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Abstract

This paper presents in detail how Mixed-Integer Linear Programming (MILP) can be used to
solve the optimal power flow problem of Electrical Power Systems (EPSs) within More-
Electric Aircraft (MEA). Continuous linear functions, integer variables and piecewise-linear
functions are modelled to deal with bidirectional power flow, EPS control logic decisions, as
well as non-linearity caused by efficiency curves.

Introduction

In recent years, the More Electric Aircraft (MEA) has become a major trend in modern aerospace,
aiming for weight reduction and less environmental impact[1]. Many subsystems previously driven by
hydraulic, mechanical and pneumatic power have been gradually replaced by electrical systems[2]. As
a consequence, the Electrical Power Systems (EPSs) are becoming more and more complex in order to
cope with large number of electrical loads. This results in a complicated network with multiple
potential power flow options under different flight stages. Power flow optimisation of such a complex
network is an important task in order to maximise system efficiency.

The Optimal Power Flow (OPF) problem is large-scale and non-linear containing both continuous and
discrete variables, thus it is difficult to solve in real-time[3]. Although some heuristic optimisation
algorithms (HOASs) [4] can be adopted, but they can get trapped in a local optimal solution. To avoid
this drawback, a practical and beneficial technique Mixed Integer Linear Programming (MILP) can be
introduced to solve this problem because of the following advantages:

1) The MILP algorithm can guarantee the optimal solution being the global optimal.

2) Lots of commercial solvers are available to solve MILP problems efficiently with high accuracy,
such as, CPLEX, Gurobi, Xpress, etc. In addition, this does not require time and effort to write
solution algorithms since the problems can be solved automatically as long as they are specified in
the correct MILP format [5][6].



3) Even if HOAs are adopted, it is still worth formulating a MILP model as a benchmark to verify the
performance of the applied heuristic method.

Currently, MILP has been widely used in various optimisation problems for terrestrial EPSs. For
example, it has been applied to a Unit Commitment (UC) problem to schedule the thermal
generators[7][6], and also to solve an optimal sizing problem for integration of renewable energy
sources in a micro-grid [8][9][10]. OPF problems formulated by MILP for real-time control have also
been proposed in [11][12] for ground based grid applications. However, the EPSs in MEAs have
different architectural and operational constraints compared to ground power grids, thus special
attentions should be paid to tailor the MILP formulation to the specific OPF problem.

This paper presents in detail how to formulate OPF problems as MILPs which represent the EPSs in
MEA in CPLEX. In order to illustrate practical formulation techniques, three major constraints are
formulated, focusing on power balance, control logics and bidirectional power flow, as well as cable
and non-linear converter efficiency. Three simplified DC EPS topologies shown in the form of power
flow diagrams in order to demonstrate the formulations. Based on each topology, the MILP
formulation for the OPF problem is provided to demonstrate how to integrate continuous linear
functions, integer (or binary) variables and piecewise-linear functions within the problem.

Power balance and continuous linear functions
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Fig. 1: Simplified power flow diagram of HVDC EPS (a) for basic power flow (b) containing
controllable interconnections

In this section, a simplified power flow diagram as shown in Fig.1(a) is taken as an example to
demonstrate how the power balance equations are formulated by using Linear Programming (LP). It
consists of 2 generator nodes G1 and G2, 2 HVDC bus nodes HVB1 and HVB2, 2 LVDC bus nodes
LVB1 and LVB2, 2 HVDC load nodes HVL1 and HVL2, and 2 LVDC load nodes LVL1 and LVL2.
The power converters and interconnection between the left-hand and right-hand side are not
considered in this section. The power flowing into/out of each node are represented by continuous
decision variables. The decision variables used in this section are listed in Table I.

Table I: Notations for the decision variables for power balance

Decision variables

Pf the power flowing from generator i to the corresponding HV bus
PjHLV the power flowing from HV bus j to LV bus j
PyvE the power drawn from HV bus by HV load p
PqLVL the power drawn from LV bus by LV load g

Objective function



The objective is to minimise the total electrical power production of the generators and the objective
function is expressed in (1), where N¢ is the number of generators. The same objective function is
also applicable for section 3 and 4.
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1. Power balance constraints

Power balance for each node is an essential constraint in optimal power flow formulation in order to
maintain voltage stability. The power flowing through each node should strictly comply with the rule
that the sum of power flowing into/out of each node equals zero. For all HV/LV bus nodes, the power
balance equations are presented in (2) and (3), where N8 and NHLB are the number of HV and LV
buses, respectively. The left side represents the input power, while the right side represents the output
power.

PjG — P]_HLV + P]_HVL’ V] € {1’ ".’NHVB} (2)

P = PVt vk € {1,..., NIVE} 3)

2. Power limitation constraints

In the EPS, each component or connection has a capacity limitation. In this case, power produced by
the generators could not exceed their capacities P, ... And all power flow variables are defined non-
negative values.

0< PiG = Pi(_;max 4)

HLV
0 < P] ,PpHVL,PqLVL (5)

Control logic and binary variables

In this section, the controllable interconnections between HV/LV buses are added to the basic power
flow balance case to consider a wider range of power routing options. The adapted power flow
diagram is shown in Fig.1(b). Therefore, new decision variables should be introduced to present the
contactor connection status — on/off. These can be appropriately represented by binary variables.

The HV/LV bus interconnections provide bidirectional power flow into this case. For some elements
of the model (e.g. where cable losses depend upon power flow) the scalar value of power flow is
needed. For this reason, the power flow is represented by two non-negative variables, one for the
power flow in each direction. Two binary variables, one for each direction, are also used to indicate
whether power can flow in that direction. The notations of new decision variables are listed in Table
II.

Table II: Notations for the decision variables for power balance

Decision variables

ij;fV € {0,1} the indicator variables for power flow direction from HV bus j to HV bus j’
fkflly € {0,1} the indicator variable for power flow direction from LV bus k to LV bus k'
x;; €{0,1} the contactor status between HV bus j and HV bus j’
Yrx' € {0,1} the contactor status between LV bus k and LV bus k'

P]Ij,v the power flow from HV bus j to HV bus j'

Py, the power flow from LV bus k to LV bus k'

1. Modified power balance constraints



The power balance equations for HV and LV bus nodes are modified accordingly, and they are given
in (6) and (7). For HV bus power balance equations, either ¥, ;.. P]I?]V or X jzjr P]I}IV is 0, and similarly
for LV bus, either Y j .y P,f};( Or Ypxk! P,f,‘c/, is 0, which will be presented in the unidirectional
constraints.

P+ By B = BfE 4 P 4 By P V) € (1, NP ®)

PEY 4 Ve Pty = PV" + Ysrr Py VK € {1, .., NV} )

2. Contactor connection constraints

The power contactor between HV buses is allowed to be closed only if there are generator failures. To

consider a wider range of options, LV buses are allowed to be closed freely no matter the existence of

generator failures, despite the fact that this is unlikely in practice. The contactor connection constraints

can be listed as follows in (8) - (10), where «; is the connection status of the generators; lej,‘f max and

P, max are maximum power can be transferred between HV/LV buses. The HV bus interconnection

constraints are represented by (8), as well as the power exchange constraints between buses given by
(9) and (10), which indicate the power flows are forced to be 0 when the binary indicator variables are
0.

X + Ziai < N¢ (8)
HV _ HV pHV

0< P <gHYPHY )
Lv LV pLV

0 < Peyer < frr' P’ max (10)

3. Unidirectional constraints

Power exchange between the HV/LV buses is bidirectional, but it cannot flow in both directions
simultaneously. For example, for HV buses, if P]P]IV > ( the power flow form node j to node j’, then
P’]I-{jlr/ = 0. The binary power indicators could be 0 or 1, if power flows from j to j', then f]Ij,V =1, and

the other direction is forced to be 0. If the connector is open, then both variables are forced to 0. This
if...then... function can be realized when the constraints in (11) - (12) are combined with those in (9) -

(10).
HV HV _
fijm + 1 =X (11)

kaIZ’ + ka"I/c = Ykk' (12)

Component efficiency and linearization

In this section, the EPS system is modelled more precisely by considering the cable losses and
converter efficiencies. The power flow diagram adopted in this section is shown in Fig. 1. Two power
converters are added and represented by nodes Conl and Con2.
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Fig. 1 Simplified power flow diagram of HVDC EPS containing power converters with a typical
efficiency curve

To simplify the model, cable losses are assumed to be a linear function of the power flowing through
it. But for the DC/DC converters, a typical nonlinear relationship between input power and efficiency
is utilised, as shown in Fig. 1. It results in a nonlinear problem unsuitable to MILP, therefore a
piecewise function is adopted to linearize this nonlinear relationship and the newly introduced
notations are listed in Table IIL.

Table III Notations of added parameters and decision variables for cables and
converters

Parameters

PSax the capacity of DC-DC converter

Ne the efficiency of DC/DC converter
nt the cable efficiency of HV bus connection between bus j and j ' assuming

1 constant
v, the cable efficiency of LV bus connection between bus k and k ' assuming

ki constant

HVC the cable efficiency between the HV bus j and the connected converter assuming
j constant

e the cable efficiency between the LV bus k and the connected converter assuming
Mk constant

Decision variables

PH ve the power flowing from HV bus j to the connected DC/DC converter
P]fo the power flow injected to the DC/DC converter from the corresponding HV bus j
pLve the power flowing from DC/DC converter to LV bus k

1. Modified power balance constraints
For all HV/LV bus nodes, the power balance equations considering efficiencies are presented in (13)

and (14).

P + X T’]J’PHV - PHVC + P+ Z]¢]’PJ]' ,Vj € {L,.., NVB} (13)
NLVEPLVE 4 5 77kk,pLV = PEVE + e PE kk ,Vk €{1,.., N5} (14)

For all converter nodes, the power balance equation is presented in (15), where N¢ is the number of

converters, and PH/¢ = nHVCpHVC,

pPHYC = pLVC 'yc € {1,..,N¢} (15)

nC c_in



2. Linear approximation in constraints
HVC

In (15), the efficiency of converter has nonlinear relationship to P 'z, as illustrated in Fig. 1, which
can be represented as 7. = f, (Pﬂ/nc ) Therefor it can be presented in the format of (16) resulting to

the nonlinearity.

fn(PHVC)PHVC _ PCLVC =0 (16)

c_in c_in

In this case, a new decision variable Pg vC, is introduced to represent the converter’s output power.
The output power of the converter could be approximated by a piecewise function of its input power,
and each segment is a linear function relating to the input power as demonstrated in (17). Such that the
optimal problem can then be formulised as a MILP.

(ki PELY + by (mg < PITY <my)

c_in
koPEYE + by (my < PEYVE <my)
HVC HVCY _ 7 g
Pégie =ncPlin ~ fp(Pein) =4 kyPHYE + by (my < PHYE <my) (17)
I s
Ve PEYE + by (my—y < PHYE <)
__ kn,PHYC + b, b
Ne = C[;Zlvc = km + PH?C (18)
c_in c_in
Taking the typical efficiency curve in Fig. 2(a) as an example, the corresponding output power C"f Ve,

can be illustrated in relationship to the input power Pg YC in blue, while the piecewise linear

approximation of P# Y€, is in red with 5 segments. The approximated output power curve matches very
well with the output power based on typical efficiency curves. To verify the accuracy of the
approximation, the approximated converter efficiency 7 can be derived in (18), and the curves are
compared in Fig. 2(b). The figure shows that the approximated efficiency 7 is very close to the

typical efficiency curve.
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Fig. 2 Piecewise curves (a) Piecewise output power curve compared to the output power based on
typical efficiency curve (b) The piecewise function derived efficiency curve compared to the typical
efficiency curve

Case study of one generator failure

To verify the effectiveness of the proposed model and algorithms, a case study of one generator failure
is presented in this section base on the topology in Fig. 3. The optimal solution should decide HV/LV
bus connections and the power flowing into/out of each component.



According to the predefined parameters, the HV buses should be connected together due to the
generator failure, and the two converters should have the same power flow because of the same LV
loads. The simulation results solved by CPLEX are given in Fig. 3, and the converter efficiency
derived in this case is marked on the efficiency curve. It shows that the power balance is realized for
all the nodes and connections considering the efficiencies. The HV buses are automatically connected
together to transfer the power from the working generator. This corresponds to the previous analysis,
hence the effectiveness for the model formulation for solving binary decision variables has been
verified. Furthermore, the two converters transfer balanced power to the two equal LV loads, and have
the same piecewise function derived efficiency located on the real efficiency curve. Thus, it proves
that the piecewise function is sufficiently accurate to deal with the non-linearity.

This sentence will be repeated to represent the body of the text. This is where you continue to write the
extended paper, including subparagraphs, sub-sub paragraphs, figures, formulae, tables and eventual
images.
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Fig. 3 Optimal power flow in the defined case

Conclusion

This paper gives a detailed introduction of how to apply MILP to OPF problems which represent EPSs
in MEA. Complex OPF problems were divided into three topics — power balance, control logic of the
contactors, and components efficiency (including non-linear converter efficiency). For each topic, this
paper adopted simplified EPS topologies which aimed to present clearly how to integrate continuous
linear functions, integer (or binary) variables and piecewise-linear functions into the problem. The
effectiveness of the proposed model and algorithms has been verified in a case study solved by using
CPLEX. The modelling methods presented in this paper could be extended to other complex and
large-scale OPF problems which contain nonlinearities: this is a topic of our current studies and the
results will be reported in the following publications.
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