Robustness- and weight-based resource measures without convexity restriction:

Multi-copy witness and operational advantage in static and dynamical quantum resource theories

Kohdai Kuroiwa,'? Ryuji Takagi,> Gerardo Adesso,* and Hayata Yamasaki’

! Institute for Quantum Computing and Department of Combinatorics and Optimization, University of Waterloo, Ontario, Canada, N2L 3G1

2 Perimeter Institute for Theoretical Physics, Ontario, Canada, N2L 2Y5
3Department of Basic Science, The University of Tokyo, 3-8-1 Komaba, Meguro-ku, Tokyo, 153-8902, Japan

4School of Mathematical Sciences and Centre for the Mathematical and Theoretical Physics of Quantum Non-Equilibrium Systems,

University of Nottingham, University Park, Nottingham, NG7 2RD, United Kingdom

SDepartment of Physics, Graduate School of Science, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, 113-0033, Japan

Quantum resource theories (QRTSs) provide a unified framework to analyze quantum properties as resources
for achieving advantages in quantum information processing. The generalized robustness and the weight of
resource have been gaining increasing attention as useful resource quantifiers. However, the existing analyses
of these measures were restricted to the cases where convexity of the set of free states is assumed, and physi-
cally motivated resources do not necessarily satisfy this restriction. In this paper, we give characterizations of
robustness- and weight-based measures in general QRTs without convexity restriction through two different yet
related approaches. On the one hand, we characterize the generalized robustness and the weight of resource by
introducing a non-linear witness. We show a general construction of new witness observables that detect the
resourcefulness of a given state from multiple copies of the state and, using these witnesses, we provide op-
erational interpretations of the above resource measures even without any convexity assumption. On the other
hand, we find that the generalized robustness and the weight of resource can also be interpreted as the worst-case
maximum advantage in variants of channel-discrimination and channel-exclusion tasks, respectively, where the
set of free states consists of several convex subsets corresponding to multiple restrictions. We further extend
these results to QRTs for quantum channels and quantum instruments. These characterizations show that every
quantum resource exhibits an advantage for the corresponding tasks, even in general QRTs without convexity
assumption. Thus, we establish the usefulness of robustness-based and weight-based techniques beyond the

conventional scope of convex QRTs, leading to a better understanding of the general structure of QRTs.

I. INTRODUCTION

Quantum mechanics has opened the door to exciting pos-
sibilities in information processing, paving the way for quan-
tum technologies to outshine classical ones in computation,
communication, cryptography, and sensing [1, 2]. In order to
transform our technological landscape and explore undiscov-
ered benefits of quantum mechanics, fundamental quantum-
mechanical phenomena need to be thoroughly characterized
and leveraged as valuable assets, or resources. To facilitate
this program, a framework called quantum resource theory
(QRT) [3-5] has been established, and applied to the system-
atic investigation of many different quantum features, includ-
ing traditionally entanglement and superposition. Common
properties shared among such quantum features were also an-
alyzed in the name of general QRTs [3-28]. While QRTs were
initially intended to study properties of quantum states, this
framework was extended to analyze dynamical properties of
quantum channels [15, 21, 25, 29-36] and quantum measure-
ments [37-43].

Quantification of quantum resources has been of central in-
terest to validate their usefulness, and for this reason, various
resource quantifiers have been proposed both operationally
and axiomatically. Among all of them, two promising can-
didates have been investigated in QRTs: the generalized ro-
bustness [44-46] and the weight of resource [47-53]. The
generalized robustness intuitively represents how resilient a
given resource state is against mixing with another state. It
was firstly defined for bipartite entanglement [45, 46], and
generalized to QRTSs characterized by a convex structure of

free states. The generalized robustness is regarded as a valu-
able resource quantifier also thanks to its computability with
semidefinite programming (SDP) for several representative
resources such as k-entanglement [54], coherence [55], multi-
level coherence [56], asymmetry [57], magic [58], and steer-
ing [59]. Moreover, remarkably, the generalized robustness
has a direct connection to the “usefulness” of quantum re-
sources in a convex QRT. Indeed, Ref [14] showed that the
generalized robustness is operationally understood as the ad-
vantage of a quantum resource state in some channel discrim-
ination task [60—63] in any convex QRT defined on a finite-
dimensional state space, by generalizing the results for steer-
ing [59], coherence [55], and asymmetry [57]. This general
result was recently extended to infinite-dimensional convex
QRTs [20, 23]. Further, the result was extended to QRTs for
channels [15] and measurements [15, 40, 41]. On the other
hand, the weight of resource is understood as the amount of
resource needed to generate a given resource state by mix-
ing up with some free state. This measure can also be com-
puted with SDP for steering [48], coherence [51], and asym-
metry [51]. In addition, the weight of resource gives evidence
of the usefulness of every quantum state in convex QRTs as
well; Refs. [52, 53] independently showed that the weight of
resource quantifies the operational advantage of a given quan-
tum state in a task called channel exclusion. Thus, both re-
source measures enjoy computability and operational charac-
terizations, indicating the usefulness of quantum resources.

However, all of these previous results are based on the as-
sumption of convexity, while physically well-motivated quan-
tum resources do not necessarily have a convex structure.



For example, non-Gaussianity is an essential resource for
quantum optics [64], including entanglement distillation [65—
69], quantum error correction [70], and universal quantum
computation using continuous variable systems [71-75], but
the set of Gaussian states [76, 77] is non-convex. (See
Refs. [19, 78, 79] for another framework that aims to rem-
edy the issue of non-convexity.) Non-Markovianity is also
regarded as a valuable resource for secure communication; a
classical non-Markov chain facilitates the secret key agree-
ment [80], and quantum non-Markovianity is used as a re-
source in the quantum one-time pad [81], but the set of quan-
tum Markov states [82] is also non-convex. In addition, the
sets of states with no quantum discord [83, 84], e.g., classical-
classical and classical-quantum states [85, 86], are not convex
as well. More generally, it is not always possible to justify
a mathematical assumption of convexity in tailored resource
theories where physical limitations are identified from experi-
mental constraints. While a probabilistic mixture of free states
makes the set of free states convex [78], this approach cannot
be generally accepted because classical randomness may itself
be regarded as a resource in some cases [10, 87]. Despite the
existence of valuable resources beyond a convex structure, the
operational characterization of the generalized robustness and
the weight of resource, as well as the operational usefulness of
quantum resources in more general QRTs without convexity
assumption, have been largely unexplored. Indeed, the con-
vexity of the set of resource-free states, which guarantees the
connection between the generalized robustness and resource
witness [88, 89], plays an essential role in the previous anal-
yses. We cannot straightforwardly generalize these previous
approaches when the convexity is not assumed. Thus, without
new techniques and insights towards resources beyond con-
vexity, the ultimate goal of QRTs, i.e., a unified understanding
of fundamental advantages and limitations of quantum prop-
erties, could not be accomplished.

In a companion Letter [90] we show that the aforemen-
tioned challenges of generally non-convex QRTSs can be over-
come by providing a new characterization of the resourceful-
ness attributed to quantum states via the generalized robust-
ness measure. This paper complements it by providing ad-
ditional results and explicit examples — offering a detailed
analysis and discussions of the results therein including full
proofs of the main results — and further extends the frame-
work to the regime not covered by Ref. [90]. In particular, we
extend the analysis to the weight of resource and provide its
operational characterization in terms of multi-copy witnesses
and channel exclusion tasks. Furthermore, beyond QRTs for
quantum states, here we develop extensions of our general re-
sults to dynamical resources represented by quantum channels
and instruments. We construct a multi-copy witness applying
to a multi-copy of the Choi operator of a quantum channel in
a similar way, based on the quantum channel version of the
generalized robustness. Also, we show that the generalized
robustness for quantum channels can be operationally inter-
preted as the worst-case advantage of some state discrimina-
tion task. Our analysis can be further generalized to quantum
instruments.

Our results give a new perspective on the generalized ro-

bustness and the weight of resource in QRTs without assum-
ing convexity. We establish a universal connection between
these resource measures and resource witnesses that was only
analyzed in restrictive convex cases previously. Thus, we open
the direction of applying robustness- or weight-based tech-
niques in QRTs to an even broader class of quantum resources
that can be without the convexity assumption yet physically
well-motivated. These results lead to a better understanding
of general QRTs and shed new light on the framework that
covers any resource regarded as physically well-motivated.

The rest of this paper will be organized as follows. In
Sec. II, we introduce our notation, review background mate-
rials, and define the generalized robustness in general QRTs.
In Sec. 11, we introduce a concept of multi-copy witness, and
give a construction of multi-copy witnesses in a general QRT
without convexity assumption, based on the generalized ro-
bustness. In Sec. IV, we show the operational advantage of ev-
ery resource in a general QRT without convexity assumption
QRT, for some channel discrimination task based on the multi-
copy witness introduced in Sec. III. In Sec. V, we show that
the generalized robustness in a general QRT without convex-
ity assumption is operationally understood as the worst-case
advantage of resource for channel discrimination. In Sec. VI,
we explicitly show how our multi-copy witness looks in the
single-qubit case, give a geometric characterization of such
witness, and evaluate the generalized robustness in a practi-
cally relevant instance of non-convex QRT. In Sec. VII, we
present our analysis for the weight of resource; namely, we
show another construction of multi-copy witness based on the
weight of resource, an operational advantage of every quan-
tum state in some channel exclusion task, an operational char-
acterization of the weight of resource in QRTs without con-
vexity assumption. In Sec. VIII, we show an extension of our
results to resource theories of quantum channels and quantum
instruments. In Sec. [X, we summarize our results and provide
possible future directions.

II. PRELIMINARIES

In this section, we introduce the notation of this paper and
review background materials.

A. Notation

In this paper, we use the letter H to denote a d-dimensional
Hilbert space for finite d. We use Herm(H) to denote the set
of Hermitian operators on H. We let D(H) denote the set of
quantum states (density operators) on . For a linear operator
X on ‘H, we use || X]|; to denote the trace norm of X and || X]|e
the operator norm. The identity operator on a d-dimensional
space is denoted by 1.

For Hilbert spaces H; and H,, a completely positive and
trace-preserving linear map from the set of linear operators on
H, to the set of those on H, is called a quantum channel from
H, to H,. For example, we use 74 to denote the identity op-
eration on space H. Let O(H; — H>) denote the set of quan-



tum channels from H; to H,. Similarly, let O“P(H; — H>)
denote the set of completely positive and trace-nonincreasing
maps from H; to H,. For a linear map A from H; to H,
with dimensions d; = dim(H) and d> := dim(H,), the Choi
operator J, is defined by

dy

In = ) 1A ® AU (D

ij=1

For a subset £ of linear operations, we define

L ={Jp: A e L) )

for example, O’/ (H; — H,) denotes the set of Choi operators
of quantum channels from H; to H,.

B. Quantum Resource Theory and Generalized Robustness

We consider general quantum resource theories (QRTs) on
a d-dimensional Hilbert space H for finite d. The set F(H)
of free states is defined as some subset of D(H), and a state
in D(H) \ F(H) is called a resource state. For simplicity, we
assume ¥ (H) is closed. The generalized robustness is defined
as follows.

Definition 1. Let p € D(H) be a quantum state. Then, the

generalized robustness Ry (p) of p with respect to the set

F (H) of free states is defined by

p+sT
l+s

Ry (p) = mm {s >0:

nin c ?((H)}. 3)

By definition, R4 (p) is non-negative. Moreover, the gen-
eralized robustness is faithful, i.e., Rr4)(p) = 0 if and only
if p € F(H). In this paper, we assume that () contains
at least one full-rank state; otherwise, Re(¢1)(0) = oo for any
resource state p € D(H)\F (H). Note that we do not as-
sume convexity of ¥ (H), at variance with previous literature
in which the generalized robustness has been studied for con-
vex resource theories.

When 7 (H) is convex, by considering the convex dual [91]
of (3), we have another expression of the generalized ro-
bustness [8, 14, 15, 55, 57, 88], in particular, for any p €
D(H\F (H),

Re)(p) :max{Tr [Wp] -1

4
‘W >0, Tr[Wo] < 1,Vo e T(W)}.

The above expression relates the evaluation of the generalized
robustness to the expectation value of an optimal witness op-
erator W.

Without the assumption of convexity, we no longer have
this equivalence relation in general, but we can still show that
the right-hand side of (4) lower-bounds the generalized ro-
bustness. Specifically, for a general QRT with an arbitrary set
F (H) of free states, we have for any p € D(FO\F (H),

Rr(p) 2 max { Tr [Wp] - 1

(5)
‘W >0, Tr[Wo] < 1,Vo e 7—’(7{)}.

This is a consequence of a well-known property in convex
analysis called weak duality [91]—a self-contained detailed
derivation of this result is given in Appendix A. We remark
that Eq. (5) entails that for an arbitrary resource theory, even
in cases in which the exact evaluation of the generalized ro-
bustness is mathematically or experimentally impractical —
as it may happen, e.g., for high dimensional systems — we
can always obtain accessible lower bounds to Re(4)(0), by
means of witnesses operators acting on a single copy of the
state p. Note that the lower bound obtained in (5) is typically
loose when () is non-convex. Indeed, by definition, the
right-hand side of (5) is zero, by taking W = I, for states in
the convex hull of F(H). Thus, when F(H) is non-convex,
the lower bound fails to detect some resource states, while the
generalized robustness R4y is a faithful measure which be-
comes zero only for free states in any QRT.

In the following, we will enlarge our analysis to define a
class of witness operators acting on multiple copies of quan-
tum states, which are intrinsically constructed in terms of gen-
eral resource measures such as the generalized robustness and
the weight of resource.

C. Generalized Bloch Vector

In this section, we review the Bloch-vector characterization
of quantum states on a d-dimensional Hilbert space. Consider
a general d-dimensional Hilbert space H =~ C¢ for d > 2.
Given a quantum state 17, we consider a generalized Bloch
vector (X1, X2, ..., X;2_1) defined by

(Id /d(d—l)zx] ] ©

Here, 1, is the d X d identity matrix, and {4}, are the d X d
generalized Gell-Mann matrices [92, 93] satlsfylng

A=A, j=12,....d-1, @)
Tr[A,]1 =0 j=1,2,...,d*-1, (8)
Tr[A] 4] = 26y, Lj=1,2,....d-1, (9

where 1 denotes the Hermitian conjugate of a matrix, and ¢;;
is the Kronecker delta.

The following lemma by Byrd and Khaneja [94] gives
a necessary and sufficient condition for a valid generalized
Bloch vector (x;);.

Lemma 2 ([94]). Let ‘H be a d-dimensional Hilbert space.
Let 17 be a Hermitian operator on H written in the form

1 dd-1)S
= E(Id-'- ( ) ) ZXj/lj]. (10)
=

Then, 1 is positive semidefinite if and only if

Sm(m 20 1D



forallm =1,2,...,d, where S ,,(n) is defined in the following
recursive way:

m

S m() = %Z((—I)Z" Tr[r|Swam)  (12)
=1

form > 1 with

So(n) = 1. 13)

III. MULTI-COPY WITNESS IN QRTS WITHOUT
CONVEXITY ASSUMPTIONS

In this section, we construct our multi-copy witnesses in
general QRTs without convexity restriction. The concept of
multi-copy witness was originally introduced in entanglement
theory [95, 96]. In this paper, we show a construction of a
m-copy witness for each m = 2,3,...,d. For an arbitrary
free state o, there exists at least one m such that the m-copy
witness can discern a given state p from o

Theorem 3 (Theorem 2 in the companion Letter [90]). Let H
be a d-dimensional Hilbert space. Let p € D(H)\F (H) be
a resource state. Then, for s > 0, we can construct a fam-

ily W, = (Wn(p,s) € Herm(H®™) : m = 2,3,...,d) of
Hermitian operators with the following property:

Y ®m
max Tr [Wan(o. s)0°" | < 0, (14)
max dTr [Wm(p, s)0'®m] >0, Yo e F(H) (15)

if and only if
s < Rf(q{)(p). (16)

To show this theorem, we will prove the following slightly
different proposition for simplicity of the argument, so that the
theorem should be derived from this proposition.

Proposition 4. Let H be a d-dimensional Hilbert space. Let
0 € D(HN\F (H) be a resource state. Then, for s > 0, we can
construct a family W, = (W,(p,s) € Herm(H®") : m =
2,3,...,d) of Hermitian operators on H®" with the following
properties.

1. Forallm=2,3,...,dandall s > 0,

Tr [Wan(o, $)0°"] 2 0. (17)

2. For each o € F(H), there exists m such that
Tr [Wau(p, )] < 0 (18)
if and only if

5 < Ry (p)- 19)

Before proving Proposition 4, we describe a way to con-
struct a witness W,,(p, s) in Theorem 3 from a Hermitian op-
erator W,,(p, s) in Proposition 4.

Proof of Theorem 3. Under the assumption that we have
W,.(o, s) in Proposition 4, we define

W, 5) = =C (W(p, s) + Au(p, HIE"). (20)
with

Anlp,s) = min [Te{Wo(o, 901> 0, @21

where C > 0 is any suitable constant for normalization. With
this definition,

Tr{W(p, $)p®"] = —=C Tt[Wo(p, $)p%'1 — CAn(p, 5)
< =C Tr[W(p, $)p®] (22)
<0.

Moreover, by the definition of A,,(p, s), for free states o satis-
fying Tr[W,,(0, $)c®"] < 0,

Tt Walp, $)0™] = C (= T Wiu(p, )] = Anp, 5)) 2 0.
(23)
For free states o with Tr[W,, (o, s)0®"] > 0, we have

T Wo(p, )] = C (= Tr[Win(p, )01 = Au(p, 5)) < 0.
(24)
Hence, from Proposition 4, for m = 2,3,...,d, there exists
a family W, = (V~Vm(p, s) :m = 2,3,...,d) of Hermitian
operators with the following properties.

1. Forallm=2,3,...,dand all s > 0,

Tr [Wa(p, s)p™"] < 0. (25)

2. For each o~ € ¥ (H), there exists m such that

Tr [Wa(p. 50" 2 0 (26)
if and only if
s < Ry (p)- 27
Here, for a state 7,
Te [Wlo, °"| < 0, ¥m =2,3,....m (28)
is equivalent to
m:rgzsiz(“,d Tr [Wm(p, s)r]®’”] <0, (29)

and the existence of m such that

Tr[VVm(p, s)r]®m] >0 (30)
is equivalent to
Tr | W,(o, 555%™ > 0. 31
L Te [ Wao. ™| G1)
Thus, we have Theorem 3 from Proposition 4. ]



In the proof of Proposition 4, we use the following lemma,
which we prove in Appendix B.

Lemma 5. Letp be a quantum state, and let s > 0. Consider
a quantum state 1. Then, n can be expressed as

p+s'T
= 32
1 1+ (32)
by using some positive number 0 < s' < s and some state
7 € D(H) if and only if it holds for allm = 1,2, ...,d that
1+ 1
S (—sn - —p) >0, (33)
s s

with S ,, given in Lemma 2.

Now, we give the proof of Proposition 4. Intuitively, our
construction of W, for Proposition 4 is intended to witness a
valid density operator in the state space, so that we can use
the witnessed quantum state as a feasible solution in the mini-
mization in the definition of generalized robustness in Eq. (3).

Proof of Proposition 4. For a state n € D(H), define

1+s 1) (34)

Sm,p,s(n) = Sm ( n—-—-p
K S
form =1,2,...,d. Note that it holds automatically that

1+s
s

1
Sips() = Tr[n] - S Trlp] =1 >0, (35)
and thus we will discuss whether S ,,,, ;(17) > 0 for m > 2.

It trivially follows that S, , () = S.(p) = O for all m
since p is a state, in particular, a positive semidefinite opera-
tor. When s < Ry4)(p), by the definition of the generalized
robustness, for any free state o= € F(H), there is no positive
number s” < s such that

_ptsT

= 36
7 1+ (36)

with some 7 € D(H). By Lemma 5, in this case, there exists

2 <m < dsuch that S, , (c) < 0. On the other hand, when
s > Ry(4)(p), there exists 0 < 5" < s such that

p+sT

=— 37

7 1+ 37

with some 7 € D(H). Indeed, we can take a free state o

achieving Rg)(p) with s = Ry (p). In this case, for all

m=2,3,...,d,wehave S, (c) > 0 for such o
Thus, it suffices to construct W, (p, s) satisfying
Tr [Wan(, 97" | = S mps(1) (38)

forn € D(H), forall 2 < m < d and s > 0. Using the
generalized Bloch vector (x;); of 17, S 1 5(17) is expressed as

m d>—1
Smps =D D [cﬁ’;’,ﬁl,...,n[,zl [1 (xj)"j] (39)
>0

=0 | np,..., np_y J=1

ny+ny-n =/

d?-1

with some real coefficients c;’;f,”;,,__,%]. By definition of §,,,

S mp,s(17) is a real m-degree polynomial of (x;);. Now, define a
Hermitian operator

(Lm)
‘/anﬂz,...,n[,z,]
L
— d 2 c(l,m) (40)
’ 2d-1) NN,

AT @ () - @ ()T @ 17

on H&"
(l,m)
W, Nl

In Appendix C, we show that this operator
satisfies

-1
(2 em| _ | | | i
TI' [Wnlﬁz,...,nl,z,l’l "= [ 5117'11)2,--.%,2,1 (xj) ] (41)

J=1

Thus, one candidate of W(p, s) can be constructed as

W(I,m) , (42)

N2l

=0 | ny,.np_ 20
nytnynp_ =l

and this operator satisfies

Tr [Wm(p, S)T]®n] = Sm,p,s(n)a (43)
which yields the conclusion. [ |

We remark that if one wants to make W,,(p, s) more sym-
metric than Eq. (42), one may give another construction of
W,.(o, s) as

m

Walp, s) = Z

=0 | np,..., ”427120
nitnyngp =l

with
5 7(1,m)
Wnl,nz ..... np_y
1
d 2
= (I,m)
= (Z(d— 1)) Cm,nz ..... npo_ (45)
m! LI

where the sum is taken over all trace-less Hermitian operators
/lff;ff?z ,,,,, np obtained by permuting the systems of (1;)*" ®
(A2)®" - ®(A -y )®" -1 @M=D This symmetric construction
of W,,(p, ) can also be used for Proposition 4.

From Theorem 3, we have
sup {s >0: ‘T/l’/p,S is a Witness} = Ry(4)(p). 46)

We can also see that when s is closer to Ry, Wi (p, 5) serves
as a better witness; that is, W, (p, s) recognizes more resource
states, as shown in the following proposition.



Proposition 6. I[f0 < s’ < s, then

n€ DH) : Te[W(o, s ®" >0, Vm=2,3,....d)
CneDH) : Tr[W,(p, Hn®"1 >0, Ym=2,3,...,d}.
“47)
Proof. We first show that the inclusion, i.e.,

{n € D(H) : Te[W(p, s N1 20, Ym=2,3,...,d)
C {n € D(H) : Te[W,(o, )" =20, Ym =2,3,...,d}.
(48)
Suppose that

ne{ne DH): Tr[Wa(o, s " >0, Ym=2,3,...,d}.
(49)
Then, by the construction of W,,(p, s), forallm = 2,3,...,d,

1+ 1
Sm,p,s’(n) =S8m (Tn - ;p) > 0. 50)

By Lemma 5, there exists 0 < 5" < s’ and a state 7 € D(H)
such that
_pts't

= . 51
1 1+ D

Since we also have s” < s, again from Lemma 5, for all m =
2,3,....d,

1+s 1
&wxm=sm(s U—?JZ@ (52)

that is,

nene DH) : Tr[W,(o, )n® >0, Y¥m=2,3,...,d},
(53)
which shows the inclusion.
Now, we show that the inclusion is strict. In particular, we
construct a state (i.e., i, defined below) included in

ne DH) : Te[W,(o, n®"1 >0, YVm =2,3,...,d} (54)
but not in
n e DH) : Te[Wu(o, N1 >0, Vm=2,3,...,d}. (55)

For the construction, choose any pure state ¢ € D(H) satisfy-
ing ¢ # p. We construct a state 77, by

._p+s¢)

p= (56)

By Lemma 5, using a similar argument as above,

ns €1 € D(H) : Tr[Wi(o, s)n®"1 >0, Vm = 2,3,....d).
(57)
On the other hand, we show that r7; cannot be written as
p+sT
s = —— 58
g 1+ (58)
for any s satisfying 0 < 5" < s and any 7 € D(H). By way of
contradiction, suppose that this is possible. Then, we have

p+sp p+s'T
= ; 59
I+s I+ (59)

that is,
1 1 s s
(1+s’_l+s)p_1+s¢_l+s’t (60)
Since s’ < s,
1 1
- 61
(1+s’ 1+s)'0 S

is positive, so

s p s
1+s 1+

T (62)

must be positive as well. At the same time, since ¢ is chosen to
be a pure state, for this operator to be positive, it is necessary
that 7 = ¢. This choice leads to p = ¢, but this contradicts
¢ # p. Therefore, there is no s < s with which we can write

p+sT
s = . 63
n T+ (63)
Hence, by Lemma 5, there exists 2 < m < d such that
1+ 1
Sm,p,s’(ns) = Sm( & s — ?P) <0. (64)

Thus, we have

ns ¢ {n € D(H) : Te[W,, (0, sH)7*"] 2 0, Vm = 2,3,...,d).
(65)
Therefore, Egs. (57) and (65) show that the inclusion is strict.
|

IV. OPERATIONAL ADVANTAGE OF RESOURCES IN
MULTI-COPY CHANNEL DISCRIMINATION

In this section, we show that the multi-copy witnesses ob-
tained in the previous sections lead to an operational advan-
tage of all resource states in general QRTs without convex-
ity assumption for a variant of channel discrimination tasks,
which we call m-input channel discrimination.

In m-input channel discrimination, one aims to distinguish
channels that act on m copies p®" of a given state p. Let
{ pi,AEm)},- be an ensemble of channels, where channels Agm)
on D(H®™) are randomly picked with probability p;. Once a
channel Agm) is sampled, we apply this channel to the m copies
of the given state p; that is, at this point, we have Agm)(pg””).
Our goal is to figure out which channel from the channel en-
semble acted on the state. To identify the label i, we perform
a quantum measurement {M;}; to the resulting state. The suc-
cess probability for this m-input channel discrimination task
is given by

psucc({pi: Agm)}i» {Mi}i,p@n) = Z Di Tr [M,' Ag'n)(p(gm)] .

(66)
In this task, given a quantum state and a channel ensemble,
we aim to maximize the success probability by choosing the



best measurement strategy. We characterize the operational
advantage of a resource state in this scenario by taking the
ratio between the best success probability with respect to the
given state and the best success probability with respect to a
free state.

The separation of resource state p and free states o~ shown
in Proposition 4 implies all resource states in general QRTs
without convexity restriction show operational advantages in
this task, as shown in the following theorem.

Theorem 7 (Theorem 3 in the companion Letter [90]). Let
H be a d-dimensional Hilbert space. For any resource state
0 € DH)N\F (H), there exists a family of channel ensembles

({pi, Afm)},-)i:2 such that

max psm({p,,A( N My, 0
{M

min  max o o >1
oeF (H)ym=23,...d max psucc({pz,A m }“{Mm )
[M(m]

(67)

Proof. Let {Wm}j1=2 be a family of Hermitian operators such
that every free state o € ¥ (H) comes with an integer m €
{2,...,d} satisfying

Te[W,,0®"] > 1, (68)
0<Tr[W,,c®] < 1. (69)

The existence of such a family of Hermitian operators is guar-
anteed by Theorem 3. Indeed, it ensures that when s <
Ry ¢0)(p), for every o € F(H) there exists m € {2,...,d}
satisfying

Tr[Wou(p, $)p®"] < 0, (70)
Te[W,(p, 5)0®"] > 0 (71)

for the family "Wp,x = (V~Vm(p, s) € Herm(H®") : m =
2,3,...,d) of Hermitian operators. Then, we may take W,, :=
3m— Wou(ps s)/IIWm(p;s)Ilw for some s < Ry4)(p). Note that
Eq. (70) implies that W,,(p, s) has at least one negative eigen-
values, so we have ||W,,|| > 1. Define two quantum channels
A(lm) and A(zm) as

AT(X) o
_ Tr(X) Tr(WmX) Tr(X) 3 Tr(WmX)
(557 a5 - S o
AT(X) o)
_ Tr(X) _ Tr(W,,X) Tr(X)  Tr(W,,X)
_( 2 2||Wm||m)|0><0|+( 2 +2|IWm||m)|1><l|'

Let o € F(H) be an arbitrary free state and let m be an integer

that satisfies (69). Then, since Tr[W,,0®"] > 1,

1A 0™ = A5l

Tr[W,,0%] Tr[W,,0%"]
[Wlleo [Wlleo
_ 2T W] 9
Wil
2
> .
[IWinlloo

Similarly, since 0 < Tr[W,,c®"] < 1,

AT (@) = A (=™l
_ 2Te[W,,0®"]
Wl (75)
2
< .
Wl

Consider the channel ensemble consisting of A(lm) and A(z’”)

with probablhty , denoted by { , Al(.m)}f: 1~ Then, we have

rr/ba}x psucc({%a Agm)}%:l M}, P®m)

ifi

1 Lo om, em m), @m
=§(1+§||A1 (0™") = AP (™, 76)

> 1(1+ ! )
2 Winllw )’

and
max Pace(td, ATV AM)i, o)
; (1 + % max_[|A(c®") — AL (d®™)]y 77)
oeF (H)
1 1
< 3 (1 + m)
Therefore,

maxu,, Psuce((3, A VL, (M3, o)
maxy,, Psuce ({3, A2 (M}, o®m)
(1 + ||W,,,||m)
(1+

=1

(78)

IIWmllm)

Since every free state comes with an integer m satisfying (78),
we have

max pace(pi A (M), p")
(M™);
max ) e 1 (79)
m=23ed max puce(tpis A )iy (M), ")

(M"Y

i

for arbitrary o € F(H). Since this relation holds even for the
worst choice of o, the statement follows as desired. ]



V.  WORST-CASE ADVANTAGE OF RESOURCES IN
CHANNEL DISCRIMINATION

In this section, we give an operational characterization of
the generalized robustness in general QRTs without convexity
restriction.

We consider that the set () of free states can be ex-
pressed as a union

F(H) =] A0, (80)
k

where 7 (H) denotes a closed convex set for all k. This ex-
pression corresponds to the case in which a QRT is charac-
terized by multiple constraints. We give examples of discord,
coherence with multiple bases, thermodynamics, and multi-
partite entanglement below. Note that apart from such phys-
ically well-motivated cases, mathematically, a decomposition
of a given set ¥ (H) into convex subsets is always possible.

Example 1 (Discord). In discord theory, the set of classical-
quantum states is usually taken as the set of free states [85].
This set can be regarded as the union of the set of classical-
quantum states with a fixed local basis. More concretely, let
H, and H, be finite-dimensional Hilbert spaces. The set of
classical-quantum states can be written as

U {Z prlac{ad ® pr = pr 2 0, Zpk =1, € D(Wz)},

{layhe \ k k

where {|a; )}« is an orthonormal basis of ;. While the set of
classical-quantum states is not convex, each set

{Z prlac){al ® pr : pr 2 0, Zpk =1,pr € @(‘Hz)}
3 3

is convex by definition. The same observation holds for the
set of classical-classical states as well.

Example 2 (Coherence in multiple bases). In 3D magnetic
field sensing [97], one would need states with coherence in a
specific set of bases, e.g., x, y, and z bases for a qubit. In this
case, the set of free states should be the union of the set of
incoherent states with respect to the given bases, namely,

U {o : p is diagonal in @ basis}, 81)

a=X,y,z

covering the three main axes of the Bloch sphere, while any
other state would be regarded as a resource. We analyze this
scenario in detail in Sec. VI B.

Example 3 (Thermodynamics). In another context, thermo-
dynamical machines such as engines or refrigerators operating
between different thermal baths can be characterized by a free
set given by the union of the convex subsets corresponding to
each equilibrium temperature [98, 99].

For example, consider two thermal baths with the same
Hamiltonian H at inverse temperatures 51 and 3,, respectively.

The thermal state corresponding to each thermal bath is given
as yp, = e PHTr[eH] for i = 1,2. The set of free states
should be given as

{vs,} U {vp,)- (82)

Example 4 (Multipartite Entanglement). In the context of
multipartite entanglement, multipartite states in the union of
the sets of partition-separable states with respect to differ-
ent bipartitions cannot have genuine multipartite entangle-
ment [100, 101]. For any state out of this non-convex set,
one can obtain genuine multipartite entanglement from many
copies of the state, which is known as genuine multipartite
entanglement activation and characterizes this non-convex set
from a resource perspective [100, 101].

We introduce a concept of worst-case advantage of channel
discrimination in general QRTs without convexity restriction.
This notion of worst-case advantage arises when a QRT has
multiple constraints as introduced above. If we do not know
which constraints we eventually focus on, we have to take the
worst-case scenario into account. Here, we consider conven-
tional channel discrimination for single copies, where m = 1
in the m-input channel discrimination. Instead of consider-
ing the maximum success probability, we fix the measurement
strategy in this case; that is, when we quantify an advantage
of a resource state, we use the same measurement for the re-
source state and the free states. Let {p;, A;}; be a channel en-
semble, and {M}; be a given measurement. Then, the advan-
tage of a resource state p with respect to F(H) can be defined
as

psucc(p7 {pi’ Ai}i’ {Ml}l)
MaX e, e7,(H) Psuce (ks {Dis Aitis {Mi))

, (83)

where pg,c. denotes the success probability, which is obtained
by taking m = 1 in Eq. (66). We consider the worst-case
advantage of p to be the infimum of Eq. (83) over k.

We find that the worst-case maximum advantage for chan-
nel discrimination is quantified by the generalized robustness.

Theorem 8 (Theorem 4 in the companion Letter [90]). Let
H be a d-dimensional Hilbert space. For any resource state

p € F(H\D(H),

inf max Psuce (0, {pi, Aitis {Mi}:)
kAP Ailo (M3} MAX g e (H) Psuce(Oks AP Adbis AMi})— (84)
=1+ Ryr(p).

Thus, the generalized robustness can be interpreted as the
worst-case maximum advantage under multiple sets of free
states. Since the generalized robustness is faithful, (84) im-
plies that every resource state is useful in the sense of the
worst-case maximum advantage for channel discrimination.
Mathematically, this result does not depend on which decom-
position of 7 (H) we pick. We may apply this result to what-
ever scenario we want to consider. When the set 7 (H) of free
states happens to be convex, then the infimum over & is omit-
ted, and this result will naturally be reduced to the previous
result for convex QRTs by Ref. [14].



F, D(3)

FIG. 1. A diagram of the generalized robustness with respect to a
non-convex set ¥ of free states formed by three convex subsets 77,
F2, and F3 with F = (Ji_;3 k. The dashed, dotted, and solid
(orange) tangent lines represent the hyperplane separating p from ¥,
%>, and 73, respectively. One can observe that these linear witnesses
cannot separate the resource state p from the non-convex set 7. As
illustrated in the figure, the generalized robustness R#(p) is given as
the minimum value among R#, (0), R#,(p), and R# (p). Since ¥ is
the closest to p in this case, the value of R, (o) will be employed as

R (p).

To prove this theorem, we use the following lemma, show-
ing that the generalized robustness with respect to the union of
convex subsets is given by the infimum value of the general-
ized robustness with respect to each subset. We also show a di-
agram for an intuitive understanding of this lemma in FIG. 1.

Lemma9. For any state p € D(H),
Rya(p) = if[:fR‘Fk(‘H)(P)' (85)

Proof. Since Fi(H) € F(H) for all k, we have Rg)(p) <
R#,)(p) for all k by the definition of the generalized robust-
ness. By taking the infimum over k on both sides, we have

Ryan(p) < if}:f Ry 0(p) (86)

On the other hand, let 7 € D(H) be a free state achieving
R¢(74)(p); that iS,

P+ Ry ()T
1+ Ry 0(p)

Since F(H) = U Fr(H), there exists k such that

€ F(H). 87)

P + Ry@qo(p)T
1+ R';r((H)(p)

This shows that Ryz4)(p) serves as a suboptimal value of
R, (p). Hence,

Rya0(0) = Ry9)(0) = iI]}fRﬂ((H)(,O)- (39)

€ Fr(H). (88)

With this characterization, we can prove Theorem 8.

Proof of Theorem 8. For any k, since F;(H) is convex, we can
apply the analysis from Ref. [14] and get

Dsuce(Ps {Pis Ailis {Mi}i)
max

{piAiAMi}i MAX 5 e Fr(H) Dsuce(Tk, {Pis Aitis {Mi}) 90)
=1+ Rﬂ((H)(P)-

Taking the infimum over k on both sides, we have
inf Dsuce(©s {Pis Ai}is (M})

max
kAPl Ml MAX gy e (1) Psuce (T APis Aitis AMi}) (91
= L +inf Ry 0(0)-

By Lemma 9, we know inf; R#,#)(0) = RF)(p). Hence,

. Dsucc(0: APi> Ai}i, AM;}i)

inf max

k ApiAiti.AMi}i MAX 5 eF (H) Dsuce (T, Apis Aiti {M}) 92)
=1+ Rq»'((]-()(p).

as desired. [ ]

VI. EXAMPLE: SINGLE-QUBIT CASE

In this section, we describe an illustrative example of our
methods and results for single-qubit QRTs. In the single-
qubit case, i.e., d = 2, the construction of the multi-copy
witness is largely simplified due to the clear geometric struc-
ture of the set of quantum states, and we here explicitly derive
the description of the witness. In Sec. VI A, we show a gen-
eral derivation of a 2-copy witness for single-qubit QRTs, as
shown in FIG. 2. In Sec. VI B, we give a more specific exam-
ple of the construction of our multi-copy witness for a phys-
ically motivated choice of a single-qubit non-convex QRT,
namely, the case of coherence in x, y, and z bases introduced
in Example 2 of Sec. V.

A. General derivation of 2-copy witness for single-qubit QRTs

In the case of single-qubit QRTs (d = 2), we have only to
consider

S207) = 5 (Tr[nlS 1 (p) - Tr[n*1S o())

[l S

(Te[n)* - Teln1) (93)

22
2743

2
_ l—x%—x
4

for Hermitian operator n with Bloch vector (x1, x2, x3). One
may observe that S,(77) > 0 fully characterizes the Bloch ball,
and S»(n7) = O corresponds to the surface of the Bloch ball
(i.e., the Bloch sphere).

Let us fix a single-qubit quantum state p with Bloch vector
(r1, 2, r3). Then, for any state  with Bloch vector (x, x2, x3),
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(b) it

FIG. 2. (a) A 3D diagram depicting curved surfaces representing the witness for the single-qubit case, i.e., d = 2. In the diagram, the outermost
blue ball represents the Bloch ball, that is, the set of single-qubit states. The green non-convex shape represents the set F of free states. Three
orange meshed spheres correspond to curved surfaces S,,, = O for different values of the parameter s, each of which is a set of states that
internally divide the state p and the Bloch sphere into the ratio s : 1. The middle orange sphere touches ¥, and the parameter s for this sphere
corresponds to the generalized robustness R(p). (b) A diagram of the 2D plane obtained by cutting (a) at z = 0. The three orange circles
corresponds to S, ; = 0 with s = sy, 55, 53, respectively. The middle circle S, = 0 touches F, and thus s, = Rz (p).

we have
s ) = l_ r%+r§+r§ (1 + s)(rix; + raxy + r3x3)
2080 = 45 25
~ 1+ s)z(x% + x% + x%)
452 '

(94)
We here describe how our results for the general d-
dimensional case look like in this single-qubit case. We define

2 2 2
r1+r2+r3

W(p, s) = (1— >

(1+ s)?
-

)Iz@lz

[c1®01+02®0, + 03 Q03]
95)

I+s
2 [n(h®oi+o01®h)

+rn(L®oy+0,®1)
+r3(L®os+o3®D0)],

+

with the 1-qubit identity operator I, and Pauli operators

o ;=((1) (1)),0'2:(? Bi), 03:(5 _01). (96)

Then, for a state 7 = § (I + X101 + X0 + x3073) with Bloch
vector (x1, X2, X3), we have

+ s

1 1
Tr [W(p, s)n®2] =S, ( n- EP) = 82,5, 7

N

which is shown in Appendix D in detail.

We show illustrative diagrams for the single-qubit case in
FIG. 2. As shown in FIG. 2, for each s > 0, the curve
S2,s() = 0 represents a three-dimensional sphere in the
Bloch ball, and when s < Rg (4, this sphere separates re-
source state p from the set ¥ of free states. In this way, the
description here makes it possible to interpret our multi-copy
(2-copy) witness geometrically in the Bloch ball in the single-
qubit case. Note that the corresponding interpretation may
not be straightforward in the cases of higher dimensions, i.e.,
d > 2 in general, due to the lack of suitable high-dimensional
generalizations of the Bloch ball.

B. Multi-copy witness and generalized robustness for QRT of
multi-basis coherence

Here we give an explicit example of a multi-copy witness as
constructed in Sec. VI A. We consider the QRT of multi-basis
coherence, where we want coherent single-qubit states with
respect to x, y, and z bases; refer to Example 2 in Sec. V for
physical interpretation and motivation of this setup. This ex-
ample concisely illustrates how our multi-copy witnesses are
constructed in a relevant single-qubit non-convex QRT. Note
that while the construction of a multi-copy witness in a gen-
eral d-dimensional QRT also proceeds in a similar manner, the
computation may be more complicated in such a general case
due to the lack of the simple geometric interpretation given in
Sec. VIA.

Let H be a two-dimensional Hilbert space. For @ = x,y, z,



define the set of incoherent states in @ basis as
Fo(H) = {o- €EDH):
g = p|+(l><+(l| + (] - p)|_a/><_ar|’ (98)

OSpsl},

where {|+,),|—o)} denotes the orthonormal « basis, namely,

0) + 1) 10 — 1)
x) = P —x) = P 99
I+ N % 7 99)
0) +i[1) 10) —i[1)
yoeo 22Dy B2 100
+y) NG =y NG (100)
l+2) = 10), =2 = (1), (101)

with the computational basis {|0),|1)}. Define the set of free
states as

FH) = | ] FOH). (102)

a=x,y.z

Suppose that we are given a resource state p € D(H)\F(H)
with the Bloch vector (ry,r,r3). The condition that p is a
resource state gives a constraint on the Bloch vector that at
least two of ry, r,, r3 are not zero.

In Sec. VIA, we already constructed the Hermitian oper-
ator W(p, s) in (95), which serves as a 2-copy witness for
s < Rg@q. To see when W(p, s) can discern p from ¥ (H)
in the QRT of multi-basis coherence, here we compute the
generalized robustness of p.

For the computation of Rg (4, we use our analysis in
Sec. V. In particular, using Lemma 9, we have

Ry-‘(r}{)(p) = min {RFL,((H)(P) =Xy, Z}. (103)
Hence, we can compute Ry 4)(p) by independently comput-
ing Ry, () for @ = x,y, z and then taking the minimum. Let us
focus on F(H), as the other cases proceed similarly. Recall
that the region S5, ((17) > 0 is expressed as

(1+s 1 )2 (1+s 1 )2 (1+s 1 )2
Xy —-—-r | + X — —1| + x3——-r3] <1.
s s s s s
(104)
Considering the geometric analysis in Sec. VI A, we have s =

R#.0)(p) if and only if the surface of the region touches the
set of free states, which is expressed by

{(x1,0,0): =1 < x; < 1}. (105)
Hence, when s = R (41)(p), the equation
1 1V 2 2
( ”xl——r1)+—§+—§=1 (106)
s s 2 s

with respect to x; has a solution with multiplicity 2. This
occurs if and only if

2 2

n.5

S+3=1 (107)
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that is, since s > 0,

s = ,/r% + r%. (108)
Hence, we have
Ry(p) = \J13 + 13 (109)
Similarly,
Rea(p) = P2 + 12, (110)
Ryay(p) = \Jr? + 13 (111)

Thus, from (103),

Ry (p) = min{\/r% + r%, \/r§ + r%, \/r% + r%} (112)

Without loss of generality, assume that Ry(0) = /17 + 3.

Then, with s =
now given as

rf + r%, W(p, s) constructed in Theorem 4 is

A+
Wip,s) = | 522 - 1|Leb
rl +V2

2
(1+ 1/r%+r§)
+ﬁ[m®o‘1 +0,Q0; +03Q 03]
i+
175

[2, .2
1+ rit+r;

2
+r2

rnbheo+0115%)

2
r

+r2(12®0'2+0'2®12)+r3(12®0'3+a'3®12)].

(113)

VII. ANALYSIS OF WEIGHT-BASED MEASURE

In this section, we characterize another resource measure,
the weight of resource [47-53], which was also convention-
ally investigated in convex QRTs. In Sec. VII A, we give an-
other construction of multi-copy witness based on the weight
of resource. In Sec. VII B, we show that every quantum state
is useful for some channel exclusion task based on the multi-
copy witnesses that we construct in Sec. VII A. In Sec. VIIC,
we show that the weight of resource can be operationally in-
terpreted as the worst-case advantage in channel exclusion.

Here, we recall the definition of the weight of resource.

Definition 10. Let p € D(H) be a quantum state. Then, the
weight of resource WoR#4)(0) of p with respect to the set
F (H) of free states is defined by

WoRg ¢ (p) = in {s >0:p=s1+( -9, }

m
oe€F (H),reD(H)
(114)



Although the form in the definition resembles the one in the
generalized robustness, these two resource measures behave
differently and provide distinct operational constraints in the
context of resource distillation [21]. Note that in the definition
of the weight of resource, we may always pick s = 1 by taking
T = p. Thus, for all states p, WoR#4)(0) < 1.

A. Another construction of multi-copy witness

In this section, we give another construction of multi-copy
witnesses in QRT's without convexity restriction, based on the
weight of resource. For the construction, we use the following
lemma, which characterizes quantum states inspired by the
definition of the weight of resource. We give the proof in
Appendix E.

Lemma 11. Let p be a quantum state, and let 0 < s < 1.
Consider a quantum state 1. Then, n can be expressed as

p—sT
1-9

n= (115)

by using some positive number 0 < s’ < s and some state
T € D(H) if and only if it holds for allm = 1,2, ...,d that

1 1 -
Sm(—p— Sn) > 0, (116)
S R

with S ,, given in Lemma 2.

Now, we show the construction of our multi-copy wit-
nesses.

Theorem 12. Let H be a d-dimensional Hilbert space. Let
p € D(H\F(H) be a resource state. Then, for 0 < s <
1, we can construct a family ‘W}X"R) = (anWOR)(p, s) €
Herm(H®™) : m = 2,3,...,d) of Hermitian operators with
the following property:

T 17(WoR) $)®" 117
max T [Wm (o, )P ] <0, (117)
max T [W¥R(p, )0 | 2 0, Yo e F(H)  (118)
if and only if
5 < WoRg ¢ (p). (119)
Proof. For a state n € D(H), define
~ 1 1-=s
Sm,,o,s(r]) =S (;,0 - s 77) (120)
form =1,2,...,d. Note that
~ 1 1-=5
S 1,05 = ;TT[P] - Tr[n] =120, (121)
and thus, we will focus onm = 2, 3,...,d in the following.

It trivially follows that S mp,s(©) = Sm(p) = 0 for all m
since p is a state, in particular, a positive semidefinite oper-
ator. When s < Rg4)(p), by the definition of the weight of
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resource, for any free state o € F(H), there is no positive
number s’ < s such that

p—sT
1-s

= (122)
with some 7 € D(H). BZ Lemma 11, in this case, there exists
mé€{2,...,d}suchthat§,,, ;(c) < 0On the other hand, when
s > WoRg4)(p), there exists 0 < 5" < s such that

p—-sT
1-

(123)

with some 7 € D(H). Indeed, we can take a free state o
achieving WoRg ) (p) with s = WoRg#(4)(0). In this case,
forallm = 2,3,...,d, we have S, (o) > 0 for such 0. With
a similar procedure as in the proof of Proposition 4, for all
2 <m <dand s > 0, we can construct W, (p, s) satisfying

Tr [WOY R o, 3" | = S ps(1) (124)
for n € D(H).
Now, based on W{"R) (o, 5), we define
W (p, 5) = —C (W(p, 5) + AG R (p, )I°™),  (125)

with

AV, 5) = min [Tr[W R (o, 5)0®"]| (> 0),  (126)
oe€F (H)

where C > 0 is any suitable constant for normalization. With
the same argument used to show Theorem 3 from Proposi-
tion 4, this construction satisies Eqs. (117) and (118). [ ]

B. Operational advantage in multi-input channel exclusion
task

In this section, we show that every resource is useful in a
task called channel exclusion [52, 53], based on the multi-
copy witnesses constructed in the previous section.

We consider an m-input channel exclusion task. In the m-
input channel exclusion task, one aims to choose a channel
that did not take place. Let p € D(H) be a state. Let {p;, Agm)}[
be a channel ensemble, where Agm) are channels acting on

D(H®™). We are given a state A" (p®"), where Aﬁm) is ran-
domly sampled with probability p; from the ensemble. The
goal of this task is to choose a channel that was not applied
to p®". For this purpose, we perform a quantum measure-
ment {M;};, where the measurement result i indicates that the
channel AE'") took place. The error probability of this task is
defined by

Pere(p: {pis A IMi}) = )" i THMA™ (™). (127)

In the task, we would like to minimize the error probability by
appropriately choosing a measurement strategy, so we con-
sider

mll}l Perr(05 {Dis A,(»m)}i, {Mi}i).

(128)



We show that for any resource state p € D(H), we can design
an m-input channel exclusion task based on the multi-copy
witnesses constructed in the previous section so that p has an
advantage over any free states.

Theorem 13. Let H be a d-dimensional Hilbert space. For
any resource state p € D(H)\F (H), there exists a family of
d

channel ensembles ({ Dis Af.m)},-)m:2 such that

{ggpm«phAWHEMth®%
L e ) o < L.
oEF(H) m=2,3,..., ?A}l?perr({pi’/\i }i’{Mi}l"O- )

ifi

(129)

The proof is in a similar line with that of Theorem 7. The
detail of the proof is provided in Appendix F.

C. Worst-case advantage in channel exclusion task

In this section, we give an operational characterization of
the weight of resource in general QRTs without convexity re-
striction in the same way as Sec. V.

We consider once more that the set ¥ (H) of free states can
be expressed as a union

F(H) =] A0, (130)
k

where F(H) denotes a closed convex set for all .

We introduce a concept of worst-case advantage of chan-
nel exclusion in general QRTs without convexity restriction.
We consider a single-copy channel channel exclusion, where
m = 1 in the m-input channel discrimination. We fix the mea-
surement strategy in this case; that is, when we quantify an
advantage of a resource state, we use the same measurement
for the resource state and the free states. Let {p;, A;}; be a
channel ensemble, and {M;}; be a given measurement. We de-
fine the error ratio of a resource state p with respect to F;(H)
as

Derr(0, APis Aitis AM}i)
MiNg, 7 (#) Pere(Ok, {Pis Aidis M3}

(131)

The worst-case error ratio of p is the supremum of Eq. (131)
over k. Since we would like to minimize the error probability
in channel exclusion, we introduce the minimum error ratio as

Derr(0, {Pis Aitis {M})

mi - (132)
o€Fi(H) MiNg, ery(H) Perr (T, {Pis Aidis {M}i)
The worst-case advantage of p in this case is defined as
2D Aihin (M)
| —sup min Penps Pis Aikis (M3)) 133

K OWEF(H) Milg, eq, ) Perr(Ok, {Pi> Aitis {Mi})

We find that the worst-case advantage for channel exclusion
is quantified by the generalized robustness.

Theorem 14. For any resource state p € F(H)\D(H),
! . Perr(0, {Pis Aiti, {M;})
—sup min -
b (peAda(Mi) MiNgeq ) Perr (01, {Pis Aitin AMi})  (134)
= WoR ) (p).
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The proof is similar to that of Theorem 8. We give the detail
of the proof in Appendix G.

VIII. GENERALIZED ROBUSTNESS OF QUANTUM

CHANNELS

In this section, we characterize an extension of our results
to QRTs of quantum channels. Here, we will present the anal-
ysis of the generalized robustness for quantum channels, but
the same extension should also be applicable to the weight of
resource using the procedure of Sec. VII in place of those of
Secs. 111, IV, and V.

Let H; and H, be Hilbert spaces with dimensions d; and
d,, respectively. We consider a subset Op(H; — H,) of quan-
tum channels from H; to H,, which we call the set of free
channels. For brevity, we write Op when the Hilbert spaces
are obvious from the context. The generalized robustness Ry,
for quantum channels is defined in a similar way we defined
the generalized robustness for quantum states [15].

Definition 15. The generalized robustness Ry, is defined as

A+ sO®
1+s

ROF(A) ‘= min {S >0: € OF('}{I - 7‘{2),
(135)

(CXS 0(7‘{1 b 7’{2)}

for all channels A € O(H; — H>).

A. Multi-copy witness for QRT of channels

Here, we show the construction of multi-copy witnesses for
quantum channels, which act on multiple copies of Choi op-
erators.

To construct a multi-copy witness for quantum channels,
we rewrite the generalized robustness using Choi operators.

Lemma 16. The generalized robustness can be expressed as

Ro.(A) = min {s >0 :% € OL(H; — Ho),
(136)
Je O](q‘ﬁ b 7‘{2)}

for all quantum channels A, where O’ and O{: denote the sets
of Choi operators as in Eq. (2)

Proof. Recall that there is a one-to-one correspondence be-
tween channels and Choi operators; that is, two channels A
and A, are the same if and only if J5, = Ja,.

First, suppose that we have an optimal decomposition

A+ s®
1+s

[1]

(137)



achieving s = Rp,(A), where ® € O(H, — H>) and E € Of.
By applying 74, ® = to Zi'j:l [l ® [i){j], we have

®) 1D
S

d; A
= Z|i><j|®( -

ij—l

Z (e (—A(|l><JI) + —®(Il><J|))

i,j=1

d di
1 ; N
= T O DUl Al + Z DX
i,j=1 i,j=1
_ Ja + sJe
Col+s
(138)
Thus, we have
J J
Ro(A) < min {S >0: /I I a € OL(H, = Ha),
(139)
J e 01(7‘(1 e (]‘(2)}
Next, suppose that we have an optimal decomposition
Jn +5sJ
"= 14
/ I+s (140)

achieving the minimum in the right-hand side of Eq. (136),
where J € O'(H, — H,) and J’ € OIJ:. There exist a channel
®e 0(7-(1 — F) and a free channel E € O such that J = Jg
and J’ = Jz, respectively, and we have

Ja + sJe
l+s

J=z

Z X1 ® AU + Z X/ ® Ol

Ijl z]l

d; A
Sl ®( -

®
. )(Ii)(jl)
ij=1

= JA+50 -
I+s

(141)
Therefore, due to the one-to-one correspondence between
channels and Choi operators, we have

A+ 5O

2= ; 142
1+5s (142)

thus, we have

A +sJ 7
ROF(A) >mings >0 : OF(W1 — H>),
(143)
JeO/(H, —» 7‘{2)},

which completes the proof. [ ]
We consider a structure of O/(H, — H,). Let J €

O’(H, — ) be a Choi operator of some quantum chan-
nel; that is, J is a positive operator on H; ® H, and satisfies
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Trgt,[J] = I, [63]. Write

d2 ld2

J= chlj/l(l) /1(2>

i=0 j=0

(144)

using the d; X d; generalized Gell-Mann matrices {/l(l)}l o

and the d, X d, generalized Gell-Mann matrices {/1(2)}

J= 0 ’
where we define /l(l) = Iy and /l(()z) = Iy,. Indeed, the set
{/15') AP i=0, 1,...,d%,j =0,1,...,d?} serves as an or-

thogonal basis for the vector space of Hermitian operators on
H, ® H, because the cardinality of the set {/151) ® /l&z) Q=
0,1,....,d2,j=0,1,...,d%} is (d1d»)* and
T[4 ® 453))*(/15” ® 45.2))] =0 (145)
for all (¢, j') # (i, j). Since J is a positive semidefinite oper-

ator, ¢; ; are real numbers. Now, using the relation Trq,[J] =
I4,, we have

-1
Tryg,[J] = IZ drcipl" = I,. (146)
i=0
Hence,
1
Cop = d—z, (147)
cio=0,i=12,....d - 1. (148)
Therefore, the form of J is restricted to
Idl ®Id, g (1) g 1@
Z Zc,jﬂ ® A (149)
=0 j=1

That is, J can be characterized by using 1 + d2(d; — 1) real
numbers ¢; ;.

Now, we show the construction of our multi-copy witnesses
for quantum channels. In the construction, we use the follow-
ing lemma, which is a Choi-operator version of Lemma 5. We
show the detail of the proof in Appendix H.

Lemma 17. Let A € O(H; — H>) be a quantum channel,
and let s > 0. Consider a quantum channel = € O(H; — H,).
Then, J= can be expressed as

I+ 5" Je
Jg = ——— 150
- 1+ (150)

by using some positive number 0 < s’ < s and some channel

® € O(H, » Hy) if and only if

1 1
Sm( +SJE__JA)ZO
N N

(151)

forallm=1,2,...,dd,.



Fix a resource channel A € O(H; — Ho)\Or(H, — H>).
For a channel 2 € O(H| — H>), define

1+ 1
S mps(Jz) = Sm( : s - ;JA) (152)
form =1,2,...,d. Note that
1+ 1
S1psJz) = —— Tr[Jz] — = TilJal =d; >0,  (153)
S

and thus we focus on m > 2.

It trivially follows that S, j, s(JA) = Su(Ja) = O for all
m since J, is a Choi operator, in particular, positive. When
s < Ro.(A), by the definition of the generalized robustness,
for any free channel Y € Op(H; — H,), there is no positive
number s’ < s such that

_ Ja + S/J@)

J
T 1+s

(154)
with some channel ® € O(H; — H). By Lemma 17, in this
case, there exists 2 < m < dd; such that S, ;, ;(Jx) < 0On
the other hand, when s > Rp,.(A), there exists 0 < s” < s such
that

_ Ja + S/J@)

J
! 1+

(155)

with some channel ® € O(H; — H>). Indeed, we can take a
free channel Y € Op(‘H; — H>) achieving R with s’ = R. In
this case, for all m = 2,3,...,dd,, we have S, ;, «(Jy) = 0
for such T.

Then, for all 2 < m < did, and s > 0, we construct
W,(,f))(A, s) satisfying

Tr [ WA, )J2"| = S masUz) (156)

for 2 € 0(7’{1 - 7‘[2)
Thus, with a similar construction in Theorem 3 by replacing

W, with W,S,O) , we have a Hermitian operator Wp(A, s) such
that

Tr[Wo(A, $)J54%] < 0,
Tr[Wo(A, 5)JE" ] > 0, VE € OF,

(157)
(158)

if and only if s < Ro.(A).

B. Worst-case advantage of channel in state discrimination

In this section, we prove that the generalized robustness
for quantum channels is interpreted as a worst-case advan-
tage in a state discrimination task. We consider the following
task. Let {p;,n;}; be an ensemble of quantum states, where
n € 2)(7’{1‘82). We are given a state 1; sampled from this
ensemble with probability p;. Our goal is to identify which
state we are given with an application of 74, ® A, where
A € O(H, — H,) is a given channel. For the identification,
we choose a measurement {M;};, whose label i corresponds to
the label of the state n;. That is, if the measurement result is

15

i, then we conclude that the state was 7;. Thus, the success
probability of this state discrimination task with A, {p;, n:}i,
and {M;}; is defined by

Pauce(AApi mibis AMi}) = ), pi THMi(T94, ® AY(p)]. (159)

Now, similar to the argument in Sec. V, we consider a situa-
tion where the set OF of free channels is given as a union

OF = U OFk,
k

where for all k, Op, is a convex set. Let us consider the
case where the ensemble {p;,n;}; and the measurement strat-
egy {M;}; are fixed. In this setup, the advantage of a resource
channel A in this state discrimination task with respect to the
set Of, is defined as

psucc(A, {Pi, ni}h {Ml}l)
maxz,eoy, Psuce(Eis {Pis Mikis IMi}i)

(160)

(161)

The worst-case advantage is given as the infimum of
Eq. (161). Similar to Theorem 8, we find that the worst-case
maximum advantage of state discrimination is quantified by
the generalized robustness of quantum channels. The proof is
given in Appendix .

Theorem 18. For any resource channel A,
inf max Psucc(A, {P: niti, {M})
k Apiniti.AM;}i maXEkeOpk psuec(:k, {pi, ;71.}1.’ (M;},)
=1+ Ro:(A).

(162)

C. Generalized robustness of quantum instrument

In this section, we show that a similar analysis also applies
to the case of quantum instruments. Let 7, and 4, be Hilbert
spaces with dimensions d; and d,, respectively. Quantum in-
struments are defined in the following manner.

Definition 19. Let m be a positive integer. A family of
completely positive maps (& € OO(H, — H,) : i =
0,1,...,m— 1) is called a quantum instrument if

Z & € O(H, — Hy). (163)

i=1

The set of quantum instruments from H; to H, with m ele-
ments is denoted by O™ (H; — Ho).

We introduce a framework of QRTs for quantum instru-
ments. The general framework of dynamical resource theories
that encompass the settings involving ensembles of quantum
processes has recently been established [22]. Along with this
line of research, we consider a subset O;CP)(?(l — H,) of
OCP(H, — H,) of instruments to be free. We introduce the
generalized robustness RO;:cm for quantum instruments.



Definition 20. The generalized robustness R e is defined as
F

8i+Sgi
1+s

Roen ((&);) = min {s >0:Vi, € OV (Hy — Hy),

(Gi)i € O (H; — 7‘{2)}

(164)
for all quantum instruments (&;); € O (H; — H,).

In this framework, we characterize the generalized robust-
ness of quantum instruments, using our results on the general-
ized robustness of quantum channels in the previous section.
In particular, the following theorem shows that the results
on the generalized robustness of quantum channels extend to
quantum instruments by considering the channels correspond-
ing to the instruments. These results verify that the observa-
tion in Ref. [22], about the equivalence between the general-
ized robustness explicitly defined for ensembles of quantum
processes and that for corresponding quantum channels, gen-
erally holds for quantum instruments.

Theorem 21. Let (&); € O (H, — H,) be a quantum in-
strument. Let H3 be an m-dimensional Hilbert space, and let
{Ii)};'g)1 be an orthonormal basis of Hz. We define a quantum
channel Ag,), € O(H; — H; ® H>) by

m—1

A () = ) 1iXil ® Ei(p) (165)
i=0

for p € D(H,). Define a subset Og C O(H, — Hz ® H,) by

Ok = {A(gl)‘. Vi, & € O;CP)(WI - Hy),

- (166)
> & e o, - '7‘{2)}-
i=0

Then, we have

Roen((Ei) = Rog(Ag,,)- (167)

Proof. First, suppose that (G;); € O“P(H; — H,) achieves
Ryen((Ep)); thatis, foralli = 0,1,...,m -1,
F

Ei + RO;CP)((Si)i)gi
1+ R()(FCP)((Si)i)

e OV (H, - Hy).  (168)

Since Z?LBI &; and Z;’;Bl G; are both quantum channels,

m-1 & + RO;:CP)((Si)i)gi
1+ RO;:CP)((Si)i)

(169)
i=0

is also a quantum channel, and hence

m—1 . & + Ro{f”((&)i)gi
1+ Roen (E1))

(170)
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is contained in Op. By linearity, we have

A(gi)i + RO;:CP)((Si)i)A(Qi)i

€ Of. 171
1+ Ryen ((E)) r (7
F
Therefore, by definition,
Roen((Ei) = Rog(Ag,,)- (172)

On the other hand, suppose that A € O(H; — Hz ® H>)
achieves Ro,(A,),); that is,
Ag), + Ro. (M) A
1+ Ro.(A,),)

€ Og. (173)

Considering the form of A, and channels in Og, A can
be written as A(g,), using some quantum instrument (G;); €
O™ (H, — H,). Therefore, we have

€ Op, (174)

G &+ Ro.(EDNGi
;mm@ [+ Ro, (&)

and thus foralli = 0,1, ...

Ei + Ro.((E)iGi

, M — 1’

(CP)
. 175
[+ Ro(@) < OF =779
Therefore, we have
Roen((E)i) < Rox(Ace)))- (176)
m

IX. CONCLUSION

In this paper, to address the fundamental question of when
general quantum resources are actually useful, we gave char-
acterizations of the generalized robustness and the weight of
resource in general QRTs without convexity restriction.

First, complementing the work presented in the compan-
ion Letter [90], we established multi-copy witnesses char-
acterized by the generalized robustness. We constructed a
family of Hermitian operators characterized by a single real-
valued parameter. We showed that the Hermitian operators in
this family serve as the multi-copy witnesses of quantum re-
sources if and only if the parameter characterizing the family
is smaller than the generalized robustness. We also found that
the witness discerns more resource states from free states for
a larger parameter. With these multi-copy witnesses, we de-
signed a family of multi-input channel discrimination tasks,
for which every resource state shows an advantage over free
states. Next, inspired by a situation where multiple constraints
form a non-convex set of free states, we considered the set
of free states to be written as a union of several convex sets,
each of which represents a different constraint. Under this
description, we considered an advantage of resources over
each convex set. We showed the generalized robustness can
be interpreted as worst-case advantage of a given resource



for channel discrimination and found that every quantum re-
source shows an advantage over free states in this scenario as
well. We illustrated our results with a particular example of
non-convex resource theory related to coherence in multiple
bases in a single qubit.

We then observed that a similar analysis is also applicable
to the weight of resource. We indeed gave another construc-
tion of multi-copy witnesses based on the weight of resource
and showed that every quantum resource is useful in chan-
nel exclusion using these multi-copy witnesses. Moreover, we
found that the weight of resource quantifies the worst-case ad-
vantage for channel exclusion. We further showed that our re-
sults can be extended to the generalized robustness for quan-
tum channels in dynamical resource theories. In particular,
the concept of the multi-copy witness can be generalized to
the Choi operators of quantum channels, and every resource
channel is useful for a state discrimination task. We further
showed that this analysis for quantum channels generalizes to
quantum instruments as well.

Thus, we demonstrated that all quantum states, channels,
and instruments are useful in some operational tasks even in
general QRTs without convexity restriction, by introducing
new characterizations of the generalized robustness and the
weight of resource. Our results offer a more general insight
than the previous research on QRTs in that we did not impose
any convexity assumption on all of our results. We believe
this leads to a better understanding of quantum mechanical
properties and their utilization in the framework of QRTs.

We conclude this paper by stating several possible future
directions for our results. While we constructed multi-copy
witnesses characterized by the generalized robustness and the
weight of resource, the number of copies needed to separate
a resource state from free states depends on which free state
we focus on. It would be nice to look for an m-copy witness
for some fixed positive integer m that can be used for all free
states. It would also be nice to investigate if there exists a
multi-copy witness where the number of copies is constant so
that it could be applied to a QRT on an infinite-dimensional
state space. Additionally, it would be interesting to see if
such a multi-copy witness has a direct connection to an
operational meaning of the generalized robustness or the
weight of resource. We also wonder if there is another
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task for which the generalized robustness or the weight of
resource has an operational meaning without considering
decomposition into convex sets. A further generalization of
our results to quantum betting tasks [102], which interpolate
between discrimination and exclusion tasks, could also be
performed. Moreover, we are also interested in extending
our analysis to QRTs of sets of states, which were previously
considered in the context of coherence [103]. In addition,
it would be interesting to see if our analysis can be ex-
tended to the framework of pseudo-resources [104], e.g.,
pseudo-entanglement [105-107] and pseudo-magic [108]. In
these setups, pseudo-random states [109] that do not contain
plenty of resources but cannot be efficiently distinguished
from highly resourceful states are considered as “pseudo-
resources”. It would be worthwhile to determine if the
operational advantages of such pseudo-resources based on the
generalized robustness or the weight of resource could also
be shown. Finally, it may be interesting to assess whether
one can design a task based on a multi-copy witness for
Choi operators in which every resource channel shows some
advantage.
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Appendix A: Lower bound of generalized robustness inspired by duality

In this section, we derive a lower bound of the generalized robustness in general QRTs without convexity assumption, inspired
by the relation between the generalized robustness and a linear resource witness in convex QRTs. In particular, we show the
following relation.

Proposition A.1. Let H be a d-dimensional quantum system. For any state p € D(H), we have
Ry (p) = max{Tr [Wp]-1:W =0, Tr[Wo] < 1,¥Yo € T(?‘()}. (A1)

This relation was previously shown for convex QRTs [8, 14, 15, 55, 57, 88], and actually, the equality in (A 1) holds for convex
QRTs. Here, we give a proof for general QRTs without convexity assumption.

Proof. Consider the convex hull of the set of free states, denoted by conv (¥ (H)). Since F(H) C conv (¥ (H)) by definition,
we have

Reonvir ) (0) < Ry (p). (A2)

Hence, to prove (A1), we will show
Reomvr ) (p) = max {Tr [Wp] = 1 : W 2 0, Tr[Wo] < 1,¥or € F(H)). (A3)
Since conv (F (H)) is convex, we can apply the analysis for convex QRTSs in Refs. [8, 14] to conv (F (H)), and have
Reomvr70)(p) = max {Tr [Wp] — 1 : W 2 0, Tr[Wo] < 1, Vo € conv (F(H)) }. (A4)
Here, it trivially follows that
Tr[Wo] < 1,Yo € conv (F(H)) = Tr[Wo] < 1,Yo € F(H). (A5)

On the other hand, when Tr [Wo'] < 1 holds for any o € F (), for any convex combination

5= pii, o € F(H), (A6)
we have
Tr[Wa) = ) piTr[Woil < ) pi= 1. (A7)
Therefore, we also have
Tr[Wo] £ 1,Vo € F(H) = Tr[Wo] < 1,¥Yo € conv (F(H)). (A8)
Thus, we have the equivalence relation
Tr[Wo] < 1,Yo € conv (F(H)) © Tr[Wo] < 1,YVo € F(H), (A9)

and thus,
max { Tr[Wp] - 1: W 2 0, Tr[Wo] < 1, Yo € conv (F(H)) | = max{Tr[Wp]-1: W 2 0, Tr[Wol < 1,Yo € F(H)} (A10)
From (A4) and (A10), we have (A3) as desired. [ ]

Remark A.1. When ¥ (H) is convex, we have ReonvF ) (0) = RF)(p), and thus the equality in (A1) naturally holds.

The above proof mostly relies on the previous analysis of the generalized robustness in convex QRTs. For self-containedness,
we also give an alternative proof for (A1) that is independent of the previous analysis. This proof is also largely inspired by the
duality in convex optimization [91], but here it should be kept in mind that the set 7 (7{) might not be convex any longer.
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Another proof for (A1). In this proof, without otherwise being noted, any operator is assumed to be Hermitian. Recall that the

generalized robustness of p can be written as the following optimization problem.

minimum §
+
subject to pr st _ o,
1+s
7€ D(H),
o€ F(H),

s>0.

By replacing st with a positive semidefinite operator Z, we can reformulate the optimization problem (A11)-(A15) as

minimum  Tr[Z]
subject to  p +Z € F(H),
Z>0,

where F.(H) is a cone generated by ¥ (H), defined as
Fe(H) ={doc: 2> 0, 00 € F(H)}.
Now, consider the following Lagrangian constructed from (A16)-(A18).
Lo, Z,V,W) =Tr[Z] - Tr [V(po + Z)] - Tt [WZ],
where V € F(H) and W > 0 with the dual cone
Fo(H) ={X e Herm (H) : Te[XY] > 0, VY € F(H)}.
Considering the reformulation of the generalized robustness given in (A16)-(A18), we have

Ry)(p) = sup  L(p,Z,V, W)

inf
220, p+ZeF(H) ez (H), W20
because under the condition that p + Z € F.(H) and Z > 0, we have

sup  L(p,Z,V,W) =Tr[Z].
VeFH(H), W0

To lower-bound R#(4), we introduce a slightly different optimization problem

p = inf sup L(p,Z,V, W),
Z yeFs(H), Ww=0

where the condition on Z in the infimum of (A22) is now dropped. By definition, we have
P < Ry@ao(p).
To have the desired lower bound, we consider the dual problem

d = sup inf L(p, Z, V, W).
VeF(H), W20 Z

By the max-min inequality [91], we have

d<p,

(Al1)
(A12)

(A13)
(Al4)
(A15)

(A16)
(A17)
(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

(A24)

(A25)

(A26)

(A27)

which is usually referred to as the weak duality. To analyze the value of d, we further rewrite the Lagrangian L(p, Z, V, W) as

L(p,Z,V,W) = =Tr[Vp]| + Tr [(I; - V - W)Z].
Thus,

~Tr[Vp] Li-V-W=0,

inf L(p, Z, V, W) = .
z b ) {—oo otherwise.

(A28)

(A29)
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Therefore, we have

d= sup inf L(p, Z, V, W)
VeFH(H), W=0 Z

sup{—Tr[Vp]:VeTf(?-(), W =0, Id—V—W=O}

supy —Tr[Vp] : W >0, I;—W e FI(H), } (A30)

[
[

sup{Tr Wpl-1:W =0, Tr[(l;,- W)Y] >0, VY € TC(?{)}
= sup{Tr Wpl-1:W =0, Tr[Wo] <1, VYo e T(‘H)}.

‘We claim that the domain
(W20:Te[Wol <1, Vo e F(H)) (A31)

of the supremum is compact to replace sup with max in (A30). Indeed, due to the continuity of the trace, (A31) is closed.
Moreover, by taking a full-rank free state oy € F (9H) with minimum eigenvalue Ay, > 0, for any W in (A31), we have

1> Tr[Wogan] 2 Amin Tr [W] = AminllW1l1, (A32)

that is,

Wil <

, A33
/1min ( )

which implies that (A31) is bounded. Therefore, (A31) is closed and bounded, i.e., compact, and we have
d=max{Tr[Wp]—1 W >0, Tr[Wo] < l,Vae’F((H)}. (A34)

Combining (A25), (A27), and (A34), we have the desired inequality (A1). [ ]

Appendix B: Characterization of quantum states based on the generalized robustness

In this section, we prove Lemma 5, which is a key ingredient of the multi-copy witness based on the generalized robustness
shown in Theorem 3. Here, we restate the lemma for readability.

Lemma B.1 (Lemma 5 in main text). Let p be a quantum state, and let s > 0. Consider a quantum state 1. Then, n can be
expressed as
_ptsT

= Bl
i 1+ (BL)

by using some positive number 0 < 5" < s and some state v € D(H) if and only if it holds for allm = 1,2, ...,d that

1 1
Sm( +ST]——,O)20, (B2)
S S

with S ,, given in Lemma 2.

Proof. By Lemma 2, the condition in Eq. (B2) is equivalent to positivity of Hermitian operator

1+s 1
(= n==p. (B3)
s s
First, suppose that n7 cannot be expressed as
+ 5’7
n= £ (B4)
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with 0 < 5" < s and T € D(H). By way of contradiction, suppose that

1+s 1
{=——n-=p (BS)
N N

is positive. Since

1+
]:
S

Tr[

S Tefy] — 2 Te[p] = L (B6)
S S

 is a state. In addition, we have

_p+sC
T ol+s (B7)

However, this contradicts the fact that 7 cannot be written in the form in Eq. (B1) using s* < s. Thus, in this case, { is not
positive, and thus there exists 2 < m < d such that

1+ 1
S,,,( Sn——p)<0. (BS)
s s
On the other hand, suppose that we have
p+s'T
= B9
i 1+ (B9)
with 0 < s’ < sand 7 € D(H). Then,
1+s 1
{ = n——-p (B10)
) S
l+s{p+st\ 1
_ _Z Bl11
s ( 1+ ) s* (B11)
1+ 1 1+s)s
(LS )L, dros (B12)
1+ s s(1+s)
Since 0 < s’ < s, we have (1 + s)/(1 + ") > 1, so { is positive. Therefore,
1+ 1
Sm( sr]——p)ZO (B13)
s s
forallm=1,2,...,d. [ ]
In the statement of Lemma 5, we consider a characterization
+

1+g¢

of a state n with positive number g > 0 and some state 7, inspired by the definition of the generalized robustness. We discuss the
condition for g and 7 to characterize 7.

Proposition B.2. Let H be a d-dimensional Hilbert space. Let p € D(H) be a quantum state with Bloch vector (r;);, and let
n € D(H) be any quantum state with Bloch vector (x;); with n # p. Then, for a state T € D(H) with Bloch vector (t);, there
exists g > 0 such that

p+qr
= B15
=11 g (B15)
if and only if T is on the ray
ti—r; .
l: - =, Vi (u>1). (B16)

Xj—Tj
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Proof. First, suppose that the state 7 satisfies
t PR— .
L7no_, (B17)
.X'j - rj

for some u > 1. We may rewrite Eq. (B17) as

1
tj+(u—l)rj _ Vj+ml‘j

= = . B18
x] u 1+ M_LI ( )
Therefore, we have
1
P+ o7  ptgqr
n= L = , (B19)
1+ i 1+ q
where we introduce g = u—ll Therefore, o can be represented in the form of Eq. (B19) if 7 is on the ray (B17). On the other
hand, suppose that there exists 7 such that
p+qr
= — B20
=T (B20)
Then, the Bloch vector (¢;); of T must satisfy
ti—r; 1
Ll N (B21)
Xp—rti 4
that is, 7 must be on the ray (B16) with u = é + 1. [ ]
Remark B.1. When n = p, by taking 7 = p, for any g > 0, we can write
p+qr
= . B22
=T g (B22)
Appendix C: Derivation of the operator used for constructing the multi-copy witness
In this section, we show the derivation of Eq. (41) in detail. Indeed, with the construction
W(Z,m) _ d 2 (Lm) 1,)®2™ 1,)®" 1 ®np_, 1®(m—l) ((&2))]
et 2(d _ 1) Crig,s na_y ( 1) ®( 2) T ®( dz—l) ® )
recalling that the state 7 is written as
-1
1 dd-1)
n=;l[1+ 5 ij/lj] (C2)
j=1
with generalized Bloch vector (x;);, we have
Im m
Tr [Wfl],n; ,,,,, nd2_|77® ]
J |2 1 id-ns )
=Tr [(Z(d — 1)) Cfl’;’j’?z ’’’’’ e, AP @ ()P -+ ® (A ) ¥ ®]®(m—l)] . [3 [1 + 5 Z:‘ lej])
=
L L
d 2 1 d(d - 1) 2 ®ny ®n _
— (Lm) _ 2 . 2 @21 ®(m-—1)
= (Z(d — 1)) Crpmyenp, X o ( > ) Tr (xl/ll) ® - Q® (xdz_l/l 2_1) ®I ] + Tr [Traceless terms] (C3)

NI~

!
d 1 (dd-1)2 _
(l,m) . 1 ym—1 Y
(Z(d—l)) cnl,nz,u.,,,dzlxdm( 5 ) x 2'd xl_[(xj)

d*-1
— | ~m) | | "
- C"]?’qlz ,,,,, np_| (xj) :

j=1
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Appendix D: Derivation of 2-copy witness for single-qubit states

In Sec. VI, we claim that for a resource state p, a Hermitian operator

2 2 2 2
ry+r5+r 1+s
W(p,s)::(l—;z‘%]b@b—( 2) [C1®01+02®07 + 03 03]
s N (DD
1+s
+ 5 [ML®o+01L)+rn(Lecy+0,L)+r;3(Lb®03+0315)],
s

serves as a 2-copy witness for single-qubits states if (and only if) s < Ry(4). Here, we show the claim. Indeed, recalling that a
single-qubit state  with Bloch vector (x1, x», x3) is written as

1
n= 3 (I + x1071 + X202 + X3073), (D2)

we have

Tr [W(p, s)n®2]

r12+r§+r§ (1+s)?
=Tr I—T LD - 2 [/ ®01+0,®0,+ 03 03]

+ s

1 1 ®2
+ 5 [r1(12®a'1+0'1®Iz)+r2(12®0'2+0'2®12)+r3(12®0'3+a'3®12)])'(§(12+x10'1+x20'2+x30'3)) :|
)

1 s 1+5) 1+5) 1+5)
=—TI‘[((1—# Iz@]z—( 5) ( 5) ® o —( 5) 03® 03

o1®0 — (o) 2
52 52 52 52

+s 1+5s
> Loy +o,0)+
)

1+s 1
+ rnhbeo +0,5L)+

) (12®0'3+O'3®]2))
)

S2
-(Iz®12+x1(12®0'1 +a'1®12)+x2(12®a'2+0'2®12)+x3(12®0'3+0'3®12)+x%0'1®a’1 +x§02®0'2+x§0'3®0'3)]

2
+2(1+s) +2(1+s) _(1+s)

, (1+5)?
Xy r3xs X7 —
52 52 52 !

2

1+s)?
x% - ( ) ) X%)Iz ®Iz}

1 2+ 1+ 2 2(1 +
=—Tr[(1— 1 2 3+ ( S)rlxl

52 52 s

1 .
+ 7 Tr [Terms with L ® 01,01 L, L ® 05,0, 1,1, ® 03,03 I,

0'1®0’2,0’2®O’1,0‘]®0’3,0’3®O’|,0’2®0‘3,0’3®0’2,0‘1®O’|,O’2®O’2,0’3®0‘3:|

_ lTr §? — (r% + r% + r?z,) +2(1 + s)(rix; + rxs + r3x3) — (1 + s)z(xf + x% + x%)l2 o,
4 52
1+s 1
S
s s
= SZ,p,s(n)-

(D3)

Appendix E: Characterization of quantum states based on the weight of resource

In this section, we prove Lemma 11. The proof follows in a similar way to Lemma 5, but we show the proof for completeness.
Here, we restate the lemma.

Lemma E.1 (Lemma 11 in main text). Let p be a quantum state, and let 0 < s < 1. Consider a quantum state n. Then, n can be
expressed as

=& (ED)
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by using some positive number 0 < 5" < s and some state T € D(H) if and only if

1 1-
Sm(—p— Sn) >0 (E2)
K s

forallm=1,2,...,d.

Proof. By Lemma 2, the condition in Eq. (E2) is equivalent to positivity of Hermitian operator

1 1+
l=—p-— 7. (E3)
s s
First, suppose that n7 cannot be expressed as
p—sT
=T (E4)
-

with 0 < 5’ < 5 < 1 and 7 € D(H). By way of contradiction, suppose that

1 1-s
{=-p- n (ES)
S S
is positive. Since
1 1-ys 1 1-5
Tr[{] = — Tr[p] - Tr[n] = - - =1, (E6)
K S s s
 is a state. In addition, we have
-5
=t (ET)
-5

However, this contradicts the fact that 7 cannot be written in the form in Eq. (E1) using s’ < s. Thus, in this case, { is not
positive, and thus there exists 2 < m < d such that

1 1+
S (—p - Sn) <0 (ES)
s s
On the other hand, suppose that we have
-5’7
n=5— (E9)
-5
with 0 < s’ < sand T € D(H). Then,
1 1-=5
[=—p— n (E10)
s s
1 1- -5
- p- S(p m) E1D)
s s 1-s
1-s)\1 (1-ys)s
=(1- -p+ . El12
( l—s’)sp s(l—s')¢ E12)
Since 0 < s’ << 1, we have 1 — (1 — 5)/(1 — s") > 1, so £ is positive. Therefore,
1 1-
S (—p - —Sn) >0 (E13)
s s
forallm=1,2,...,d. [ ]

In the statement of Lemma 11, we consider a characterization

i

T, (E14)

n

of a state n with positive number 0 < g < 1 and some state 7, inspired by the definition of the weight of resource. We discuss the
condition for g and 7 to characterize .
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Proposition E.2. Let H be a d-dimensional Hilbert space. Let p € D(H) be a given quantum state with Bloch vector (r;);, and
let 1 € D(H) be any quantum state with Bloch vector (x;); such that n # p. Then, for a state T with Bloch vector (t;);, there
exists 0 < g < 1 such that

p=qr+ ({1 -qn (E15)

if and only if T is on the ray

tA_ .
PN Y < 0). (E16)
xj—rj

l:

Proof. The proof follows similarly to the proof of Proposition B.2. First, suppose that the state 7 satisfies

ti—r;j .
l: =u, Vj (E17)
Xj—r;
for some u < 0. We may rewrite Eq. (E17) as
1 1
. l_utﬁ(l _ l_u)x,. (E18)
Therefore, we have
1
p=——1+(l-——|n=qr+1-qn (E19)
1-u I —u
where we introduce ¢ := l+u Note that since # < 0, we have 0 < g < 1. Therefore,  # p can be represented in the form of

Eq. (E19) if 7 is on the ray (E16). On the other hand, suppose that there exists 7 such that
p=qr+(-qn (E20)

with 0 < g < 1. Then, the Bloch vector (¢;); of 7 must satisfy

ti—r; 1
A (E21)
)Cj—l’j q

that is, 7 must be on the ray (E16) withu = 1 — Ll]. Note that since 0 < g < 1, we have u < 0. ]

Remark E.1. When n = p, by taking 7 = p, for any 0 < g < 1, we can write

p=qr+ ({1 -qn (E22)

Appendix F: Proof of operational advantage in multi-input channel exclusion task

In this section, we prove Theorem 13. We restate the theorem for readability.

Theorem F.1 (Theorem 13 in main text). Let H be a d-dimensional Hilbert space. For any resource state p € D(H)\F (H),
d
there exists a family of channel ensembles ({ Dis Agm)}i>m:2 such that

min pe({pi, A"}, (M3}, p")
max min = S <1. (F1)
o€F (H) m=2,3,...d ?1341? Derr({Dis AE”’ Vi AMi}i, 7®™)

ifi

Proof. Let {W,S,W()R)}j’n=2 be a family of Hermitian operators such that every free state o € ¥ () comes with an integer m €
{2,...,d} satisfying

Tr[W0p®"] > 1, (F2)
0 < T{WVRg®m) < 1. (F3)
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The existence of such a family of Hermitian operators is guaranteed by Theorem 12. Indeed, it ensures that when s < Re(44)(0),
for every o~ € F (H) there exists m € {2,...,d} satisfying

Tr[WWYR (o, $)0°"] < 0, (F4)
Te(W™R(p, $)0®"] > 0 (F5)

for the family (!FAV/X?R = (W,(,,WOR)(p, s) € Herm(H®") : m = 2,3,...,d) of Hermitian operators. Then, we may take W,(nWOR) =
13" - WEYR 0, $)/IIWSR (0, $)lle for some s < Ry#,(p). Note that Eq. (F4) implies that W% (p, 5) has at least one negative
eigenvalues, so we have [|[W" R, > 1.

Define two quantum channels A(lm) and A(zm) as

(WoR) (WoR)
A (X):(Tr(X) Tr(W,, X))| 0 <0|+(Tr(X) _ Te(W,X)

+
2 2wl 2 2wl
Tr(X) Tr(WORx Tr(X) Tr(WYRx
r(X)  Tr( ’ ) oyeop + [ TR, T i )
2 2wl 2 2wyl

)|1><1|, (F6)

AY(X) = ( )|1><1|. (F7)

Note that these channels have the same form as the channels used in the proof of Theorem 7. Let o~ € ¥ () be an arbitrary free
state and let m be an integer that satisfies (F3). Then, since Tr[W,(,,WOR)p‘X’m] > 1,

Te[ Wy, %] Te[ Wy, " p®"] 2Te (W, p®] 2
AT (") = AT (0™l = H—|0><0| - — e, I = > - ()
W5 leo W5 lleo | W50 leo W5 lleo
Similarly, since 0 < Tr[WYRg®m] < 1,
2 Tr[WWVOR) gomy 2
(m), _@my _ A (M), __om _ m
I @) = Al = == S S R (F9)
Consider the channel ensemble consisting of A(lm) and A(2m) with probability %, denoted by {%, Agm)}?zl. Then, we have
min pea(L, AP 2 (M) p5) = l(1 ~ LA em) A“")(p@’”)nl) < l(1 I (F10)
() o2 S =t VROE 2 27 ? 20w/
and
min per ({2, A2 (M}, ™) LY PR IA™ (@™ = A" (™), S L), (F11)
Mo err\17543;  Ji=1> ifis ) 2057"(‘7—() 1 2 ) ||‘/I/]§1\VOR)||OO
Note that since [[W"R)|l > 1, we have 0 < 1 — 1/[[WWVR))|, < 1, so
1 ( 1 ) 1
< |1-—— < = (F12)
20w,/ 2
Therefore, we have
. 1 (m)\2 ®m
mingy.y. 5, NN M,
{M;}; Perr({2 i }171 {M;}i, 0%™) <1 (F13)

minguyy, per((5, AV M, %)
Since every free state comes with an integer m satisfying (F13), we have

{In}zm Per({Pi, Aﬁ’”)}i, {M}i, p°™)
min <1 (F14)

for arbitrary o € F (H). Taking maximum over all free states on the left-hand side completes the proof. [ ]



Appendix G: Proof of worst-case advantage in channel exclusion task

In this section, we prove Theorem 14. We restate the theorem for readability.

Theorem G.1 (Theorem 14 in main text). For any resource state p € F (H)\D(H),

{ ) Perr(0s {pi» Aiti, AM})
—sup min .
K PuAdMY) MiNg, eF (H) Perr(Tks (Pis Aiis {Mi}i)

= WoR# ) (p).
Proof. Using the same argument in the proof of Lemma 9, for any state p, we have
WoRz () (p) = inf WoR 2)(0).

Now, for any k, since F;(H) is convex, we can apply the analysis from Ref. [52] and get

I~ min Derr(p5 {pi, Ai}is AM})
(P A (M3} MiNge7, (3 Perr (ks {Pi> Aikis (M)

= WORﬂ((H) (p)

Taking the infimum over k on both sides, we have

lnf{l — min . pCIT(p’ {pi,Ai}i, {Ml}l)
k {pi-AiiAMi}i NN 77 (H) Perc(T 1, {pis Aidis AM))

Since WoRg, 71 (p) = WoRs21)(p), we have

err(05 {Pis Aitis AM}
I —sup min Per(05 {pir Aitis {M};)

. = WoRg41)(0)-
k (peAdi(M) MiNg eq ) Perr(Ti APis Aitis M) 70

as desired.

Appendix H: Construction of multi-copy witness for QRT of channels

In this section, we prove Lemma 17. We restate the lemma for readability.

} = II]:f WORﬁ(q—()(p).
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(G

(G2)

(G3)

(G4)

(G5)

Lemma H.1 (Lemma 17 in main text). Let A € O(H, — H>) be a quantum channel, and let s > 0. Consider a quantum

channel 2 € O(H, — H,). Then, Jz can be expressed as

_ Ja + S’J@

J=
1+

by using some positive number 0 < s’ < s and some channel ® € O(H; — H) if and only if

1 1
Sm(+f@——h)zo
)

S
forallm=1,2,...,dd,.
Proof. By Lemma 2, the condition in Eq. (H2) is equivalent to positivity of Hermitian operator

1+s 1

J = JE——JA.
S

N

First, suppose that J=z cannot be expressed as

_JA+s’T
T ol+s

Jz

with 0 < s’ < s and ® € O(H; — H>). By way of contradiction, suppose that

1+s 1

J= == ~Ja
N

N

(HL)

(H2)

(H3)

(H4)

(H5)
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is positive. Since

1+s 1 I+s 1
Try,[J] = p Try, [J=] - 3 Tra, [Ja] = . la, = ;Id, =1y, (H6)
J is a valid Choi operator. In addition, we have
Ja + sJ
Jz = A—SG. (H7)
1+s

However, this contradicts the fact that Jz cannot be written in the form in Eq. (H1) using s* < s. Thus, in this case, J is not
positive, and thus there exists 2 < m < d such that

1+ 1
Sm( Ly —JA) <0. (HS)
S R
On the other hand, suppose that we have
Ja + S’J@
Jg= —— H9
- 1+ H)
with 0 < s’ < sand ® € O(H; — H,). Then,
1+ 1
J=—"J2= =, (H10)
s s
L+s(Ja+5J 1
_ S(_A s ‘9’)__1\ H11)
s 1+ s
1+s 1 (1+s)s
= —1)=Jr + ——Jo. H12
(1+s’ )sA s(+5)°° H12)
Since 0 < " < s, we have (1 + s5)/(1 + ") > 1, so J is positive. Therefore,
1+ 1
S (—sn - —p) >0 (H13)
s s
forallm=1,2,...,d. [ ]
Appendix I: Worst-case advantage of channels in state discrimination
In this section, we prove Theorem 18. We restate the theorem for readability.
Theorem I.1 (Theorem 18 in main text). For any resource channel A,
succ (A, {pis i, AMi}i
inf  max Powce oDl W)y, (), an
k- ApiililMi); MaXz,eop, Psuce(Eks {pis Miti, {Mi}i)
Proof. For any channel A,
Ro(A) = inf Roy, (p). (12)

For any £, since O, is convex, we can apply the analysis from Ref. [15] and get

Adp: b IMY
max Psucc(A, {P: 771}17 {M;}i) -1+ ROFk (A). (13)
(pemi)io{Mi)i MaXz,e0r, Psucc(Ek, {pis itis AMi}i)

Taking the infimum over k on both sides, we have
psucc(A’ {Pi, ni}iv {Ml}l)

inf max — =1+inf Ry, (A). 14
k- ApimiliiMi) MaXz,eop, Psuce(Exs APis Mitis {Mi}i) ko 4)
Similarly to Lemma 9, we can also show that infy Ro, (A) = Ro.(A). Hence,
uce (A, {pis i AMG )i
inf  max Pouce Nt b M)y g ) (15)

k ApimidiAMi}i maxz, cog, Dsuce(Es {pi> mitis {Mi}i)

as desired. [ ]



	Robustness- and weight-based resource measures without convexity restriction: Multi-copy witness and operational advantage in static and dynamical quantum resource theories
	Abstract
	I Introduction
	II preliminaries
	A Notation
	B Quantum Resource Theory and Generalized Robustness
	C Generalized Bloch Vector

	III Multi-copy witness in QRTs without convexity assumptions
	IV Operational advantage of resources in multi-copy channel discrimination
	V Worst-case advantage of resources in channel discrimination
	VI Example: Single-qubit case
	A General derivation of 2-copy witness for single-qubit QRTs
	B Multi-copy witness and generalized robustness for QRT of multi-basis coherence

	VII Analysis of weight-based measure
	A Another construction of multi-copy witness
	B Operational advantage in multi-input channel exclusion task
	C Worst-case advantage in channel exclusion task

	VIII Generalized robustness of quantum channels
	A Multi-copy witness for QRT of channels
	B Worst-case advantage of channel in state discrimination
	C Generalized robustness of quantum instrument

	IX Conclusion
	 Acknowledgments
	 References
	A Lower bound of generalized robustness inspired by duality
	B Characterization of quantum states based on the generalized robustness
	C Derivation of the operator used for constructing the multi-copy witness
	D Derivation of 2-copy witness for single-qubit states
	E Characterization of quantum states based on the weight of resource
	F Proof of operational advantage in multi-input channel exclusion task
	G Proof of worst-case advantage in channel exclusion task
	H Construction of multi-copy witness for QRT of channels
	I Worst-case advantage of channels in state discrimination


