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Abstract. Motivated by Manin’s expression relating modular symbols to critical values of L-
functions, Goldfeld and the author have constructed group cocycles which are related in an
analogous way to values of derivatives of L-functions. In this note, we propose a geometric
interpretation of these cocycles that is based on the cohomology of the non-compactified
modular curve.
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1 Introduction

Notation and terminology

G0ðNÞ ¼
��

a b
Nc d

�
; a; b; c; d A Z; ad �Ncd ¼ 1

�
H ¼ fxþ iy; y > 0g: the upper half-plane
H� ¼ HWQW fiyg
gz ¼ azþb

czþd
, g ¼

�
a b
c d

�
A G0ðNÞ, z A H�

jðg; zÞ ¼ czþ d, for g ¼
� � �
c d

�
Y0ðNÞ ¼ G0ðNÞnH: the non-compactified modular curve
X0ðNÞ ¼ G0ðNÞnH�: the (compactified) modular curve
p : H� ! X0ðNÞ: the natural projection map. (Same notation for the projection
H ! Y0ðNÞ when there is no danger of confusion.)
Pm ¼ fpolynomials of degreeamg
ðF jmgÞðwÞ ¼ jðg;wÞ�m

F ðgwÞ for F : H ! C and g A G0ðNÞ
hðzÞ ¼ epiz=12

Qy
n¼1ð1 � e2pinzÞ, the Dedekind h-function

CiðG0ðNÞ;MÞ ¼ fg : G0ðNÞ � � � �G0ðNÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
i-times

! Mg where M is a G0ðNÞ-module

Dn: standard n-simplex contained in Rnþ1

SnðXÞ ¼ the group generated by singular n-simplices of a space X , i.e. continuous
T : Dn ! H

SðXÞ :¼
L

n SnðXÞ: the complex of singular chains
ða0; . . . ; anÞ: a singular n-simplex with vertices a0; . . . ; an



Let f be a cusp form of weight 2 for G0ðNÞ which is an eigenfunction for the Hecke
operators and let Lf ðsÞ be its L-function. In [M], Manin gave a formula for the crit-
ical value Lf ð1Þ in terms of modular symbols

h f ; gi :¼
ð giy

iy
f ðzÞ dz; g A G0ðNÞ:

That formula, among other things, agrees with the form of Lf ð1Þ anticipated by the
conjecture of Birch and Swinnerton-Dyer. A key fact is that the modular symbols can
be thought of as integrals over X0ðNÞ. This is almost equivalent to the fact that the
map g ! h f ; gi ðg A G0ðNÞ) is a 1-cocycle with coe‰cients in C acted upon by G0ðNÞ
via j0, i.e. trivially.

More recently, Goldfeld proved a similar formula for L 0
f ð1Þ in the case that f is a

newform of weight 2 for G0ðNÞ and Lf ð1Þ ¼ 0. To each g A G0ðNÞ he associates the
function vf ðgÞ : H� ! C defined by

vf ðgÞðzÞ ¼
ð gz

z

f ðwÞuðwÞ dw for all z A H�ð1Þ

where uðzÞ :¼ logðhðzÞÞ þ logðhðNzÞÞ. In [G] it is shown that, if p is a prime not di-
viding N and aðpÞ the p-th Fourier coe‰cient of f , then we can find gj A G0ðNÞ such
that

ðpþ 1 � aðpÞÞL 0
f ð1Þ ¼ 4pi

Pp�1

j¼1

vf ðgjÞð0Þ þ Að2Þ

where A is an explicit linear combination of the periods
Ð j=p

0 f ðzÞ dz ð j ¼ 0; . . . ;
p� 1Þ. In contrast to Manin’s formula, the integrals vf ðgjÞð0Þ on the right-hand side
of (2) cannot be automatically considered as closed integrals on the modular curve
and this di¤erence reflects the di‰culty of extending results about the algebraic struc-
ture of values of L-functions to their derivatives. This is one of the motivating prob-
lems of this project.

Our approach relies on the observation that, although the integrals in Goldfeld’s
formula are not defined over the modular curve, they can still be considered as
1-cocycles with coe‰cients in a G0ðNÞ-module of functions on H� (cf. Section 2).
However, the coe‰cient module in [G] is di¤erent from the one in Manin’s work.
For this reason, in [D] we established a correspondence between derivatives of L-
functions and cocycles in terms of a natural generalization of the representation in
Manin’s theorem. Specifically, if f is a cusp form of general weight k and level N ¼ 1
we define the map sf : SL2ðZÞ � SL2ðZÞ ! Pk�2 by

sf ðg1; g2Þ

¼
ð g1iy

iy
f ðzÞðz� g1XÞk�2

jðg1;XÞk�2ðuðg2zÞ � uðzÞÞ dz; g1; g2 A SL2ðZÞ:
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We show that sf is a 2-cocycle with coe‰cients in Pk�2 acted upon by SL2ðZÞ via
j2�k. We also show that it is connected with derivatives of L-functions through the
identity

ð3Þ sf
0 �1

1 0

� �
;

0 �1

1 0

� �� �

¼ �
Pk�2

j¼0

ðk � 2Þ!
ðk � 2 � jÞ! ði=2pÞ jþ1

X jðL 0
f ð j þ 1Þ þ ljLf ð j þ 1ÞÞ

where lj :¼ G 0ð j þ 1Þ=Gð j þ 1Þ � logð2pÞ.
Since SL2ðZÞ has virtual cohomological dimension 1 over C-modules, sf is a co-

boundary and this prevents an immediate geometric interpretation of it. In [D] we
dealt with this di‰culty by reducing sf to a non-vanishing compactly supported
1-cocycle in N ¼ C1ðSL2ðZÞ;Pk�2Þ=C 0ðSL2ðZÞ;Pk�2Þ with the action on N induced
by j2�k. (Details are given in Section 4.) In principle then a geometric interpretation
of the cocycle associated to L 0

f is provided by the isomorphism between the compact
1-cohomology group H 1

c ðSL2ðZÞ;NÞ and the compact 1-cohomology group with co-
e‰cients in the vector bundle N associated to N (see Sections 3 and 4). In fact, we
could go one step further to use de Rham’s theorem to associate integrals on Y0ð1Þ
to sf and thus to values of derivatives of L 0

f ðsÞ which, as mentioned above, was one
of our goals.

However, in order for this correspondence to be useful for further applications it
is important that it be described in a way as explicit possible, a task which is not
obvious especially because of the infinite-dimensionality of N. In this note we show
that the isomorphisms defining the correspondence can be described in a surprisingly
concrete way that highlights the precise relation between the structure of sf and the
geometry of the base space.

We begin in Section 2 with the cocycles vf associated to forms of weight 2 by (1).
Even though the representation at work does not generalize the one in Manin’s for-
mula, several of the technical di‰culties of [D] can be avoided resulting in a clearer
geometric description. It does not seem possible to work in the same way in higher
weights.

We define a G0ðNÞ-module Mf with respect to which vf is a non-trivial 1-cocycle
and we construct the associated vector bundle Mf . The geometric interpretation of
this cohomological setting can be summarized by

Theorem 1. Let G0ðNÞ act freely on H and let F be a fundamental domain of G0ðNÞ in
H. There is an isomorphism from H 1ðG0ðNÞ;Mf Þ to H 1ðY0ðNÞ;Mf Þ such that a rep-

resentative of the image of vf in H 1ðY0ðNÞ;Mf Þ sends a simplex T in Y0ðNÞ to the

function

z !
ð g�1z

z

f ðwÞuðwÞ dw

where ðz1; gz2Þ, ðz1; z2 A FÞ is a lift of T in H under p.
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In Section 3 we define and analyze a simplicial complex K on a suitable subspace H

of H needed in order to define the compactly supported cohomology associated to
sf . We then successively describe the isomorphisms between group cohomology, the
cohomology of K , the singular cohomology of H and the compactly supported co-
homology on a modular curve. It should be stressed that the emphasis is not on the
existence of the isomorphisms between the cohomology groups, which, in most cases,
is standard (cf. [H1]), but rather on the choice of explicit isomorphisms that are
appropriate in our setting. For this reason, we have opted for old-fashioned presenta-
tions of the maps involved, adapted for instance, from the original papers of Eilen-
berg and we have tried to keep to details not directly connected with our purposes to
a minimum.

The maps defined in Section 3 are then used in Section 4 to describe the image of
the 1-cocycle induced by sf and the values of derivatives of a L-function. It is possi-
ble to formulate an analogue of Theorem 1 in this case, but because of the techni-
calities involved, the statement would be too lengthy to state precisely. However, the
basic structure of the construction is similar to the one of case of weight 2.

2 The case of weight 2

In this section we provide a geometric interpretation of the cocycle vf associated to
the derivative of the L-function of a weight 2 cusp form f .

For simplicity we work with groups without elliptic elements (e.g. if 36jN). We first
show that the map vf defined by (1) can be considered as a non-trivial 1-cocycle.

Fix a newform f ðzÞ ¼
Py

n¼1 aðnÞe2pinz of weight 2 for G0ðNÞ. For each g A G0ðNÞ,
we define a function vf ðgÞ : H� ! C with

vf ðgÞðzÞ ¼
ð gz

z

f ðwÞuðwÞ dw for all z A H�

where uðzÞ :¼ logðhðzÞÞ þ logðhðNzÞÞ. In [G], it is proved that vf is a 1-cocycle with
respect to the action j0 of G0ðNÞ on the vector space of functions from H� to C and a
connection with derivatives of L-functions is given by (2).

We consider the set Mf of functions from H� to C which can be expressed as linear
combinations of functions (in z) of the form

Ð giz

z
f ðwÞuðwÞ dw, ðgi A G0ðNÞÞ. It is clear

that Mf defines a G0ðNÞ-module with respect to the action j0 of G0ðNÞ. In fact, it is
the smallest G0ðNÞ-module containing all vf ðgÞ with g A G0ðNÞ and a fixed f .

Lemma 2. The cohomology class of vf in H 1ðG0ðNÞ;Mf Þ does not vanish.

Proof. Suppose that there exists F A Mf such that vf ðgÞ ¼ F j0ðg� 1Þ. Let g1; . . . ; gn A
G0ðNÞ and c1; . . . ; cn A C be such that FðzÞ ¼

Pn
i¼1 ci

Ð giz

z
f ðwÞuðwÞ dw, for z A H�.

Then,

ð gz

z

f ðwÞuðwÞ dw ¼
Pn
i¼1

cið
Ðgigz
gz

f ðwÞuðwÞ dw�
Ðgiz
z

f ðwÞuðwÞ dwÞ
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and the last sum (as proved in [G], Section 4) equals

Pn
i¼1

ci

ð gz

z

f ðwÞðuðgiwÞ � uðwÞÞ dw:

Hence,

ð gz

z

f ðwÞ½uðwÞ �
Pn
i¼1

ciðuðgiwÞ � uðwÞÞ� dw ¼ 0 for all g A G0ðNÞ; z A H�:ð4Þ

In particular, upon di¤erentation we deduce that the integrand is invariant under the
action j2 of G0ðNÞ and therefore (in combination with the growth conditions at the
cusps for f and u) the integrand is a cusp form of weight 2. According to the Eichler-
Shimura isomorphism and the transformation formula for u, (4) then implies that

uðwÞ ¼
Pn
i¼1

ciðuðgiwÞ � uðwÞÞ:

On the other hand, u satisfies the transformation formula

uðgzÞ ¼ uðzÞ þ logð jðg; zÞÞ þ kg for all g A SL2ðZÞ; z A H

where kg is a constant depending only on g. Therefore

uðzÞ ¼
Pn
i¼1

ciðlogð jðgi;wÞÞ þ kgiÞ

and this gives the desired contradiction. r

For a geometric translation of this cocycle we first define an isomorphism between
H 1ðG0ðNÞ;Mf Þ and the equivariant 1-cohomology group of H with coe‰cients in
Mf . We then describe the vector bundle associated to Mf in an explicit way and de-
scribe the isomorphism between the equivariant cohomology and the cohomology of
Y0ðNÞ with coe‰cients in this vector bundle.

We define the equivariant 1-cohomology group of H with coe‰cients in Mf as the
first derived group of C �ðH;Mf Þ ¼ HomG0ðNÞðSðHÞ;Mf Þ with the coboundary oper-
ator induced by the chain operators on SðHÞ. We denote it by H 1

G0ðNÞðH;Mf Þ.
Fix a fundamental domain F of G0ðNÞ in H. Let t A C 1ðG0ðNÞ;Mf Þ. We define a

map eðtÞ : S1ðHÞ ! Mf as follows. Suppose that T A S1ðHÞ has starting point g1z1

and ending point g2z2 for some g1; g2 A G0ðNÞ and z1; z2 A F. Then we set

eðtÞðTÞ ¼ tðg�1
2 g1Þj0g�1

1ð5Þ

and extend by linearity. Since G0ðNÞ acts freely on H, this is a well-defined map.
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Lemma 3. Suppose that G0ðNÞ acts freely on H. The map e : C 1ðG0ðNÞ;Mf Þ !
C1ðH;Mf Þ induces an isomorphism e� : H 1ðG0ðNÞ;Mf Þ ! H 1

G0ðNÞðH;Mf Þ.

Proof. See [E3]. r

We next define a vector bundle on Y0ðNÞ setting first of all Mf :¼ G0ðNÞnðH �Mf Þ
where G0ðNÞ acts on H �Mf by g:ðz;mÞ ¼ ðgz;mj0g�1Þ. We view Mf as a discrete
topological space and we then endow H �Mf and Mf with the product and quotient
topology respectively. Then the projection

p : G0ðNÞnðH �Mf Þ ! G0ðNÞnH

gives rise to a vector bundle with fibers p�1ðpðzÞÞ isomorphic to Mf for every z A H.

H

p

???y
G0ðNÞnðH �Mf Þ ���!p G0ðNÞnH ¼ Y0ðNÞ

We will often identify the fiber p�1ðpðzÞÞ, ðz A HÞ with Mf via (the restriction of ) the
trivializing map f defined by:

f ðG0ðNÞðz;mÞÞ ¼ m1;ð6Þ

where G0ðNÞðz;mÞ ¼ G0ðNÞðz1;m1Þ for a z1 A FXG0ðNÞz.

Further, to each homotopy class of paths between two points of Y0ðNÞ we associate a
vector space isomorphism between the fibers of the points which is compatible with
path multiplication (‘local coe‰cient system’). Let apðz2Þ;pðz1Þ be a path from pðz1Þ to
pðz2Þ, with z1 and z2 chosen in F. Since H is the universal cover of Y0ðNÞ under p,
there is a (unique) path with initial point z1 whose image is apðz2Þ;pðz1Þ. If the terminal
point of the lifted path is g2z2 for some (unique) g2 A G0ðNÞ, we define the map

Aðapðz2Þ;pðz1ÞÞ : p�1ðpðz1ÞÞ ! p�1ðpðz2ÞÞ

setting:

ð7Þ Aðapðz2Þ;pðz1ÞÞðG0ðNÞðz;mÞÞ

¼ G0ðNÞðz2;mj0g�1
1 g2Þ for m A Mf and z ¼ g1z1:

If a 0
pðz2Þ;pðz1Þ is a path homotopic to apðz2Þ;pðz1Þ then the lifted path with initial point z1

will have terminal point g 02z2 ¼ g2z2 and, therefore, g 02 ¼ g2. So, A depends only on
the homotopy class of the path. One easily checks that Aðapðz2Þ;pðz1ÞÞ is 1-1, onto, lin-
ear and that Aðapðz3Þ;pðz2ÞÞAðapðz2Þ;pðz1ÞÞ ¼ Aðapðz3Þ;pðz1ÞÞ.
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In view of the identification (6), Aðapðz2Þ;pðz1ÞÞ can be simply thought of as an endo-
morphism of Mf as follows: If the lift of apðz2Þ;pðz1Þ in H with initial point z1 has ter-
minal point g2z2, then we can write

Aðapðz2Þ;pðz1ÞÞðmÞ ¼ mj0g2:ð7 0Þ

We can now define the cohomology group H 1ðY0ðNÞ;Mf Þ. We let xT denote the first
vertex of the singular simplex T and we let CiðY0ðNÞ;Mf Þ denote the singular i-th
cochain group of Y0ðNÞ with coe‰cients in Mf . We think of an element in this group
as a map sending each i-simplex T in Y0ðNÞ to an element of p�1ðxTÞ. Using the
identification (6) we can then define the coboundary operator on Ci by the formula

ðdf ÞðTÞ ¼ Aðap0;p1
Þ f ðT ð0ÞÞ þ

Piþ1

j¼1

ð�1Þ j f ðT ð jÞÞð8Þ

for f A CiðY0ðNÞ;Mf Þ and a ði þ 1Þ-simplex T . Here ap0;p1
denotes the path corre-

sponding to the first edge of the simplex T and T ð jÞ is the j-th face of T . The coho-
mology group H 1ðY0ðNÞ;Mf Þ is the first derived group of C �ðY0ðNÞ;Mf Þ with the
coboundary operator (8).

To relate this cohomology to equivariant cohomology we first fix a base point x0 A F.
If pðTÞ denotes the image of a simplex T under p we define a map c : C1ðH;Mf Þ !
C1ðY0ðNÞ;Mf Þ with the formula

cðgÞðpðTÞÞ ¼ Aðapðx0Þ;pðxT ÞÞ
�1
gðTÞ;ð9Þ

for all g A C1ðH;Mf Þ and 1-simplices pðTÞ of Y0ðNÞ, where apðx0Þ;pðxT Þ is the image of

a path from xT to x0 under p and Mf is identified with p�1ðpðx0ÞÞ via the trivializing
map. The map cðgÞ is well-defined because of the G0ðNÞ-invariance of g. In [E3] it
is proved that c induces an isomorphism c� between the corresponding cohomology
groups.

Using the formulas (5) and (9) we can determine explicitly a representative of the
cohomology class c�ðe�ðvf ÞÞ, where vf is the cocycle (1) we have associated to de-
rivatives of L-functions. Specifically, let T be a 1-simplex in Y0ðNÞ. Suppose that its
initial point is pðz1Þ, with z1 in the fundamental domain F. If the lift ~TT of T in H with
initial point z1 has terminal point gz2, for some z2 A F, then (5) and (9) imply

cðeðvf ÞÞðTÞ ¼ Aðapðx0Þ;pðz1ÞÞ
�1ðeðvf Þð ~TTÞÞ ¼ eðvf Þð ~TTÞ ¼ vf ðg�1Þ:

From this we deduce Theorem 1.

Since, as we mentioned in the introduction, our emphasis is on the explicit form of
the maps we conclude this section by listing the formulas for the main isomorphisms
we established:
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. e� : H 1ðG0ðNÞ;Mf Þ ! H 1
G0ðNÞðH;Mf Þ induced by the map e : C 1ðG0ðNÞ;Mf Þ !

C1ðH;Mf Þ which is defined by

eðtÞðTÞ ¼ tðg�1
2 g1Þj0g�1

1

for a 1-simplex T of H with starting point g1z1 and ending point g2z2 for some
g1; g2 A G0ðNÞ and z1; z2 A F.

. Let apðz2Þ;pðz1Þ be a path from pðz1Þ to pðz2Þ, ðz1; z2 A FÞ.

Aðapðz2Þ;pðz1ÞÞ : Mf ! Mf

is defined by

Aðapðz2Þ;pðz1ÞÞðmÞ ¼ mj0g2

where the lift of apðz2Þ;pðz1Þ in H with initial point z1 has terminal point g2z2.

. c� : H 1
G0ðNÞðH;Mf Þ ! H 1ðY0ðNÞ;Mf Þ induced by the map c : C1ðH;Mf Þ !

C1ðY0ðNÞ;Mf Þ defined by

cðgÞðpðTÞÞ ¼ Aðapðx0Þ;pðxT ÞÞ
�1
gðTÞ

for all g A C1ðH;Mf Þ and 1-simplices pðTÞ of Y0ðNÞ, where apðx0Þ;pðxT Þ is the image
of a path from xT to x0 under p.

3 The compact cohomology

For the geometric interpretation of the cohomological setting that we have associated
to derivatives of L-functions in [D] we first construct a suitable base space on which
the relevant vector bundle will be defined. The construction is based on the simplicial
complex K described in [S], pg. 224. (See also, [H2], pg. 348).

Let G be a normal torsion-free congruence subgroup of finite index in SL2ðZÞ. If
S is a set of representatives of the group of cusps of G, we denote by ps the generator
of the stabilizer of s, for s A S. We denote by Y the open Riemann surface obtained
after we remove a small open disc around each point pðsÞ for each s A S, without
overlaps. Let H be the inverse image of Y under p. It is possible to define a simplicial
complex K on H so that:

(i) Every g A G induces a simplicial map of K onto itself,

(ii) for each s A S there is a 1-chain ts of K mapped onto the boundary of the ex-
cluded disc around pðsÞ and

(iii) there is a fundamental domain F for G in H whose closure consists of finitely
many simplices of K .
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Such a complex can be constructed by considering a fundamental polygon F of G in
H all of whose cuspidal vertices are G-inequivalent, then defining a finite simplicial
complex (of the closure of F) using (ii) and then covering all of H by translating by
elements of G. We require that F itself (as opposed to its closure) contain a (unique)
representative of the G orbit of each point of H, so it is not open.

We now consider the chain complex C ¼ ðCi; diÞ over Z induced by K . Since H is

simply connected we have an exact sequence 0 ! C2 !d2
C1 !d1

C0 !d0 Z ! 0 where
d1; d2 are the usual boundary maps and d0ð

P
mx½x�Þ ¼

P
mx for mx A Z and

0-complexes ½x�. By the construction of K, d1ts ¼ ps½qs� � ½qs�, for some qs A F. We
then consider the subcomplex

C 0 : 0 ! C 0
1 ! C 0

0 ! Z ! 0

of C, where C 0
1 (resp. C 0

0) is generated by the translations (by elements of G) of ts

(resp. qs) for all s A S. This induces a quotient complex C
C 0 ¼ Ci

C 0
i

; di

	 

.

Let now M be a right G-module. We define the first compactly supported coho-

mology group H 1
c ðG;MÞ as the group HomGðD0;MÞ where D0 is the group of divi-

sors of degree 0 supported on QW fiyg and equipped with the usual left action of
GHSL2ðZÞ. The next lemma expresses H 1

c ðG;MÞ in terms of the complex C.

Lemma 4. If G is torsion-free we have:

H 1
c ðG;MÞGH 1ðHomGð

C

C 0 ;MÞÞ:

Proof. For i ¼ 0; 1 we let d 0
i be the map in HomGðCC 0 ;MÞ induced by di. We define a

map a� : Kerðd 0
1Þ ! HomGðD0;MÞ setting:

a�ð f ÞððxÞ � ðgyÞÞ ¼ f ð½qx; gqy�Þ; for f A Kerðd 0
1Þ; and x; y A Sð10Þ

where ½qx; gqy� denotes a 1-chain such that d1ð½qx; gqy�Þ ¼ ½gqy� � ½qx�. We extend by
Z½G�-linearity. Conversely, let g A HomGðD0;MÞ. After we fix a x0 A S, we set

ð11Þ b �ðgÞð½qx; gqy�Þ ¼ gððxÞ � ðgyÞÞ

b �ðgÞð½z; gqx�Þ ¼ gððx0Þ � ðgxÞÞ for x; y A S and z A F� fqx; x A Sg:

We extend b �ðgÞ by linearity. One can check that (10), (11) give well-defined inverse
maps. r

To pass to the (relative) singular cohomology, we use the explicit chain equivalences
of [E1] and [E2]. We first need to review the definitions of some preliminary notions.

For each x A H we define a map on the set of 0-simplices in H as follows. If x does
not belong to any simplex in K with vertex B, we set xðBÞ ¼ 0.
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If x belongs to a simplex which is the homeomorphic image of Dn under a map t,
then we define xðBÞ ¼ the coordinate of t�1ðxÞ in terms of (the basis vector of Rnþ1)
t�1ðBÞ.

If s is a simplex of K , we consider the set NðsÞ of points x A H for which there
exists a vertex A of s such that xðAÞ > xðBÞ, for all 0-simplices B not in s. The sin-
gular simplices of H such that TðDnÞHNðsÞ for some simplex s of K form a sub-
complex SNðHÞ of SðHÞ.

For each x A F, we also select a vertex nðxÞ of K such that xðnðxÞÞb xðBÞ for any
vertex B of K . (In some sense, nðxÞ is the vertex ‘‘nearest to x’’ and there may be
more than one such nðxÞ for a given x). We can extend nðxÞ to all x A H by setting
nðgxÞ ¼ gnðxÞ for x A F and g A G. This is well-defined since G has no fixed points in
H. On the other hand, it is easy to see that ðgxÞðgnðxÞÞ ¼ xðnðxÞÞ, since g induces a
simplicial homeomorphism of H to itself and hence gnðxÞ will still be a vertex nearest
to gx.

Finally, we define the ‘‘subdivision’’ operator Sd on the group of singular 1-chains.
If T is a singular 1-simplex in H,

SdðTÞ :¼ T1 � T0;

where T1 (resp. T0) is a 1-simplex whose image is the half of TðD1Þ from its midpoint
to its last point (resp. to its first point). (The formal details of the definition of T1 and
T0 which is based on the ‘cone construction’ are omitted.) The operator Sd is then
extended to all of S1ðHÞ by linearity.

With this notation, the desired isomorphisms between singular and ‘simplicial’ co-
homology groups are induced by the composition of two chain maps, R : SðHÞ !
SNðHÞ and G : SNðHÞ ! C. In the case of 0-simplices, they are given by

RðcÞ ¼ c for a 0-simplex c in SðHÞ:

Gðc 0Þ ¼ ½nðc 0Þ� for a 0-simplex c 0 in SNðHÞ:

Let now T denote a 1-simplex in SðHÞ. Let mðTÞ be the least non-negative integer
such that the mðTÞ-th iteration of Sd (denoted by SdmðTÞ) belongs to SNðHÞ. Then

RðTÞ ¼ SdmðTÞðTÞ:

If T 0 is a 1-simplex in SNðHÞ with vertices T 0
0 and T 0

1 then

GðT 0Þ ¼ ½nðT 0
0Þ; nðT 0

1Þ�:

We extend G to the whole SNðHÞ by linearity.
The maps in the opposite direction required to prove the homotopy equivalence

are simply the injection
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I : SNðHÞ ,! SðHÞ

and the natural map L : C ! SNðHÞ defined by

Lð½q0; . . . ; qp� ¼ the singular p-simplex with vertices qi’s ði ¼ 0; . . . ; pÞ

for every p-simplex ½q0; . . . qp� of K .
The fact that these maps are well-defined is proved in [E1], [E2], [E3], where the

following proposition is proved too.

Proposition 5. The maps R � I and G � L are the identity maps on SNðHÞ and C re-

spectively. The maps I � R and L � G are homotopic to the identity of SðHÞ and SNðHÞ
respectively. Furthermore, all these maps commute with the action of the group G act-

ing freely on H and the chain homotopy operators can be chosen so that they commute

with the G-action too. Finally, the chain maps and the chain homotopy operators are

compatible with the inclusion map of a subspace A of H into H. r

Proposition 5 allows us to connect the group H 1ðHomGðCC 0 ;MÞÞ with a (relative)
equivariant cohomology group.

Specifically, if A is a subspace of H, we define the equivariant cohomology group
H 1

GðH;A;MÞ of H with coe‰cients in M relative to A as the first derived group of

HomGðSðHÞ
SðAÞ ;MÞ with the coboundary operator induced by the chain operators on

SðHÞ. Then, Proposition 5 applied to

A ¼
S
g AG

S
s AS

gts

with the simplicial decomposition induced on it by K , implies

Proposition 6. The map

r� : H 1ðHomGð
C

C 0 ;MÞÞ! H 1
GðH;A;MÞ

induced by the map G � R : SðHÞ ! C is an isomorphism. r

We now consider the complex vector bundle on Y associated to M. As in Section 2
we set M :¼ GnðH �MÞ where G acts on H �M by g:ðz;mÞ ¼ ðgz;mg�1Þ. We main-
tain the notation of Section 2 for the trivialization and identification maps as well
as for the isomorphism (7) (or (7 0)) between the fibers. We can then describe the iso-
morphism between the relative equivariant cohomology on H and the relative coho-
mology on Y with coe‰cients in M.

The map f from CiðY ;MÞ to the equivariant cochains CiðH;MÞ ¼ HomGðSiðHÞ;
MÞ is given by:

Cocycles associated to derivatives of L-functions 745



fð f ÞðTÞ :¼ Aðapðx0Þ;pðxT ÞÞ f ðpðTÞÞ

for every i-simplex T of H and f A CiðY ;MÞ

where apðx0Þ;pðxT Þ is the image of a path from xT to x0 under p. We extend to all of
CiðH;MÞ by C-linearity. It is easy to see that fð f Þ is G-invariant. Strictly speaking,
we should write CiðH; p�1ðx0ÞÞ instead of CiðH;MÞ but we use the identification of
p�1ðx0Þ with M.

The inverse map c : CiðH;MÞ ! CiðY ;MÞ is given by the formula

cðgÞðpðTÞÞ ¼ Aðapðx0Þ;pðxT ÞÞ
�1
gðTÞ;ð12Þ

for all g A CiðH;Mf Þ and i-simplices pðTÞ of Y0ðNÞ, where apðx0Þ;pðxT Þ is the image of
a path from xT to x0 under p and M is identified with p�1ðpðx0ÞÞ via the trivializing
map. It can be proved that f and c are well-defined inverse maps commuting with
the coboundary operators (8) (cf. [E3], Ch. 5). We now show that, using f;c, we can
also obtain the compact cohomology H 1

c ðGnH;F�1j�1MÞ as the isomorphic image of
H 1

c ðG;MÞ.

Theorem 7. Let j be the injection Y � pðAÞ ,! Y, and F a homeomorphism from GnH
to Y � pðAÞ. If c�; j �;F� denote the map induced by c; j;F on the cohomology then

the map F�j �c�r�b � is an isomorphism from H 1
c ðG;MÞ to H 1

c ðGnH;F�1j�1MÞ. Here

F�1; j�1 denote the sheaf inverse images induced by F and j.

Proof. Set pðAÞ ¼
S

s AS pðtsÞ. As mentioned above, c is an isomorphism from
C �ðH;MÞ to C �ðY ;MÞ commuting with the coboundary operator. From (12) we
immediately deduce that c maps the elements of C 1ðH;MÞ vanishing on simplices
whose support is contained in A to elements of C1ðY ;MÞ vanishing on simplices con-
tained in pðAÞ. The analogous statement for f is also true. Therefore, c induces an
isomorphism between H 1

GðH;A;MÞ and H 1ðY ; pðAÞ;MÞ. Combined with Lemma
4 and Proposition 6, this proves that c�r�b � is an isomorphism from H 1

c ðG;MÞ to
H 1ðY ; pðAÞ;MÞ.

On the other hand, by ‘invariance under relative homeomorphisms’, the map j � :
H 1ðY ; pðAÞ;MÞ ! H 1

c ðY � pðAÞ; j�1MÞ, is an isomorphism. From this we deduce
Theorem 7. r

We finish this section too with a list of the main maps we have defined.

. b� : H 1
c ðG;MÞ ! H 1ðHomGðCC 0 ;MÞÞ defined by

b �ðgÞð½qx; gqy�Þ ¼ gððxÞ � ðgyÞÞ and

b �ðgÞð½z; gqx�Þ ¼ gððx0Þ � ðgxÞÞ for x; y A S and z A F� fqx; x A Sg

for g A H 1
c ðG;MÞ.

N. Diamantis746



. For x A H set

xðBÞ ¼ 0; if x does not belong to any simplex in K with vertex B;

xðBÞ ¼ the coordinate of t�1ðxÞ in terms of t�1ðBÞ

if x belongs to a simplex which is the homeomorphic image of Dn under a map t.

. For every x A F select a vertex x of K such that xðnðxÞÞb xðBÞ for any vertex B of
K. Extend to all of H by G-linearity.

. If T is a singular 1-simplex in H, we define

SdðTÞ :¼ T1 � T0;

where T1 (resp. T0) is a 1-simplex whose image is the half of TðD1Þ from its mid-
point to its last point (resp. to its first point). We extend Sd to all of S1ðHÞ by
linearity.

. R : SðHÞ ! SNðHÞ is defined for 0- and 1-simplices by

RðcÞ ¼ c; for a 0-simplex c

RðTÞ ¼ SdmðTÞðTÞ; for a 1-simplex T

where mðTÞ is the least non-negative integer such that the mðTÞ-th iteration of Sd
belongs to SNðHÞ.
. G : SNðHÞ ! C is defined for 0- and 1-simplices by

GðcÞ ¼ ½nðcÞ�; for a 0-simplex c

GðTÞ ¼ ½nðT0Þ; nðT1Þ�; for a 1-simplex T with vertices T0;T1:

. r� : H 1ðHomGðCC 0 ;MÞÞ ! H 1
GðH;A;MÞ induced by the map

G � R : SðHÞ ! C:

. c� : H 1
GðH;A;MÞ ! H 1ðY ; pðAÞ;MÞ induced by c : C1ðH;MÞ ! C1ðY ;MÞ de-

fined by

cðgÞðpðTÞÞ ¼ Aðapðx0Þ;pðxT ÞÞ
�1
gðTÞ

for all g A C1ðH;MÞ and 1-simplices pðTÞ of Y , where apðx0Þ;pðxT Þ is the image of a
path from xT to x0 under p.

. j � : H 1ðH; pðAÞ;MÞ ! H 1
c ðY � pðAÞ; j�1MÞ with pðAÞ ¼

S
s AS pðtsÞ is induced

by the injection j : Y � pðAÞ ,! Y . j�1 is the sheaf inverse image induced by j.
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. F� : H 1
c ðY � pðAÞ; j�1MÞ ! H 1

c ðGnH;F�1j�1MÞ is induced by a homeomor-
phism F : GnH ! Y � pðAÞ. F�1 is the sheaf inverse image induced by F.

4 Cocycles associated to L-functions

In this section we apply the results of Section 3 to the cohomological setting of [D].
Let f be a cusp form of (even) weight k for SL2ðZÞ. Then we define a map sf from

SL2ðZÞ � SL2ðZÞ to Pk�2 by

sf ðg1; g2Þ ¼
ð g1iy

iy
f ðzÞðz� g1XÞk�2

jðg1;XÞk�2ðuðg2zÞ � uðzÞÞ dz

for all g1; g2 A SL2ðZÞ, where X is the polynomial variable. This map satisfies
a 2-cocycle condition in terms of the right action j2�k. Moreover the map sf is inti-
mately connected with the values of derivatives of Lf ðsÞ inside the critical strip
(i.e. s ¼ 1; . . . ; k � 1), since each such value appears in the coe‰cients of sf ðT ;TÞ,
where T ¼

�
0 �1
1 0

�
(see (3)).

On the other hand, sf induces a compactly supported 1-cocycle of SL2ðZÞ
with coe‰cients in a certain SL2ðZÞ-module. Specifically, we consider the map
bf : SL2ðZÞ ! Pk�2 given by

bf ðgÞ ¼ sf ðT ; gÞj2�kT :

We also define an action k of SL2ðZÞ on C 1ðSL2ðZÞ;Pk�2Þ such that

ðbkgÞðdÞ ¼ bðdg�1Þj2�kg for all g; d A SL2ðZÞ;

where b A C1ðSL2ðZÞ;Pk�2Þ. We extend k to Z½SL2ðZÞ� by linearity. Then we have

Proposition 8 ([D]). If U :¼
�

1 �1
1 0

�
, both bf k ðT þ 1Þ and bf k ðU 2 þU þ 1Þ are con-

stant. r

For the proof see [D], Prop. 2. Although in [D] we work with functions of GynSL2ðZÞ
to a quotient of Pk�2 (where Gy is generated by

� �1 0
0 �1

�
and S ¼

�
1 1
0 1

�
) the crucial

element in the proof is the 2-cocycle relation which holds in both cases.

We now consider the map bf on SL2ðZÞ sending U and T to the image bf of bf
under the projection C 1ðSL2ðZÞ;Pk�2Þ ! C 1ðSL2ðZÞ;Pk�2Þ=C0ðSL2ðZÞ;Pk�2Þ. Be-
cause of Proposition 8, bf defines a 1-cocycle of SL2ðZÞ with coe‰cients in

N :¼ C1ðSL2ðZÞ;Pk�2Þ=C 0ðSL2ðZÞ;Pk�2Þ

(the action of SL2ðZÞ being induced by k and denoted by k too). So, for example, we
have
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bf ðUTU�1TÞ ¼ bf k ðTU�1T þU�1T � T þ 1Þ:ð13Þ

In fact, bf is a compactly supported cohomology class. This is a consequence of

Lemma 9. Let M be a right SL2ðZÞ-module. Then H 1
c ðSL2ðZÞ;MÞ is isomorphic to

f f : SL2ðZÞ ! M; f ðg2g1Þ ¼ f ðg2Þg1 þ f ðg1Þ

for all g1; g2 A SL2ðZÞ and f ðSÞ ¼ 0g:

Proof. One easily checks that the map given by

wðgÞðgÞ ¼ gððiyÞ � ðg�1iyÞÞ for g A H 1
c ðSL2ðZÞ;MÞ and g A SL2ðZÞð14Þ

is an isomorphism. r

Since SL2ðZÞ does have elliptic points we cannot apply the results of Section 3 di-
rectly. However, we can use the fact that SL2ðZÞ has a normal torsion-free sub-
group of finite index, which we denote by G. Indeed, by definition, H 1

c ðSL2ðZÞ;NÞ ¼
HomðD0;NÞSL2ðZÞ, where the right-hand side is the group of invariant elements of
HomðD0;NÞ with respect to the action of SL2ðZÞ defined by

ð f :gÞððxÞ � ðyÞÞ ¼ f ððgxÞ � ðgyÞÞkg; for g A SL2ðZÞ:

Trivially, HomðD0;NÞSL2ðZÞ ¼ ðHomðD0;NÞGÞSL2ðZÞ=G ¼ HomGðD0;NÞSL2ðZÞ=G.
Therefore, the injection

HomSL2ðZÞðD0;NÞ ,! HomGðD0;NÞ

induces an isomorphism

H 1
c ðSL2ðZÞ;NÞGH 1

c ðG;NÞSL2ðZÞ:

At the other end, let pr denote the natural holomorphic covering GnH ! SL2ðZÞnH
and let N be the vector bundle on GnH associated to N. The transfer map induces an
isomorphism

H 1
c ðGnH;F�1j�1NÞSL2ðZÞ=G GH 1

c ðSL2ðZÞnH; pr�F
�1j�1NÞ;ð15Þ

where pr�F
�1j�1N denotes the direct image of F�1j�1N by pr. Specifically, for all

x A SL2ðZÞnH,

ðpr�F�1j�1NÞx G
L

ðF�1j�1NÞ~xx;

where the sum ranges over the pre-images ~xx of x under pr. (15) is induced by the map
sending f A C1

c ðGnH;F�1j�1NÞ to the map trð f Þ such that
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trð f ÞðTÞ ¼ ð f ð ~TT1Þ; . . . ; f ð ~TTnÞÞ for all 1-simplices T in SL2ðZÞnH:ð16Þ

Here, ~TT1; . . . ; ~TTn are the liftings of T to GnH (counting multiplicity).

Before discussing an example we list the main maps on this section.

. For a weight k cusp form f we define bf : SL2ðZÞ ! Pk�2 by

bf ðgÞ ¼ sf ðT ; gÞj2�kT for g A SL2ðZÞ:

. bf : SL2ðZÞ ! N :¼ C1ðSL2ðZÞ;Pk�2Þ=C 0ðSL2ðZÞ;Pk�2Þ is a map satisfying the
1-cocycle condition and such that

bf ðUÞ ¼ bf ðTÞ ¼ bf

where bf is the image of bf under the projection C1ðSL2ðZÞ;Pk�2Þ ! N.

. w : H 1
c ðSL2ðZÞ;MÞ ! f f : SL2ðZÞ ! M; f ðg2g1Þ ¼ f ðg2Þg1 þ f ðg1Þ

for all g1; g2 A SL2ðZÞ and f ðSÞ ¼ 0g
defined by

wðgÞðgÞ ¼ gððiyÞ � ðg�1iyÞÞ for g A H 1
c ðSL2ðZÞ;MÞ and g A SL2ðZÞ:

. The injection

HomSL2ðZÞðD0;NÞ ,! HomGðD0;NÞ

induces an isomorphism

H 1
c ðSL2ðZÞ;NÞGH 1

c ðG;NÞSL2ðZÞ

. pr : GnH ! SL2ðZÞnH: natural holomorphic covering.

. Let tr be the map sending f A C1
c ðGnH;F�1j�1NÞ to the map trð f Þ such that

trð f ÞðTÞ ¼ ð f ð ~TT1Þ; . . . ; f ð ~TTnÞÞ for all 1-simplices T in SL2ðZÞnH:

Here, ~TT1; . . . ; ~TTn are the liftings of T to GnH (counting multiplicity).
The map tr induces an isomorphism

H 1
c ðGnH;F�1j�1NÞSL2ðZÞ=G GH 1

c ðSL2ðZÞnH; pr�F
�1j�1NÞ:

Example. Consider a cusp form of weight k on SL2ðZÞ. We will describe a represen-

tative bf of the image of bf in H 1
c ðSL2ðZÞnH; pr�F

�1j�1NÞ which we obtain after we
successively apply the maps we have defined.
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As a torsion-free subgroup G we will use Gð2Þ ¼
��

a b
c d

�
A SL2ðZÞ; a1 d1 1;

b1 c1 0 ðmod 2Þ
�

. A set of representatives of SL2ðZÞ=Gð2Þ (where we identify
matrices di¤ering by a factor of �I ) is

fgi; i ¼ 1; . . . ; 6g ¼
�

1 0

0 1

� �
;

1 1

0 1

� �
;

1 0

1 1

� �
;

0 1

�1 0

� �
;

0 1

�1 1

� �
;

1 �1

1 0

� ��
:

Let T be a 1-simplex ðSL2ðZÞz1;SL2ðZÞz2Þ on SL2ðZÞnH which does not pass
through any elliptic points. By (15), (16) we have

bf ðTÞ ¼ ðb 0
f ð ~TT1Þ; b 0

f ð ~TT2Þ; b 0
f ð ~TT3Þ; b 0

f ð ~TT4Þ; b 0
f ð ~TT5Þ; b 0

f ð ~TT6ÞÞ

where ~TTi ¼ ðGgiz1;Ggiz2Þ and the prime signifies that b 0
f corresponds to Gð2Þ rather

than SL2ðZÞ.
By the definition of the transfer map, for each i ¼ 1; . . . ; 6 there is a di A Gð2Þ such

that Fð ~TTiÞ is the image (under p) of a 1-simplex in H with end points giz1 A F and
digiz2. Assume that this simplex is already small enough for it not to be necessary
to be subdivided (see Section 3). Unraveling the definitions of j �; r�, and c�, if the
0-simplices of K ‘‘nearest’’ to giz1 (resp. giz2) are ½qxi � (resp. ½qyi �), then

b 0
f ð ~TTiÞ ¼ b�ðbf Þð½qxi ; diqyi �Þ

where b � is the map defined by (11). Taking into account (14), this can be written as
bf ðd�1

i Þ and, therefore,

bf ðTÞ ¼ ðbf ðd�1
1 Þ; bf ðd�1

2 Þ; bf ðd�1
3 Þ; bf ðd�1

4 Þ; bf ðd�1
5 Þ; bf ðd�1

6 ÞÞ:

Each of the coordinates can be expressed in terms of bf as in (13).

Acknowledgements. The author would like to thank D. Goldfeld, P. Gunnells and the
referee of an earlier version of this work for many comments and suggestions that
substantially improved the paper.

References

[B] Bredon G.: Sheaf Theory. Graduate Texts in Mathematics 170 (1997)
[D] Diamantis N.: Hecke Operators and Derivatives of L-functions. Compositio Mathema-

tica 125 (2001), 39–54
[E1] Eilenberg S.: Singular homology theory. Ann. of Math (2) 45 (1944), 407–447
[E2] Eilenberg S.: Singular homology in di¤erential manifolds. Ann. of Math (2) 48 (1947),

670–681

Cocycles associated to derivatives of L-functions 751



[E3] Eilenberg S.: Homology of spaces with operators I. Trans. Amer. Math. Soc. 61 (1947),
378–417

[G] Goldfeld D.: Special values of derivatives of L-functions. CMS Conf. Proc. 15 (1995),
245–282

[H1] Haberland K.: Perioden von Modulformen einer Variabler and Gruppencohomologie I.
Math. Nachr. 112 (1983), 159–173

[H2] Hida H.: Elementary theory of L-functions and Eisenstein series. Cambridge University
Press, 1993

[M] Manin Y. T.: Parabolic points and zeta functions of modular forms (Russian). Izv. Akad.
Nauk SSSR Ser. Mat. 6 (1972), 19–64

[S] Shimura G.: Introduction to the Arithmetic Theory of Automorphic Functions. Prince-
ton University Press, 1971

Received May 12, 2002; revised October 2003

Nikolaos Diamantis, University of Nottingham, School of Mathematical Sciences, Notting-
ham NG7 2RD, United Kingdom

pmznd@maths.nott.ac.uk

N. Diamantis752


