 < τM ≤ τ . Investment planning ends at a planning
horizon T < τ , included here for modelling purposes.

(ii) During lifetime [0, τM ), the individual earns utility
u(C1−θ

t Hθ
t ) from non-housing consumption Ct as well

as housing consumption Ht where housing consump-
tion can be through either ownership or rental. We
assume a power utility function u(x) = x1−γ /(1 − γ ),
with risk aversion coefficient γ .

(iii) During investment planning lifetime [0, τM ∧ T ), the
individual can
(a) trade housing units. He may acquire a mortgage to

finance any housing unit purchase, and thereafter
pay interest DI,t on the mortgage balance DH ,t,
with flexible repayment DP,t of principal.

(b) trade units in cash, bond and equity funds, each
unit being worth SC,t, SB,t and SE,t, respectively.
These are held in his investment account which
is worth Wt at time t. The number of units of
cash, bond and equity funds held is XC,t, XB,t, XE,t,
respectively.

(iv) During retirement [T , τM ), the individual can
(a) buy XA(ψ),t units of deferred annuities, with each

unit worth SA(ψ),t and paying $1 p.a. from the pre-
specified payment start date ψ till death.

(b) earn annuity income IA,t from the deferred annu-
ities bought in retirement.

(c) enter into a home reversion contract, releasing XR,t

units of housing in return for a lump sum SR,t per
housing unit.

(v) During investment planning lifetime [0, τM ∧ T ), the
individual’s wealth Wt is the amount held in cash, bond
and equity funds, as well as personal equity in housing
(i.e. housing units owned, not rented and not released
through home reversion, less mortgage debt). If the
individual dies during the planning period, i.e. 0 <
τM < T , wealth WτM is bequeathed, thereby earning
bequest utility κγ u(WτM )

(vi) If the individual is still alive at the end of the plan-
ning period, i.e. if T ≤ τM < τ , it is assumed that, at
time T , he retains all housing units but liquidates all
wealth in his investment account and buys (i) XW ,T
units of life insurance at time T , each unit costing
SW ,T and paying out $1 upon death at time τM , (ii)
XA(δ+T ),T units of an annuity, each unit paying $1
p.a. from time T until death at time τM . Both the
life insurance payout and personal equity in hous-
ing are then bequeathed, generating bequest utility as
described earlier.

Let Dt be the set of decision variables at time t ∈ [0, T ]
over which expected utility is maximized. These decisions
consist of non-housing consumption Ct, decisions regarding
housing collected in Ht, decisions regarding the financial
portfolio collected in Xt. and decisions regarding the annu-
ity portfolio collected in At. Then, Dt = {Ct} ∪ Ht ∪ Xt ∪ At,



134 C. Jang et al.

Table 3. Timeline for an individual.

Event Start plan Retirement End plan End of timeline

Time 0 T T τ
Age δ δ + T δ + T ω = δ + τ

where Ht = {XHA,t, XHR,t, XR,t, XHD,t, DP,t}, Xt = {XC,t, XB,t,
XE,t} and At = ∪ψ {XA(ψ),t}.

The general objective function for the individual investor’s
problem is given by

max
Dt ,t∈[0,T ]

E0

∑
t∈[0,τ)

(
tpδ e−ρtu(C1−θ

t Hθ
t )

+ tpδ qδ+t e−ρ(t+1)κγ u(Wt+1)
)

, (11)

which comprises utility over non-housing and housing con-
sumption as well as bequest utility. A time preference
coefficient 0 ≤ ρ ≤ 1 represents the individual’s preference
for earlier consumption. Statements of the optimization con-
straints are deferred to the next section where this problem is
posed in terms of multi-stage stochastic programming.

5. Formulation for multi-stage stochastic programming

5.1. Stages and scenario tree

In order to formulate the investment optimization problem
for multi-stage stochastic programming (MSP), we discretize
time and define six time stages over the investor’s planning
period [0, T ], with the time interval between stages being
�t = 10 years. This is illustrated in Table 4.

We also discretize the state space and generate a scenario
tree over the planning period [0, T ]. The scenario tree starts
from a unique root node n0. The set of nodes in the tree
at time t is denoted by Nt. The set of all the nodes in the
tree is denoted by N = ⋃T

t=0 Nt. The unconditional proba-
bility that a node n occurs is prn and

∑
n∈Nt

prn = 1. We
use the moment matching method to generate scenario trees
of accumulated equity returns and the Vasicek short rate. In
the scenario tree, every non-terminal node branches off to
six children nodes. All the variables previously indexed by
time t may now be indexed by node n. The main variables are
summarized in Table 5.

5.2. Deferred annuity income

For simplicity, we assume that there are only three deferred
annuities available, whose first payment starts at stage 3, 4
and 5, i.e. ψ = 60, 70, 80. Since one unit of annuity pays
$1 p.a., annuity income IA,n conditional upon survival at node

Table 5. Main decision variables and coefficients for the MSP
problem.

Decision variables: Dn
Consumption decision:
Cn Non-housing consumption ($) at

node n
Investment decisions: Xn

X buy
i,n , i ∈ {C, B, E} Number of units of financial asset i to

buy at node n
X sell

i,n , i ∈ {C, B, E} Number of units of financial asset i to
sell at node n

Housing decisions: Hn

X buy
HA,n, X sell

HA,n Number of units of housing to buy or
sell at node n

XHR,n Number of units of housing to rent at
node n

XHD,n Number of units of housing purchased
with a newly issued mortgage at
node n

DP,n Mortgage principal ($) repaid at
node n

X buy
R,n Number of units of housing newly

assigned for home reversion at
node n

Annuity decisions: An

X buy
A(ψ),n, ψ ∈ {60, 70, 80} Number of units of deferred or

immediate annuities to buy at
node n, starting lifetime payments
of $1 p.a. from policyholder age 60,
70, or 80

Bequest decision:
XW ,n Number of units of a whole-life

insurance contract to buy at node n
Coefficients
tpδ Probability that a δ-year old person

survives until age δ + t
�tqδ+t Probability that a (δ + t)-year old

person dies over the following �t
years

Ln Labour income (pre-retirement),
social security benefit (post-
retirement)

prn Unconditional probability that node n
occurs

Si,n ∀i Nominal unit price of asset i at node n
b̈n Present value at node n of an

immediate annuity-certain (i.e. not
life-contingent) paying $1 p.a. in
advance every year for �t years

än Present value at node n of a life
annuity paying $1 p.a. in advance
every year for �t years

n ∈ N is:

IA,n =

⎧⎪⎪⎨⎪⎪⎩
XA(60),n, if n ∈ N30,
XA(60),n + XA(70),n, if n ∈ N40,
XA(60),n + XA(70),n + XA(80),n, if n ∈ N50,
0, otherwise.

(12)

Table 4. Stages in the investment optimization problem.

Stage 0 Stage 3 Stage 5
Event Start plan Stage 1 Stage 2 Retirement Stage 4 End plan End of timeline

Time 0 10 20 T = 30 40 T = 50 τ
Age δ = 30 40 50 60 70 80 ω = δ + τ
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5.3. Labour income

Labour income Ln is deterministic and positive during the
working period and is replaced by a social security bene-
fit of LnTϒS in retirement, where ϒS is the social security
replacement ratio.

Ln > 0 for n ∈ {Nt, t ∈ [0, T)}, (13a)

Ln = LnTϒS for n ∈ {Nt, t ∈ [T , τ ]}. (13b)

5.4. Objective function

The objective function in (11) is rewritten in a nodal form as
follows:

max
Dn,n∈N

⎡⎣ ∑
t∈[0,T ]

∑
n∈Nt

(
t+�t−1∑

s=t

spδ e−ρsu(C1−θ
n Hθ

n )

)
prn

+
∑

t∈[0,T )

∑
n∈Nt+�t

tpδ �tqδ+t e−ρ(t+�t) κγ u(Wn) prn

+
τ−1∑
s=T

∑
n∈NT

spδ �sqδ+s e−ρ(s+�s) κγ u(XW ,n) prn

⎤⎦ , (14)

where it is implicit that summations wrt t occur over the time
stages in the scenario tree during the planning phase and sum-
mations wrt s occur every year. The first set of summations
in (14) concerns utility wrt housing and non-housing con-
sumption during the planning phase, the second set concerns
bequest utility also during the planning phase, and the final set
concerns bequest utility from a life insurance policy which is
bought at the end of the planning phase.

The decision variables in (14) are collected in Dn =
{Cn} ∪ Hn ∪ Xn ∪ An, as before. We separate buy and sell
decisions, so Hn = {X buy

HA,n, X sell
HA,n, XHR,n, X buy

R,n , XHD,n, DP,n} is
the set of decisions to do with housing ownership, rental,
home reversions, and mortgages. Note that home rever-
sions cannot be undone, so there is no X sell

R,n . Likewise,

Xn = ⋃
i={C,B,E}{X buy

i,n , X sell
i,n } represents trading decisions in

the investment account. Annuities can be bought but not sold,
so An = {X buy

A(60),n, X buy
A(70),n, X buy

A(80),n}.

5.5. Housing inventory

The housing inventory constraints at n ∈ N are:

Hn = XHA,n + XHR,n, (15a)

XHA,n = 1n	=n0 XHA,n− + X buy
HA,n − X sell

HA,n, (15b)

where n− is the parent node of node n. Let �MinSqm be
the minimum housing units needed by the individual (usu-
ally specified in terms of square meters). Then the minimum
housing constraint at node n ∈ N is

XHA,n + XHR,n ≥ �MinSqm. (15c)

5.6. Mortgage inventory

At node n ∈ N , the amount of new mortgage issuance is
XHD,nSH ,n, since the number of units of housing purchased
with a newly issued mortgage is XHD,n. The amount of prin-
cipal repaid is DP,n. The mortgage inventory and mortgage
interest payment constraints, at node n ∈ N , are:

DH ,n = 1n	=n0 DH ,n− + XHD,n SH ,n − DP,n, (16a)

DI,n = 1n	=n0 DH ,n− · ( exp((rn− + α)�t)− 1
)
. (16b)

In the above, recall that the mortgage interest rate is the short
rate plus a premium α. The maximum mortgage constraint at
node n ∈ N is determined by the loan-to-value ratio �LTV , as
discussed previously:

DH ,n ≤ (
XHA,n − XR,n

)
SH ,n �LTV . (16c)

5.7. Home reversion inventory

Home reversion cannot be undone, so the home reversion
inventory constraint at node n ∈ N is straightforward:

XR,n = 1n	=n0 XR,n− + X buy
R,n . (17a)

There are also two maximum home reversion constraints.
First, the number of units to be released by home reversion
cannot be greater than the number that is fully owned (with-
out a mortgage) by the individual. Second, the total home
reversion contract value is capped at �RmCap. For n ∈ N ,

XR,n ≤ XHA,n − DH ,n/SH ,n, (17b)

XR,n SH ,n ≤ �RmCap. (17c)

5.8. Notation

Because decisions occur at discrete stages, every �t = 10
years, we interpolate and calculate present values of flow vari-
ables in between the stages Some notation is introduced here
for convenience. The present value at node n of an immedi-
ate annuity-certain (i.e. not life-contingent) paying $1 p.a. in
advance every year for�t years is denoted by b̈n. The present
value at node n of a life annuity paying $1 p.a. in advance
every year for �t years, conditional on survival, is denoted
by än. These values depend on the spot rates and on the age
(mortality rates) of the individual at node n.

5.9. Cash balance

The cash balance constraint controls cash inflows and out-
flows. For n ∈ N ,

1{n=n0} w0 + Ln än(1 −ϒL)+ IA,n än(1 − ϒA)

+ X buy
R,n SR,t(1 − ϕu

R)+ XHD,n SH ,n(1 − ϕu
D)

+
∑

i∈{C,B,E,HA}
X sell

i,n Si,n(1 − ϕs
i )
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= Cnän + XHR,n SH ,n ϕ
u
HRän + DP,n + DI,n

+
∑

i∈{C,B,E,HA,A(60),A(70),A(80)}
X buy

i,n Si,n
(
1 + ϕu

i

)
+ XHA,n SH ,n ϕ

m
HA b̈n + 1{n∈NT } SW ,nXW ,n (18)

On the l.h.s. of (18), cash inflow consists of the following. The
investor has non-random positive initial wealth w0, receives
labour income subject to a flat tax rateϒL, and annuity income
subject to a flat tax rate ϒA, depending on whether he is in the
working or retirement period. We assume that income for the
next�t years is paid in advance at node n, conditional on sur-
vival, hence the än annuity factor. The investor also receives a
lump sum if he purchases a home reversion contract subject to
a fee at rate ϕu

R, and a mortgage advance if he takes out mort-
gage debt subject also to a fee at rate ϕu

D. Finally, there is an
income if any financial asset or housing units are sold, subject
to the relevant selling fee.

On the r.h.s. of (18), cash outgo consists of the following:
non-housing consumption, rent at a fixed rate of ϕu

HR per hous-
ing unit price, mortgage debt principal repayment, mortgage
interest payment. The mortgage balance must be repaid in full
at the planning horizon T . Purchases of any financial asset,
housing unit, or deferred annuity are subject to the relevant
upfront (buying) fee. There is also a management cost for the
upkeep of housing units in ownership at a rate of ϕm

HA; this
includes housing under a mortgage charge and housing that
has been released to home reversion but is still under occupa-
tion. Finally, life insurance may be purchased at the planning
horizon T if bequest yields utility.

5.10. Financial asset inventory

Asset inventory constraints track the number Xi,n of units of
financial asset i ∈ {C, B, E} held at node n ∈ N :

Xi,n = 1{n	=n0}Xi,n−(1 − ϕm
i )+ X buy

i,n − X sell
i,n , (19)

where 0 ≤ ϕm
i < 1 is a percentage investment management

fee for the relevant asset.

5.11. Annuity inventory

Annuity inventory constraints track the number Xi,n of units
of annuities i ∈ {A(60), A(70), A(80)} held at node n ∈ N :

Xi,n = 1{n	=n0}Xi,n− + X buy
i,n , (20)

Note that annuities can be bought but not sold and that there
is no management fee to hold them.

5.12. Wealth for bequest

Wealth during the planning horizon [0, T ], includes cash,
bonds and equities, and personal equity in housing (housing
owned net of mortgage debt and excluding housing under a
home reversion contract). It also excludes purchased deferred

annuities. For n ∈ N \ {n0},

Wn =
∑

i∈{C,B,E}
Xi,n− Si,n

(
1 − ϕm

i

)+ (
XHA,n− − XR,n−

)
SH ,n

− (
DH ,n− + DI,n

)
. (21)

5.13. Other constraints

Other constraints such as no-short sales and restrictions on
sales and purchase timing are found in Appendix 1.

5.14. Optimization

On every node in the scenario tree, the various constraints
in (15a)–(21) as well as (A1)–(A13) (in Appendix 1) are set.
We implement an efficient non-linear solver, MOSEK, to eval-
uate numerically the optimal decisions for the lifetime invest-
ment problem by maximizing the objective function in (14)
subject to the constraints in (15a)–(21) as well as (A1)–(A13)
in Appendix 1.

6. Numerical results

In this section, we solve the life-cycle investment and con-
sumption problem for an individual who can invest in equities,
bond, cash, who can buy as well rent housing, and who has
access to a mortgage. In retirement, the individual can also
buy annuities before or on the date that the annuities will
start to pay out, to provide him with income in retirement.
He can also release equity in housing that he owns using
a home reversion contract. We are particularly interested in
the advantages that home reversion and annuities can con-
fer in retirement, so we construct five separate cases with and
without combinations of these products.

The problem is solved using the MSP formulation
described earlier. This requires a scenario tree, which we
generate using the moment matching method together with
relevant distributional properties of the state variables: see
Appendix 2 for details. We generate several scenario trees to
test that our numerical results do not differ significantly both
quantitatively and qualitatively. However, we only show the
results on one scenario tree here so that comparisons do not
involve sampling error.

6.1. Benchmark numerical example

We investigate a hypothetical case in which a 30-year old
individual intends to retire at age 60 (δ = 30, T = 30). His
lifetime investment plan is as described in section 4, with
decisions taken every �t = 10 years and a planning horizon
of T = 50 years. In the benchmark case, the individual is
male, with risk aversion coefficient γ = 5, time preference
ρ = 0.03, and bequest parameter κ = 5.0. His annual wage is
fixed at l0 = $40, 000 until retirement, whereupon he receives
a social security benefit of l0 ·ϒS for lifetime, whereϒS = 0.6
is a replacement ratio. He can buy three deferred annuities, as
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Table 6. Benchmark parameter values.

Item Description Value

γ risk aversion 5.0
ρ time preference 0.03
κ bequest preference 5.0
θ housing preference 0.2
w0 initial wealth $40,000
l0 constant labour income $40,000 p.a.
h0 initial housing unit price $2,500 sqm.
ϒS social security replacement ratio 0.6
ϒL labour income tax 0.0
ϒA annuity income tax 0.0
{ϕu

C ,ϕs
C ,ϕm

C } upfront, selling, and management fees of cash account {0.0, 0.0, 0.0}
{ϕu

B,ϕs
B,ϕm

B } upfront, selling, and management fees of bond fund {0.005, 0.005, 0.0}
{ϕu

E,ϕs
E,ϕm

E } upfront, selling, and management fees of equity fund {0.005, 0.005, 0.0}
{ϕu

HA,ϕs
HA,ϕm

HA} upfront, selling, and management fees of owned housing {0.1,0.1,0.01}
ϕu

HR upfront fee of rented housing 0.06
{ϕu

R,ϕl
R} upfront and lease costs of home reversion {0.03, 0.03}

ϕu
D upfront fee of mortgage 0.0
α mortgage rate premium 0.02
ϕu

A(60),ϕ
u
A(70),ϕ

u
A(80) upfront fees of deferred annuities 0.03

�MinSqm minimum housing units in square meters 4.0
�LTV loan-to-value ratio 0.8
�RmCap cap size of home reversion in value $600,000

Table 7. Market model parameter values.

Short rate (1) Equity (2)
r0 0.02 μE 0.05
ν 0.2 σE 0.2
θ̃ 0.02 Housing (8)
σ0 0.015 μH − 0.011

Bond (5) σH 0.12
M 20 Correlations (3), (9)
μ0 0.0075 ρEB 0

ρHB 0.65
ρHE 0.5

described in section 5. Various upfront, selling and manage-
ment fees were introduced in (18). Table 6 summarizes the
relevant parameter values, as well as other parameter values
related to housing, mortgage and home reversion, in (15)–
(17). These parameter values are based on those used by
Horneff et al. (2010) and Huang et al. (2016) for annuities,
Cocco (2005), Kraft and Munk (2011), Alai et al. (2014) for
housing, mortgage and home reversion.

All assets and products are priced as in section 3. The
annuities and life insurance are priced as in (6) and (7), respec-
tively with the S1PML mortality table based on 2000–2006
experience (ω = 120): see IFOA (2019).

We adopt the parameter values of Kraft and Munk (2011)
for the financial and housing markets: see Table 7.

6.2. Product-mixes with different availability

In order to disentangle the effect on the optimal solution of
the different financial products and assets, we consider five
different cases where the availability of some of the following

Table 8. Availability of products.

Immediate annuity at
retirement

Deferred
annuities

Home
Reversions

Case A Yes No No
Case B Yes No Yes
Case C Yes Yes No
Case D Yes Yes Yes
Case E No No No

products may be restricted: (1) an immediate annuity at retire-
ment, which starts paying out at age 60 and can only be bought
at that age, (2) deferred annuities, which start paying out at
ages 60, 70 and 80, but can be bought at or before these ages,
and (3) home reversion contracts, available in retirement.

These five cases are summarized in Table 8. In all these
cases, a whole-life insurance at the end of the planning
horizon is available.

6.3. Consumption, investment, and housing: with bequest

Figure 1 displays the average amount of housing held at dif-
ferent ages in the optimal solution. Similarly, Figures 2 and 3
present the average level of (non-housing) consumption and
the average wealth composition, respectively in the optimal
solution.

Result 1 Home reversion increases housing consumption in
retirement, on average.

Result 1 follows from a comparison of the top two pan-
els (top left and top right) of Figure 1. The top left panel
(case A) precludes home reversion, whereas the top right
panel (case B) does not. The amount of housing utilized (in
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Figure 1. Average number of housing units (×m2) over lifetime for cases A–D. Abbreviations: DA, Deferred annuities; HR, Home reversion;
( + ), available; ( − ), not available. (a) Case A: DA( − ), HR( − ) (b) Case B: DA( − ), HR( + ) (c) Case C: DA( + ), HR( − ) (d) Case D:
DA( + ), HR( + ).

terms of units of housing) increases by almost 30% in late
retirement.† More housing units in this instance could mean
better quality housing (through home improvements), or hous-
ing in a better or safer location. Home reversion generates a
lump sum which can be used to fund consumption and enables
the very elderly to stay in their house. Since mixed or shared
ownership is possible, the individual can sell part of his prop-
erty, through a shared ownership scheme, and pay rent on this
using the lump sum obtained when he releases the remaining
equity. The availability of deferred annuities does not appear
to change this result materially: compare the top panels of
Figure 1 with the bottom panels.

Result 2 Deferred annuities increase non-housing con-
sumption in retirement, on average.

Compare the two left panels (top left and bottom left) of
Figure 2. In the top left panel (case A), only the immedi-
ate annuity is available whereas deferred annuities are also

† Note that housing for one individual is displayed in Figure 1. For a
household, this will typically be doubled.

available in the bottom left panel (case C). Average con-
sumption increases by about 5% when deferred annuities are
included. The 25th and 75th percentiles of consumption also
increase. As from age 70, annuities provide just under half
the retirement income when deferred annuities are available,
compared to only about 20% when only the immediate annu-
ity is available. Given the choice about annuitization timing,
the investor prefers to annuitize later in case C than in case A.
A home reversion contract, without deferred annuities, does
not change average consumption significantly (compare the
top left and top right panels of Figure 2) but a home reversion
plan with access to deferred annuities enables the lump sum
to be used to buy annuities at later ages (70 and 80) boosting
late-age consumption (compare the top right and bottom right
panels of Figure 2).‡

‡ It is worth emphasizing that the significant purchase of annuities
which may be observed in Figure 2 is a function of the interest rate
model in (1) which governs annuity pricing. The interest rate model
is parameterized as explained in section 6.1 but is not calibrated to
today’s yield curve where ultra-low interest rates prevail, making
annuities expensive. The interest rate model is instead initialized at
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Figure 2. Average and percentiles of non-housing consumption ( × $1,000 p.a.) over lifetime for cases A–D. Abbreviations: DA, Deferred
annuities; HR, Home reversion; ( + ), available; ( − ), not available. (a) Case A: DA( − ), HR( − ) (b) Case B: DA( − ), HR( + ) (c) Case C:
DA( + ), HR( − ) (d) Case D: DA( + ), HR( + ).

Our results, in Figures 1 and 2, suggest that overall con-
sumption does not fall in retirement, in line with classical
results involving annuitization (Yaari 1965). However, Con-
sumer Expenditure Survey data do show a dip in expenditure
in retirement (Gourinchas and Parker 2002). In economics
life-cycle studies, hump-shaped consumption with age is typ-
ically explained by hump-shaped and risky labour income
(Cocco et al. 2005), whereas labour income is constant in
our model. As pointed out by Fernandez-Villaverde and
Krueger (2007), expenditure is not the same as consumption.
A large asset may be bought around the time of retirement but
it is consumed well into retirement.† In practice, expenditure
in retirement is affected by demographic changes (the death of
a partner), family composition dynamics (children flying the
nest) and health care needs (which are large towards the end

a stationary level capturing the historical average term structure of
interest rates.
† For example, many individuals buy a new car around the time of
retirement, but consume services from this asset for many years into
retirement. Others may buy a holiday cottage or cabin around the
time of retirement, and then consume housing services from this
asset thereafter. Although we do not model this here, an increase in
consumption can occur at retirement particularly when individuals
receive a tax-exempt lump-sum distribution from their pension plan.

of life), and none of these factors are considered in our model.
Finally, home reversion products and deferred annuities were
rare a decade or two ago, and are still relatively uncommon
today, so the declining expenditure pattern of most retirees
reflects this. It may be that our model describes normative
behaviour—a stable level of consumption in retirement—that
will become commonplace in the future if these products
become more widely available.

Table 9 displays the average savings rate in the four dif-
ferent cases A–D. To define the savings rate, we first define
the spending rate as the sum of non-housing consumption and
rent (p.a.), expressed as a percentage of annual income (labour
income before retirement, social security plus annuity income
in retirement). The savings rate is then 100 minus the spend-
ing rate. In all four cases in Table 9, the average savings rate
is high initially and generally declines with age, becoming
negative in retirement as the individual dis-saves and spends
from accumulated wealth. This mirrors the increasing pro-
file of consumption with age which is observed in Figure 2.
Comparing cases A and D in Table 9, the average savings
rate is slightly higher at younger ages when deferred annu-
ities and home reversion are available, but significantly less
dis-saving occurs at the oldest ages as these products provide
for retirement with built-in longevity protection.
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Figure 3. Average wealth composition ( × $1,000) over lifetime in terms of financial assets, mortgage, home reversion, and annuities (DA60,
DA70, DA80 start paying out at ages 60, 70, 80 resp.) for cases A–D. Abbreviations: DA, Deferred annuities; HR, Home reversion; ( + ),
available; ( − ), not available. Time discretization means that cash flows are capitalized and occur in advance: see (18). Housing units are
purchased at age 30 without a mortgage but with an initial wealth of $40k and a nominal 10-year loan against wages. (a) Case A: DA( − ),
HR( − ) (b) Case B: DA( − ), HR( + ) (c) Case C: DA( + ), HR( − ) (d) Case D: DA( + ), HR( + ).

Table 9. Average savings rate (%) over lifetime for cases A–D. Abbreviations: DA,
Deferred annuities; HR, Home reversion; ( + ), available; ( − ), not available.

Age

DA HR 30 40 50 60 70 80

Case A − − 25.45 19.38 13.71 − 17.64 − 27.36 − 64.63
Case B − + 25.66 19.57 14.33 − 16.55 − 25.64 − 59.19
Case C + − 25.44 19.37 13.70 − 55.18 − 28.03 − 30.47
Case D + + 25.51 20.03 14.68 − 50.73 − 22.68 − 7.87

Result 3 In retirement, equity allocation (as a proportion
of financial assets) is higher on average in the presence of
annuities and home reversion than in their absence.

In all four panels of Figure 3, the equity holding increases
and then decreases with age. Cases A–D all allow immedi-
ate annuities, of course: see Table 8. To elucidate this further,
Figure 4 shows the allocation to equities, as a proportion of

financial assets, in the investment portfolio at different ages
in cases C, D and E.

First, we note that equity allocation is hump-shaped in
Figure 4. This result agrees empirically with household data
(Cocco 2005). This is also consistent with the results of
Horneff et al. (2010) and Koijen et al. (2011) who also include
annuities, but not housing and home equity release products.
Note that tax-deferred retirement plans are not included in our
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Figure 4. Average equity allocation (financial assets only) at differ-
ent ages for cases C, D and E. Case E has neither home reversion
nor annuity products. Case D has both home reversion and annuity
products. Case C has annuities but not home reversion.

model. The presence of such plans may well tilt portfolios in
favour of equity investment and away from home ownership
initially, thereby flattening the hump-shaped equity profile at
younger ages.†

In Figure 4, we observe a higher average allocation to equi-
ties at the later ages in case D (with annuities and home
reversion) than in case E (without annuities and home rever-
sion). Since income in retirement is more secure with annuity
purchases and housing equity has been released in retirement,
greater risky investment in equities is optimal in case D than
in case E.

Case C (with annuities but without home reversion) is also
shown in Figure 4. Comparing with case D (both annuities
and home reversion), this shows that the release of home
equity allows greater allocation of financial wealth to the
stock market to take place later in life.

Result 4 Home ownership increases then decreases, renting
decreases then increases, with age on average.

Result 4 is visible in all four panels of Figure 1, where
home ownership is represented by mortgage plus personal
housing equity. This result is also reproduced by Yao and
Zhang (2005) and Kraft and Munk (2011), induced by the
positive correlation between stochastic labour income and
house prices in their model. A positive correlation means
that, because of their large human capital, younger investors
are already exposed to housing market risk, so they prefer
to rent initially. In our model, labour income is deterministic
but housing and equity returns are both risky. The initial rise
in holding of housing parallels the rise in equity holding in

† Glide paths in target date funds, such as those of Vanguard (Daga
et al. 2016), start at a higher level of equity allocation. They are
designed for retirement plans whereas we consider a full life-cycle
problem. Retirement plans benefit from a tax-advantaged status and
do not usually hold residential housing assets.

that annuities provide secure income in retirement, so greater
risk-taking is possible. Later, in retirement, liquidity is more
constrained and selling existing property and renting accom-
modation means personal equity in housing can be released to
smooth consumption inter-temporally.

6.4. Consumption, investment, and housing: without
bequest

In the benchmark numerical example of section 6.1, with
results described in section 6.3, there was a bequest motive
(κ = 5 in Table 6). A bequest motive is expected to reduce
home reversion and annuitization because these products
reduce wealth available to pass on. In this section, we con-
sider a situation with no bequest motive (κ = 0) and compare
this with the earlier case with bequest (κ = 5).

Result 5 A bequest motive initially depresses (non-housing)
consumption and raises saving and investment, subsequently
increasing wealth available to bequeathe, with little effect on
home reversion and a small reduction in overall annuitization,
on average.

The effect of a bequest motive is to reduce initial con-
sumption on average, as may be observed by comparing the
middle two panels of Figure 5. The middle left panel shows
case D without bequest (κ = 0), and the middle right panel
shows case D with bequest (κ = 5). Ultimate levels of aver-
age consumption are the same, with slightly higher amounts
of income from annuities in the case without bequest.

The higher lifetime savings are used to boost average
investment in the housing, equity and bond market, as is evi-
dent from the bottom panels of Figure 5. About the same
average amount of housing equity is released by means of
home reversion at age 80 to buy an annuity in the two cases.
The amounts of annuities held at ages 60 and 70 are lower
with bequest than without, but about the same at age 80, on
average. The bequest motive does not, on average, change the
amount of housing consumed, as may be seen when compar-
ing the top two panels of Figure 5, and there is less mortgage
financing in the case with bequest.

This suggests that home reversion and deferred annuities
retain their usefulness in supporting consumption in retire-
ment, even in the presence of a bequest motive.

7. Discussion and concluding remarks

Annuities and home equity release products can provide indi-
vidual investors with considerable freedom and choice to
secure an optimal retirement income, yet they are rarely
included in life-cycle models. We construct an optimal invest-
ment and consumption model with deferred and immediate
annuities, with housing, mortgages, and home reversion prod-
ucts, and with the usual financial assets (cash, bond, equity).

We use multi-stage stochastic programming (MSP) to solve
the optimization problem numerically. MSP allows us to inte-
grate consistently models of a financial market, an annuity
market, a housing market, and a home equity release product.
MSP also allows for a solution in the presence of frictions
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Figure 5. Average number of housing units (×m2, top panels), average and percentiles of consumption ( × $1,000 p.a., middle panels), and
average wealth composition ( × $1,000, bottom panels), without bequest (κ = 0, left panels) and with bequest (κ = 5, right panels), all for
case D (with deferred annuities and home reversion).

such as transaction costs, taxes and management fees. Our
first and principal contribution is therefore to obtain quantita-
tive results that may be used in a practical lifetime investment
setting and to show how MSP can be implemented.

We also show numerically that housing consumption in
retirement may be greater when home reversion is available
compared to when it is not. Likewise, non-housing consump-
tion in retirement can be greater when deferred annuities are

available compared to when they are not. The combination of
these two products means that retirees can access their per-
sonal equity in their homes, without being forced to sell or
leave their homes, and use the home reversion lump sum to
buy annuities to secure their retirement income. Our model
reproduces empirical features in household financial data.
Equity allocation in overall wealth does not decline with age,
as classical life-cycle models conclude, but instead increases
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and then decreases. Likewise, the young prefer renting to
home ownership initially. Home ownership increases with age
and then decreases past retirement, and vice-versa with rent-
ing. Finally, the presence of a bequest motive should prima
facie depress the take-up of home equity release and annu-
itization. Our numerical results show that the bequest motive
principally accelerates saving and investment at young and
middle ages, resulting in greater wealth accumulation. Home
reversion barely changes, and annuitization suffers only a
mild reduction.

Although our model has a rich set of features and realis-
tic constraints, it does have limitations and these must temper
our conclusions. First, the timeline in our model is discretized
coarsely, whereas in practice individuals can make consump-
tion and investment decisions on an almost continuous basis.
This is a limitation of MSP which will be ameliorated over
time with ever-increasing computing power and newer tech-
niques (Consiglio et al. 2016, Mulvey et al. 2020). Second, we
have displayed average optimal solutions, but the solution is
of course dynamic. Further work is required to determine how
the solutions vary for different stochastic scenarios, e.g. com-
binations of low interest rates, high house prices and a falling
stock market. Third, the optimal consumption and investment
solution is likely to be sensitive to the parameters of the finan-
cial and housing market model, particularly the correlation
coefficients. These are likely to change over different histor-
ical periods. Fourth, annuities are often shunned by investors
who perceive them to be expensive because of loadings added
to fair prices to cover insurers’ costs, and because of longevity
risk and low interest rates. Annuity loadings and longevity
risk were ignored in our model. These issues relate to the so-
called ‘annuity puzzle’ and deserve further investigation in
our model. Another limitation of our study is that, in practice,
investment also takes place within retirement plans, of either
the defined contribution or defined benefit variety, with privi-
leged tax treatment to encourage pension savings. It should be
possible to include investment within separate pension vehi-
cles in our model (Consiglio et al. 2015, Duarte et al. 2017).
Direct property investment is highly undiversified in prac-
tice for most individuals and it is necessary to capture the
idiosyncratic risk to which they are exposed. We have also
used a stylized model with specific assumptions concerning,
for example, the retirement age and labour income during
working lifetime. The results should be tailored to individ-
ual circumstances in practice. Finally, regulatory and political
risk is significant especially over the long term and we have
not allowed for this. Tax rules and tax rates can change, espe-
cially after significant macroeconomic events such as the 2008
financial crisis or the 2020 Covid pandemic.

Further work to extend our model could proceed along sev-
eral avenues. Inflation on prices, housing and wages should be
included. A stochastic labour income, correlated to housing
returns, is highly desirable. A flexible labour supply (num-
ber of hours worked) could be determined endogenously. In
the real world, there are various types of annuities (inflation-
indexed annuities and variable annuities) and other types of
home equity release products (especially the reverse mort-
gage) that should be considered. Individuals must also con-
tend with term life insurance, health insurance, and private
pension plans, all of which may be significant products in

their financial life-cycle. Finally, we assume that the risk pref-
erences of individuals are described with a standard utility
function exhibiting constant relative risk aversion (CRRA)
but alternative objectives can be considered (Kim et al. 2020).
These and other issues will be considered in future work.
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Appendices

Appendix 1. Other optimization constraints

The main optimization constraints for the optimization problem
in (14) are found in (15a)–(21). Other constraints are required as
follows:

Xi,n, X buy
i,n , X sell

i,n ≥ 0 for i ∈ {C, B, E} and n ∈ N , (A1)

Xi,n, X buy
i,n = 0 for i ∈ {C, B, E} and n ∈ NT , (A2)

X buy
R,n = 0 for n ∈ {Nt, t ∈ [0, T)}, (A3)

X buy
R,n ≥ 0 for n ∈ {Nt, t ∈ [T ,T ]}, (A4)

XHA,n, X buy
HA,n, X sell

HA,n ≥ 0 for n ∈ N , (A5)

XHR,n ≥ 0 for n ∈ N , (A6)

XHD,n, DH ,n ≥ 0 for n ∈ {Nt, t ∈ [0,T )}, (A7)

XHD,n, DH ,n = 0 for n ∈ NT , (A8)

X buy
A(ψ),n ≥ 0 for ψ ∈ {60, 70, 80} and

n ∈ {Nt, t ∈ [T ,ψ − δ]}, (A9)

X buy
A(ψ),n = 0 for ψ ∈ {60, 70} and

n ∈ {Nt, t ∈ (ψ − δ,T ]}, (A10)

XW ,n = 0 for n ∈ {Nt, t ∈ [0,T )}, (A11)

XW ,n ≥ 0 for n ∈ NT , (A12)

Wn, Cn, Hn > 0 for n ∈ N . (A13)

(A1) is a no-short sales constraint on financial assets. (A2) insists
that financial assets are liquidated at the planning horizon T . Home
reversions can only be arranged during retirement and up to the plan-
ning horizon: (A3) and (A4). Housing cannot be shorted in (A5), and
cannot be rented out in (A6). (A7) guarantees that mortgage debt and
housing bought with mortgage are non-negative, while (A8) ensures
that the mortgage is fully repaid by the planning horizon. (A9)
and (A10) state that annuities can only be bought at or before their
first payment date. Life insurance is purchased only at the planning
horizon: (A11) and (A12). Finally, (A13) is a non-negative wealth
condition.

Note that, in our MSP model, mortgage interest payments are paid
at the end of every time period: see (16b). We disregard the indi-
vidual’s insolvency since negative overall wealth is not allowed in
constraint (A13). Mortgage repayment is discretionary, as discussed
in section 3.3, and DP,n is a decision variable in the optimization
objective (14), but mortgage debt must be fully repaid by plan-
ning horizon T , regarded as the maturity date of the mortgage:
see (A8) above. This means that we can investigate the best way
for the investor to pay off home loans. Although home reversion
is irreversible, as enforced in (A4), the individual can subsequently
increase his housing equity by buying other housing units, which in
practice may mean home improvements or house extensions.

Appendix 2. Scenario generation for the Vasicek-GBMs
model

Recall from section 5 that N is the set of all nodes in the scenario
tree; Nt is the set of nodes at time t. The scenario tree consists of
the nodes set {Nt, t ∈ [0,T ]}. The set of children nodes of a node
n ∈ {Nt, t ∈ [0,T )} is denoted by {n+}. Within the scenario tree, the
time interval between node n and its children nodes {n+} is�t. Every
node n has one unique parent node n−, except the root node n0 ∈ N0.

At each node n ∈ Nt, Ri,n is the log-returns of an asset i ∈
{C, B, E, H} over a �t-long time interval ending at time t ((4)).
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Accordingly, RC,n = ∫ t
t−�t rs ds is the gross return of the cash fund;

RB,n = a(M −�t)− a(M )− b(M −�t)rn + b(M )rn− is the gross
return of the bond fund ((5)); RE,n = ln(SE,n/SE,n−) is the gross
return of the equity fund; and RH ,n = ln(SH ,n/SH ,n−) is the gross
return of the house price. rn is the Vasicek short rate observed at
time t ((1)). Given the current short rate, the prices of annuity, whole-
life immediate contract, and home reversion contract are determined
by (6), (7), and (10).

We generate the scenario tree by using the moment match-
ing method (Høyland and Wallace 2001, Klaassen 2002). More
precisely, we use the sequential approach of Høyland and Wal-
lace (2001) with no-arbitrage constraints. A large multi-period sce-
nario tree consists of many small single-period sub-trees. The first
sub-tree has the limited number of outcomes corresponding to each
child node in the set {n+

0 }. The outcomes of the first sub-tree are
obtained by matching the first four moments of the conditional
distributions of the four state variables [rn+

0
, RC,n+

0
, RE,n+

0
, RH ,n+

0
]

on rn0 . For the second-period sub-trees, the conditional outcomes
are obtained by matching the four moments of the conditional dis-
tributions on the outcomes of the first sub-tree. The procedure is
executed sequentially until the final-period sub-trees. By doing so,
we ensure that all conditional properties are fully matched through
the multi-period scenario tree.

At the root node n0, the initial short rate rn0 is set to equal its mean
level θ̃ in Table 7. Each node n has six children nodes. The gener-
ated scenarios are arbitrage-free. This is achieved using the following
procedure:

(i) Given a node n ∈ N \ NT , generate scenarios for its children
nodes {n+} by matching the four moments of conditional

distributions of four state variables [rn+ , RC,n+ , RE,n+ , RH ,n+ ]
given the current short rate rn.

(ii) Check if the generated scenarios preclude arbitrage opportu-
nities (see Klaassen 2002). Go back to Step (i) if any arbitrage
opportunity is found.

Step (ii) can be subsumed within Step (i).
The choice of 6 children nodes per parent node in the scenario tree

satisfies both the moment matching conditions set out by Høyland
and Wallace (2001) and general no-arbitrage conditions (there are 3
risky assets so that at least 4 children nodes are required to avoid
arbitrage). We also divide up the timeline into regular stages to cor-
respond to the regular financial reviews that an individual may have
with an adviser during their financial life-cycle. Our consumption-
investment solution then approximates, albeit coarsely, the optimal
continuous-time intertemporal solution whilst avoiding the distortion
that irregular time intervals would create.†

Since there are six children nodes for every non-terminal node and
there are six stages (five periods), there are 65 = 7, 776 scenarios and∑5

j=0 6j = 9, 331 nodes. Generating each scenario tree takes about
half an hour with Matlab by using a parallel loop parfor on an HP
desktop computer with Intel CPU i7-7700 3.60 Ghz and 32 Gbyte
memory. Optimization on the scenario tree is performed using the
solver MOSEK, as described at the end of section 5. This is a fast and
efficient solver and each instance of optimization takes only about
20 ± 5 seconds on the same computer.

† The model can be reconfigured for use in practical situations as fol-
lows. Stages of increasing lengths, starting with 1 year, are used in
the scenario tree. The model is then used as in receding horizon con-
trol where it is fully solved but only the investment and consumption
decisions at the root node are carried out. The model is then solved
again when the individual is one year older, with only the first step
being implemented again, etc.
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