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(1 + 1)-dimensional locally de Sitter-Friedmann-Robertson-Walker cosmologies with compact spatial
sections allow cosh, sinh, and exponential evolution laws, each with a freely specifiable spatial
circumference parameter, and the value of this parameter has an invariant geometric meaning for the
cosh and sinh evolution laws. We identify geometrically preferred states for a quantized massive scalar field
on these cosmologies, some singled out by adiabatic criteria in the distant past, with an ambiguity
remaining due to a massive zero mode, and others induced from the Euclidean vacuum on standard (1 + 1)-
dimensional de Sitter space by a quotient construction. We show that a comoving quantum observer,
modelled as an Unruh-DeWitt detector, can distinguish these states from the Euclidean vacuum on standard
de Sitter space. Numerical plots are given in selected parameter regimes. We also evaluate the field’s stress-
energy tensor expectation value for those states that are induced from the Euclidean vacuum by a quotient

construction.
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I. INTRODUCTION

(d + 1)-dimensional de Sitter spacetime, dS,,, admits
for all d>1 foliations as a spatially homogeneous
Friedmann-Robertson-Walker (FRW) cosmology where
the scale factor as a function of the cosmological time is
a hyperbolic cosine, a hyperbolic sine, or an exponential.
The case of four spacetime dimensions, d = 3, isdescribed in
[1], and the generalization to any d > 1 is straightforward.
For the cosh scale factor the foliation is global on dS,,,
whereas for the sinh and exponential (exp) scale factors the
foliation covers only part of dS,, ;. Hence, for a quantized
massive scalar field, the Euclidean vacuum in dS, | [2-6]
induces on each of these cosmologies a quantum state, and to
any local quantum observer this state is indistinguishable
from the Euclidean vacuum on dS, .

In this paper we address how the situation changes when
these FRW foliations of de Sitter are generalized to FRW
cosmologies that are still locally de Sitter but have a
compact spatial topology, even for the sinh and exp scale
factors. Are there geometrically distinguished quantum
states, and can a local quantum observer, modeled as an
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Unruh-DeWitt (UDW) detector [5,7,8], operationally dis-
tinguish them from the Euclidean vacuum on de Sitter? In
3+ 1 dimensions, spatial quotients of this type have
sometimes been explored as a possible description of
our own Universe [9,10].

We specialize to 1 + 1 spacetime dimensions, for two
reasons. First, from the absence of spatial intrinsic curva-
ture in 1+ 1 dimensions it follows that the spatially
compact locally de Sitter FRW spacetimes can be classified
by a spatial circumference parameter that can take arbitrary
positive values, for each of the cosh, sinh, and exp scale
factors; for the exp scale factor the spatial circumference
parameter has no geometrically invariant magnitude, but
for the cosh and sinh scale factors it does, as we shall
review in Sec. III. We emphasize that the only one of these
spacetimes that is a subset of dS; ,; is the global foliation of
dS;., given by the cosh scale factor with the standard
spatial circumference: none of the others is globally
isometric to dS;,; or to any of its subsets.

The second reason to specialize to 1 + 1 dimensions is
that a pointlike UDW detector operating for a finite time at
constant coupling encounters then no singularities in its
response, to leading order in perturbation theory, as we
shall review in Sec. V. This will simplify the technical input
needed to localize the detector in time.

Our main outcome is to present a selection of geomet-
rically distinguished sets of quantum states for these locally
de Sitter cosmologies, and to show that a comoving
observer can use their local quantum equipment to establish
that these states differ from the Euclidean vacuumin dS ;.

Published by the American Physical Society
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For the sinh and exp scale factor spacetimes, we consider
the vacuum that is adiabatic in the past, which is a criterion
often adopted in the (3 + 1) context for describing our own
Universe [11]; for the exp scale factor spacetime without
spatial periodicity, this criterion would in fact give the
standard Euclidean vacuum [4,5]. The distant past adiabatic
criterion is however inapplicable to the spatially constant
field mode that appears due to the spatial compactness,
because of a phenomenon known as a massive zero mode
[12,13]. We describe a possible alternative way to choose
the quantum state of the spatially constant field mode by
appealing to the late-time behavior.

For the cosh scale factor spacetimes, we consider
the adiabatic large momentum vacuum that mimics the
Euclidean vacuum, and is in fact induced from the
Euclidean vacuum by a quotient construction when spatial
circumference parameter takes those special values for
which the spacetime is a Z,, quotient of standard de Sitter,
with p =2,3....

For the sinh scale factor spacetimes, we also consider, in
addition to the adiabatic vacuum, a state induced from the
Euclidean vacuum by a quotient construction, allowing a
straightforward method-of-images construction of the
Wightman function. When described in the Fock space
formalism adapted to the cosmological evolution, this state
is however not pure but mixed, much like the Minkowski
vacuum in a single Rindler wedge appears as a thermal state
with respect to the Rindler time evolution [5,7].

In all of these situations, we find the response of a
comoving UDW detector, either as a mode sum or as a
double integral involving a hypergeometric function. We
present selected numerical results.

For comparison, we also evaluate the scalar field’s stress-
energy tensor in those states that come from the Euclidean
vacuum by a quotient construction, in terms of image sums
involving a hypergeometric function. These image sums
provide a starting point for surveying the parameter space
for the stress-energy tensor by analytic asymptotic methods
and by numerical methods.

The structure of the paper is as follows. We start in
Sec. II with a brief review of a quantized real massive scalar
field in (1 4 1)-dimensional spatially compact FRW space-
times, establishing the notation and the conventions.
Section III describes the geometry of the three distinct
types of locally de Sitter 1 4+ 1 spacetimes that are FRW
cosmologies with compact spatial sections. Section IV
presents our choices for the state of the quantum field, and
the formulas for the response of a comoving UDW detector
are given in Sec. V. The image sum formulas for the stress-
energy tensor are given in Sec. VI. Section VII describes
the outcomes of selected numerical simulations, delegating
the associated plots to an Appendix. Section VIII gives a
brief summary and concluding remarks.

We use units in which # = ¢ = 1. The geometry con-
ventions follow those in [5], having ds? > 0 for timelike

separations. Complex conjugation is denoted by an aster-
isk, except in selected long expressions where it is denoted
by an overline.

II. MASSIVE SCALAR FIELD IN SPATIALLY
COMPACT (1+1) FRW SPACETIMES

In this section we briefly review the quantization of a real
massive scalar field in (1 + 1)-dimensional spatially com-
pact FRW spacetimes, setting out the notation and the
conventions, which follow those in [13].

A. Spacetime and the field equation

We consider spacetimes with the line element

ds* = di* — a*(t)dx* = C(n)(dy* — dx*), (2.1)
where the scale factor a(t) is assumed positive, the cos-
mological time ¢ and the conformal time # are related by
dn/dt = 1/a(t), and C(n7) = a*(t(n)). C is by assumption
positive, and we assume it to be smooth in 1. We further
assume x to be periodic with period L > 0, so that
(t,x)~(t,x+ L), or (5,x)~(n,x+ L). The constant 7
surfaces are hence topologically circles, and the spacetime
has topology R x S'.

We take t and a to have the physical dimension of length.
It follows that n and x are dimensionless and C has the
physical dimension of length squared. This convention will
be useful with the locally de Sitter metrics introduced in
Sec. III.

On these spacetimes, we consider a real scalar field ¢
with mass m > 0 and the action

s=5 [(047 - 0P -Rdlanas. 22)
where

fi(n) = (C(n)(m* + ER))"/2, (2.3)
R is the Ricci scalar, ¢ is the curvature coupling constant,
and we assume the parameters to be such that /i is positive.
The field equation is the Klein-Gordon equation,

2 2
(aa—’f—%+ﬁ2(n))¢(mx) =0, (2.4)

where i acts as an n-dependent effective mass.

We assume ¢ to be a single-valued field on the
spacetime, periodic in the local coordinate x with period
L. (A generalization to a Z,-twisted field is considered in
[13].) We may hence separate the field equation (2.4) with
the normal mode ansatz

U,(n.x) = L™2y,(n) exp(ik,x), (2:5)
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where

k, == 2zn/L, nez, (2.6)

finding that mode function y, satisfies the differential
equation

xn(n) + @ (m)xa(n) = 0, (2.7)
where the prime denotes derivative with respect to # and
w, (1) = (ky + > (1)) '/2. (2.8)

We require the mode functions to satisfy the Wronskian
condition

Wlrnxnl =Xl = xodn = i (2.9)

which implies that the normal modes U, (2.5) are a positive
norm orthonormal set in the Klein-Gordon inner product,

L
(Unv Un’) = lA dx(UflaﬂUn’ - Un’aquz) = 5nn" (210)

B. Field quantization

Given a choice of the mode functions y,, we quantize
the field in a standard manner, expanding the field operator

P as
$(n.x) =Y _(Uy(n,x)a, + He.),

n

(2.11)

where the nonvanishing commutators of the annihilation
and creation operators are

[0y, al] = 8, 1. (2.12)
$(n.x) and its conjugate momentum #(z, x) = %g?ﬁ(n,x)
then satisfy the canonical commutation relations,

[b(n. x). #(n.x')] = i6, 0T, (2.13)

where 6, . is the periodic Dirac delta function.

The Hilbert space is a Fock space built on the Fock
vacuum |0), satisfying a,|0) = 0 for all n. The Wightman
function, G(y,x;1',x') = (0|p(, x)p(if', x')|0), decom-
poses as

G(n.x;n' . x') = Go(m;n') + Gose (1. x:1'. x'),  (2.14a)
waal 1 % /
Go(mn') = 7 20 ('). (2.14b)

1

Y A s (1 ik, (x—x')
Gose(m, x31', x') = I n§¢oln(”))(n(ﬂ>el =

(2.14c¢)

The mode functions y,, can often be chosen by requiring
them to have the adiabatic asymptotic form [5,11,14,15],

ﬁ(ﬂ)exp <—i / ! w,,(r;’)dq’), (2.15)

where w,, (1) is slowly varying in a suitable technical sense.
The sense of asymptotic may refer to a future/past region,
n — oo, or to large momenta, |n| — co. The vacuum state
that ensues is interpreted physically as a no-particle state
for a local observer, respectively in the asymptotic region,
or for the asymptotically large momenta.

We shall encounter spacetimes with an asymptotic past
region, 7 — —oo, in which C(7) — 0 in such a way that
mode functions with the adiabatic form (2.15) exist for
n # 0 but not for n = 0. An n = 0 mode with this property
is known as a massive zero mode [12].

an(n) =

III. LOCALLY DE SITTER FRW SPACETIMES

In this section we review the geometry of (1 + 1)-
dimensional de Sitter spacetime, adapting the (3 + 1)-
dimensional discussion of [1], and introducing coordinate
charts whose generalization will then lead to three distinct
families of spatially compact locally but not globally de
Sitter FRW spacetimes.

A. de Sitter spacetime

(1 + 1)-dimensional de Sitter spacetime dS, can be
defined as the hyperboloid
-H?2=T?-X?>-Y?, (3.1)
embedded in (2 + 1)-dimensional Minkowski spacetime
with global coordinates (7, X,Y) and the metric
ds* = dT?* — dX* — dY?, (3.2)
where H is a positive parameter of dimension inverse
length. dS, is a maximally symmetric spacetime, with
the isometry group O(2,1) inherited from the ambient
Minkowski space, and with the positive Ricci scalar
R = 2H?, showing that H is the inverse of the Gaussian
curvature radius. dS, is globally hyperbolic, with spatial
topology S!, and a global R x S! foliation is provided by
the spacelike circles of constant 7.
For later convenience, we define [6,16]
Z(x,X) = =H?n,, X (X)X (X), (3.3)
where X and X' denote points in dS,, X*(x), and X?(x')
are the corresponding three-dimensional Minkowski
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coordinates, and 77, is the ambient Minkowski metric (3.2).
This real quadratic form is clearly invariant under the
de Sitter group O(2,1), and it has the properties that
Z(x,x") > 1if (x,x) are timelike separated, Z(x,X’) = 1
if (x,x’) are null separated and Z(x,Xx') < 1 if (x,X’) are
spacelike separated. Further discussion is given in [6,16].

We now consider three different coordinate charts,
adapted to different subgroups of the O(2,1) isometry
group, and use them to construct three distinct families of
spatially compact locally but not globally de Sitter FRW
spacetimes.

B. Cosh scale factor spacetime
The first chart of interest on dS, is (7,y), in which

T = H~'sinh(H?),
Y = H™! cosh(H?) siny,

X = H™'cosh(Ht) cos y,
(3.4)

where —oo <t < oo and (,y)~ (f,y + 2x). This chart
covers all of dS,, and is often called the global chart. The
metric reads

ds* = dt* — H™>cosh?(Ht)dy?. (3.5)

Introducing the conformal time # as in (2.1), we have

n = 2 arctan(e""), (3.6)
where 0 < < 7, and
ds* = (H sinn)=2(dn* — dy?). (3.7)

The spacelike circles of constant # are the circles of
constant 7 in (3.1).

We shall consider the metric (3.7) where y is periodic
with period 1€ (0,00), not necessarily equal to 2.
Geometrically, this means first passing to the universal
covering space of dS, and then taking the quotient by the
discrete group generated by the spatial translation
(n,x) = (n,y +4), coming from the rotational Killing
vector Xdy — Ydy of the embedding spacetime. We refer
to this spacetime as the cosh scale factor spacetime.

We shall be especially interested in the cases where
A=2x/p, p=1,2,..., where p =1 is normal dS, and
p =2,3,... are its Z, quotients; the quotient with p =2
was preferred by de Sitter in the (3 + 1)-dimensional
context [17,18]. For the case A= 4x, which is the
double cover of normal dS,, a real scalar field has been
considered in [19], by the techniques developed for normal
dS, in [20-22], and a complex automorphic field has been
considered in [23].

C. Sinh scale factor spacetime
A second chart of interest on dS, is (z1,y;), in which
T = H~'sinh(Ht,) coshy,,
Y = H ! cosh(Ht,),

X = H~!sinh(Ht,) sinh y,,
(3.8)
where 0 < #; < oo and y; € R. This chart covers the part of

dsS, where Y > 1/H and T = \/X? + (Y*> — H?), so that
in particular 7 > |X|. The metric reads

ds* = di? — H %sinh? (Ht,)dy3. (3.9)

Introducing the conformal time #; as in (2.1), we have

1 = In(tanh(H1,/2)), (3.10)
where —o0 < 177 < 0, and
ds* = (Hsinhn,)~2(dnp? — dy?). (3.11)

The spacelike curves of constant n; are the hyperbolas
T =/X>+ (Y>—H™7?) in the timelike planes of con-
stant ¥ > 1/H.

The coordinates (#;,y;) are similar to the Milne coor-
dinates in the future quadrant of (1 + 1) Minkowski
spacetime, and the coordinate singularity at r; - 0", or
n — —oo, is similar to the singularity of the Milne
coordinates on the Minkowski light cone [5,13].

We shall consider the metric (3.11) where y; is periodic
with period 4; € (0, o0). Geometrically, this means taking
the quotient by the group generated by the translation
(n1,01) = (1,01 + A1), coming from the boost Killing
vector Xdr + Tdy of the embedding spacetime. We refer to
this spacetime as the sinh scale factor spacetime.

D. Exponential scale factor spacetime
A third chart of interest on dS, is (¢, o), in which

1
T = H~'sinh(Hty) + EH_l)(% exp(Hty), (3.12a)
X = H 'yyexp(Hty), (3.12b)
1
Y = H' cosh(H1y) — EH‘I)(g exp(Hty), (3.12¢)

where —oo < 5 < oo and y( € R. This chart covers the part
of dS, where T + Y > 0. The metric reads

ds* = di3 — H2e*Mody2. (3.13)

Introducing the conformal time 7, as in (2.1), we have

1o = —e Hh, (3.14)
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where —oo < 775 < 0, and

ds* = (Hno)~*(dng — dxs)- (3.15)
The spacelike curves of constant 7, are the parabolas
T-Y=(X*-H?2)/(T+Y) in the null planes of con-
stant 7+ Y > 0.

The coordinates (7y,y,) have a coordinate singularity
at ty - —oo, or 5y — —oo, at T+ Y = 0. The higher-
dimensional version of these coordinates are known as
the spatially flat coordinates in de Sitter [1], much
employed in cosmology [11].

We shall consider the metric (3.15) where y is periodic
with period 1y € (0, o0). Geometrically, this means taking
the quotient by the group generated by the translation
(M0,x0) = (0, x0 + A0), coming from the null rotation
Killing vector (X0 + Tdy) — (Xdy — Ydx) of the embed-
ding spacetime. We refer to this spacetime as the exp scale
factor spacetime.

The value of the parameter Ay € (0, o) has no geomet-
rically invariant meaning; any other value 4, € (0, 0) gives
an isometric spacetime, as can be seen from (3.15) by the
coordinate transformation

(’70%0) = (kﬁ07k)?0)’ (316)
where k = 1,/ 4. This redundancy comes about because a
null rotation in the embedding Minkowski spacetime has
no Lorentz-invariant magnitude, in contrast to the rotation
angle of a rotation and the rapidity parameter of a boost. In
particular, we could set 4, = 1 without loss of generality.
We shall however keep 4, general as this will give insight
in the choice of the spatially constant mode state in
Secs. IVC and V D.

IV. QUANTUM FIELD IN LOCALLY DE SITTER
FRW SPACETIMES

In this section we consider the quantized scalar field in
our three families of spatially compact locally de Sitter
FRW spacetimes. The key aim is to identify distinguished
vacuum states and to write down their Wightman functions.

We assume throughout m? + 2£H? > 0, which makes
the effective mass squared in the Klein-Gordon equation
strictly positive, and will in particular avoid the special
issues that arise with a massless minimally coupled scalar
field [6,16,24]. We write

1
V= \/Z—m2/H2 - 2¢,

where we take the square root to be non-negative for
0 <m?/H? +2¢ <4, in which case 0 <v <1, and pos-
itive imaginary for ; < m?/H*+ 2¢, in which case we

write v = ia with a = \/m?/H? + 2 — 1 > 0.

(4.1)

A. Cosh scale factor FRW

For the cosh scale factor spacetime (3.7), with y periodic
with period 1€ (0, o), the formalism of Sec. II applies
with L = 1 and C(y) = (H sinn)™2.

A pair of linearly independent solutions to the
mode function differential equation (2.7) are

\/sinnP’i%Hkn‘(—cosn) and ‘/SianD—%Hkn\(_ cos ), where

PIJ n 4
Ly, A QL

on the cut, known in [25] as Ferrers functions. We choose
the linear combinations

are the associated Legendre functions

2n(n) = \/sin e/ (M)é

AT+ v+ |k,|)

2i
X (P’%HC” (—cosn) — ;Qi%+‘k,1‘ (—cos r])) ,
(4.2)

which satisfy the Wronskian condition (2.9) by the
Wronskian properties of the Ferrers functions [25]. The
phase convention in (4.2) covers the full range of v by
one formula; when 0 < v < %, the factor e=/2 could be
replaced by unity, and when v = ia with a > 0, the ratio of
the gamma-functions could be replaced by unity, as this
would only affect the overall phase. We note in passing that
the corresponding formula (5.74) in [5] appears to contain a
typographic error in the exponential factor.

An alternative expression for y, (4.2), found via the
connection formulas on page 168 of [26], is

xn(n)

TG+ v+ [k IDG =0 + )
VAL(L+ [k, )

: 1 1 1
X e_’lk"|”2F1 <§+ 1/75— vl + |kn|;§(1 + iCOt’”)’

_ e—izr/4+i\kn\7r

(4.3)

where , F'; is the hypergeometric function [25]. At large ||,
(4.3) shows that y,(n) reduce to the standard plane waves,
exp(—ilk,|n)(2|k,|)""/2, and the state defined by these
modes is in this sense an adiabatic vacuum at all times [5].
For A = 2z, in standard dS,, these modes define the state
|0g), known as the Euclidean, Chernikov-Tagirov, or
Bunch-Davies vacuum [2-6].

The spacetime is not slowly expanding at early or late
times, in the terminology of Sec. II B, and there is no
adiabatic in region or out region. For later use, we record
here that at late times, n — z~, the asymptotic behavior of
the modes (4.2) can be found using the hypergeometric
representations in Sec. 14.3 in [25]; with a convenient
phase choice, the leading two terms for v # 0 are
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Va(z —n)'?
25in(7w)\/1“(%+ v+ |kn‘)r(%_ v+ |k,|)

an(n) ~

™22 (3 — v+ |k,|) .
X |: F(l — y) (” - ’7)
—uw/22 ur( Ry |k D
- —-n)” 4.4
iy e
and the expression for v =0 is
(m—m)'2 1 1
~— | = In2—-y—yl=+1k
Xn(n) Tr pritimorow 5 T [kl
—In(z - n)] , (4.5)

where y is the digamma function and y is the Euler-
Mascheroni constant [25].

From now on we consider only standard dS, and its Z,,
quotients M, in which A = 2z/p, p = 2,3,....On M ,, the
Wightman function in the vacuum |0,) defined by the
modes (4.2) can then be obtained from the Euclidean
vacuum |0z) on dS, by the method of images [27,28], as
follows.

Recall first that the Euclidean vacuum Wightman func-
tion on dS, reads [4]

Gus,(X.X') = Zl‘sec(m/)zFl
1 1 1
X <§—v,§—|—1/;1;5(1 —I—Zg(X,X’))>, (4.6)
where
Z.(x,X') = Z(x,X) —ieH(T(x) = T(X)) — €%, (4.7)

T is any global time function on dS,, and the limit e — 0*
is understood. The e-prescription specifies the analytic
continuation of the hypergeometric function from Z < 1 to
Z > 1 across the logarithmic branch point at Z =1, as
follows from the Hadamard property of |0g), reviewed
in [19,23].

Let now (7, ) be the coordinates in the metric (3.7) on
standard dS,, with (1, %) ~ (n,y +2x). On M, we may
use the same coordinates but with the identification
(n,x) ~ (n,x + 2x/p). It then follows that

Gas,(X(n.20). x(n" . )
+AGy (n.x:n' . x'),

Z Gas, (X(11. ).

Gu,(nn' x) =
(4.8a)

AGy, (n.n' X') X('.x' + 2x7r/p)).

(4.8b)

am(m) =

B. Sinh scale factor FRW

For the sinh scale factor spacetime (3.11), with y; periodic
with period 4; € (0, o0), the formalism of Sec. IT applies with
L =, and C(5;) = (H sinhz;)~2

A pair of linearly independent solutions to the mode
function differential equation (2.7) are a suitable choice of

sinh(—n )Pi1”+ i, (coshmy),/sinh(=n;) x

% (coshm) and \/sinh(=n,) Q% (coshiy),

+v
where P ikl

functions at real argument greater than 1, in the notation
of [25], and the overline denotes the complex conjugate.

two from

and Qfg Lk, Are the associated Legendre

1. n # 0 modes

At n; = —oo, the n # 0 modes have an adiabatic
vacuum satisfying (2.15). The mode functions are

“ ”

V/sinh(—7,)

)(n (’71) - Sinh(ﬂ|kn|)

Qi%rilkn\ (coshny), (4.9)

as can be verified using Secs. 14.3.7 and 14.3.10 in [25].
An alternative expression, found via the connection for-
mula 13 on page 158 of [26], is

ei(/’n e_i‘kn "71

—F
V2l 2

1 1 1
X <2+I/,2 l|k | _27“_1), (410)

where ¢, is a real-valued n-dependent phase constant,
expressible in terms of Euler’s gamma function. At large
|n|, (4.10) shows that the mode functions y'(3,) reduce to
the standard plane waves, exp(—i|k, |1, )(2|k,|)~"/?, and the
state defined by these modes is in this sense an adiabatic
vacuum at all times.

The n # 0 “in” vacuum contribution to the Wightman
function is given by (2.14c) with (4.10) and L = 4;.

2. Zero-momentum mode

The zero-momentum mode is a massive zero mode at
1 — —oo, and the early-time behavior does not single out a
distinguished mode function. We choose a distinguished
mode function by matching to the late-time behavior of the
Euclidean vacuum modes (4.15) and (4.16) with n = 0,
while continuing to label these modes by the superscript
“in”; the outcome for v # 0 is
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- ~ y/cos(mv)y/sinh(—n,)
x5 0m) = 2 sin(zv)

. 1
X {emv/zr (5 - u) P ¥(coshn;)
2

, 1
— eim/2T (E + y) P ,(cosh m)} ) (4.11)
2

and the corresponding expression for v = 0 is

A901) =SR] | VTP y(coshn) 0. yeost)
(4.12)

as can be verified using 14.2.9 and 14.8.9 in [25]. The zero-
momentum mode contribution to the Wightman function is
given by (2.14b) with L = 4,.

3. Euclidean quotient state

We shall not attempt to define an “out” vacuum on the
sinh scale factor FRW spacetime. We shall however
consider on the sinh scale factor FRW spacetime a state
that can be regarded as a minimal modification of the
Euclidean vacuum on dS,; the state whose Wightman
function comes from that of the Euclidean vacuum by
the periodic image sum in y;. We call this state the
Euclidean quotient state.

Proceeding as with the finite quotients in Sec. IV A, the
Wightman function Ggq in the Euclidean quotient state
reads

Geo(mxsmhys xy) = Gas,(X(ny. 1) X(n. 1))
+ AGgo(X(my. 1), X(11. 1))
(4.13a)

AGeq(X(1m1.1)-X(}. 1))

= Z Gas, (X(11.000) X(my. )y + A1),
rez\{0}

(4.13b)

where Ggg, is given by (4.6) and (4.7). It follows from
the embedding equations (3.8), the definition (3.3) and
the asymptotics of the hypergeometric function in
(4.6) that the sum in (4.13b) converges exponentially,
making Ggg well-defined. The coincidence limit singu-
larity of Ggq is Hadamard because this singularity comes
from Gg,.

The Euclidean quotient state is however not a pure state
in the Fock space description of Sec. II B. This is because
dS, contains two opposing future sinh chart patches before
the periodic identification; the induced state on the union of
the two patches contains correlations between the two
patches, much like the more familiar correlations between

the two opposing static coordinate patches [29], as can be
analyzed by extending the future sinh chart techniques of
[30] from their dS,;/Z, context to the present context
on dS,.

We shall employ the image sum expression (4.13) in
Secs. V and VI below.

C. Exponential scale factor FRW

For the exp scale factor spacetime (3.15), with y,
periodic with period A€ (0,00), the formalism of
Sec. II applies with L = 1, and C(5) = (Hny)™2.

For k, #0, a linearly independent pair of solutions
to the mode function differential equation (2.7) are

I 2 1.2
VoY (= |k, [no) and /=iH (=K, o), where H{"?
are the Hankel functions [25]. For k, =0, a linearly
independent pair is (—79)™* when v #0, and (—)2
and (—7)2In(—n,) when v = 0.

1. n # 0 modes

At 17y — —o0, the n # 0 modes admit an adiabatic “in
form satisfying (2.15), with the mode functions

2o) =5 VA Y (k). (414)
These mode functions reduce to the standard plane waves,
exp(—ilk,|no)(2]k,|)~"/?, also in the limit of large |n| with
fixed 7y, and the “in” vacuum defined by these modes is in
this sense an adiabatic vacuum at all times [5]. Were y not
periodic, the “in” vacuum defined by the corresponding
modes, with k, replaced by a continuous momentum,
would coincide with the restriction of the Euclidean
vacuum to the exp chart on dS, [4].

The n # 0 “in” vacuum contribution to the Wightman
function is given by (2.14c) with (4.14) and L = 4. Note
that this contribution is invariant under redefinitions of 4,
by the coordinate rescalings (3.16).

While we shall not attempt to define distinguished
late-time modes, we note that at late times, #y — 07, the
leading two terms in the asymptotic behavior of ¥ (4.14)
for v # 0 are

_i\/7_[(_770)1/2 eim//22u|kn|—u
2 sin(nv) I'(l-v)

X (o) ~ (=10)™

e—imx/22—v|kn|v

i (—no)”], (4.15)

and the expression for v =0 is
) i 1/2 1
)~ = i 2yt~ ()|

(4.16)
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The 7, dependence in (4.15) and (4.16) is similar to the
(m — n)-dependence in (4.4) and (4.5), but the |k,,| depend-
ence in the coefficients is not directly comparable, due to
the differing foliations in the dS, embedding spacetime.

2. Zero-momentum mode

The zero-momentum mode is a massive zero mode at
no — —oo, and the early-time behavior does not single out a
distinguished mode function. We choose a distinguished
mode function by the late-time behavior, matching the
no — 0~ asymptotics with 1y = 2z to the n — z~ asymp-
totics of the Euclidean vacuum n = 0 mode function (4.2),
using (4.4) and (4.5), and including a 4y-dependent scaling
of 7o to make the contribution to the Wightman function
invariant under redefinitions of 4, by the coordinate
rescalings (3.16). For v # 0, we obtain

V/eos(wr)(=no)' >
2sin(vr)
|:eim//22vr‘(% — y) (Zﬂ/ﬁo)_y
r(l-v)

2 (no) =

(=n0)™"

e ™24 4 1) (27/ A )

e E (s e ] TR

and the expression for v = 0 is

_N1)2
o) = = i /) = n(m) | (818

The zero-momentum mode contribution to the Wightman
function is given by (2.14b) with L = 4, and is invariant
under redefinitions of 4, by (3.16).

3. Euclidean quotient state?

On the exp scale factor FRW spacetime, an attempt to
define the Wightman function of an Euclidean quotient
state by adapting the image sum in (4.13) to the periodic
identification in y, produces an image sum that is not
convergent in absolute value, due to the weak falloff of the
hypergeometric function. We shall see in Sec. VID that a
similar weak convergence appears also in the image sum
expression for the stress-energy tensor. We shall return to
this phenomenon in the concluding remarks in Sec. VIIL

V. COMOVING DETECTOR

In this section we address the response of a comoving
UDW detector in the cosh, sinh, and exp scale factor FRW
spacetimes.

A. Detector and its response function

We consider a spatially pointlike two-level system
known as the Unruh-DeWitt dectector [7,8], on a trajectory
X(z), parametrized by the proper time 7, and coupled
linearly to the scalar field at the detector’s posi-
tion, ¢(x(7)).

As reviewed in [13], the detector’s transition probability
in first-order perturbation theory is a multiple of the
response function F(w), given by

F(w) = / drdry(t)y(7)e )G (z,7), (5.1)

where o is the detector’s energy gap, y is a switching
function that specifies how the interaction is turned on and
off, and G(z,7’) is the pull-back of the field’s Wightman
function to the detector’s wordline,

G(z.7) = (Y|p(x(2))p(x(«"))|¥), (5.2)
with |¥) being the state in which the field was prepared
before the interaction starts. Positive values of @ give the
probability of excitation and negative values of @ give the
probability of deexcitation.

When |¥) is a Hadamard state, G(z, ') is a well-defined
distribution [31,32], and F(w) is well defined whenever y
is smooth and has compact support. In our present case of
1 4 1 spacetime dimensions, the coincidence limit singu-
larity of G(z,7’) is only logarithmic, and hence integrable,
and F(w) remains well defined even for less regular y. We
use this freedom to adopt a y that has minimal structure of
its own, having a constant value between a sharp switch-on
moment and a sharp switch-off moment; we choose

#(z) = Oz = 70)0(r, ~ 7). (5.3)
where 7, and 7; denote the switch-on and switch-off
moments, respectively, and we assume 7, < 7;. The
response function (5.1) then becomes

Flw, 7y, 70) = /T1 dr /Tl dr e G(z,7). (5.4)
Ty Ty

We specialize to a comoving detector, at a constant value
of x in the FRW coordinates (z,x) of (2.1). As all the
quantum states that we consider are invariant under shifts in
the compactified spatial coordinate x, we may without loss
of generality take the trajectory to be (#(z),x(7)) = (z,0).

B. Cosh scale factor FRW

In the cosh scale factor FRW spacetime, for general 4, a
mode sum expression for the response function is obtained
from (2.14), (4.3), and (5.4), with the outcome
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r —l—v—f—k —-v+ |k,
Fon -4 3 Gt Iy + o)

L+ [ka])?

gy (5.5)

X

71 . . . 1 1
[0 dr e—twr—Zl\kn\aIctan(eH )2F1 (E + U, = 2 n 2 (1 -1 Sll’lh(H‘L')))

where we recall that k, = 2zn/A. We have used (4.3) in preference to (4.2) as this is likely to be more suitable for numerical
evaluation of the large |n| terms. The contributions from n > 0 and n < 0 are equal and can be combined to a single sum
over n from 1 to co.

On standard dS,, in which 4 = 2z, and on its M, quotients, in which 4 = 2z/p, p = 2,3, ..., an alternative is to use the
Wightman function as given in (4.6) and (4.8). Setting M, = dS,, a formula covering M, for all p =1,2, ... is

1 Ll e g o 11
F(o.1,179) = Zsec(m/) g / ] dr/ ar e~ =) F, (5 —Us +uvilig, (7, T’)), (5.6)
r=0 Y% 70

where
1
gp-(7,7') = cosh? (EH(T -7) - ie) — cosh(Hz — i€) cosh(H7' + i€)sin?(rz/p) (5.7)

and the limit ¢ — 0™ is understood; as in (4.6) and (4.7), the ie prescription specifies the analytic continuation of , F'; from
9pr < 1t0g,, > 1across the logarithmic singularity at g, , = 1. Note that for the pure dS, term, r = 0, only the first term
in (5.7) is present.

C. Sinh scale factor FRW

1. “In” vacuum

3]

In the sinh scale factor FRW spacetime, the contribution to the response function from n # 0 modes in the “in” vacuum is
obtained from (2.14¢), (4.10), and (5.4), with the outcome

I |
‘Fz)nbc(w TI’TO) 2&1 Z

2

. (5.8)

7] . . He 1 1 .
dr e~ior=ilk,|Intanh(e /2)2F1 (E + U’E -l = ilkn|§ —Slnhz(HT/2)>

where we recall that now k,, = 2zn/4,. The contributions from n > 0 and n < 0 are again equal and can be combined to a
single sum over n from 1 to co.

The contribution from the n = 0 mode in the “in” vacuum is obtained from (2.14b), (4.11), (4.12), and (5.4). For v # 0,
the outcome is

. 1
Fiw.m1.m) = 7 (N P+ [N+ 2Re(N,N2)), (5.9)
where

+inv/2 T 1 dre”iot
¢ cos(m)lg Fv) [n_dre P7!(coth(Hr)). (5.10)
2 sin(7v) o \/sinh(Ht) K

and for v = 0 the corresponding expression is

Ni:i

4 1 o dre™'" 1 2
Fw, 7,7 mP Coth Hzt)) + coth(Ht 5.11
pon =5 | [ (S (t6) + @y (conn(r)) (5.1
2. Euclidean quotient state
In the Euclidean quotient state, proceeding as with (5.6) gives the response function
F (a) ) 1SE?C( I/)Z /T1 d /T1 de e~io7)_F 1 v ! T+l ( /) (5 12)
,T1,To) = — b1 T T ——U,— ;L g.(7,7) |, .
EQ 1,70 2 Z. /., : 201\ 5 2 g
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where

1
g,(t,7') == cosh? <§ H(t—-7) - ie) — sinh(Hz — i€) sinh(H7' + ie)sinh?(rd; /2)

(5.13)

and the limit ¢ - 0" is again understood. The r = 0 term is the pure dS, contribution.

D. Exponential scale factor FRW

In the exp scale factor FRW spacetime, the contribution to the response function from the n # 0 modes in the “in”
vacuum is obtained from from (2.14c¢), (4.14), and (5.4), with the outcome

in(v—v*)/2
2

in(v—uv*)/2

. e
]:g;c(w’ 71 TO) =

n=1
e
22()61{10

n=1

Z /Tl dTe—(§+ia))rH£1> (27[_”' e—HT)
(D) /10

_— ‘ 2
Z A e dse—(%ﬁ-tw)sHl(/l) (/10::10 e—Hs)

2

: (5.14)

where the last expression is obtained by the substitution 7 = 7, + s. The last expression in (5.14) shows that 7', depends

osc

on 7y, 7; and Ay, none of which has a geometrically invariant meaning, only through the combinations Aye/® and 7, — 7,
which do; 4ye™ /H is the spatial circumference at the moment of cosmological time when the detector is turned on, and

7; — 70 1s the proper time that the detector operates.

The contribution from the n = 0 mode in the “in” vacuum is obtained from (2.14b), (4.17), (4.18), and (5.4). For v # 0,

the outcome is

. 1
Fo (@71, 7) = /1—0(|M+|2 +|M_|? + 2Re(M, M2)),

where

(5.15)

M, =+
* sin(vr)T(1 T v)

eiinu/Zziy—l
==

+inv/2y+v—1 1 v
e 2 cos(vm)l'(5 F v)(27/Ao) T / ! e He—ior

70

and for v = 0 the corresponding expression is

. 1
}—31(60771770) :”70

1

rAgeto

From the last expressions in (5.16) and (5.17) it is clear that
F g‘ depends on 7, 7y, and 4y only through the geomet-
rically invariant combinations Aye’’™ and 7; — 7.

VI. STRESS-ENERGY TENSOR

In this section we evaluate the renormalized stress-energy
tensor in the states whose Wightman function comes from
that in |0z) on dS, by an image sum construction.

A. Point splitting and image sum

Recall that the classical stress-energy tensor for a
massive scalar field in 1 + 1 dimensions reads [5]

COS(UT[)F(% + U) (2”/(1081_[10)):”6_!'&”0 /TI_TO dse—(%q:y)Hs—iws’
sin(vz)[(1 F v)et™/? 0

T v 1
/ ' dre~ (o (2 mi +1n(44y/7) + HT)
7o

T =T, v 1
/ " dsemBrio)s <§7ri+ln(4xloeHT°/ﬂ)+Hs>
0

(5.16)

2

’ (5.17)

[

1
T;w = (1 - 25)¢,y¢,1/ =+ <2§ - 5) gﬂygpa¢,p¢,a - 2§¢¢;l41/

+ gg/qul:kb + |:(% - g) m2 - sz:| g/w(pz' (61)

The point-splitting definition of the renormalized expect-

ation value of T, in a quantum state |¥) is
(|7, ()] ¥) = limD,,,(x.X)Grea(x.X).  (6.2)

where D,,(X,X’) is a two-point differential operator

obtained by promoting the differential operators acting at
a single spacetime point in (6.1) into suitably point-split
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versions, and Gﬁér)l (x,x') is obtained from the Hadamard

function, GU") (x,X') :== G(x,X') + G(X',X), where G(X,x') =
(Plp(x)p(X')|¥), by subtracting purely geometric state-
independent counterterms [5,33].

We shall consider states induced by a quotient con-
struction from |0z) on dS,. In these states, renormalization
is required only in the |0z) contribution on dS,, with the
well-known outcome [4]

(O0lTl08) = = { 1(;’_) w540
su(3-0)] + (3-2¢)e e 63)

where y is the digamma function [25]. The additional
contributions from the image terms require no renormal-
ization, and can be evaluated with minimal technology, as
follows.

First, observe that in a locally de Sitter spacetime, where
R =2H?, and using the field equation, ((J+ m?*+
2£H?)¢p = 0, the classical expression (6.1) for T, reduces to

1
T/w = (1 - 2§)¢ﬂ¢l/ + <2§ - 5) g/wgpdqs,pqs,o - 25¢¢;}w

+ K; — 25) m? — 4§2H2} Gu . (6.4)

For the two-point differential operator in (6.2), for the image
terms we may therefore replace D, by

1
D, (X, X) = 1 (1-28)(V,V, +V,V,)

1 1 / /
1
- Eé(vﬂvy + Vﬂ/V,/)

+ [G - 5) m?* — 2§2H2} G (6.5)
and, again for the image terms, we need not specify at which
point the metric tensors in (6.5) are evaluated.

Second, recall from Secs. IVA and IV B that we now
consider the cosh scale factor FRW spacetimes with 4 =
2n/p with p =2,3,..., denoted by M, and on them the
induced vacuum |0,), and the sinh scale factor FRW

p—1

A1) =y sect) 3_{ ~e () + | (26 3)a, - €01+ cost2ar/p) | g |

1

-A(T ) = %Hz sec(nv) é{ {(45 -1) (Z—z +2¢

r=1

| (4= 5) 0 - &1 = cos(2mn/p)) | g = 2600 = )01+ costar/ (e, .

spacetimes with arbitrary 4;, and on them the Euclidean
quotient state. In these states, we have

G(X,X) = Gys, (%, X') + AG(x,X), (6.6a)
AG(x,X) = isec(ﬂy);F(; (1+ Z.(x, x’))), (6.6b)
where

Fq) = ,F, G - y,% bl q) , (6.7)

and Z, and the index set / depend on the quotient: in the
M, spacetime, with p = 2,3, ..., working in the chart (7, y)
(3.5), we have
Z,.(X(t,y),x(t,x')) = cosh(Ht) cosh(Ht')
x cos(y — ' +2nr/p)
— sinh(Ht) sinh(HY'),
rel={1,...p—1}, (6.8)

while in the sinh scale factor FRW spacetime, working in
the chart (¢1,y;) (3.9), we have

Z,((11, 1), X(t;,2})) = cosh(Hr) cosh(H,)
—sinh(H1;) sinh(H?))
x cosh(y; — x| + riy),
rel = 7\{0}. (6.9)

We have dropped the ie from Z, because for these image
terms Z,(X, X') < 1 whenever X and X’ are sufficiently close,
which is the case on taking the coincidence limit in (6.2).
For each of these quotients, we hence have
<T;w> = <OE|T/41/|OE> + A<T,Ml/>’ (610)
where

A(T,,) = limD,, (X,X')(AG(x,X') + AG(X' X)),

X=X

(6.11)

where AG is as given in (6.6b).
We shall now give the expressions for A(T,).

B. M, spacetime

In the M, spacetime, working in the chart (¢, y) (3.5), we
find that A(T,) is diagonal, with

(6.12a)

) +§]F(qr)

(6.12b)

025007-11



VLADIMIR TOUSSAINT and JORMA LOUKO

PHYS. REV. D 109, 025007 (2024)

where

q,=1- %coshz(Ht)(l —cos(2zr/p)).

(6.13)

In the special case p = 2, the image sum has only one term, » = 1, and the expressions in (6.12) are similar to those for a

similar Z, quotient of dS, considered in [30].

C. Sinh scale factor FRW spacetime

In the sinh scale factor FRW spacetime, working in the chart (71, ;) (3.9), we find that A(T

) is diagonal, with

AT = 212 sec(m) i{—fF(Z] + Kzg - %) 4, — E(cosh(riy) + 1)} F’(E],)}, (6.14a)
AT /) = = H? sec(av) Z{ [ 46 -1) ( + 25) + g}F(q,)
v {(4@ - 3)ar+ oot = )| F1(@,) =261 - g, )eosh(ri) + DF@) b (6.140)
where
G =1 %sinhz(Ht)(cosh(rll) _ 1), (6.15)

The sums in (6.14) are exponentially convergent, due to the falloff of F at large negative argument. Note that the overall
numerical factors % in (6.14) have come from combining the » < 0 image terms with the r > 0 image terms, whereas in

(6.12) each summand comes from exactly one image term and the overall numerical factor is ;.

1
e

D. Exponential scale factor FRW spacetime

In the exp scale factor FRW spacetime, an attempt to induce a state from the Euclidean vacuum on dS, by an image sum
gives for the Wightman function a sum that is not convergent in absolute value, as we noted in Sec. IV C 3. If we set issues
of convergence aside for the moment, and proceed with the stress-energy tensor as above, working in the chart (g, yg)

(3.13), we find that

Z,.(X(t9. x0)

X(ty.x0)) = cosh(H (ty — 1)) — — H(

where r € Z\{0}, and the image contributions to the stress-energy tensor are given by

A<Ttt> =

r=1

—A(T/) = —H2 sec(nv i{[
+(4e-3)ar @) - 41 - 3P )

where

1
qr =1 —ZeZH’(r/IO)Z. (618)
The sums in (6.17) are however not convergent in absolute
value. While we leave the potential significance of these
sums subject to future work, we note that the sums depend
on ¢ and Ay, neither of which has an invariant geometric

gt sectm) Y { -r@) + | (26-3) 3.~ 2] P )

MO (g =y + 1) (6.16)
(6.17a)
m? ~
( 7+ 25) + 6} F(q,)
(6.17b)
|
meaning, only through the combination Aye’, which does,

as we discussed in the detector context in Sec. V D.

VII. NUMERICAL RESULTS

In this section we give selected numerical results for
the detector’s response in cosh and exp scale factor
FRW spacetimes. The associated plots are collected in
the Appendix.
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A. Cosh scale factor FRW

Figure 1 shows plots of the detector’s response in the cosh
scale factor FRW spacetime as a function of the energy
gap, for the Euclidean vacuum on dS,, and for the induced
vacuum on the Z; quotient M5, for selected values of the
parameters as shown. The plots were evaluated numerically
from (5.5).

The high degree of symmetry between excitations and
deexcitations indicates that the response in this parameter
range is dominated by the switch-on and switch-off effects,
being significantly different from the long time limit in
which the response in the Euclidean vacuum satisfies the
detailed balance condition in the de Sitter temperature
H/(27) [34].

The v-dependence in the graphs shows that the overall
magnitude of the response decreases as the effective mass
squared m? + 2£H? increases, as one would expect. The
peak structure in the graphs comes mainly from the spatially
constant mode. Similar features were found in [13] for a
detector in the spatially compact Milne spacetime.

B. Exponential scale factor FRW

Figures (2a) and (2b) show plots of the detector’s
response in the exp scale factor FRW spacetime as a
function for the energy gap, for the “in” vacuum, including
only the spatially nonconstant modes, setting v = 0, and
using two different values of the duration, for selected
values of the circumference parameter 1. The plots show
that reducing the value of the circumference parameter
shifts the deexcitation peaks towards higher (that is, more
negative) deexcitation gaps, and this shift is stronger when
the interaction duration is shorter. An alternative way to say
this, given that the circumference parameter does not have
an invariant magnitude, is that a detector operating at earlier
times has de-excitation peaks at higher (that is, more
negative) values of the deexcitation gaps, and this effect
is stronger when the interaction duration is shorter.
Figures 2(c) and 2(d) show a similar shift of the deexci-
tation peaks for selected positive values of v.

Figures 3(a) and 3(b) show plots of the contribution to
the detector’s response from the spatially constant mode
only, for fixed circumference parameter but varying v, in
the “in” state. The response shows peaks at both excitations
and deexcitations, nonsymmetrically for low effective mass
squared but more symmetrically for high effective mass
squared. This indicates that our choice for the spatially
constant mode “in” state is not close to a no-particle as seen
by a local detector. We have also verified that this structure
seems not to depend strongly on the size parameter.

Figures 3(c) and 3(d) show plots of the total response,
combining the contributions from the spatially constant and
nonconstant modes, for selected values of the parameters.
The spatially constant mode contribution dominates, with
minor modulations from the spatially nonconstant modes.
This is further indication that our choice for the spatially
constant mode “in” state contains significant structure.

VIII. CONCLUSIONS

We have addressed the choice of a quantum state of a real
massive scalar field in locally de Sitter (1 + 1)-dimensional
FRW cosmologies with compact spatial sections, with both
hyperbolic cosine, hyperbolic sine and exponential depend-
ence of the scale factor on the cosmological time. We
employed adiabatic criteria at early times, adiabatic criteria
at large momenta, and induction from the Euclidean vacuum
on standard global de Sitter, each of these where applicable.
In particular, we found that the early-time adiabatic criterion
fails for the spatially constant field mode with the sinh and
exp scale factors, due to the phenomenon known as a
massive-zero mode, and we discussed a possible alternative
criterion for this mode using the late-time dependence.

We found the response function of a cosmologically
comoving UDW detector, showing that local quantum
observations do establish that the detector is not in the
standard Euclidean vacuum in standard de Sitter space, and
we presented selected numerical results. For states induced
from the Euclidean vacuum by a quotient construction, we
also evaluated the field’s stress-energy tensor in terms of
image sums, amenable to future analyses by both analytic
asymptotic methods and by numerical methods.

Inducing a state on the FRW spacetime from the
Euclidean vacuum on standard de Sitter spacetime was
trivially successful for the cosh scale factor spacetimes that
are finite Z, quotients of de Sitter, with p = 2,3, ..., and
less trivially for the sinh scale factor spacetimes, where the
quotienting group is Z and operates on only a subset of de
Sitter; in the latter case, the infinite image sums for the
Wightman function and for the stress-energy were mani-
festly convergent. A similar induction attempt for the exp
scale factor spacetimes, where the quotienting group is Z
and operates on a different subset of de Sitter, however
produced for the Wightman function and for the stress-
energy tensor image sums that are not convergent in
absolute value. Is this lack of convergence due to some
minor technical ambiguity that can be sidestepped by, e.g.,
considering derivatives of the field rather than the field
itself [35—40], or perhaps a technical artifact that can be
cured by an appropriate resummation [41], or might it
signify some deeper pathology in the sought-for state?

Our choice to work in 1 + 1 dimensions brought in two
simplifications. First, a geometric simplification was that as
the spatial sections are one-dimensional, they have no
intrinsic curvature, and the compact spatial sections have
topology S' for each of the three expansion laws; further, the
cosh and sinh scale factor spacetimes are uniquely classified
by a spatial circumference parameter that takes arbitrary
positive values, whereas the spatial circumference in the exp
scale factor spacetime is not associated with an invariant
magnitude. Second, a simplification in the detector’s
response was that we could choose the coupling strength
to be constant over the duration of the interaction, with a
sudden switch-on and switch-off, without encountering
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infinities in the detector’s transition probabilities, in our first-
order perturbation theory treatment.

A generalization to spacetime dimension d + 1 with
d > 2, and in particular to our home spacetime dimension
d = 3, would need to address a more complicated structure
with both of these features.

First, for d > 2, the spatial sections in the cosh scale
factor, sinh scale factor, and exp scale factor foliations of
standard de Sitter have now respectively positive, negative,
and zero curvature, with the respective spatial geometries of
§? with the round metric, R with the hyperbolic metric,
and R? with the Euclidean metric. For the sinh and exp
scale factors, making the spatial sections compact involves
again quotients with continuous parameters, but with a
larger choice of spatial topologies; in contrast, for the cosh
scale factor, nonstandard spatially compact sections come
from quotients of S, and these quotients have no continu-
ous parameters. Also, while the quotients are by construc-
tion locally spatially homogeneous, not all of them are
globally spatially homogeneous. A comprehensive discus-
sion of the d = 3 case is given in [42].

Second, in the detector’s response, a coupling strength that
remains constant over the interaction duration produces a
finite response function for d = 1 and d = 2 but a divergent
response function for d > 3, due to the interplay of the sharp
switch-on and switch-off against the Wightman function’s
short distance singularity; see [43] for a detailed discussion
in the Minkowski vacuum. For d > 3, one would hence
need to consider a less abrupt switching, such as the smooth
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finite-duration switchings considered in [44,45], or a C"
switching with some non-negative n [46,47]. Such switch-
ings however create a new interpretational challenge; how to
separate in the detector’s response the effects due to the
switching profile, which is freely adjustable, from the effects
due to the state of the quantum field and the detector’s
motion, which is the issue of interest. An alternative option
for d > 3, at least for d < 5 [43], may be to consider not the
transition probability but a transition rate, from which the
(divergently) large contribution due to the abrupt switching
drops out in a controlled way [43,48-52].

A generalization to spacetime dimension d 4 1 with
d > 2, and in particular to d = 3, appears hence feasible,
but will face more choices in the spacetimes to be considered,
and more choices in how the detector’s coupling depends on
time. We leave this generalization a subject for future work.
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APPENDIX: FIGURES FOR SEC. VII

In this appendix we collect the figures that are discussed
in Sec. VIL

f y —— /—\\v \ 14\\ -5 f T T T T i
-40 -30 -20 -10 0 10 20 -40 -30 -20 -10 0 10 20
i i
[— 0 —-v=02 v | [— v=0 —-v=02 — v

(a) Has, (Na L, 0)

FIG. 1.

(b) HM3 (ﬂa 1, 0)

Detector’s response in the cosh scale factor FRW spacetime as a function of the energy gap, in dimensionless variables, writing

Fl(w,7,,79) = H(w/H, Hr,, Hzy), and writing 4 = w/H. In part (a) for A = 27, which is the Euclidean vacuum on dS,, and in part
(b) for A = 27/3, which is the induced vacuum on the Z3 quotient M3, for selected values of v as shown. Evaluated from (5.5).
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FIG. 2. Spatially nonconstant mode contribution to the detector’s response in the exp scale factor FRW spacetime in the “in” vacuum,
as a function of the energy gap, in the dimensionless variables explained in Fig. 1 caption, with parameter values as shown. The legends
denote 4, by 4.
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FIG. 3. As in Fig. 2, but in parts (a) and (b) for the spatially constant mode contribution, and in parts (c) and (d) for the sum of the
spatially constant and nonconstant mode contributions.
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