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ABSTRACT Air-core inductors are key components in power converters and measurement equipment.
To optimally design inductors, their self-resonant frequency (SRF) as a result of inherent stray capacitance
should be accurately estimated. This paper presents optimal design procedures for air-core inductors,
considering constraints such as SRF and inductor volume. To this end, a methodology is proposed to estimate
the variability of stray capacitances, accounting for various uncertainty factors. Specifically, for single-
layer air-core inductors, an empirical expression is adopted and experimentally verified to provide better
predictions compared to the commonly used physical-based approach. For multi-layer air-core inductors,
an enhanced analytical approach based on the energy-conservation method is proposed, which considers
the impact of five influence factors. Two key factors (the proximity effect and the variation of turn length)
are investigated by FEM simulations and incorporated into the enhanced models. The other three factors
(the effective permittivity of the wire insulation coating, the winding tightness, and the electric field path
assumption) are taken into account as uncertainty factors, leading to statistical estimates of the stray
capacitance and SRF. Finally, two samples are fabricated for single- andmulti-layer air-core inductors, which
agree well with the design specifications, proving the effectiveness of the proposed design methodology.

INDEX TERMS Air-core inductor, optimal design, self-resonant frequency, stray capacitance.

I. INTRODUCTION
Air-core inductors are widely used in EMI filters [1], power
electronic converters [2], and line impedance stabilization
networks (LISNs) [3] with the advantage of avoiding
hysteresis and eddy-current losses and holding large currents
without saturation. However, because of their inherent
capacitance (stray capacitance), the inductive behavior of
air-core inductors is constrained up to the first self-resonant
frequency (SRF), limiting the potential performance of
designed applications at high frequency. Hence, in order to
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design air-core inductors with inductive behavior within the
frequency of interest, it is crucial to determine their stray
capacitance.

This paper introduces a new design methodology for
single-layer and multi-layer air-core inductors, which takes
into account constraints defined by the SRF and the physical
size (volume). To this end, several methods for predicting
stray capacitance are analyzed and compared. In general,
these techniques can be classified into three categories: finite
element method (FEM) models, empirical formulas, and
physical-based analytical models.

Although the FEM-based approach is time consuming, it is
commonly used as a reference due to its precision [4]. Some
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studies have focused on the accuracy of 2D and 3D models
[5], while others have focused on improving the simulation
efficiency [6].

The empirical expression is derived through a range of
experiments or simulations conducted on different inductor
samples with varied parameters. For instance, in [7], the
derivation of a formula for the stray capacitance of coils
by varying the coil diameter and length was introduced.
Although it requires a substantial sample size for curve-
fitting, the empirical expression can provide a rule of thumb
for predictions.

According to physical-based approaches, the total equiv-
alent stray capacitances of inductors mainly depend on the
integration of electrostatic capacitances between adjacent
conductor turns (i.e., turn-to-turn and layer-to-layer capac-
itances). These basic static capacitances between adjacent
turns can be determined based on the geometry and
insulation material specifications of the conductors [8].
Two main approaches, based on different assumptions,
are commonly employed to integrate basic static capaci-
tances in order to determine the total stray capacitances:
the lumped-capacitance network method and the energy-
conservation method. The lumped-capacitance network is
more suitable for single-layer inductors [9], as their
equivalent circuits can be easily derived. Conversely, the
energy-conservation method is preferable for multi-layer
inductors and transformers [10]. The accuracies of these
two approaches for a single-layer ferrite-core inductor were
compared in [11], demonstrating that the energy-conservation
method is more accurate. However, it is important to note
that this conclusion may only be applicable to inductors
with magnetic cores, and further validation is necessary for
air-core inductors.

Therefore, regarding the single-layer air-core inductors,
this work compares both physical-based approaches and
empirical formulas through theoretical analyses and exper-
imental tests, with the objective to derive a more precise
methodology for estimating stray capacitances.

In terms of multi-layer air-core inductors, although the
physical-based analytical approach provides more straight-
forward procedures compared to the other two methods,
it often leads to a large approximation of the observed stray
capacitances from measurements [12]. One possible reason
is that the analytical approaches ignore the geometry uncer-
tainties and simplify the equations by assuming ideal winding
conditions only. However, these geometry uncertainties have
a significant impact on the derived equations and predictions.
For instance, in [13], the proximity effect was considered, but
the turn length variation across layers was ignored. The filling
factors were proposed in [9] to account for winding tightness
and fabrication process imperfections. The divergence in
assumptions regarding the electric field further results in
different stray capacitance predictions, as illustrated in [14]
and [15]. Additionally, also the effective permittivity of the
wire insulation coating, for which only an estimated interval
of variation is usually known, [16], [17], has a non-negligible

influence on the prediction accuracy. Therefore, instead of
predicting a specific stray-capacitance value based on an
ideal winding geometry, it is more beneficial to provide an
estimated range of variability, taking into account different
uncertainty factors, including the influence of the proximity
effect, the variation in turn length, the winding tightness, the
electric field path assumption, and the effective permittivity
of the wire insulation coating.

Therefore, in this work, an enhanced physical-based
analytical modeling approach is introduced for multi-layer
air-core inductors, which considers both orthogonal and
hexagonal windings configurations. This approach accounts
for proximity effects and variations in the turn length
across layers, and their influence is verified using FEM
simulation. Using the proposed modeling methods for the
stray capacitances, new air-core inductor design procedures
that consider uncertainties (such as the winding tightness in
geometry, the electric field path assumption, and the effective
permittivity of the wire insulation coating) are introduced
through two real design examples.

The remaining sections of the paper are organized as
follows. Section II compares different methods for pre-
dicting stray capacitances in single-layer air-core inductors.
The modeling approach for the design of multi-layer air-
core inductors is proposed in Section III. The application
example and the corresponding uncertainty analyses for
single-layer and multi-layer air-core inductors are presented
in Sections IV and V. Finally, conclusions are drawn in
Section VI.

II. MODELING METHODS FOR SINGLE-LAYER
INDUCTORS
This section provides a comparison of different approaches
for predicting the stray capacitance of single-layer inductors.
Particularly, the physical-based analytical approaches and
methods based on empirical expressions are presented,
and their accuracy is evaluated by comparing them with
measurement results.

Physical-based analytical methods, which rely on geom-
etry modeling, involve two steps for computing the total
stray capacitance of an inductor. The first step computes
the turn-to-turn capacitance (Ctt) between each loop turn
of the inductor (refer to Section II-A). The second step
aggregates these turn-to-turn capacitances to determine
the total stray capacitance (Ctot) (see Section II-B). The
lumped-capacitance network and the energy-conservation
method are two commonly used approaches for the second
step, each based on different assumptions.

A. TURN-TO-TURN CAPACITANCE
The capacitance between adjacent turns in air-core inductors
is assumed to be equivalent to the capacitance between two
parallel loop conductors with identical wire specifications.
Specifically, this capacitance is computed by integrating the
elementary capacitance of two circular conductors in 2D
space [9].
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FIGURE 1. (a) Diagram of the single-layer air-core solenoid inductor and
(b) schematic of elementary capacitances between two turns for the
loose winding (p > do). A tightly winding ideally satisfies that p = do.

The elementary capacitance (dCtt(θ )) between two circular
conductors consists of two components: the elementary
capacitance of the insulation coating (dCin(θ )) and the
elementary capacitance of the air gap (dCair(θ )), as illustrated
in Fig. 1(b). Their derivation follows the definition of parallel
plate capacitors [14]. Specifically, for the insulation coating,
the elementary capacitance can be derived as follows:

dCin (θ, l, r) = εrε0
(rdθ) dl
dr

(1)

dCin (θ) =

∫ lt

0

∫ do
2

di
2

dCin (θ, l, r)

= εrε0 dθ

∫ lt

0
dl

∫ do
2

di
2

r
dr

=
εrε0 lt
ln do

di

dθ (2)

where, εr represents the relative permittivity of the insulation
coating, while ε0 denotes the permittivity of vacuum. The
length of one turn, denoted as lt, is equal to π (Dc + do).
Dc represents the diameter of the bobbin where the inductor
is wound. The di and do refer to the diameters of the bare
conductor and the conductor with insulation, respectively.

Similarly, the elementary capacitance for the air gap based
on the definition of parallel plate capacitors can be computed
by:

dCair (θ) = ε0

lt
(
d0
2 dθ

)
x (θ)

(3)

where x(θ ) represents the path of the electric field between
two turns, with its length dependent on the θ as depicted
in Fig. 1(b). Some studies assume a straight line for this
path [15] (dashed blue line in Fig. 1(b)), while others use
an arc (dash-dot red curve in Fig. 1(b)) [18]. The impact
of these different choices will be discussed in Section III.
Accordingly, x(θ ) can be expressed as:

x (θ) =

 p− do cos θ straight line

(p− do cos θ)
θ

sin θ
arc

(4)

where p represents the pitch distance between turns measured
from the center points of the turns. It is worth mentioning
that the above equations are valid for both tightly winding
(p = do) and loose winding (p > do) conditions.
The total elementary capacitance dCtt(θ ) is calculated by

the series connection of two dCin(θ ) and one dCair(θ ):

dCtt (θ) =
dCair (θ)

dCin(θ)
2

dCair (θ) +
dCin(θ)

2

=
ε0 lt

2
(
x(θ)
d0

+
1
εr
ln do

di

)dθ

(5)

The turn-to-turn capacitance Ctt can be determined by
integrating the elementary capacitance dCtt(θ ) over the range
from −π/2 to π/2 as depicted in Fig. 1(b) by [15]:

Ctt =

∫ π
2

−
π
2

ε0lt

2
(
x(θ)
do

+
1
εr
ln do

di

)dθ (6)

It should be noted that a narrower integration range (e.g.,
from −π/6 to π/6) needs to be considered when the turns
are surrounded by other turns, in order to take into account
the proximity effects observed in inner turns of multi-layer
air-core inductors discussed in Section III.

B. TOTAL STRAY CAPACITANCE
In the second step, the total self-capacitance (Ctot) responsible
for the first SRF of the inductor is evaluated. To this end, two
methods can be used: the physical-based analytical method
and the empirical-based expression.

1) PHYSICAL-BASED ANALYTICAL METHOD
The physical-based analytical method can be implemented
by two approaches: the lumped-capacitance network method
[14] and the energy-conservation method [10]. Anyhow, both
methods assume the mutual coupling between adjacent turns
to be dominant over the mutual coupling between non-
adjacent turns, which is therefore neglected. Additionally, the
inductive coupling among all turns is also neglected.

Moreover, the lumped-capacitance network method con-
siders the equivalent circuit of the inductor as a purely
capacitive network composed ofCtt, disregarding the elemen-
tary inductance (Ltt) of each turn due to its high impedance
compared to Ctt. On the other hand, the energy-conservation
method takes into account the effect of the elementary
inductance and assumes a linear voltage distribution along

134462 VOLUME 11, 2023



L. Wan et al.: Optimal Design of Single-Layer and Multi-Layer Air-Core Inductors

FIGURE 2. Equivalent circuit based on (a) lumped-capacitance network
method and (b) energy-conservation method.

the coils [11]. Consequently, the total stray capacitance Ctot
can be calculated by equating the energy of the electric field
stored in Ctot to the total energy stored between all turns.
The comparison in [11] shows that the energy-conservation

method is more accurate than the lumped-capacitance
network method when a toroid inductor with a ferrite core
is modeled. However, this conclusion may only apply to
inductors with ferrite cores. As a matter of fact, when apply-
ing these two methods to a single-layer air-core inductor,
the turn-to-core capacitance does not exist. Consequently,
both methods yield the same equations to calculate the stray
capacitance Ctot = Ctt/(N − 1).
According to the equivalent circuit approach, the initial

step involves the evaluation of the turn-to-turn capacitance
Ctt by utilizing equations (1) through (6). Fig. 2(a) illustrates
the equivalent circuit of an inductor with N turns (here
N = 6), assuming a lumped-capacitance network. In this
configuration, N − 1 turn-to-turn capacitances (Ctt) are
connected in series. Consequently, employing this approach
takes the expression of the total stray capacitance Ctot:

Ctot (N ) =
Ctt

N − 1
(7)

The equivalent circuit of the single-layer air-core inductor
derived according to the energy-conservation approach is
shown in Fig. 2(b). It is assumed that the voltage potential
is linearly distributed across all turns due to the inductance
associated with each turn. Hence, the voltage potential of the
n-th turn is [Vtotal(n − 1)]/(N − 1), and the voltage drop
between two adjacent turns is Vtotal/(N − 1). Here, Vtotal
represents the voltage applied between the first and last turn
of the inductor. Moreover, the electric-field energy stored
in the total self-capacitance Ctot is considered equivalent
to the total energy stored between all turns. Based on this
assumption, the total stray capacitance can be derived as:

Ctot (N ) =

N−1∑
n=1

(
Vtotal
N − 1

)2 Ctt

V 2
total

=
Ctt

N − 1
(8)

Differently from the case of a toroid ferrite-core inductor
[11], both methods yield the same equation for single-layer
air-core inductors. However, both (7) and (8) indicate that the
total stray capacitance decreases as the number of turns N
increases, and approaches zero for N taking an infinite value.
This is not realistic since the stray capacitance of an inductor
with a large number of turns is anyway expected to be non-
negligible.

2) EMPIRICAL-BASED METHOD
In contrast to the physical-based analytical methods, the
empirical approach relies on a series of measurements and/or
simulations conducted on several inductor samples featuring
various specifications. Through curve-fitting procedures
applied to different parameters, such as inductor length (lc),
bobbin diameter (Dc), and pitch distance (p), an empirical
formula for the stray capacitance can be derived. Particularly,
the empirical formula in [7] and [19], is adapted here
to predict the stray capacitance of a single-layer air-core
inductor:

Ctot =
4ε0 lc

π

{
0. 18

Dc

lc
+ 0.25 + 0. 6

(
Dc

lc

)1.5
}

(9)

Accuracy of the proposed expressions will be investigated
in the following subsection.

C. MEASUREMENT VERIFICATION
In order to verify the accuracy of the methods discussed
in previous sections, an inductor sample is created by
winding an insulated copper conductor (diameters of the bare
conductor and with insulation coating are di = 2.65 mm, and
do = 2.7mm, respectively) on a cylindrical polyvinyl chloride
(PVC) core. The relative permittivity of the polyester coating
εr ranges from 2.8 to 4.5. Other parameters of the inductor
sample are the diameter of the PVC bobbin Dc = 103.2 mm,
the pitch between turns p = 2do = 5.4 mm, and the number
of turns N = 33. The impedance of the inductor is measured
using an impedance analyzer (Keysight E4990A, 20 Hz
to 120 MHz). Measurements were repeated by progressively
removing turns until only two turns remained.

To provide a reference, the circuit model of the inductor
(with the self-capacitance (Ctot) in parallel with the series of
an inductor (L) and a resistor) is considered, whose parame-
ters were obtained by fitting of themeasured impedance, after
de-embedding frommeasurement data spurious effects due to
inductor leads.

To validate the fitted circuit model, the inductance L of
the single-layer air-core inductor is prelimarily computed by
[20]:

L =
µ0 AcN 2

lcK
(10)

where µ0 represents the permeability of free space, Ac =

π (Dc/2)2 denotes the cross-sectional area of the bobbin,
lc = (N − 1) p + do represents the length of the inductor,
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FIGURE 3. Comparison of prediction and fitted circuit model based on
measurement for (a) inductance (L) and (b) stray capacitance (Ctot) under
different turn N numbers.

and K is the Nagaoka’s coefficient defined as K = 1 +

0. 9Dc/(2lc ) [21].
For each inductor sample, the inductance computed by (10)

is compared with the inductance in the fitted circuit model
as illustrated in Fig. 3(a). The close agreement observed
validates the accuracy of the fitted circuit model. The Ctot
within this circuit model will serve as reference to evaluate
the accuracy of the physical-based analytical method and the
empirical formula, as depicted in Fig. 3(b).
As shown in Fig. 3(b), the analytical model exhibits

a decreasing trend, leading to significant deviations from
the reference for large turn numbers. Specifically, when N
exceeds 30, the predictions of the analytical equation are
approximately 13 times smaller than the measurement. The
significant deviation introduced by the physical-based ana-
lytical approaches, either based on the energy-conservation
method or the lumped-capacitance network, makes these
methods unsuitable for estimating the stray capacitance
of single-layer air-core inductors. On the other hand, the
empirical approach consistently delivers relatively accurate
results in line with the measurements. Therefore, this
approach will be hereinafter adopted for optimal design of
single-layer air-core inductors under practical constraints,
as detailed in Section IV.

FIGURE 4. Winding types for multi-layer air-core inductors.

III. MODELING METHODS FOR MULTI-LAYER
INDUCTORS
A. FIVE FACTORS IN TURN-TO-TURN CAPACITANCE
Similar to single-layer inductors, stray capacitances of
multi-layer inductors are assumed to be induced by adjacent
current loops, while disregarding the effect of non-adjacent
loops. However, in the case of multi-layer air-core inductors,
besides the turn-to-turn capacitance (Ctt) within each layer,
the capacitance between layers (Cll) should be taken into
account. The total stray capacitance depends on the geometric
parameters of conductors (i.e., the diameter of bare conduc-
tors di, the coating conductors do, and the relative permittivity
of insulation material εr), as well as the coil parameters
(including the number of layers Nl, the number of turns in
each layer Nm, and the bobbin diameter Dc) and the winding
types [13].

The common winding types for orthogonal and hexagonal
wire arrangement are illustrated in Fig. 4. For the construction
of multi-layer inductors, the standard type rather than the
fly-back type is employed. However, due to the geometric
uncertainties associated with numerous layers, maintaining
a purely orthogonal or hexagonal winding type is a difficult
construction. Consequently, modeling procedures for both
orthogonal and hexagonal windings are established to define
reference cases for the evaluation of the actual stray
capacitances.

The expression in (6) for the elementary capacitance of
adjacent turns (Ctt and Cll) is here generalized as:

Ctt/ll =

∫ θ2

θ1

ε0 lx

2
(
x(θ)
d0

+
1

εeff
ln do

di

)dθ (11)

where the accuracy of computed elementary capacitance can
be affected by five key parameters: (1) the integration range
(θ1 to θ2), (2) the turn length, lx, (3) the effective permittivity
of the insulation coating, εeff, (4) the choice of using straight
lines or arc curve to represent the electric field path, x(θ ), and
(5) the pitch, p.

Indeed, different integration ranges for the inner turns
(which are surrounded only by the other turns) and the outer
turns (which are surrounded by other turns and air) are
considered in [13]. However, the turn length lx is typically
considered as the average turn length. In fact, as the number of
layers increases, the top turns have a greater length compared
to the bottom turns. Therefore, in order to take both factors
into consideration, this study proposes an accurate approach
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TABLE 1. Predicted capacitances for the three cases in Fig. 5.

FIGURE 5. Electric field distribution for two circular conductors in Ansys:
(a) case 1: in the absence of other conductors, (b) case 2: in the presence
of the third conductor, and (c) case 3: surrounded by outer conductors.

to compute the element capacitance in multi-layer inductors.
The choice of using a straight line or arc to represent x(θ ),
as well as the uncertainties associated with εeff and p, will be
investigated in Section V.

FIGURE 6. 3D model of two turns in Ansys for computing mutual
capacitance.

TABLE 2. Predicted capacitance of two turns (3D model) with different
turn length.

To prove the need to consider different integration ranges
for the inner and outer turns to account for proximity effects,
the capacitance between two circular elements is simulated
in Ansys Maxwell [22] for three test cases (refer to Fig. 5):
Case 1: Two conductors only, Case 2: Three conductors in
hexagonal geometry, Case 3: Nine conductors in hexagonal
geometry. These cases will serve as reference to assess the
accuracy of the conventional integration range (−30◦ to 30◦

for all cases) compared to the proposed approach in which
different integration ranges for the inner and outer turns
are considered. The comparison (see Table 1) proves the
influence of the proximity effect caused by the surrounding
conductors, and the need for taking it into account by utilizing
different integration ranges.

To justify the need to consider varying turn lengths in
multi-layer air-core inductors, a 3D model is simulated in
Ansys Maxwell [22], featuring two turns with different
bobbin diameters (see Fig. 6). The stray capacitances
obtained from the simulation are compared with the pre-
dictions calculated by (11), as shown in Table 2. The
results indicate a good agreement between predictions and
simulation outcomes. Furthermore, it is observed that the
stray capacitance increases with the turn length, thereby
confirming the importance of accounting for different turn
lengths in multi-layer inductors.

B. TOTAL STRAY CAPACITANCE FOR DIFFERENT
WINDINGS TYPES
In this subsection, the energy-conservationmethod is adopted
to derive the total stray capacitance of multi-layer air-
core inductors. Considering geometric uncertainties, actual
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FIGURE 7. Cross sections of multi-layer inductors (a) orthogonal, and
(b) hexagonal winding type, with turn-to-turn capacitances (Ctt) and
layer-to-layer capacitances (Cll) outlined.

multi-layer inductors do not strictly adhere to either orthog-
onal or hexagonal winding types. Consequently, accurate
modeling of actual wire arrangements is a challenge. Instead
of focusing on a specific realization, we will investigate
the variability of the stray capacitance associated with both
geometries in order to provide estimates of the possible
variability range.

Fig. 7 provides a comparison of the cross sections of
multi-layer inductors created using two different winding
types. Each turn is designated as (k , i), where k repre-
sents the k-th layer, and i represents the i-th turn within
the k-th layer from left to right. Assuming the inductor
comprises Nl layers and Nm turns per layer, there are
Nm − 1 turn-to-turn capacitances Ctt in Nl layers for both
orthogonal and hexagonal winding types. Regarding layer-
to-layer capacitances (Cll), the orthogonal and hexagonal
winding types have Nm and 2Nm − 1 stray capacitances,
respectively.

Turn-to-turn capacitances are denoted as Ctt(k, i), where k
ranges from 1 to Nl and i ranges from 1 to Nm − 1, for both
winding types. Layer-to-layer capacitances are denoted as
Cll(k, i), where k ranges from 1 to Nl − 1, and for orthogonal
winding, i ranges from 1 to Nm, while for hexagonal winding,
i ranges from 1 to 2Nm − 1.

The turn length lx for Ctt(k, i) and Cll(k, i) are denoted as
ltt and lll, respectively, and are the same for turns within the
same layer. Turn length lx is given by:{

ltt (k) = π [Dc + (2k − 1) do]
k = 1, 2, 3, . . . ,Nl{
lll (k) = π (Dc + 2kdo)
k = 1, 2, 3, . . . ,Nl − 1

(12)

for orthogonal winding, and by:{
ltt (k) = π

[
Dc + do +

√
3 (k − 1) do

]
k = 1, 2, 3, . . . ,Nl lll (k) = π

[
Dc + do +

√
3
2

(2k − 1) do

]
k = 1, 2, 3, . . . ,Nl − 1

(13)

for hexagonal winding.
To account for the proximity effect, the turn-to-turn

capacitance Ctt in the top and bottom layers and the
layer-to-layer capacitance Cll in the first and last column,
respectively, separately from the other inner layers, is defined
by:

Ctt (k, i) =

∫ θ2

θ1

ε0 ltt (k)

2
(
x(θ)
do

+
1

εeff
ln do

di

)dθ

{
k = 1,Nl

i = 1, 2, 3, . . . ,Nm − 1
(14)

Cll (k, i) =

∫ θ2

θ1

ε0 lll (k)

2
(
x(θ)
do

+
1

εeff
ln do

di

)dθ


k = 1, 2, 3, . . . ,N l − 1
i = 1,Nm (orthogonal)
i = 1, 2Nm − 1 (hexagonal)

(15)

where different integration ranges, i.e., [−π/2, π/4] and
[−π/2, π/6], are used for the orthogonal and hexagonal
windings, respectively, as explained in Section III-A.

For the remaining inner capacitances, the following
expressions are cast:

Ctt (k, i) =

∫ θ2

θ1

ε0ltt (k)

2
(
x(θ)
do

+
1

εeff
ln do

di

)dθ

{
k = 2, 3, . . . ,Nl − 1
i = 1, 2, 3, . . . ,Nm − 1

(16)

Cll (k, i) =

∫ θ2

θ1

ε0 lll (k)

2
(
x(θ)
do

+
1

εeff
ln do

di

)dθ


k = 1, 2, 3, . . . ,Nl − 1
i = 2, 3, . . . ,Nm − 1 (orthogonal)
i = 2, 3, . . . , 2Nm − 2 (hexagonal)

(17)

with integration ranges [−π/4, π/4] and [−π/6, π/6] for the
orthogonal and hexagonal windings, respectively.

The voltage difference between two adjacent turns within
the same layer is Utt = Vtotal/(N − 1) for both winding
types. Vtotal denotes the total voltage applied across the
two terminals of the inductor. Conversely, the voltage
difference between two turns in adjacent layers tales different
expressions:

Ull (k, i) =
(2i− 1)V total

N − 1
(orthogonal)

134466 VOLUME 11, 2023



L. Wan et al.: Optimal Design of Single-Layer and Multi-Layer Air-Core Inductors

{
k = 1, 2, 3, . . . ,Nl − 1
i = 1, 2, 3, . . . ,Nm

(18)

Ull (k, i) =
iV total

N − 1
(hexagonal){

k = 1, 2, 3, . . . ,Nl − 1
i = 1, 2, 3, . . . , 2Nm − 1

(19)

for orthogonal and hexagonal windings, respectively.
Based on the energy-conservation theorem, the energy

stored in the overall stray capacitance Ctot is equivalent
to the sum of the energy stored between turns and
between layers. Consequently, Ctot for the orthogonal and
hexagonal windings with standard winding configuration
read:

Ctot(orthogonal) =
1

(N − 1)2

[∑Nl

k=1

∑Nm−1

i=1
Ctt (k, i)

+

∑Nl−1

k=1

∑Nm

i=1
(2i− 1)2C ll (k, i)

]
(20)

Ctot(hexagonal) =
1

(N − 1)2

[∑Nl

k=1

∑Nm−1

i=1
Ctt (k, i)

+

∑Nl−1

k=1

∑2Nm−1

i=1
i2C ll (k, i)

]
(21)

IV. EXAMPLE 1: DESIGN OF A SINGLE-LAYER INDUCTOR
The CISPR 16-1-2 standard specifies an AC LISN with a
defined impedance (50 µH + 5 �) ∥ 50 � for the frequency
range from 9 kHz to 30 MHz. A key component in the
LISN design is the 50 µH inductor, typically designed as
a single-layer air-core inductor to prevent saturation when
carrying high currents. AC LISN performance is significantly
influenced by the characteristics of such an inductor, which
should have a small stray capacitance (i.e., high SRF) to
ensure a stable LISN impedance and effective decoupling
at high frequencies. According to [15], increasing the pitch
distance p leads to a higher SRF. However, this benefit
is marginal with a large pitch, which can also lead to an
extended inductor length. On the other hand, it is also
desirable to keep the inductor dimensions as small as
possible to suit the LISN volume. This section is aimed
at a procedure for optimal design of a 50 µH single-
layer air-core inductor, taking into account the requirements
of higher SRF and smaller volume (i.e., smaller bobbin
diameter Dc and length lc). To this end, the equations for the
stray capacitance in (9) and the inductance in (10) will be
exploited.

The procedure involves determining the number of turns
N and the pitch p while setting L to 50 µH and imposing
constraints on the SRF, Dc, and lc. To ensure the required
LISN performance at high frequencies, the SRF is chosen to
be at least 20 MHz. The maximum length of the bobbin core
is limited to 180 mm to ensure it fits within the LISN volume.
Three diameters of PVC bobbins (Dc) are considered: 50mm,
100 mm, and 150 mm.

All feasible configurations of inductors having 50 µH
inductance are determined through parameter sweeps, that

TABLE 3. 50 µH single-layer air-core inductor: Expected vs measured
parameters.

is, by varying the number of turns N from 10 to 90 and
the ratio p/do from 1.1 to 4 with a step size of 0.1
(see Fig. 8). The solution plane in Fig. 8 illustrates the
solution region assuring a 50 µH inductance. Specifi-
cally, the red region corresponds to inductors with SRF
above 20 MHz, the blue grid region is associated with
the inductor length lc smaller than 180 mm, and the
green/black regions correspond to three options for the bob-
bin diameter: approximately 50 mm, 100 mm, and 150 mm,
respectively.

In general, a smaller bobbin diameterDc with long inductor
length lc results in a higher SRF (see the black region labeled
asDc = (50± 3) mm). On the contrary, a larger bobbin diam-
eter requires a smaller number of turns (i.e., shorter inductor
length) to achieve the desired 50 µH inductor, but the SRF
will be reduced significantly. Therefore, the optimal design is
the one balancing the requirement of high SRFs and compact
inductor volume. As a tradeoff, the highlighted configuration
in Fig. 8 is selected, where: the SRF is around 20 MHz,
the N = 33, p = 2do = 5.4 mm, Dc = 101 mm, and
lc = 175.5 mm.
To verify the previous design by measurement, an inductor

prototype was realized, exploiting a PVC with outer diameter
Dc = 103.2 mm. It is wound with 33 turns, resulting in
an inductance of 51.6 µH. The computed stray capacitance
Ctot is 1.2 pF, and the computed SRF is 19.9 MHz.
The inductance and stray capacitance of the prototype are
obtained by fitting the input impedance of the prototype
measured by an impedance analyzer through an RLC circuit
model [1]. Table 3 compares expected parameters and
the measured data for the inductor, revealing an excellent
agreement.

V. EXAMPLE 2: DESIGN OF A MULTI-LAYER INDUCTOR
This section presents a two-step procedure for the opti-
mal design of a multi-layer air-core inductor, considering
constraints on inductance, SRF, and size. In the first step,
the specifications of the inductor are determined based on
three available bobbin diameters, taking into account the
desired inductance (hereinafter, 670 µH). In the second
step, the stray capacitances of the three designed inductors
are estimated using the proposed analytical model in
Section III.
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FIGURE 8. 50 µH single-layer air-core inductor: (a) notation for each region, and optimal design based on (b) SRF, (c) diameter
of bobbin Dc, and (d) length of inductor lc.

FIGURE 9. Principle diagram of a multi-layer air-core inductor.

A. DESIGN BASED ON BOBBIN DIAMETER AND
INDUCTANCE
From the Wheeler’s approximation, the inductance of a
multi-layer solenoid inductor is given by [23]:

L =
31. 6N 2r2

6r + 9lc + 10b
× 10−6 (22)

where: r = Dc/2 is the radius of the bobbin, lc is the length
of the inductor, and b is the overall width. This formula
applies at low frequency (below 3 MHz) and assumes the
use of tightly wound insulated copper wire, yielding an
inaccuracy of < 1% if the cross-section is nearly square-
shaped. Specifically, if the inductor consists of Nl layers, this

formula is applicable if all layers have the same number of
turns, denoted as Nm. In such cases, the coil width can be
computed as b = Nldo, the coil length is given by lc = Nmdo,
and the total number of turns is determined as N = NmNl
(See Fig. 9 for the diagram of a multi-layer inductor).

TABLE 4. 670 µH multi-layer air-core inductor: Specifications for different
bobbin diameters.

The multi-layer inductor is wound using wires of the
same type (di = 2.65 mm, do = 2.7 mm) with the same
characteristics as those used for the single-layer inductor.
By taking into account three distinct bobbin diameters Dc
(100 mm, 150 mm, and 200 mm), specifications for each
bobbin diameter are computed to achieve an inductance
closest to 670 µH (see Table 4).

B. SRF PREDICTION CONSIDERING UNCERTAINTY
FACTORS
In the second step, the proposed modeling procedures for
both orthogonal and hexagonal winding types are adopted
to account for the uncertainties associated with the winding
geometry. These procedures are used to estimate the range
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FIGURE 10. Predicted (a) stray capacitances and (b) SRF considering the uncertainty of winding type, winding tightness (p/do), and the
permittivity of coating material (εeff) for three inductors in Table 4.

FIGURE 11. Box plots showing the predicted stray capacitances and SRFs
for three 670 µH multi-layer air-core inductors assuming uniform
distributions for the parameters (p − do) and εeff.

TABLE 5. Statistics of predictions for the stray capacitance and SRF of the
670 µH multi-layer air-core inductors with different bobbin diameters.

of variability of the stray capacitance and SRF for the three
inductors in Table 4. Additionally, the effects of other factors,
i.e., p, εeff, and x(θ ) are investigated.
Concerning the uncertainties related to winding tightness

and the permittivity of the insulation material, the variability
of the stray capacitances and SRF under different p/do and
εeff is illustrated in Fig. 10(a) and (b), respectively. For each
Dc, the stray capacitances for the orthogonal and hexagonal
winding types correspond to the bottom and upper boundary
of the 3D region in Fig. 10(a).

The results put in evidence the significant influence of the
pitch p. The total stray capacitance decreases as p increases,
although this benefit becomes less pronounced for a larger
value of p. Due to the uncertainty in winding tightness, it is
hard to keep the value of p constant at the nominal value
p = do. Therefore, the distance between the wire periphery

of two turns (p − do) is indirectly measured and afterward
modeled by a uniformly distributed parameter: p − do ∼

U [0.052 mm, 0.208 mm].
Regarding the relative permittivity of coating material εeff,

an example is illustrated in Fig. 10(a) (bottom right panel),
demonstrating that the stray capacitance increases with high
values of εeff. This is more evident when p is small, and
emphasizes the importance of accurately determining the
effective permittivity of the coating, although only rough
information on this parameter is usually provided by the
manufacturers. For the used copper wire, the exact relative
permittivity εeff of the polyester coating is not specified in
the datasheet, where only a range of variation from 2.8 to
4.5 is indicated [16], [17]. Thus, a uniform distribution εeff ∼

U [2.8, 4.5] is hereinafter assumed for this parameter.
An arc curve of x(θ ) is assumed for the prediction of the

stray capacitance in Fig. 10(a). For the sake of comparison,
the capacitance boundaries obtained by assuming a straight
electric field path are also plotted (dashed black line) for the
Dc = 200 mm case (blue block in the bottom right panel
in Fig. 10(a)). Remarkably, the computed stray capacitances
under these two assumptions are nearly identical. In fact, the
arc length can be approximated as a straight line when the
arc angle is small. Hence, this choice has negligible impact
on the capacitance prediction with respect to other sources of
uncertainty. As a consequence, the influence on the SRF is
also negligible (as shown for the Dc =200 mm case in the
bottom right panel in Fig. 10(b)).

In summary, the uncertainties mostly influencing the SRF
are those related to the winding type (orthogonal, hexagonal),
the winding tightness (p/do), and the effective permittivity of
coating material (εeff).
Assuming p − do ∼ U [0.052 mm, 0.208 mm] and

εeff ∼ U [2.8, 4.5], 100,000 uniformly-random pairs of
(p, εeff) are used for prediction of both orthogonal and
hexagonal winding types. The box plots in Fig. 11 show
the variability of the inductor stray capacitance and SRF for
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TABLE 6. Specifications of the multi-layer air-core inductor: designed
values vs. measurement of prototype.

FIGURE 12. Predictions of stray capacitance and SRF for the prototype of
the multi-layer air-core inductor.

each bobbin diameter, based on a total number of 200,000
samples. Relevant statistical estimates are summarized in
Table 5.

Based on the statistical analysis, the inductor design with
bobbin diameter Dc = 150 mm is selected, striking a balance
between SRF and other constraints. Specifically, although the
smallest inductor (Dc = 100 mm) exhibits a higher SRF
(with a median of 895.7 kHz), it requires over 40% more
turns compared to Dc = 150 mm (see Table 5). On the other
hand, the inductor with Dc = 200 mm requires 20% turns
less, but its SRF is significantly reduced (the first quartile is
520.1 kHz).

C. VALIDATION VERSUS MEASUREMENT
To validate previous predictions bymeasurement, an inductor
prototype is designed with a bobbin diameter Dc = 150 mm,

FIGURE 13. Inductor prototypes: (a) Single-layer inductor and
(b) Multi-layer air-core inductor.

FIGURE 14. Impedance measurement setup for the multi-layer air-core
inductor prototype.

number of layers Nl = 7, and number of turns in each
layer Nm = 8 (see Table 4). Due to construction constraints
for fixing turn positions, in the prototype, the actual
number of turns varies for each layer as summarized in
Table 6. The two prototypes and the impedance measurement
setup are shown in Fig. 13 and Fig. 14, respectively.
The inductance and stray capacitance of the prototype
are obtained following the same data-processing procedure
adopted for the single-layer inductor. The procedures for
predicting stray capacitances are slightly adjusted to match
the specifications of the inductor prototype. The predicted
first and third quartiles (see Fig. 12) provide a reliable
range of variability for the stray capacitance and SRF, which
is verified by the circuit model based on measurements
(see Table 6).
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VI. CONCLUSION
This paper presents optimal design procedures for single-
layer and multi-layer air-core inductors, considering practical
engineering constraints, in terms of self-resonant frequency
and inductor volume. To this end, prediction models for stray
capacitances of single-layer and multi-layer inductors have
been thoroughly investigated.

In the case of single-layer air-core inductors, an empir-
ical expression, which is experimentally proved to be
more accurate than the physical-based analytical methods,
is employed for optimal design procedures. For multi-
layer air-core inductors, an enhanced analytical approach
based on the energy-conservation method is proposed for
both orthogonal and hexagonal winding configurations. This
approach considers the impact of five influence factors.
Specifically, the proximity effect and the variation in turn
length across layers have been identified as key parameters
and therefore have been incorporated into the enhanced
models. Their impact was investigated by means of FEM
simulation and validated by the enhanced models. The
other three influence factors (i.e., the electric field path
assumption, the effective permittivity of the wire insulation
coating, and the winding tightness) are treated as uncertainty
factors. Particularly, it was observed that assuming a straight
line or an arc curve for the electric field negligibly
influences the predicted stray capacitance value. Conversely,
the other two factors were proven to significantly affect
the prediction of stray capacitance in multi-layer air-core
inductors.

To address such uncertainties affecting the geometry
and material properties, the proposed design methodology
resorts to statistical estimates of the stray capacitance and
self-resonant frequency. To assess the effectiveness of the
proposed design methodologies, two examples are presented
for single- and multi-layer air-core inductors. The fabricated
prototypes prove to have characteristics in good agreement
with the design specifications.
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