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In this continuum theory, we propose a mathematical framework to study the mechanical interplay of bulk-
surface materials undergoing deformation and phase segregation. To this end, we devise a principle of virtual
powers with a bulk-surface dynamics, which is postulated on a material body 7 where the boundary 07 may
lose smoothness, that is, the normal field may be discontinuous on an edge 9>P. The final set of equations
somewhat resemble the Navier-Stokes—Cahn-Hilliard equation for the bulk and the surface. Aside from the

systematical treatment based on a specialized version of the virtual power principle and free-energy imbalances
for bulk-surface theories, we consider two additional ingredients: an explicit dependency of the apparent
surface density on the surface thickness and mixed boundary conditions for the velocity, chemical potential,

and microstructure.

1. Introduction

Bulk-surface models have been used to describe a wide range of
phenomena, from emulsions, foams stabilized by surface-active agents,
to biological cell dynamics governed by proteins. Key to these models is
the idea that the dynamics are not solely restricted to a bulk material,
but that an active surface coating the bulk material, that is, a surface
with its own dynamics, also dictates the overall material behavior.
Typically, these systems involve the adsorption of species onto the
surface, giving rise to the particular dynamics found on the surface.
These interactions may result in motion of the surface, which in turn
may provoke bulk material deformation and the other way around. This
bulk-surface reciprocal interplay is the focus of this work.

From a historical standpoint, a sharp interface of two-phase flow
relates the surface traction at the interface with surface tension and
curvature via a jump condition. Boussinesq [1] stipulated that a surface
viscosity has to be incorporated in the interfacial constitutive law. As
acknowledged by Bothe and Priiss [2], Levich [3] also claimed that
interfacial stresses may be induced by surface tension gradients due to
the presence of surface-active particles, known as surfactants. The com-
bination of such phenomena along with the mechanics of these material
surfaces have been studied extensively. Adam [4], Adamson [5], and
Scriven [6] were the pioneers in the physics and thermochemistry of
material surfaces, as acknowledged by Gurtin & Murdoch [7]; who also
recast and systematically derived the underlying rational mechanics of
bulk-surfaces materials.
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Motivation for these bulk-surface continuum theories can for in-
stance be found in biological systems. Cells may mathematically be
described as a bulk material (cytoplasm) enclosed by a surface (cell
membrane). Their mechanobiology involves various complex processes,
as Ladoux & Mege [8, Figure 1a] illustrate, which in turn determine
the shape of these cells. In particular, during adhesion cells may take
saucer-shaped forms. To fully understand the underlying mechanical
behavior of these cells and such adhesive processes, the tractions devel-
oped on the edges need to be accounted for. Considering arbitrary ge-
ometries, including those with a boundary that may lose its smoothness,
requires certain modifications and further generalization of continuum
theories, as shown by Espath [9] for the Navier-Stokes equations. Fur-
thermore, Brangwynne [10] and Shin & Brangwynne [11] suggest that
membrane-less organelles are formed by regulated phase-segregation
processes within the cytoplasm. In these works, the authors capital-
ize on the physics of polymer phase separation. Current frameworks
that may capture the dynamics of these biological cells to some ex-
tent include the work by Madzvamuse et al. [12], who present a
reaction-diffusion for bulk-surface systems suitable to model cell polar-
ization but do not include phase segregation and motion. In a similar
fashion, Duda et al. [13] investigate bulk-surface systems for cell
adsorption/desorption and chemical reactions for classical diffusion.

The objective of this work is to devise a continuum theory for bulk-
surface materials undergoing deformation and phase segregation. In
particular, we consider an immiscible binary bulk fluid enclosed by a
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thin immiscible binary fluid film that both deform in an incompress-
ible manner. We treat this thin film as a material surface with finite
thickness. Moreover, we assume that the material surface may lose
smoothness, which gives rise to additional geometric contributions in
the mathematical formulation. We depart by considering the motion of
the bulk-surface material. Both bulk fluid and enclosing film of fluid
undergo isochoric motions, that is, both flows are incompressible. Iso-
choric motion within the bulk implies no change in volume. However,
isochoric motion within the thin film does not imply no change in
surface area since the thickness of the surface may change. Based on
these hypotheses, we derive the mass balance equations for the bulk
and surface. This bulk-surface mass balance formalism is discussed
in Section 2. Next, we extend the work by Espath [14] and present
the coupled bulk-surface principle of virtual powers in Section 3. In
Section 4, we present the partwise balance laws of forces, microforces,
torques, and microtorques for the bulk-surface system, and in Section 5
we account for the transport of species. Then, in Sections 6 and 7, we
present the thermodynamics of the system and its implications in terms
of constitutive equations. Section 8 presents the specialized equations
for a bulk-surface system undergoing phase segregation based on a
particular choice for the free-energy densities. Lastly, in Section 9, we
present a set of boundary conditions that allow slip between the surface
and the bulk with a dissipative nature, and employ these to derive the
Lyapunov decay relation, which characterizes the dissipative nature of
our bulk-surface system and its interaction with the environment.

1.1. Differential tools

Consider a smooth surface S oriented by the outward unit normal
n at x € S. Next, consider the smooth scalar, vector, and tensor fields
defined on S, which we denote by «, k, and K, respectively. In what
follows, we define the differential operators. Bear in mind that we allow
the fields «, x, and K to have smooth normal extensions, enabling us to
define the relevant differential operators in a neighborhood of S along
all directions.

Bulk gradients may be written in the form

grad Kk =,k n+ 0,k e?, and oS

gradk =0,k ®@n +0p1c®e”, with p=1,2,
where the contravariant bases e” are tangential to S and defined by the
covariant bases e, = d,x for all x € S along with e, - ¢4 = 5], where 5]
is the Kronecker delta. Next, let P, := P,(n) denote the projector onto
the plane defined by n at x € S, which reads

P:=1-n®n=P', 2

where (-)T represents the transposition. Then, in view of the expression
(1) along with (2), surface gradients are given by

{gradSK =0,k e/ =Pgradx, and @

grad gk := 9,k ® el =(gradx)P, with p=1,2,

and surface divergences by

{divsx =0,k e’ =gradx :P,, and @
divgK = 6pK~ep =gradK:P, with p=12.

Also, Laplace-Beltrami operators may be written as

{ Agk = divggrad gk = grad (P,gradx) :P,, and ®)
Agk = divggrad jx = grad ((grad x)P,) : P,.

Next, on a smooth closed oriented surface S for the smooth vector and
tensor fields x and K, the surface divergence theorem states that

/ divi(Pk)da=0,  and / divy(KP,)da = 0, 6
S S
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whereas, for any smooth vector and tensor fields x and K on a smooth
open oriented surface S, the surface divergence theorem reads

/divs(l’,,x)da=/ k- vdo, and
K P

/divS(KP,,)da:/ Kvdo,
s oS

with v being the outward unit tangent-normal at boundary 0S.

Lastly, consider a nonsmooth oriented surface S for which smooth-
ness of the normal vector field is lost on an edge C. The edge C is
defined by the limiting outward unit tangent-normals v* and v, yet
we only consider smooth C. The surface S has to be understood as the
union of open sets § := STUS~ orin general, S :=J, S,. Additionally,
we abandon the smooth hypotheses of k¥ and K and allow these fields
to be discontinuous across C, and denote by x* and K*, respectively,
the limiting values of x and K when approaching C from S$*. Owing to
the lack of smoothness on the edge C, the surface divergence theorem
exhibits a surplus, that is,

/divs(lflx)da=/ﬂr~v}}da, and
s c

/ divg(KP,) da = / {Kv}) do,
S C

where {k-v} =kt -v' +x  -v~ and {Kv} := K'v' + K~v~. Con-
versely, for open nonsmooth surfaces, the surface divergence theorem
(8) reads

/divS(P,,K)da=/ K-vd0'+/{{tr-v}}da, and
s 08 c

/divS(KP,,)da:/ dec+/{{Kv}}da.
S S C

2. Isochoric motion & mass balance

@)

(3

)

In the reference configuration, we consider a material body P occu-
pying a three-dimensional point space £. Here, geometry is arbitrary in
the following sense. The closed surface boundary of the part P, denoted
by 0P, may lose smoothness along a curve, namely an edge 9°P, see
Fig. 1. In a neighborhood of an edge 9>P, two smooth surfaces 9P+
are defined. The limiting unit normals of dP* on 9*>P are denoted by
the pair {n*,n}. The pair of unit normals characterizes the edge 9>P.
Similarly, the limiting outward unit tangent-normal of dP* on 9°P are
{v*,v~}. Additionally, 3>P is oriented by the unit tangent ¢ := 6* such
that 6% := n* x v*. As notational agreement, we use the subscript 7 to
refer to spatial entities in the current configuration. More specifically,
we let P, denote a spatial part, we write 0P, for the boundary of P, and
use 9*P, for the boundary of 9P,. Note that P, 9P and 9>P are reserved
for their counterparts in the reference configuration, respectively.

In this continuum theory, the bulk and surface material are endowed
with two distinct kinematic descriptors, namely, the fluid velocities v,
in the bulk and v, on the surface. Furthermore, we let ¢,, be the density
of the bulk material and ¢,, the apparent surface density of the surface
material endowed with a finite thickness Z,.

In what follows, we assume that

(A.1) The ‘bulk-surface motion’ is isochoric. For the bulk material,
this means that motion preserves its volumes. For the surface
material, we assume that isochoric motion implies volume con-
servation on a microscopic scale.

(A.2) The normal components of the velocities are continuous, that is,

vp - n) =0, - N. (10)

op
However, note that we do not require continuity of the tangential
velocities P,lv,,‘ and P,v,,.

The kinematic constraint (10) is imposed to guarantee that the
surface and the bulk material’s boundary coincide at all times and never
detach from one another. Conversely, we do not endow edges with their
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ts=Tn

Fig. 1. Part P with nonsmooth boundary surface dP* oriented by the unit normal n with the outward unit tangent-normal v* on the smooth boundary-edge 9°P oriented by the

unit tangent ¢ :=n X v. The surface dP lacks smoothness on an edge 9*P.
Source: Adapted from [14], licensed under CC-BY 4.0.

own kinematic descriptors. Thus, it is not required to define additional
kinematic constraints. Moreover, as a consequence of the kinematic
constraint (10) on 9%P, we find that

+ + - -
Op T |pp =0 N [ pp,  aNd Dy T |p =Dy AT 2. an

With these assumptions in mind, let

F, :=grad™y,, and F,, :=grad{y,, a2

denote the bulk and surface deformation gradient with respect to the
reference configuration, either x, € P or x,, € 9P, respectively. Here,
¥, represents the motion of P, and y,, the motion of 0P, such that P, =
y»(P) and 0P, = y,,(0P), respectively. If not made explicit, differential
operators are computed with respect to the current configuration, either
¥ Or y,,. Additionally, the dot operator denotes the bulk material time-
derivative, that is, § := d,s+0v,,-grads, where 9, is the conventional time
partial derivative. Conversely, the ring operator represents the surface
material derivative, derived by Cermelli et al. [15], and is given by

K :=%‘+Da,,~gradss, (13)

where the normal time derivative is

¥ iz L (50 + @m0 1Y+ )| - a4
Since F,;, is rank deficient, we introduce the pseudo-inverse of the

surface deformation gradient as

El = B(x,)(Fyp + n(y,0) ® n(x,,)) 7" (15)

where we explicitly show the dependency on either the reference
configuration x,, € dP or the current configuration y,, € 0P,. Note
that F,, + n(y,,) @ n(x,;,) is full rank since n(y,,) is not in the range of
F,,. Additionally, we have that

F,'F,, =P(x,;), F,F,' =P(y,,), and F 'n(y,,)=F, n(x,,)=0.
a1e)

In the rest of this work, all quantities depend on y,,; therefore, we
drop all the arguments. For further details on this pseudo-inverse, the
interested reader is referred to the work by §ilhav§r [16] on interactions
of shells with bulk matter, and also to the work by Tomassetti [17] on
a coordinate-free description for thin shells.

Next, we introduce L, := grad v, and L,, := grad ;v,, as the bulk
and surface velocity gradient, respectively. We consider the following

classical identity in continuum mechanics by Gurtin [18], also known
as Jacobi’s formula,

1E,| = |Fy|ur (,E; ), an
where |F,| denotes the determinant of F,. The surface counterpart of
expression (17) reads

[Fyp| = [Eypltr (8, ). (18)

P

Furthermore, we have the volumetric and areal Jacobian of deforma-
tion, respectively, defined as

dov
J, = —= = |F,], 19
» W = Bl 19)
and

da
JdP = d—; = |F0P|’ (20)

where dv and dv, are the differential of volume at the reference and
current configurations, respectively. Finally, in view of (17) and (18)
and bearing in mind that F, = L,F, and F,, = L,,,F,,,, we obtain

Jp = Ty tr (B,
= J, tr (LF,F; ), (21)
=J, divo,,

where div is the bulk divergence, and

Jop = Jpp tr (B, FD,
= Jpp tr (L, Fy,FD), (22)
= J,p divgo,,.

Next, following Assumption (A.1), we consider the isochoric motion

ﬁ = VOI(.PT) =0, (23)

and assuming that expression (23) holds for any R, C P, with
expression (21), we are led to

0=/ dv,:/.fpdv,
R, R

=/ div v, do,. 24)

T

Thus, it follows by localization

divo, =0, inP,. (25)
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Now, using the transport theorem, the partwise bulk balance of mass
is given by

/ opdu, = / (0p + 0p divoy,)do, =0, (26)
R‘[ RT

and by localization we arrive at the pointwise bulk balance of mass

0p+0pdivo, =0, in P, 27)

and in terms of specific volume v,, := ¢}!,

Vp =V, divo,, inP,. (28)

Using the isochoric constraint (25), div v, = 0, we obtain

0,=0, and v, =0, (29)

implying that the bulk mass density ¢, and specific bulk volume v,
are independent of time. Moreover, we further restrict ¢, and v, by
assuming that

0p = constant, and v, = constant, (30)

which means that applications where spatial variations of the den-
sity are important, such as oceanic and mantle convection, are ex-
cluded [19]. Based on these results for the bulk, it would be natural to
assume that the surface density ¢,, is constant as well for all motions.
However, this would imply that both the volume and surface area do
not change. This hypothesis for the material motion is far too restric-
tive, and provides the main motivation for taking on a microscopic
viewpoint for the surface material’s motion.

Thus, from a microscopic standpoint, we consider that the surface
fluid has a constant density p, defined as

d
p = % = constant, (31)

where dm, is the differential of mass. When the surface fluid deforms
the actual thickness should change to maintain the volume constant.
The apparent surface density ¢,,, a macroscopic quantity, is defined as

T

dm, _ dmff _ (32)
da, _ do, P

Opp =

where # and da, are the current thickness and current differential of
area, respectively. Furthermore, let # and da be the initial thickness and
differential area, respectively. Since the microscopic surface motion is
isochoric, we have that

da, x¢, = dax?, (33)

leading us to a microscopic isochoric motion

1207, i= area(£,0P,) = 0. (34)

Moreover, assuming that expression (34) holds for any S, C 0P,, with
expression (22), we have that the partwise surface balance of mass
reads

= / & Jop da,
S

= /(’/’i'lap +f;_.]2,,,)da,
S

= / (Z + ¢, divgv,,)da,, (35)
S‘r

which, by localization, renders the pointwise surface balance of mass

£ + £ divgo,, =0, on dP,. (36)
In view of (32), we have that

%=p, opp X da, =px¢xda, and vxda, =v,,xX¢xda, (37)
T
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where v := p7! is the constant microscopic specific volume and v,, :=
o;,,l is the apparent specific area. Moreover, (37) yields

J
v = L (38)
Additionally, in view of (33) and the areal Jacobian (20), we have

4
J,, = —. 39

=z (39)

Next, multiplying (36) by p and using (37);, we arrive at
Oyp + 0,p divgD,, =0, on dP,, (40)
where divsv,, = divg(B,) — 2K v, - n with K := —1divsn being

the mean curvature. Notice that one can also arrive at the pointwise
surface balance of mass (40) by formulating a partwise balance of mass
for spatially convecting regions S, C 0P, and using the localization
argument. We wish to emphasize that the definition for p (31) is
consistent with (40), as it can be written as ¢, = 0, and we restrict
our attention to applications where the macroscopic surface density is
independent of spatial variations. Also, expression (40) may be written
in terms of the apparent specific area, that is,

9.5 = Vyp(divg(P,0,,) — 2K D, - m), on IP,. (41)

Lastly, for bulk and surface fields ¢, and ¢,, the combination of
the Reynolds’ transport theorems with the pointwise balances (27) and
(36) renders the following identities

/ opdpdv, = / (0pPp + 0p®p divv,)du,,
R R,

T

= / (de’p + (07) +0p div Dp)d’p) dl)l.,
RT

= [ o, 42
R

T

and, bearing in mind that ¢,, = pZ,, we have that

/ 0 Pop da; :/ Pt byp da,
S, S,

T T

= L P& bap + Grbsp divsvyp) day,

T

- / PEGop + (. + £, divgD,,)dyp) da,
S

T

=/ ﬂé—‘iapdar- (43)
S,

T

3. Virtual power principle

To derive the field equations of this continuum framework, we
devise the following principle of virtual powers based on the work by
Espath [14], where we consider the presence of scalar and vectorial
virtual fields in the bulk as well as on the surface. That is, the principle
of virtual powers for bulk-surface materials undergoing motion and
phase segregation reads

Vext (P 0P X ps Xps Xops Xop) = Vint (P> 0P Xps Xps Xops Xop)» (44)

where y, and y, are, respectively, sufficiently smooth scalar and vector
virtual fields defined in 7, and similarly, y,, and y,, are, respectively,
sufficiently smooth scalar and vector virtual fields defined on dP,. The
external and internal virtual power are, respectively, given by

Vext(Prs 0P X ps Xps Xops Xop)

I=/ b-}(,,dUT+/ (&—1ts) xopda,
P, P,

T

+/ ts'XPdar+/ hys - X,pdo;
op 2P

T T

+/ yxpdo, +/ (= ¢)xspda,
P, 0P,
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+/ Esapda; + / TasXop 40z, (45)
P, 2P,

T

and
Vit (Prs 0P:5 Xps Xps Xops Xop)

;=/ T :grad y, do, +/ H :gradsy,,da,
P, P,

+/ .f-grad)(pdur—/ wypdo,
P, P,

+/
P,

7-gradgy,,da, — / w y,pda,. (46)
3 o,

Here, entering in the external virtual power, b is the bulk external
force, g is the surface external force, ¢, is the surface traction, h,s is
the edge traction, y is the bulk external microforce, ¢ is the surface
external microforce, &, is the surface microtraction, and z,, is the edge
microtraction. Also, entering in the internal virtual power, T is the bulk
stress, H is the surface stress, & is the bulk microstress, r is the bulk
internal microforce, 7 is the surface microstress, and w is the surface
internal microforce.

Next, by combining (45) and (46) through (44) and using the
divergence theorem and the surface divergence theorem for nonsmooth
closed surfaces (8), we are led to

T

/ )(p-(divT+b)dv,+/ Xp- (s —T-n)da, (47)
P

T T

+/ )(p(div§+7r+y)dvr+/ Xp(&s — & -n)da,
P.

T T

+/ Xop - [divg(HE) + g —t5)da, + /,)ZP Xop - (hys — {Hv})do,

T

+/ Xopdive@T) +w +{ —&5)da, + / Xop(Tys — {7 - v} do,
9

2P,

T

=0.

Then, by variational arguments, the surface and edge tractions are,
respectively, given by

tg=Tn, ondP,, and h,s = {Hv}}, on dsz (48)

while the surface and edge microtractions are, respectively, given by
&s=¢-n,

and the bulk and surface field equations for motion are, respectively,
given by

on JP,, and 7,,={r-v}, ond*P, (49)

divT+b=0, inP, and divg(HP)+g—ts =0, on oP,, (50)

and the bulk and surface field equations for phase segregation are,

respectively, given by
divé+z+y =0, inP, and divyRr)+w+{—-&5=0, ondP,. (51)

Additionally, splitting div (HP,) = div H + 2KHn and div ((P,7r) =
diver + 2Kt - n, the surface field equations (50), and (51),, may take
the following form

div;H+2KHn+g—t; =0, and div,t+2K7-n+w+{-&(,=0, ondP,.
(52)

Lastly, we decompose the external bulk force and external surface
force into an inertial and non-inertial part, respectively, that is,
b:=b"+b", and g:=g"+g" (53)

For the inertial bulk and surface forces, we consider the relations

b = —0,0,, and
oo o (54)
g" 1= —0spVop = —pLDpp.
Therefore, expressions (50) take the form
0pdp =divT+b", inP, and
rPYP ) ) T (55)
pt,b,, = divg(HR) + g" —t5, on JoP,.
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Similar arguments may be used to decompose the bulk and surface
external microforces into inertial and non-inertial parts.

Remark 1 (Motivation for Discontinuous Surface Stress and Surface Mi-
crostress). In higher-order continua, it is oftentimes found that edge
tractions and edge microtractions are of the form

hy := {Gn)v} and 1,5 = {(Zn)- v}, (56)

where G and X are, respectively, the hyperstress and the hypermi-
crostress see, for instance, Espath et al. [20,21] for phase field gradient
theories and Fosdick [22] for gradient theories in solid and fluid me-
chanics. Therefore, although one assumes that G and X are continuous,
it is expected that Gn* # Gn~ and Zn* # Xn~ on 9°P. Conversely, in
bulk-surface systems, edge tractions (48), and edge microtraction (49),
take the form

hy :={Hv} and 1,4 :={r-v}. (57)

on 9*P. Thus, one may argue that the surface stress H and surface
microstress 7 play a similar role to the hyperstress and hypermicrostress
times the limiting normals, that is, Gn* and Xn*. Therefore, we con-
sider that the surface stress H and surface microstress t are piecewise
smooth but can be discontinuous on an edge 9>P.

3.1. Frame indifference principle

We now require the internal virtual power to be indifferent to frame
changes. That is,

Vit Pr, OP25 Xps Xps Xows Xop)
= Vi (P, 0P xp + B+ QY. Xps Xop + B+ QY. 25p), (58)

where y € P, U dP,, B is a constant (in space) velocity, and €2
is a constant (in space) rotation, which are applied to the frame of
reference. Note that 2 is a skew-symmetric tensor.

Since the frame indifference only plays a part for vector quantities,
we restrict attention to the fields y, and y,,. Thus, enforcing that the
internal power must be indifferent to this change of frame yields

/ T :grad y, do, +/ H :gradgy,,da, :/ T :(grad y, + Q) do,
P, oP P,

T T T

+ / H :(gradsyx,p» + QP,) da,, (59
P,

T

which may be localized to

T:Q2=0, in7, and H:QP, =0 onodP,. (60)

Note that from (60),, we have that
H:Q=Hn -Qn, ondP,. (61)

Since (60) must hold for all skew-symmetric tensors, these expressions
imply T =TT and HP, = PH'. The latter implies that both H=H" and
Hn = 0.

4. Partwise balance of forces, microforces, torques & microtorques

Integrating the field equations, balances of forces (50), on each
respective part, we have that

/ (div T + b)do, + / (divg(HP) + g — 1) da, =0, (62)
P, P,

and using the divergence theorem and the divergence theorem on
nonsmooth closed surfaces (8), we arrive at

/ bdu, +/
7, oP,

T T

Tnda, + / (g—tg)da, + / {Hv} do, = 0. (63)
op, 2P,

Lastly, using expressions (48) for the surface and edge tractions, we
find the partwise bulk-surface balance of forces

FiPp,,oP,) ::/ bduT+/ gdaT+/ h,sdo, = 0. (64)
P, 2P,

T
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Similarly, by emulating the above procedure for the remaining field
equations, the balances of microforces (51), we arrive at the partwise
bulk-surface balance of microforces

F'(P,,0P,) :=/ (z +7)do, +/ (w +¢)da, +/ 7,¢do, = 0. (65)
P, oP, 2P,

Note that the surface traction and the surface microtraction do not ap-
pear in the partwise bulk-surface balance of forces (64) and microforces
(65) as opposed to conventional continuum mechanical theories.

To arrive at the partwise bulk-surface balances of torques and
microtorques of the bulk-surface material, we need to introduce the
position vector r := y — o, where y € P, UJP, and an origin arbitrarily
chosen and fixed o € &. First, we derive the partwise bulk-surface
balance of torques, for which we take the tensor product between r
and the force balances in (50). The resulting expression is integrated
over the respective parts, yielding the balance

/ r®(divT+b)dvr+/ r® (divg(HP)+ g —t5)da, = 0. (66)
P, oP,

Noting that grad r = 1 and grad sr = P,

>, we employ the following
identities

div(r®T) = T+r@divT, and div,(r@HP,) = PHP,+r@div,(HP,), (67)

along with the divergence theorem and the divergence theorem on
nonsmooth closed surfaces (8), to obtain

/ (r®b—T)duT+/
P, or,

+ / {r®Hv}do, =0. (68)
2P,

r® Tnda, +/ (r®(g—t;)—PHP)da,
op,

Then, using the definitions for the surface and edge tractions (48), we
arrive at

/ r®b-T)do, +/ (r®g—PHP)da, +/ r®h,sdo, =0. (69)
P, oP, 2P,

Lastly, by summing (69) with its negative transposed, we obtain the
partwise bulk-surface balance of torques

TP, 0P,) :=/

r/\bdv,+/ rAgdaT+/ rAhy,gdo, =0, (70)
P, P, ’2P,

where we used the implications of frame-indifference, that is, T = T"
and HP, = PH", (and consequently BHP, = PHTP, since P> = P).
Additionally, we used the wedge product defined as anb := a®b—b®a.

We now construct the partwise bulk-surface balance of micro-
torques. As opposed to the balance of torques, balance of microtorques
cannot be presented as the sum of wedge products. First, we multiply
the microforces balances in (51) by the position vector r, and then
integrate the results over the respective parts, to obtain the following
balance

/ r(diV§+7r+y)dU,+/ r(divgr)+ @ +{ —&g)da, = 0. (71)
P

T T

Next, we employ the following identities
div(r®¢) = &+rdivé, and divg(r®@P,7) =P,z +r divg(R,7), (72)

followed by the application of the divergence theorem and the diver-
gence theorem on nonsmooth closed surfaces (8), to write expression
(71) as

/ (r(z+y)—&dv, + / (r®&nda, + / (rlw+¢—-&,)—Pr)da,
P, oP, oP,

+ / {r®7)v}do, =0. (73)
2P,

Then, in view of the microtractions (49), we arrive at the partwise
bulk-surface balance of microtorques

Tb(PT,()PT) :=/ (r(zz+y)—§)dv,+/ (r(w+¢{)—Pr)da,
P, oP,

+ / r7,gdo, = 0. 74
2P,
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5. Conserved species transport

To account for the transport of species in our system, we supplement
the field equations (51) with the partwise bulk-surface balance of
species. We define ¢, as the bulk mass fraction of one of the species in
the bulk, and ¢,,, as its surface counterpart. Moreover, since the sum
of the mass fractions of both species in the bulk is one, we write ¢,, for
one of the bulk mass fraction and 1—¢,, for the other bulk mass fraction.
Similarly, on the surface, the surface mass fraction of one species is ¢,,
and the other one is 1 — ¢,,.

Next, recalling that ¢,, = pZ,, we define the total partwise balance
of species as

/ g,,(p,,dv7+/ pf;(pd,,dar=/ s,,duT+/ Sop da,
P oP, P oP,

T 3 T T

- / {{Jdp ° V}} dO’r. (75)
2P,

Here, s, is the bulk species supply, s,, is the surface species supply,
and j,, is the surface species flux.

We also stipulate that the partwise bulk-surface balance of species
(75) may be uncoupled into

/ op®pdu, :/ 0p®p du,,
P, P

=/ spdo, —/ Jp -nda,, (76)
P, op,
and
/ PL@ypda, = / Pt Qp da,
P, P,
= / Jp~nda7+/ sdpdar—/ {Jp-vhdo,,
P, oP, 2P,

77)

where we have used identities (42) and (43). Here, j,, is the bulk species
flux.

Next, we apply the divergence and the surface divergence theorems
to the uncoupled partwise balance of species (76) and (77). After
localization, we are led to the following pointwise bulk balance of
species

0p@p =5p —divy,, inP, (78)

and for the surface, using similar arguments which led us to expression
(36), we have that the pointwise surface balance of species reads

Plpgp = Jp - N+ S, —divg(Rg,p), on oP,. (79)

Note that the pointwise bulk balance of species has a standard form,
motivating our choice for the uncoupling. However, the pointwise
surface balance of mass has a contribution from the bulk, namely j, - n.
Additionally, the term div4(P,j,,) may be split as divg(R,j,,) = divsj,p +
2Kj,» - n. Then, the pointwise surface balance of mass (79) may be
written as

PLPop =Jp - N+ 5yp —divejyp —2Kj,p - n, on oP,. (80)

6. Free-energy imbalance

First, note that the actual external and internal power are given by

{cht(Pr’ 0P,) = Vex (P, 0P 0, @, Vg, Pop),  and

oo 81)
Wint Py, 0P;) 1= Vi (P, 0P;5 0p, @y Vg, @)

Furthermore, we let W™ (P,,0P,) denote the conventional power,
which does not include inertial effects, allowing us to write the fol-

lowing relation

- / 0pVp - Opdu, — / PGV - Dy dv, + WY (P, 0P,)
P

T 3
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= Wext (P, 0P;) = Wiy (P, 0P,), (82)

where expressions (53) and (54) were used.

In the free-energy imbalance, we account for the rate at which
energy is transferred to P, and P, due to species transport, as well as
the external power expenditure. Thus, the free-energy imbalance reads

/ op(yp + 310, %) dv, + / P W + 310, %) da, < WE (P, OP,)

T P

+ / Hpsp do, _/ Upp - nda,
P oP,

T T

+ / HopJp - nda, + / HopSap da,
op op

T T

- / {{ﬂap]op : V}} dO'T. (83)
P,

T

Here, v, is the bulk free-energy density, vy, is the surface free-energy
density, u, is the bulk chemical potential, and u,, is the surface
chemical potential. Next, using (82) in (83) along with expressions (42)
and (43), we arrive at

[ omaves [ ptainyda, < WP, 0m)
P

+ / Upsp o, _/ HpJp - nda,
P, op,

+ / HopJp - nda; + / HopSop da;
P, P,

= [, Wit i (84
2P,

Noting that Bj,, - grad su,p = J,p - grad gu,, with expressions
(53), (78), and (79), and using the divergence theorem and the surface
divergence theorem for nonsmooth closed surfaces (8), we arrive at

/ opirp du, + / Pty da,
P, oP

T T

< /
Pf
+ / 6 : grad (pP dUT - / ”(pP dUT

P, P,

T
o/
oP,

T

+ / Hp(sp —div j,)do,
P.

T

T :grad v, dov, + / H :gradgv,, da,
oP,
7 - grad ;¢ p da, — / wP,p da,
oP,

—/ Jp - grad pu, do,
P

T

+ / Hop(Up - M+ 55p — divgJyp) da,
7}

T

- / Jop - gradgpyp da,. (85)
a

Next, using the balance of species in bulk (78) and on the surface
(79), we obtain the uncoupled pointwise imbalances, which satisfy
the partwise bulk-surface free-energy imbalance (85). Thus, the point-
wise bulk free-energy imbalance and the pointwise surface free-energy
imbalance, respectively, read

op¥rp—T : grado,+(z—oppp)pp—E&-grad@,+j,-gradu, <0, in P, (86)
and
Pty — H i grad g0, + (@ — pfpyp)Pop — T - grad s@yp (87)

+ Jop - gradgpy, <0, on 0P,

where, to arrive at expression (87), we have used similar arguments
which led us to expression (36). Using the following identities

grad ¢, = (grad @,,) + (grad v,,) " grad @,,, (88)
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and

grad ¢@,, = (grad 3¢,,) + (gradsuﬂ,,)Tgrads(p(,,,, (89)

where the second identity may be obtained from the first one by
premultiplying by P, and assuming a normal constant extension of
v,, and ¢,, while noting that 9,¢,, = 0, the free-energy imbalances
become

op¥rp — (T +grad @, @ &) 1 grad v, + (7 — 0ppp)Pp — & - (grad @)

. (90)
+ Jp-gradp, <0, in P,
and
Pty — (H+ grad 5@, ® 1) 1 grad s0,p + (@ — L pop)Pop
=7 - (grad@,p) + Jp - grad g, <0, on 0P, oD

7. Constitutive response functions

The set of independent and dependent variables are, respectively,
given by {0,p, @p, ¥sp, grad @p, grad s@,p, Hp, Hyp, grad vy, grad sv,,}
and {r, w, &, 7, Jp, Jop, T, H}. Thus, we find that the local inequalities
(90) and (91) are satisfied in all processes if:

+ The bulk and surface free-energy densities y,, and y,,, are, respec-
tively, given by constitutive response functions that are indepen-
dent of u,, u,p, grad p,, and grad g p,p:

vy 1= yp(@p, grad @,), and Vop 1= Wop(0sps Pps grad @)

(92)
Thus, with
Yp = a(pp Vp@p + a,grad op¥P - (grad (PP).’ (93)
and
Vop = agdp WopOop + a%p VopPop + agradqudp Wp - (grad s@,p),
= — G0 Wsp diveDyp + 9, YorPop
+ Ograd g g Wor - (@1d s@yp ), 94
we are led to two pointwise free-energy imbalances
(T + grad @, ® &) 1 grad vy + (0ppp — 7 — Qpawpl//ﬁ)(ﬂp
+(§ - Qf)agrad op WP) . (grad (pP). —Jp- grad Hp >0, in Pr’ (95)
and
(H+ grad ;¢,, @ 7) :grad jv,, + pff(),; y,p divgo,,
+(pt fop — @ — péawp Wop)Pop
HT = PL0gra4 5 Wor) - (812 5@yp )
—Jop - gradgpu,, >0, on JP,. (96)

From a microscopic standpoint, one expects to have a constant
microscopic free-energy density for a fixed ¢,, and grad s¢,, in
the thin film of fluid surrounding the bulk fluid. However, since
the thickness may change, one may stipulate that the surface
free-energy density, therefore, a macroscopic quantity, depends
linearly on thickness #. That is, we may define the surface
free-energy density as

0,
Wop(0sp> Pops grad s@,p) 1= %W((paw grad s@,p),

=Gy (Pap, grad s@,p), (97)

where y is the microscopic free-energy density in the thin film
of the fluid. Therefore, the corresponding pointwise free-energy
imbalance is given by
(H + grad;9,, @ 7) : grad sv,, + pz/’fu/ divgv,,

Pl Hgp — @ — pE20, W),
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+( - pf;zagradsqzdp v) - grad ¢ @,p

—Jop - gradgpu,, >0 on JP,. (98)

» The bulk and surface microstress & and 7 are, respectively, given
by

& 1= 0p0grad o W and T 1= P4 0grad gppp Vor- (99)

The internal bulk and surface microforces = and w are, respec-
tively, given by constitutive response functions that differ from
the bulk and surface chemical potential by a contribution derived,
respectively, from the response functions vy, and v,

7 1= 0p(Hp = 0, Wp), and w = pl(Hyp — Oy Wap)- (100)

Granted that the bulk and surface species fluxes j, and j,,
depend smoothly on the gradient of the bulk chemical potential,
grady,, and the surface gradient of the surface chemical potential,
grad su,,, these fluxes are, respectively, given by a constitutive
response function of the form

Jp 1= —Mpgrad pu,, and 1= —Mypgrad sptp, (aon

where the mobility tensors M, and M,, must, respectively, obey
the residual dissipation inequalities

grad p, - Mpgrad pp, >0, and grad gp,p - Mypgrad gpuy, > 0.
(102)

Oftentimes one finds in the literature that M,, := m,1 and M,, :=
my,P,, where m, and m,, denote the scalar bulk and surface
mobilities, respectively. With this choice for M,,, the surface flux
J,p Temains proportional to grad ¢u,, and therefore tangential
to 0P,. As a result of the vanishing contributions of M,, to the
normal component of j,,, the pointwise surface species balance
(80) becomes

Pl.Pop =Jp N+ S, —divgy,,, ondP,. (103)

The bulk and surface stress are, respectively, given by

T := T™(D,) - ppe™1 - grad ¢, @ &, (104)
H:= HViS((’aP’DaP) - P;};,Crmpn —gradsp,, Q T,
where the stretching tensor is defined as D, := sym grad v,
and D,, := sym grad ¢v,,, with sym the symmetric operator.

Furthermore, pQCCh is the mechanical bulk pressure. In addition,
p},‘;erm denotes the thermodynamical surface pressure, which is
oftentimes called surface tension. These pressures are discussed
in more detail in what follows. Additionally, we consider that
the viscous bulk and surface stress TS and H' are, respectively,
linear in D, and D,,,, that is,

T := 24, D,,
HY™ 1= 2j1,, BB, + (Ryp — ,p)(diV50,)P,, (105)

= 2/7571 PnDaPPn - %(f(ﬂr - ﬁoP)Pm
T
where /i, and f,,(0,,) denote the bulk and surface dynamic
viscosities, (i, and ji,(0,,) are also referred to as the bulk and
surface shear viscosities, respectively) and ,,(0,,) is the surface
dilatational viscosity, (k,, is also referred to as the bulk viscosity
of the surface fluid). Also, note that, in (105),, we have used the
surface mass balance (36). Next, we decompose D, and D,, into
a deviatoric and spherical part, that is, D, = Dg + %(tr D,)1 and
D, = DY, + 3(tr D), with tr (DY) = tr (D),) = 0. Then, we may
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compute the viscous dissipation as
TV :D, = (2,zp D,,) ;(Dg +1ar D,,)l),
=272, IDY[",
HYS :D,, = 2ji,, PD,,P, : (Dg,, +iar D,,,,)Pn),
+ o = Fop)(div50,)B, + (DS, + 2r DR, ), (100)

_ 2 _ .
= zﬂaPIPnD,?pl + Kup(dlvsuvp)zv

o 2
_ 2 _ (7
=2/,,|P,DY | +Km,<7’>,
T

where we have taken into account that tr (D,) = div v, = 0 and

tr (D,,) = divgo,, = —?. In view of the free-energy inequalities
in (95) and (96), we conclude that i = 0, fyp(pf.) > 0 and
Kop(pty) 2 0.

The total pressure in the bulk and surface fluids are, respectively,
given by

1 cap
3t1‘(I)—p,, Py _'pp ’
tot

= 3t (H) = pg™™ 4+ et 4 ) =1 gl

107)
2

In the above, the mechanical bulk pressure p, is indeterminate,
whereas the bulk capillary-like pressure is defined as pj"
cap

—%tr (grad ¢, ® ). For the surface, we find p,, = -

%tr (grad 4¢,, ® 7). In view of the surface free-energy imbalance
(98) and the viscous surface dissipation (106),, the thermody-
namical surface pressure is given by

Pt = plly, (108)
and, lastly, pmech := —%tr(H"is) = —&,,div0,,. Thus, the total bulk

and surface pressure read

pt’;)l . p,TSCh _ %tr (grad @, ® &),
Pf;;?l = PQZW — Kypdiveo,p — %tr (grads@,p ® 7). (109)

o

2 - fr 1
=ptiy + Kop 5~ Str(grad s, @ 7).

T

In view of (105) and (108), we conclude that stresses in (104) can
be rewritten as

T :=2/i, D, — p™*"1 - grad ¢, ® &, and
H =24, ]::.Dgoan - (/”'/;21/’ — Kopdivsv,p)R, — grad s, ® 7,

ff
=2f,p BtDr?PPII - <pézw + K6P7>Pn —gradsp,, ® 7,

T

(110)

Note that the bulk and surface stress in (110) are symmetric,
that is, T = TT and H = H'. Due to the frame-indifference
result in (61), surface stresses must also annihilate the normal,
that is, Hn = 0, which is also satisfied by (110),. Additionally,
the bulk and surface capillary contributions to the bulk and
surface stress, namely grad ¢, ® € and grad¢,, ® 7, respectively,
must also be symmetric. This implies that the expressions for the
bulk and surface microstress given in (99) must be, respectively,
proportional to grad ¢, and grad ;¢,,.

Lastly, we use the above results to present the explicit form of the
bulk and surface chemical potentials. Substitution of (49) and (51) in
(100) yields

Opp = —divE —y +0p0,,yp, P, (111)
and
plottyp = —divg@B,1) =+ E-n+pty0, W,p, on P, (112)
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In view of (99), these expressions take the following form

Ophp = g,,d(pp v, — div (p,,dgrad Wy/p) -y, inP, (113)

and, recalling that ¢,, = pZ,, we obtain

Plettap = P20,y —divs (”f;zagradw[)p "') ~E+0p05raa g Wp o1, ON OPy
(114)

Additionally, the term div s(p£? Ogradgpyp¥) Ay be split as
divs(pf;z Ograd sppp¥) = pzf;zdiv sOgrad spop V) 200 0graa 55V * 812 5
Then, expression (114) can be rewritten as

Pl = p"’;zawpw - pézdivs(agmds%v w) - Zpﬂag"ads%ﬁw ~grad 4

~C+ 0pOgraa ppWp -1, 0N OP,. (115)

8. Specialized equations

To exemplify our bulk-surface continuum theory for fluid flow
undergoing phase segregation, we consider the following free-energy
densities

1
wp 1= 2 f(@p) + Slerad g, )%, and

1 8 2 (116)
p = "’;(gg((PaP) + §|grads¢ar)| )’
so that the total free-energy functional reads
/ opypdu, + / Pt da,
P, P,
= /P op(ﬁf(rpp) + 5lgrad qoplz) do,
+ [0 (e@m + Slerad o, ) da, 117)
P,

which describes the phase segregation in our bulk-surface system. Here,
€, 6, and 1 are real positive constant parameters, while f and g denote
the bulk and surface potentials, respectively. With this choice for the
free-energy densities, the bulk and surface microstress (99) specialize
to

& 1= eopgrad ¢, and 7 :=16pf grad 50, (118)
while the internal bulk and surface microforce (100) become
7= 0pup = 1 (@p).  and @ = pluy — 658 (@), (119)

Furthermore, we consider the following bulk and surface species fluxes

Jp 1= —Mpgrad u,, and 1= —Mypgrad sptsp, (120)

where, for the sake of simplicity, we use M, := m,I and M,, := m,,P,
with scalar functions mp,,m,, > 0 to ensure that bulk and surface
mobilities satisfy the residual dissipation inequalities (102).

Thus, in view of expressions (118) and (120), the bulk field equa-
tion (51), takes on the following form

OpHp = é@pf,((Pp) — €0p AQp — Y, in P, (121)

where a:=divgrad denotes the Laplace operator. Additionally, for the
above choices the surface species Eq. (52), can be written as

Pty = $0E28 (1) = 18906, Bspy +2 grad 5@, - grad o2,)

+ eopgrad @, -n—¢, ondP, (122)

with A, := divggrad ¢ denoting the Laplace-Beltrami operator, see also
definition (5). Note that we have arrived at Eq. (122) using the surface
microtraction (49),, as well as grad ;¢,, - n = 0.
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Next, we derive the specialized equations of motion. First, using the
surface free-energy density (116), and the microstresses (118), the bulk
and surface stresses (110) specialize to

T :=2j, D, — p?“hl —copgrad ¢, @ grad @, and

= P p ¢
. - 1 S _

H =24, P'ID;)P n= <p 12<3g((l’ap) + —12 |grads(ﬂap|2) ’(ap—: )Pn
T

—16pZ grad sp,p @ grad g@,p,
(123)

recalling that D, := sym grad v, D,, := sym grad v,, and that D,
is the deviatoric part of D,,. Using these bulk stress (123),, the bulk
equation of motion (55), takes on the form

0,0, = div T + b,

mech

= 2div (jip Dy) — grad p;*" — eopdiv (grad ¢, ® grad @)

+b", in P, (124)

Conversely, we arrive at the specialized surface equation of motion by
using the surface traction (48), into surface Eq. (55), and splitting the
surface divergence operator as done in (52), followed by substitution
of the stresses (123), yielding

ptid,, = divgH + 2KHn + g" — Tn,

=2 divs(ﬁaPR.Dgan) - Pf;z grads(ég((ﬂop) + §|grad5(pap|2)

- zf’é(ég((/’op) + %lgrads(pdﬂz)gradsfr - grads(f(,,p?)
T
— 16p¢, divg (grads(pd,, ® grads(pap)

—16p grad¢7, - (gradsq’ap ® grads(p,),,)

mech

+ g" -2, Dyn + Py + eop, grad ¢, ® grad @,n,

on JP,, (125)

where we have additionally used that P,n = 0.

Lastly, supplementing the specialized field equations (121), (122),
(124), and (125) with the isochoric constraints in (25) and (36) renders
a system of equations that describes the dynamics of the bulk-surface
system in terms of the state variables ¢, @,p, Op, Dyp, PR and £

9. Dynamic boundary conditions

We use dynamic boundary to refer to a boundary that is endowed
with its own mechanical laws, whereas static boundary is reserved for
a boundary that is arbitrarily prescribed as an function of space and
time, yet does not obey any underlying partial differential equation.
Therefore, we impose static boundary conditions on 3°P,, as we have
not endowed edges with their own mechanical laws. Furthermore, for
the sake of simplicity, we only impose dynamic conditions on 07,, and
do not consider any static conditions dP,, as was done in [14].

Prior to establishing dynamic boundary conditions on dP,, let us
introduce an environmental surface imbalance. To this end, we here
use the partwise surface imbalance presented by Espath [14] based
on arguments described by Fried & Gurtin in [23, surface free-energy
imbalance (92)] on a migrating boundary 07,. Specifically, we stipulate
that

Tsurf(_apr) + Tenv(apr) >0, (126)

where 7, ;(—0P,) represents the power expended on 0P, by the ma-
terial inside P, and 0P, in addition to the rate at which energy is
transferred from P, to 9P,. Furthermore, 7,,,(0P,) combines the power
expended by the environment on 0P, and the rate at which energy is

transferred from the environment to 0P,. Therefore, on 0P, we define

Tourt (—0P,) 1= — / (0p = Vyp) - tsda, — / hys - 0,p do,
op, 27,
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- / (@p — Pop)és da; — / Ta5Pop do,
P, 2P,

T

- / (ll()p — Up)jp -nda, +/ {{Map.’ap v do'p
op, 2P,

(127)
where 7, ((—0P,) = —T,;(0P,). We define the contribution from the
environment as follows

T (0P.) := RV L oV g 80V genv dO’ ny _env dO’
env( r) 2p S 2P T + 2p aS ‘/’dzp 2p dz,,]

(128)

Now, on O*P,, we set K5y = hys, 05 = 0, T = Tp5, G = P,
ue 2 = pyp, and Je“" = {(J,» - v}. Thus, the surface free-energy imbalance
1n (126) reads

- /a ((DP —0,p) ts +(Pp — Pop)s + (Ugp — Hp)Jp - ") da, >20. (129)

T

Uncoupling this expression gives us

/ (vp —0yp) - tgda, <0, / (pp — Pop) Esda, <0, and
P, oP,
/ (Hgp — Hp) Jp -nda, < 0.
oP,
(130)

9.1. Essential dynamic boundary conditions

Essential boundary conditions result from the prescription of the
surface fields onto the bulk fields. That is,

Up = Dyp,
Pp = Pop> on apfss- (131)
Hp = Hops

9.2. Natural dynamic boundary conditions

Natural boundary conditions arise by specifying that the normal
component of the bulk stress (described by the surface traction), the
bulk microstress (described by the surface microtraction), and the bulk
species flux are, respectively, equal to the normal component of the
surface stress, the surface microstress, and the surface species flux on
0P In general, these are given by

t; =Hn,

Eg=1-n, on 0P (132)

Jp M=Jsp N,

However, we have that Hn = 0, due to (110), in addition to frame-
indifference requirements. Furthermore, we have 7 -n = 0 and j,, -
n = 0 as a result of adopting a tangential surface microstress = and a
tangential surface mass flux j,,. Thus, the natural boundary conditions
read

s =0,
& =0,p ondPr, (133)
Jp-n=0,

which satisfy the requirements in (129).
9.3. Mixed dynamic boundary conditions

In view of (129), we formulate a set of mixed boundary conditions,
which are dissipative in nature. These are given by

tg = LLDRl(DBP e UE LLD(UM) —0p),
& = 1= (o — #p). on gPMx, (134)
3
Jp-n= _LLM(/‘,)P — Hp)s

10
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where L, L,L,>O0. The expressions in (134) should be understood
as the surface traction, the surface microtraction, and the normal bulk
species flux defined across 9P™, respectively, driven by the difference
in velocity, microstructure (described by the phase field), and chemical
potential between the bulk and surface material. Here, we assume that
the dependency is linear and that the parameters L,, L,, L, act as
relaxation parameters. Furthermore, note that the rightmost expression
in (134), arises in view of assumption (A.2).

In [24], a mixed type of boundary condition similar to (134),
was proposed. The theory for mixed dynamic boundary conditions for
phase-field models was further extended and presented for both the
microstructure and chemical potential in [14,25].

10. Static edge boundary conditions

We complement the dynamic boundary conditions on 0P, previ-
ously presented by a set of static boundary conditions on ¢°P,. In
particular, we formulate the essential and natural boundary conditions
resulting from the action of a static environment on the edge 0*P,, that
is, the curve where the dynamic surface 0P, loses smoothness. On static
edges 02P°, we first present the essential boundary conditions, which
read

_ env
Vyp =0

a?p’
Pop = @5 ¢ on PP, (135)
Hop = :“:;l’

where ue“; is the action of the velocity, ¢ “;‘; is the assignment of

microstructure, and ye“;’) is the action of the chemical potential, all

originating from a static environment acting on the edge 92P.
Alternatively, as natural boundary conditions, we may prescribe
hys = (Hv) = B,
Ty =7 v) =,

env
2p’

on 0273;““, (136)
J2p = _{{J v =J

where hS' and 77" are the assigned edge traction and edge mi-
crotraction of the static environment across 9>P,, . Furthermore, f""
represents the transfer of species from the static env1ronrnent to 627);‘&‘.

11. Dissipation inequalities

Here, we are interested in understanding the behavior of the total
energy variation, that is,

/ op(¥p + %|l)7,|2)dUT + / A %ll)aplz) da,. (137)
pT a T

To simplify and understand the decay of each energetic contribution,
that is, the free energy and kinetic energy densities, we will spit these

into

/ 0pV¥p dv,+/ ptw,pda,, and
P P,

T T

1 1
/ 50P|DP|2dUr+/ Epé-lvaplzdar-
P oP,

T T

(138)

Emulating the procedure presented by Espath [14] for the temporal
change in free-energy functional, we arrive at

/ opyp do, + / Pt da,
P, oP,

T T

=/ (M 57)+7¢p) do, _/ grad yp, - Mpgrad pp do,
P

T

/ grad @, ® é) cgrad o, dv,

/ HopSep +{@yp) da,
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grad gpop - Mypgrad s piyp da,

A

/ L,
PT
Ly

((é’dP - ¢’p) Eo+ (Hp — Myp)ip - n) da,

/apr

+/ (@or kT V] = oy s - v}) do,.
2P,

2y divgv,, da,

)

(grads(pa,, ® r) :grad v, da,

(139)

Next, we consider the temporal change in kinetic energy (138),.
For this purpose, we consider the decomposition into inertial and non-
inertial parts (53) and (54). Then, the variation in kinetic energy rate
reads

1 2 1 2
[ SestonPave+ [ otivglac,
7, op

T T

= / 0p0p - Dpdu, +/ ptv,, - 0,y dag,
P

T T

= / v, - (0™ +div T) dv,

T

+ / v,, - (g" — s + divy(HP)) da,,
P,
= / (0 - b" — T : grad v,) dv,
T)T

+/ (0, - g" — HP, : grad 4v,,) da,
P,

- / (0)p = vp) - tgda, +/ v, - {Hv} do,
P, ?P,

T

(140)

where we have used the field equations (52) and surface traction (48);.
In view of the free- and kinetic-energy rates in (139) and (140), and
by symmetry of T and HP, the variation in total energy reads

1 1
[ ot Sionao, + [t + oy rae,

P‘L’ T

= / (ﬂFSP + }’(pp) do, _/ grad pp, - Mpgrad pp do,
P

T T

(T+ grad @, ®1§) :D, do,

v, - b do, +/ (HopSop + CPyp) day,
P,

grad g u,p - Mypgrad gp,p da,

pzf;zq/ divsl)dp dlll.

(HP" + grad s, @ T) :D,p da, +/ Uyp - gni da,
oP,

T T

((@op = @) &s + (Hp = Hop)dp - N+ (0, = ) - L) da,

p‘[
+ N (&7()7){{7"/}} _/4()77{{.]()7) V}} +D()p ° {{HV}}) dGT, (141)
?2P,
where we recall that the stretching tensors are given by D, := sym

grad v, and D,, := sym grad ;v,,. Substitution of the constitutive re-
sponse for the bulk and surface stresses (110) and the thermodynamical
surface pressure (108), specializes (141) to

1 1
/ op(yp + §|D7>|2) do, + / L (Wop + Ell)aplz) da,
P

T 0 T
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= / (Hpsp +7¢p) du, _/ grad pp, - Mpgrad pp, do,
P, P,

T T

_ 2
- / 271, DY do,
P

T

+/ v, - b" do, +/ (HopSop + Cop) da,
PT T
- / grad gp,p - Mypgrad s pyp da,
P,
2 . i
- / (2ﬂ5P|PHD§P| + fcd,,(dwsuap)z) da, + / v, - g" da,
P, P,
- /dP (((oﬂar - ¢P) Es+ (Hp — Hop)dp -+ (Vyp — 0p) - ts) da,
[ AV =l VI + 0 (VD) do (142)
»P

where we have used the viscous dissipation identities (106), the iso-
choric constraint tr D, = div v, = 0 (25), as well as the identity
tr (B,D,,) = divgo,,.

Lastly, we consider the set of mixed boundary conditions on 0P, :=
0PMix (134) and natural boundary conditions on 9?P, := 9>P™!t (136).
Then, in view of the residual dissipation inequality in (102), we arrive
at the Lyapunov decay relation

1 1
/ op(wp + Ell)p|2)dvr + / Pt (Wyp + Ell)()plz) da,
P

T a T

= / (Hpsp +7vdp) du, _/ grad pp - Mpgrad p;, do,
P P

T T

_ 2
- / 24,,IDYI do,

T

+ / v, - b do, +/ (HopSop + CPsp) da,
P

T T

- / grad gpyp - Mypgrad sp,p da,
P,

T

o 2
_ 2 [(C
- / zllaP'Panp| + de<77> da, + / Oyp
oP, T oP,

1 e .2 1
- T Pop —@pl"+
./BP <LW oP P Lll

T

o env
+ / ((p,,,,rds
2P,

S/ (Mpsr +Y‘PP) do, +/ Up b do,
P P

T T

g da,

2 1 2
lup = Hopl” + L—U|Dap_vp| ) da,

 Hop %+ 0 - L) do,

+/ (Maﬁsap + g(opap) da, +/ Vyp gni da,
7}

T T

+ /a . ((;;a,,fjg_v + ol + Dy hjg_V) do,. (143)

In (143), we identify the following environmental contributions

* upsp represents the rate at which energy is transferred to P, due
to the production of species, and y,,s,, represents the rate at
which energy is transferred to 0P, due to species production;
7@, represents the power expended on the microstructure of P,
by sources external to the body P,, whereas {¢,, denotes the
power expended on the microstructure of 0P, by sources external
to the boundary of the body 07, which do not originate from P_;
v, - b" represents power expended in P, by the environment,
whereas v,, - g" represents the power expended on 9P, by the
environment;

Gp7shY represents the power expended across 9°P, by edge mi-
crotractions from the environment exterior to both 07, and P,;
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* Mop)%5 represents the energy exchange across d*P, induced by a
tangent-normal species flux from the exterior of 0P, and P_;
* v, - hSY represents the power expended across 0>P, by edge
tractions from the environment.

Lastly, the following terms may contribute to dissipation in the bulk-
surface system

gradu, - M, grad u,, and gradg u,,, - M, ,gradg ji,,, represent dissipation
due to species diffusion in P, and 0P,, respectively;

the term 2;2(,,,|P,,D§,,|2 represents the viscous dissipation in P,,
whereas 2/i,,|B,DY,| "+ R,»(Z./£)? denotes the viscous dissipation
in 0P,;

tlfpap — ¢,|? represents power expended across dP, driven by
the difference in microstructure (described by the phase field)
between 0P, and the adjacent P,;

—LL |t,p — pp|* represents energy exchange across P, due to the
difference in chemical potential between 0P, and the adjacent P,;
LL,, |v,p — vp> = Liv |P,(v,, — v,)|*> represents power expended
across 0P, driven by the difference in the tangential velocity
components between 07, and the adjacent P,.

CRediT authorship contribution statement

Anne Boschman: Conceptualization, Formal analysis. Luis Espath:
Conceptualization, Formal analysis. Kristoffer G. van der Zee: Formal
analysis.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgment

This work was partially supported by the Flexible Interdisciplinary
Research Collaboration Fund at the University of Nottingham, United
Kingdom Project ID 7466664. The research by KvdZ was supported
by the Engineering and Physical Sciences Research Council (EPSRC),
United Kingdom, under Grant EP/W010011/1.

Additional declaration

This research paper is a component of Anne Boschman’s doctoral
thesis. Interested readers seeking comprehensive understanding and
additional contextual information are directed to [26]. The thesis offers
a comprehensive exploration of the subject including supplementary
insights that enrich the discussions presented in this paper.

12

Physica D: Nonlinear Phenomena 460 (2024) 134055
References

[1] M. Boussinesq, Sur l’existence d’une viscosité superficielle, dans la mince couche
de transition séparant un liquide d’une autre fluide contigu, Ann. Chim. Phys.
29 (1913) 349-357.

D. Bothe, J. Priiss, On the two-phase Navier-Stokes equations with
Boussinesq-Scriven surface fluid, J. Math. Fluid Mech. 12 (1) (2010) 133-150.
V. Levich, Physicochemical Hydrodynamics, Prentice-Hall, Englewood Cliffs, New
Jersey, 1962.

N.K. Adam, Physics and Chemistry of Surfaces, Oxford university press, H.
Milford, 1941.

AW. Adamson, A.P. Gast, et al., Physical Chemistry of Surfaces, Vol. 150,
Interscience publishers New York, 1967.

L.E. Scriven, Dynamics of a fluid interface equation of motion for Newtonian
surface fluids, Chem. Eng. Sci. 12 (2) (1960) 98-108.

M.E. Gurtin, A.I. Murdoch, A continuum theory of elastic material surfaces, Arch.
Ration. Mech. Anal. 57 (1975) 291-323.

B. Ladoux, R. Mége, Mechanobiology of collective cell behaviours, Nature Rev.
Mol. Cell. Biol. 18 (12) (2017) 743-757.

L. Espath, On the control volume arbitrariness in the Navier-Stokes equation,
Phys. Fluids 33 (1) (2021).

C. Brangwynne, P. Tompa, R. Pappu, Polymer physics of intracellular phase
transitions, Nat. Phys. 11 (11) (2015) 899-904.

Y. Shin, C. Brangwynne, Liquid phase condensation in cell physiology and
disease, Science 357 (6357) (2017) eaaf4382.

A. Madzvamuse, A. Chung, C. Venkataraman, Stability analysis and simulations
of coupled bulk-surface reaction—diffusion systems, Proc. R. Soc. A 471 (2175)
(2015) 20140546.

F. Duda, F. Forte Neto, E. Fried, Modelling of surface reactions and diffusion
mediated by bulk diffusion, Phil. Trans. R. Soc. A 381 (2263) (2023) 20220367.
L. Espath, A continuum framework for phase field with bulk-surface dynamics,
Partial Differ. Equ. Appl. 4 (1) (2023) 1.

P. Cermelli, E. Fried, M.E. Gurtin, Transport relations for surface integrals arising
in the formulation of balance laws for evolving fluid interfaces, J. Fluid Mech.
544 (2005) 339-351.

M. Silhavy, A Direct Approach to Nonlinear Shells with Application to Surface-
Substrate Interactions, Vol. 1, No. 2, Mathematical Sciences Publishers, (ISSN:
2326-7186) 2013, pp. 211—232.

G. Tomassetti, A direct, coordinate-free approach to the mechanics of thin shells,
2023, arXiv preprint arXiv:2305.08884.

Morton E. Gurtin, An Introduction to Continuum Mechanics, Academic Press,
1982.

M.E. Gurtin, E. Fried, L. Anand, The Mechanics and Thermodynamics of
Continua, Cambridge University Press, 2010.

L. Espath, V.M. Calo, E. Fried, Generalized Swift-Hohenberg and phase-field-
crystal equations based on a second-gradient phase-field theory, Meccanica 55
(10) (2020) 1853-1868.

L. Espath, V. Calo, Phase-field gradient theory, Z. Angew. Math. Phys. 72 (2)
(2021) 1-33.

R. Fosdick, A generalized continuum theory with internal corner and surface
contact interactions, Contin. Mech. Thermodyn. 28 (2016) 275-292.

E. Fried, M.E. Gurtin, Tractions, balances, and boundary conditions for nonsimple
materials with application to liquid flow at small-length scales, Arch. Ration.
Mech. Anal. 182 (3) (2006) 513-554.

P. Knopf, A. Signori, On the nonlocal Cahn-Hilliard equation with nonlocal
dynamic boundary condition and boundary penalization, J. Differential Equations
280 (2021) 236-291.

L. Espath, Mechanics and Geometry of Enriched Continua, Springer Nature, 2023.
A.M. Boschman, Fundamental Theories for Bulk-Surface Interactions: Evolving
Interfaces, Phase-Field Adhesion and Mixed-Dimensional Flows, University of
Nottingham, Nottingham, UK, 2023.

[2]

[3]

[4]

[5]

[6]

[71

[8]

[91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]
[26]


http://refhub.elsevier.com/S0167-2789(24)00006-X/sb1
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb1
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb1
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb1
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb1
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb2
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb2
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb2
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb3
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb3
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb3
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb4
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb4
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb4
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb5
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb5
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb5
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb6
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb6
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb6
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb7
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb7
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb7
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb8
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb8
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb8
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb9
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb9
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb9
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb10
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb10
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb10
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb11
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb11
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb11
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb12
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb12
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb12
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb12
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb12
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb13
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb13
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb13
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb14
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb14
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb14
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb15
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb15
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb15
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb15
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb15
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb16
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb16
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb16
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb16
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb16
http://arxiv.org/abs/2305.08884
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb18
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb18
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb18
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb19
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb19
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb19
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb20
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb20
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb20
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb20
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb20
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb21
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb21
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb21
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb22
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb22
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb22
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb23
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb23
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb23
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb23
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb23
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb24
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb24
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb24
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb24
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb24
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb25
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb26
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb26
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb26
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb26
http://refhub.elsevier.com/S0167-2789(24)00006-X/sb26

	A bulk-surface continuum theory for fluid flows and phase segregation with finite surface thickness
	Introduction
	Differential tools

	Isochoric motion & mass balance
	Virtual power principle
	Frame indifference principle

	Partwise balance of forces, microforces, torques & microtorques
	Conserved species transport
	Free-energy imbalance
	Constitutive response functions
	Specialized equations
	Dynamic boundary conditions
	Essential dynamic boundary conditions
	Natural dynamic boundary conditions
	Mixed dynamic boundary conditions

	Static edge boundary conditions
	Dissipation inequalities
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgment
	Additional Declaration

	References


