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1. Introduction and Summary

Quantum field theories (QFTs) that are defined on manifolds with bound-
ary are known to exhibit interesting phenomena that arise from a rich in-
terplay between bulk and boundary degrees of freedom. A prime example
is given by the Chern—Simons/Wess—Zumino-Witten (in short, CS/WZW)
bulk/boundary system that describes a topological QFT in the bulk, a chi-
ral conformal QFT on the boundary and their non-trivial interplay, lead-
ing to interesting phenomena such as holography. This was observed first
in [41] and subsequently studied in more detail by many authors, see, e.g.,
[18,22-24,27,33,37]. One of the main mechanisms causing an interplay be-
tween bulk and boundary degrees of freedom is gauge invariance of the com-
bined bulk/boundary system. This leads to various consistency conditions be-
tween bulk and boundary fields that can be analyzed, for instance, in the
BV/BFV formalism of Cattaneo, Mnev and Reshetikhin [16,17].

The aim of this paper is to study in detail a simple and explicit example of
such gauge-theoretic bulk/boundary system from the point of view of algebraic
QFT (AQFT) [5,29], or more precisely its homotopical refinement [9,10] that
is better suited to deal with gauge theories. The model we study is given by
(a Lorentz geometric variant of) the linear CS/WZW bulk/boundary system,
which describes linear Chern—Simons theory in the bulk of a 3-manifold M
and a chiral free boson on its boundary M, together with their interplay.
More precisely, we study Chern—Simons theory with linear structure group
G = R on an oriented 3-manifold M, whose boundary OM is endowed with
(the conformal class of) a Lorentzian metric and a time-orientation, in the
presence of a Lorentzian version of the chiral WZW boundary condition on
OM. A holomorphic variant of this example, where M is endowed with a
complex structure, was studied recently in the context of factorization algebras
(& la Costello-Gwilliam [14,15]) by Gwilliam, Rabinovich and Williams [27].

The physics of the CS/WZW bulk/boundary system is already well-
understood, and by restricting to the linear structure group G = R we only
study a particularly simple instance of it. Of interest in this work, though,
are the mathematical techniques we use to construct and analyze the model
as an AQFT. They relate to multiple recent developments in AQFT and dif-
fer considerably from how [27] constructs the linear CS/WZW system as a
factorization algebra. Some of the key features are:

(1) While the factorization algebra for the holomorphic CS/WZW system is
constructed in [27] by linear BV quantization of a shifted Poisson struc-
ture (the antibracket), our construction of an AQFT for the Lorentzian
variant of this system uses canonical commutation relation (CCR) quan-
tization of a related wunshifted Poisson structure. We will determine the
latter by using the novel concept of Green’s homotopies from [7], which
are homotopical generalizations of Green’s operators, in combination with
techniques from 2-dimensional chiral conformal Lorentzian geometry [26].
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In particular, we provide new examples of Green’s homotopies for gauge-
theoretic bulk/boundary systems, which contributes novel types of exam-
ples to the literature on Green’s operators in the presence of Lorentzian
boundaries, see e.g., [4,19,20].

(2) Our AQFT for the CS/WZW bulk/boundary system is defined on a suit-
able category of open subsets of the 3-manifold M, and it satisfies a
homotopical version of local constancy, or the time-slice axiom. Using
recent strictification theorems for the homotopy time-slice axiom [3], we
will prove that this AQFT is equivalent to an AQFT that is defined on
a 2-dimensional manifold B, playing a similar role to a Cauchy surface.
This dimensional reduction from 3 to 2 dimensions is crucial to identify
the degrees of freedom of the CS/WZW system near the boundary 0B
with a chiral free boson, which in the context of AQFT is described on
1-manifolds (i.e., light rays).

The outline of the remainder of this paper is as follows: In Sect. 2, we
review the linear Chern—Simons complex on an oriented 3-manifold M with
boundary OM # ) from [27] and introduce our Lorentz geometric variant of the
chiral WZW boundary condition, which we call the (anti-)self-dual boundary
condition £F, see (2.18). In Sect.3, we define a suitable concept of chiral
Green’s homotopies for the Chern—Simons complex and prove their existence
under suitable niceness conditions, see Proposition 3.28. The main tool we use
to prove the existence of Green’s homotopies is an extension of the =£-chiral
flow © [26] on the boundary Lorentzian 2-manifold M to a proper R-action
@i : Rx M — M on the bulk manifold. One may interpret this as an arbitrary
extension of the concepts of £-chiral null curves from M into the bulk M.
Equipped with these Green’s homotopies, we construct in Sect.4 an AQFT
Ay for the CS/WZW bulk/boundary system that assigns differential graded
x-algebras (in short, dg-algebras) to suitable open subsets U C M. We also
prove that this AQFT satisfies a chiral variant of the Einstein causality axiom
and of the homotopy time-slice axiom, see Proposition 4.6 and Corollary 4.7.

In Sect.5, we use the strictification theorems for the homotopy time-
slice axiom from [3] in order to prove that our 3-dimensional AQFT 2 for
the CS/WZW bulk/boundary system on M is equivalent to a 2-dimensional
AQFT 9B, that is defined on the quotient space By := M/~ associated with
the proper R-action (:)i :Rx M — M, see Corollary 5.5. (Choosing a smooth
section of the associated principal R-bundle 74+ : M — B4 allows one to think
of By as a kind of “Cauchy surface” in M.) Using this phenomenon of dimen-
sional reduction, we also prove that, under suitable topological assumptions
on M, the AQFT 2, for the CS/WZW bulk/boundary system is insensitive
to the choice of extension of the £-chiral flow ©L on M to a proper R-action
@i on M, see Corollary 5.9. Hence, our AQFT construction is canonical in
these cases.

The aim of Sect.6 is to analyze the dimensionally reduced AQFT B
that is defined on the quotient 2-manifold By := M/ ~4. Upon restriction
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to the interior IntBy C B4, we find that this AQFT specializes to the 2-
dimensional part of linear Chern—Simons theory, which is given by canonical
quantization of the Chern—Simons phase space along the Atiyah—Bott Poisson
structure [1]. Furthermore, restricting the AQFT By to a tubular neighbor-
hood 0By x[0,1) C By of the boundary, we obtain an AQFT that is equivalent
to the chiral free boson on the 1-manifold 0By, see Corollary 6.3. The inter-
play between bulk and boundary degrees of freedom is realized in our approach
through dg-algebra morphisms B4 (V) — B (V') that are associated with
subset inclusions V' C V/ C By from interior regions V' C IntB4 into regions
V' C By that intersect the boundary, i.e., V' N dBy # (). This allows us to
describe certain Chern—Simons observables in the bulk in terms of equivalent
chiral boson observables on the boundary, which is illustrated in Example 6.4
by studying the boundary observable corresponding to the Chern—Simons ob-
servable that measures the holonomy of flat connections. Appendix A contains
some technical details that are required in the main part of the paper.
Notation and Conventions for Cochain Complexes: Let us fix a field K of
characteristic 0, e.g., the real numbers R or the complex numbers C. A cochain
complex V consists a family of K-vector spaces {V};cz and a family of degree
increasing linear maps {d : V¢ — ViT1}, .7 (called the differential) that squares
to zero d? = 0. A cochain map f:V — W between two cochain complexes is a
family of linear maps {f : V¢ — W'},cz that commutes with the differentials
fod = dof. We denote by Chg the category of cochain complexes and cochain
maps.

Given any cochain complex V and integer p € Z, we define the p-shifted
cochain complex V[p] by V[p|® := VP for all i € Z, and the differential
d[p] = (71)17 d.

To each cochain complex V', one can assign its cohomology, which is the
graded vector space defined by H (V) := Ker(d : Vi — V*1) /Im(d : V=1 —
V), for all i € Z. The assignment of cohomology defines a functor H® from
Chg to the category of Z-graded vector spaces. A morphism f : V — W
in Chg is called a quasi-isomorphism if it induces an isomorphism H®(f) :
H* (V) — H*(W) in cohomology.

The category Chy is closed symmetric monoidal. The monoidal product
V ® W of two cochain complexes is given by the family of vector spaces

Vew) =V ew), (1.1a)

JEL
for all i € Z, and the differential d® that is defined by the graded Leibniz rule
d®wew) = (dv) @ w+ (-1)"'v e (dw), (1.1b)

for all homogeneous v € V and w € W, where |- | € Z denotes the degree. The
monoidal unit is K, regarded as a cochain complex concentrated in degree 0
with trivial differential, and the symmetric braiding VW — WV, v®w +—
(=)l @ v is given by the Koszul sign rule. The internal hom [V, W]
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between two cochain complexes is given by the family of vector spaces

V,W]' = HHomK(Vj,Wj+i), (1.2a)
jEz
for all i € Z, where Homg denotes the vector space of linear maps, and the
differential O that is defined by the graded commutator

OL :=doL—(-1)*Lod, (1.2b)

for all homogeneous L € [V, W].

Observe that a cochain map f : V — W is the same datum as a 0-
cocycle in the internal hom complex [V, W], i.e., f € [V, W]° such that df =
0. Furthermore, a cochain homotopy between two cochain maps f,g : V —
W is an element h € [V,W]~! of degree —1 such that Oh = g — f. Higher
cochain homotopies admit a similar interpretation in terms of the internal
hom complex.

2. Chern-Simons with (Anti-)self-dual Boundary Condition

In this section, we describe the cochain complex that encodes linear Chern—
Simons theory on an oriented 3-dimensional manifold M and its (—1)-shifted
symplectic structure. The case where the boundary OM = () is empty is quite
standard, and details can be found, e.g., in the book of Costello and Gwilliam
[14, Chapter 4.5]. The case where the boundary OM # () is non-empty is more
involved as it requires the choice of a boundary condition to obtain a well-
defined (—1)-shifted symplectic structure. These aspects, including particular
choices of boundary conditions, have been studied systematically in the recent
work [27] of Gwilliam, Rabinovich and Williams, which serves as our main
reference for this section.

Empty Boundary: OM = (): Consider an oriented 3-manifold M without
boundary OM = (). The Chern-Simons complex is defined as the 1-shifted
de Rham complex

e R () N ¢ B O
§() = e ] = (900 =% Qi) —5 Q2(M) =5 3(M) ),

(2.1)

where d denotes the de Rham differential and round brackets indicate the
cohomological degree. It is important to note that the latter differs by 1 from
the de Rham degree, i.e., |alagr = |o| + 1 for all homogeneous o € F(M).
The physical interpretation of the complex F(M) is as follows: An element
A€ F(M)° = QM) in degree 0 is a gauge field (principal R-connection), and
an element ¢ € F(M)~! = Q°(M) in degree —1 is a ghost field (infinitesimal
gauge transformation). The elements in positive degrees are the antifields A* €
F(M)t = Q%(M) and the antifields for ghosts ¢t € F(M)? = Q3(M). As
typical for the BV formalism, the differential encodes both the action of gauge
symmetries and the equation of motion, which in the case of linear Chern—
Simons theory is the flatness condition dA = 0.
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Using the wedge product of differential forms, we can define a cochain
map

(«,): M) @FM) — Q(M)2], a®f — (a,8) = (=1) a(Aﬂ)
2.2

to the 2-shifted de Rham complex. Observe that this map is graded antisym-
metric, i.e.,

(o, B) = —(=1)1*11P1 (3, ), (2.3)

for all homogeneous «, 3 € F(M). Since by hypothesis the boundary OM = ()
is empty, integration of compactly supported forms defines a cochain map
Jas : Q2(M)[2] — R[—1], which allows us to define a (—1)-shifted symplectic
structure

oy s BON T D aiang 5 R (24
on the subcomplex F.(M) C F(M) of compactly supported sections.
Non-empty Boundary: M # (): Consider an oriented 3-manifold M with
non-empty boundary OM # (). As field complex we take again the 1-shifted
de Rham complex (2.1), but now on a manifold with boundary. The (—1)-
shifted symplectic structure (2.4) does not directly generalize to the present
case because the map w(_y) fails to be a cochain map. Indeed, as a consequence
of Stokes’ theorem, one has that

—Ow(_1)(a® B) = w(1)0d®(a® B) = /M d(a, B) = (~1)l* o) A (B), (2.5)

oM
for all homogeneous «, 3 € §F.(M), where 1* denotes the pullback of differential
forms along the boundary inclusion ¢ : 0M — M.

One way to resolve this incompatibility between the differential and w(_)
is to impose a suitable boundary condition on the field complex F(M). A par-
ticularly interesting approach to boundary conditions, which draws inspiration
from the intersection theory of Lagrangians in derived algebraic geometry [38],
has been recently developed in [27,39,40]. Without going into the technical de-
tails, which are nicely explained in these papers, the key idea of this approach
is to introduce a cochain complex Fe(M) of boundary conditioned fields by
forming a fiber product

Fe(M) — = » F(M) (2.6)

lb*

[

[

3

£ — F(OM)
in the category of cochain complexes.! Let us explain the ingredients of this
diagram, as well as their interpretation, in the context of our example: The

1The ordinary fiber product (2.6) provides a model for the homotopy fiber product whenever
the right vertical map ¢* is a fibration of cochain complexes, which is the case in our example
given by linear Chern—Simons theory.
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boundary field complex §F(OM) is the 1-shifted de Rham complex of the bound-
ary manifold OM, i.e.,

(=1) (

4 M
FOM) == Q*(OM)[1] = (QO(aM) QY

0) T
aM) —4 02(aM) ) (2.7)

and the cochain map ¢* is given by pullback of differential forms along ¢ :
OM — M. Using an analogous construction as in (2.4), together with the fact
that OM is 2-dimensional, one obtains an unshifted symplectic structure

v ¢ Be(OM) @ F0M) b as@an2) 2L R (28)
on the subcomplex §F.(OM) C F(OM) of compactly supported sections. This
allows us to rewrite Eq. (2.5) in the following more conceptual form

*3&)(_1) = w(p) © (L>k ® L*), (29)

which means that w_;) defines a derived isotropic structure for the cochain
map ¢* in (2.6). As a consequence of the non-degeneracy condition proven in
[39, Lemma 2.20], w(_y is further (a field theoretic analogue of) a derived
Lagrangian structure on ¢*.

The subcomplex £ C §(OM) in (2.6), which we call the boundary con-
dition, is the choice of a local and strict Lagrangian in (S(@M),w(o)). Local
means that £ = I'°(L) is given by the sections of a subbundle L — M of the
boundary field bundle A*T*OM|[1] — M, and strict Lagrangian means that
£ C F(OM) is strictly isotropic, i.e., the restriction

W) g, 00, = 0 (2.10)

of the unshifted symplectic structure to the subcomplex £. C £ of compactly
supported sections vanishes, and maximal in the sense that the total rank of
L is half that of A*T*OM|[1].

An explicit model for the cochain complex Fe(M) defined by the fiber
product in (2.6) is given by the subcomplex Fe(M) C F(M) of the field com-
plex consisting of all fields a € §F(M) that satisfy the boundary condition
*(a) € £. We denote the individual components of this subcomplex by

G S () N ¢ N ¢
Fe(M) = 0301 = ((Q8(M) = Q3(M) = Q3(M) = Q4 (M) )
(2.11)

Due to the strict isotropy condition (2.10) for £, one immediately observes that
the boundary terms in (2.5) and (2.9) vanish for fields that satisfy the boundary
condition; hence, w(_) restricts to a (—1)-shifted symplectic structure

W(-1) : %£7C(M)®3'£7C(M) — R[—” (212)

on the subcomplex Fe (M) C Fe(M) of compactly supported sections.

Note that, when the boundary OM = () is empty, the boundary field
complex F(OM) = 0 is trivial and so is any boundary condition £ = 0. Hence,
the cochain complex §¢(M) and its (—1)-shifted symplectic structure w_q)
specialize to the ones we have described in the previous paragraph.
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Linear Observables and (-1)-Shifted Poisson Structure: We describe the linear
observables for the complex F¢(M) of boundary conditioned fields by the 1-
shifted cochain complex

I G ) N () S ¢
&E,C(M)[H = Q::,C(M)[2] = ( Q%,C(M) — QEQ,C(M) — QQE,C(M) — Q%,C(M) )

(2.13)
of compactly supported sections. The evaluation of linear observables on fields
is given by the cochain map

J
ev : Feo(M)[1] @ Fe(M) SSERR QM3 —— R (2.14a)
that is obtained from (2.2) and the integration map. Explicitly,
ev(ip®@a) = (—1)l¥l+t / pAa, (2.14b)
M

for all homogeneous ¢ € Feo(M)[1] and o € Fe(M). The complex of linear
observables can be endowed with the (—1)-shifted Poisson structure

w(-1)
—_—

(-1 ¢ See(M)1] @ Fe(M)[1] = Feo(M)[2) © Feo(M) R[],

(2.15)

where the first cochain isomorphism is constructed from the symmetric braid-
ing on the category of cochain complexes, i.e., it involves Koszul signs. These
Koszul signs cancel the minus signs entering w_) through (2.2), such that

TP ® ) =/Mww (2.16)

is simply given by the forming the wedge product followed by integration over
M, for all linear observables ¢, 1) € Fe (M)[1].

(Anti-)self-dual Boundary Condition: Of particular interest to us are Lorentzian
geometric variants of the so-called chiral and anti-chiral WZW boundary con-
ditions, which were introduced in [27, Example 2.3] through the choice of a
complex structure on M and the corresponding Dolbeault decomposition of
0*(0OM). To describe a Lorentzian analogue of these boundary conditions, we
assume that OM comes endowed with (the conformal class of) a Lorentzian
metric g and a time orientation. As orientation on M we take the one induced
from the orientation of the bulk M. From these data, we can define a Hodge
operator x : QF(OM) — Q>7%(OM), which due to the Lorentzian signature
of the metric squares to the identity *?> = id on 1-forms. This allows us to
decompose the vector space of 1-forms

Q'OM) = QT (OM) & Q~ (OM) (2.17)

into the self-dual QT (OM) and anti-self-dual Q= (0M) forms, ie., a €
OF(OM) C QYOM) if and only if *a = +a. Let us note that, since the
Hodge operator is C'*°(9M)-linear, this decomposition is also a direct sum
decomposition of C>(9M)-modules. In particular, Q*(OM) C QY (OM) are
submodules.
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Ezxample 2.1. In order to illustrate these concepts, let us consider the 3-manifold

M = R? x R=Y with orientation 0 = [~dt A dz A dr] determined by a choice
of global coordinates (t,z,7). Let us further endow the boundary M = R?
with the standard Minkowski metric ¢ = —dt? + dz? and the time-orientation

t = [0¢]. The induced orientation of the boundary is 055 = [dtAdx]. Taking the
standard basis (dt,dz) of Q'(OM), one has that *dt = —dz and *dz = —dt.
Introducing the standard light cone coordinates z* := ¢ + z, the Hodge op-
erator acts on dz* € Q1(OM) according to *(dz*) = Fdz™, i.e., dz~ defines
a module basis for the self-dual forms QT (0M) and dz™ defines one for the
anti-self-dual forms Q~(0M). Note the flip of sign.

We define the self-dual boundary condition as the subcomplex

_ (0) (1)
et = <(01)L>Q+(8M);d>92(8M)> C F(OM) (2.18a)

of the boundary field complex (2.7). The anti-self-dual boundary condition £~
is similarly defined with Q= (M) in place of QT (OM), i.e.,

_ (0) (1)
£ = ((o”LQ*(aM)im(aM)) C §OM).  (218b)

It is easy to check that both £* and £~ are local and strict Lagrangians in
(S(@M), w(o)).

Throughout the whole paper, we impose either £+ or £~ as boundary
condition on the Chern-Simons theory on M.? For a uniform notation, we
denote the chosen boundary condition as £%. The corresponding boundary
conditioned fields introduced in (2.6) then satisfy the following boundary con-
ditions: The pullback to the boundary ¢t*(¢) = 0 of the ghost field vanishes,
and the pullback to the boundary 1*(A) € Q*(OM) of the gauge field is an
(anti-)self-dual 1-form. Note that the antifields A* and ¢t are not restricted by
the (anti-)self-dual boundary condition.

3. Construction of Green’s Homotopies

The data presented in Sect.2 are sufficient to quantize linear Chern—Simons
theory with the chosen (anti-)self-dual boundary condition in terms of a factor-
ization algebra. The relevant construction is given by linear BV quantization
of the complex of linear observables (2.13) along its (—1)-shifted Poisson struc-
ture (2.15), see, e.g., [14, Chapter 4] or [27, Section 3] for the details.

In the present paper, we shall take a different approach and study the
quantization of this theory in terms of an AQFT. This requires additional
structure, given by so-called Green’s homotopies [7], which generalize the con-
cept of retarded/advanced Green’s operators to a homotopical context. Using

2In cases where OM has multiple components, one may choose a more general mixed-type
boundary condition by using self-dual forms on some components of 9M and anti-self-dual
forms on the others. While much of the discussion below may be adapted to this case, we
give it no further consideration here.
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these Green’s homotopies, one can determine as in [7] an unshifted Poisson
structure on the complex of linear observables (2.13), which then can be quan-
tized by constructing canonical commutation relation (CCR) dg-algebras as in

[2].

Ezxample 3.1. Green’s homotopies provide a natural homotopical generaliza-
tion of the usual retarded/advanced Green’s operators for normally hyperbolic
partial differential equations. To illustrate the main idea, let us briefly sketch
the concept of Green’s homotopies in the simplest example given by Klein—
Gordon theory on a globally hyperbolic Lorentzian manifold N. We refer the
reader to [7] and also [2, Section 4.1] for more details. The field complex of the
Klein—Gordon field is given by:

©
FEE(N) = (V)

where [0 denotes the d’Alembertian and m* > 0 is a mass term. Elements
® € Q°(N) in degree 0 are interpreted as fields and elements ®* € Q°(N) in
degree 1 as antifields. Note that the cohomology of this complex is concentrated
in degree 0 and it is given by the usual solution space of the Klein—Gordon
equation Sol(N) = {® € Q°(N) | (O + m?)® = 0}.

A retarded/advanced Green’s operator for Klein-Gordon theory is de-
fined as a linear map G* : Q2(N) — Q°(N) that satisfies, for all compactly
supported ¢ € Q2(N),

(i) GO+ m?)p = and (O+m?)GFp = ¢,
(ii) supp(GFg) C Jx(supp ), where Ji(S) C N denotes the causal fu-

ture/past of S C N.

The first property can be easily described in the language of cochain complexes:
The retarded/advanced Green’s operator determines via

1)

B o(v) ). 3.1)

2

Der

+ T L]

05— QON) ?QO N
+m

(3.2)

a (—1)-cochain G* € [FKE(N), FKE (V)] ~! which defines a cochain homotopy
OG* = j from the zero map to the cochain map j : FKE(N) — FKE(N)
that includes compactly supported O-forms into all 0-forms. The second prop-
erty of Green’s operators states that this homotopy must have suitable sup-
port properties, which can be formalized in a homotopically meaningful way
as in [7]. Taking the difference G := G* — G~ € [S?G(N),SKG(N)]f1 of
the retarded and the advanced Green’s homotopy defines a cochain map G :
FEG(N)[1] — FRE(N), ie., G = 0, from which one constructs an unshifted
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Poisson structure 7 : FRG(N)[1] @ FKG(N)[1] — R via integration T0)(p ®
¥) = [y ¢ G(¥) voly, where voly denotes the volume form.

The advantage of Green’s homotopies is that they exist also in gauge-
theoretic examples, which are described by complexes that encode also ghosts
and their antifields, and hence are longer than (3.1), while ordinary Green’s op-
erators cannot exist in a gauge theory (before gauge fixing) due to degeneracy
of the equation of motion.

Our strategy in this section is as follows: In Sect. 3.1, we use relevant chi-
ral geometry (in the sense of [26]) of the boundary Lorentzian manifold M to
define a notion of Green’s homotopies for the (anti-)self-dual boundary condi-
tion £+ in (2.18). A key feature of this chiral geometry is the so-called chiral
flows. In Sect. 3.2, we abstract to Green’s homotopies for the de Rham complex
on a manifold that is endowed with a smooth R-action (i.e., a flow) and give
an explicit construction of such Green’s homotopies under suitable niceness
conditions on the R-action. Finally, in Sect. 3.3 we specialize this construction
to produce compatible Green’s homotopies for the boundary condition £+ and
the complex F e+ (M) of boundary conditioned fields, under the hypothesis that
the bulk M may be equipped with suitable extensions of a chiral flow on OM.

3.1. Chiral Geometry of the Boundary

To motivate our notion of Green’s homotopies for Chern—Simons theory sub-
ject to an (anti-)self-dual boundary condition, we first consider the analogous
notion of Green’s homotopies for the boundary condition complex £+ itself.
In so doing, we will encounter relevant chiral features of the 2-dimensional
boundary spacetime M, which will inform our construction in the bulk M.

In this subsection, we will work on the 2-dimensional boundary mani-
fold OM, which by our hypotheses is endowed with a Lorentzian metric g,
an orientation 05); and a time-orientation t. In the following definition, we
represent the latter two data by a non-vanishing 2-form w € Q%(9M) and a
non-vanishing time-like vector field 7 € I'*°(T'OM).

Definition 3.2. (a) A nonzero null vector 0 # v € T,0M at a point p € OM,
ie., g(v,v) =0, is called -pointing if g(7,v) < 0 and w(r,v) > 0, \-
pointing if g(r,v) < 0 and w(r,v) < 0, ,/-pointing if g(r,v) > 0 and
w(t,v) <0, and \-pointing if g(t,v) > 0 and w(r,v) > 0.

(b) A null curve v : [0,1] — OM is called -pointing if all its tangent vectors
are /-pointing. The other three cases \, /" and \, are defined similarly.

Evidently, any ,"-pointing curve  produces a ,/-pointing curve s +—
~v(1 — s) by reversing its parameterization, and vice versa. \ - and \-pointing
curves are similarly related.

Example 3.3. The terminology in Definition 3.2 is motivated by the graphical
representation of such tangent vectors in the standard Minkowski spacetime
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(see Example 2.1):

t
x~ T xt
> T
(3.3)
Indeed, by a quick calculation one checks that the tangent vector 0, := %

is /-pointing and the tangent vector 0_ := 837 is \_-pointing. The additive
inverses —0y and —J_ are, respectively, ,/-pointing and \-pointing.

Remark 3.4. In [26, Section 4], a null curve ~ : [0,1] — 9M that is either -
pointing or -pointing is called right-chiral, and one that is either "\ -pointing
or \-pointing is called left-chiral. In the present paper, we prefer to use the
finer distinction from Definition 3.2.

Our concept of pointings for tangent vectors is related to (anti-)self-
duality of 1-forms.

Lemma 3.5. A 1-form o € QY(OM) is self-dual if and only if, at every point
p € OM, the contraction a(v) = 0 wvanishes for all /-pointing and all /-
pointing null vectors v € T,0M. Similarly, a 1-form o € Q*(OM) is anti-self-
dual if and only if, at every point p € M, the contraction a(v) = 0 vanishes
for all \ -pointing and all \,-pointing null vectors v € T,0M.

Proof. Since every 2-dimensional Lorentzian manifold is locally conformally
equivalent to the Minkowski spacetime, and since (anti-)self-duality and the
pointings from Definition 3.2 depend only on the conformal structure, it is
sufficient to prove the claim for the Minkowski spacetime. The latter follows
immediately from our explicit descriptions in Examples 2.1 and 3.3. O

Making use of the pointings from Definition 3.2, we can introduce for
each point p € M the following subset

q =p or 3 /" —pointing curve

J7(p) = {q € oM v:[0,1] = M s.t. v(0) = p and y(1) = ¢

peo

and similar subsets for the other three cases \, ,/ and \,. These subsets
characterize the four null components of the light cone at p € M. Given any
subset S C OM, we further define
J7(S) = |J T (p) € oM, (3.4D)
pES

and similar in the other three cases.
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Remark 3.6. Since reversing the parameterization changes a -pointing curve
into a /-pointing curve, it follows that p € J(¢) if and only if ¢ € J<(p).
In fact, J”(p) and J- (p) arise, respectively, as the sets of successors and
predecessors of p under the binary relation <, on OM defined by p <, ¢ if
either p = ¢ or there exists a -pointing curve in M from p to ¢. Similarly,
J™>(p) and J>(p) arise, respectively, as the sets of successors and predecessors
of p under the binary relation <_ on M defined by p <_ q if either p = q or
there exists a \-pointing curve in M from p to q.

In the next definition, we introduce the variants of Green’s homotopies
that are relevant for the present paper. See also Remark 3.8 for some addi-
tional comments on the relationship to the framework of Green’s homotopies
developed in [7].

Definition 3.7. A -pointed Green’s homotopy for the boundary condition £+
in (2.18) is a (—1)-cochain G~ € [£F,£F]7! in the internal hom complex
from the complex of compactly supported sections £F to £F that satisfies the
following properties:

(i) 0G~ = j, where j : £ — £% is the canonical inclusion cochain map

from compactly supported sections to all sections;

(ii) supp(G~a) C J7 (suppa), for all a € £,
The definition of Green’s homotopies for the other three pointings \, , and
\\ is similar.

Remark 3.8. The following remarks are in order:

1. There are four types of Green’s homotopies referring to the four different
components of the light cone in 2-dimensional conformal Lorentzian ge-
ometry. These refine the two types of Green’s homotopies (retarded and
advanced) in standard m-dimensional Lorentzian geometry.

2. The definition of Green’s homotopies in [7, Definition 3.5] is more general
as it allows for pseudo-naturality under inclusions K C K’ of compact
subsets of M . From a conceptual perspective, this generality is needed to
prove a uniqueness theorem for Green’s homotopies stating that the space
of Green’s homotopies is either empty or contractible, see [7, Proposition
3.9]. This level of generality is not needed in the present paper since
all of our Green’s homotopies will be of the strict type as defined in
Definition 3.7.

Later in Proposition 3.22 we will show that, under suitable chiral niceness prop-
erties of OM, the self-dual boundary condition £ admits - and ,/-pointed
Green’s homotopies and the anti-self-dual boundary condition £~ admits "\ -
and \-pointed ones.

As a preparation for our construction of Green’s homotopies, let us recall
from [26, Proposition 4.14] that on each oriented and time-oriented Lorentzian
2-manifold OM there exists a so-called chiral frame (n_,n.) for the tangent
bundle TOM, i.e., n_ € T°(TOM) is an everywhere \ -pointing null vector
field and ny € I'*°(TOM) is an everywhere /-pointing vector field. The choice
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of chiral frame is canonical up to rescalings n_ ~ f_n_ and ny ~ fyny by
positive smooth functions f¢ € C°°(OM,R>?). Furthermore, by [26, Lemma
4.19], one may assume without loss of generality that both n_ and n, are
complete vector fields. This allows us to define the +- and —-chiral flows

0.,6_ : RxIM — OM (3.5)

as the global flows of the complete vector fields n, and n_, respectively.

Ezample 3.9. Coming back to the Minkowski spacetime from Examples 2.1
and 3.3, a complete chiral frame is given by (0_,9d;). The associated chiral
flows read in light cone coordinates as O (s, (x~,z%)) = (z7,2" + s) and
O_(s,(x"xt)) = (= + s,z"), ie., they are simply translations along the
light cone coordinates.

Chiral flows provide a useful technical tool to handle the variously-pointed
null curves of Definition 3.2. By [26, Lemma 4.21], any - or ,/-pointing null
curve in OM is, up to reparameterization, an integral curve associated with the
+-chiral flow O, . Similarly, the \ - and \-pointing null curves are described
by the —-chiral flow ©_.

Remark 3.10. There exists no canonical choice of the chiral flows ©4 and
O_ on OM, owing to the freedom to rescale n. and n_ by positive smooth
functions. However, the orbits of any two +-chiral flows ©, and ©’_ coincide,
being the images of inextendable -pointing null curves in M. Thus, the
quotient 7y : IM — OM /[~ is canonical on a given 2-dimensional spacetime
OM, for ~ the orbit relation of any +-chiral flow. Similarly, the quotient
m_ :OM — OM/~_ by any —-chiral flow is canonical.

Remark 3.11. One may describe the sets J-"(p) and J<" (p) from (3.4a) in terms
of the +-chiral flow only. Indeed, by [26, Proposition 4.22], a point ¢ € M lies
in J(p) (or equivalently, p € M lies in J<'(q)) if and only if ¢ = ©4 (s, p) for
some s > 0. The sets J>(p) and J>(p) may be characterized similarly using
the —-chiral flow.

Just as we denote by £% our choice of self-dual or anti-self-dual boundary
condition, we henceforth denote by © 1 a corresponding choice of +- or —-chiral
flow on OM (+-chiral if the chosen boundary condition is self-dual, —-chiral if
the boundary condition is anti-self-dual).

3.2. Green’s Homotopies Associated with a Proper R-Action

Our construction of Green’s homotopies for £+ will use only the chiral flow ©
on OM, without directly referring to any of the other available data, e.g., the
Lorentzian metric, orientation or time-orientation. To simplify notation during
this construction, we temporarily abstract to the k-shifted de Rham complex
Q°(N)[k] of an arbitrary smooth manifold N (with or without boundary)
that is endowed with a smooth R-action (i.e., flow) © : R x N — N. Our
general construction can be specialized in the case of (N,0) = (OM,0+) to
provide appropriately-pointed Green’s homotopies for £+ C Q®(9M)[1]. This
abstraction will also be of use later in Proposition 3.28, when we will take
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N = M to build appropriate Green’s homotopies for the complex Fe+ (M) C
Q°*(M)[1] of boundary conditioned Chern—Simons fields.

Given any manifold N that is endowed with an R-action © : Rx N — N,
we can define analogues of the subsets J-(S) from (3.4) and their N\, ,//, \,
variants. We define the ©-future of a point p € NV as the subset

JT ={qeN|Is>0st.¢q=0O(s,p)} C N (3.6a)
and the O-past of p € N as the subset

J@ {qEN|EIs<Ost q= (s,p)}gN. (3.6b)
Recalling Remark 3.11, we observe that Je+ (p) = J7(p) and Jé+ (p) = J(p)
for ©, a +-chiral flow on N = M, and Jé (p) = J>(p) and Jé (p) = J>(p)
for ©_ a —-chiral flow. We also define for any subset S C N the O-future/past

of S to be
JNS) = | I ) < W (3.7)
pES

With this we can generalize Definition 3.7 of Green’s homotopies for £+ to the
k-shifted de Rham complex Q°*(N)[k] on N.

Definition 3.12. Let N be a smooth manifold (with or without boundary) that
is endowed with an R-action © : R x N — N. A forward/backward Green’s
homotopy for the k-shifted de Rham complex Q°*(N)[k] is a (—1)-cochain

GV € [Q2(N)[K],Q*(N)[K]] " in the internal hom complex that satisfies the
following properties:

(i) 0GTV = j, where j : Q2(N)[k] — Q*(N)[k] is the canonical inclusion

cochain map from compactly supported forms to all forms;

(ii) supp(G'/ta) C J(I)N (suppa), for all v € Q¢ (N)[k].
Remark 3.13. Note that a forward/backward Green’s homotopy G1/! €
[Q2(N), Q*(N )]71 for the wunshifted de Rham complex induces correspond-
ing forward/backward Green’s homotopies G[Tk/]l = (-1 G/ e [Qe(N)[K],
Q°(N)[K]] ! for each k-shifted de Rham complex. The sign factor ensures that

property (i), i.e., 8G[Tk/]l = 7, holds true for the internal hom differential 0 asso-

ciated with the k-shifted de Rham differential djz = (—1)* d. For this reason,
we construct our candidate Green’s homotopies below only for the unshifted
de Rham complex.

Let us consider the following span of smooth maps
Rx N (3.8)
/ K
N N

where pr denotes the projection onto the second factor. We will construct
Green’s homotopies in the sense of Definition 3.12 by first pulling forms back
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along © and then integrating over (suitable subsets of) the fibers of pr. The
latter is a trivial bundle with oriented fiber, and so is oriented as a bundle. To
ensure that the composite operation is well-defined on compactly supported
forms, we have to impose a niceness condition on the R-action ©, namely that
it is proper. Let us start by recalling that, for a smooth fiber bundle 7 : E — B
with fibers of dimension r, fiber integration 7, : Q¥ (E) — QF~"(B) is gener-
ally only well-defined on forms a € QF_(E) C QF(E) with vertically compact
support. This support condition means that, given any compact subset K C B
in the base, the subset 7=1(K) N suppa C E is compact in the total space.
For standard references on fiber integration, see [25, Chapter VII] as well as
[12, Section 6] and [36, Section 3.4.5].3

Lemma 3.14. Suppose that the R-action ©® : R X N — N is proper. Then,
for each compactly supported form o € QF(N), the pulled back form ©*a €
QOF(R x N) has vertically compact support with respect to the trivial R-bundle
pr:Rx N — N.

Proof. Recall the definition of the shear map
0 :RxN — NxN, (s,p) — (p,O(s,p)) (3.9)

associated with the R-action © and observe that §=1(A x B) = pr=1(4) N
©~1(B) for any two subsets A, B C N. Consider any compact subset K C N.
Since supp(©*a) C ©~1 (supp a) and supports are closed sets, it follows that

pr1(K)Nsupp(©*a) C prH(K)N @71(Supp a) = 971(K X supp oz)
(3.10)

is a closed subset. Using now that © is a proper R-action, i.e., its shear map
6 is a proper map, it follows that pr—!(K) Nsupp(©*a) C ! (K X supp a) is
a closed subset of a compact set and hence is compact. O

To propose a candidate for a forward Green’s homotopy, we restrict the
R-action to non-positive parameters R<% C R and consider the corresponding

restriction N 2= RS0 x N -2 N of the span (3.8). By an obvious corollary
of Lemma 3.14, if © is a proper R-action, we obtain a family of linear maps

f]RSO

QF(N) —2 QF (RS0 x N) =% QF—1(N) (3.11)

by composing the pullback of forms along © with the fiber integration fRso =
pr, along pr. These components define the (—1)-cochain
-1

Gl = /RSO 0" € [Q2(N),Q*(N)] (3.12)

3We use the fiber-first orientation convention for fiber integration, as in [36] but in contrast
to [12,25]. In particular, fiber integration and the de Rham differential commute up to a
sign M« od = (—1)" d o 7« when the fibers have empty boundary.
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Restricting to nonnegative parameters, we obtain again a restricted span N Ll

R0 x N -2, N and a family of linear maps

QF(N) -2 QF (R0 x N) ELSN QFL(N). (3.13)

Taking the additive inverses of these components defines the (—1)-cochain
GL = — [ e e [Q(N),Q(N)] .

R20

(3.14)

Beyond well-definedness of (3.12) and (3.14), the assumption that © is proper
gives some further technical consequences described in Appendix A. These
enter the proof of the following

Proposition 3.15. Suppose that the R-action © : R X N — N s proper. Then
Gé in (3.12) defines a forward Green’s homotopy and Gé in (3.14) defines a
backward Green’s homotopy.

Proof. We have to verify the two properties (i) and (ii) from Definition 3.12.
Item (i) is a simple consequence of the fiber-wise Stokes theorem, see,
e.g., [36, Theorem 3.4.54]. For the (—1)-cochain GT@ € [Q;(N),Q'(N)]_l, we

compute

aGhL=d [ e+ @*d:(d/ +/ d) @*:/ 0", (3.15)
R=0 R<O R<O R<O HR<O

where in the second step we used that the de Rham differential commutes
with pullbacks of differential forms and in the third step we used the fiber-
wise Stokes theorem. Since the boundary 9R<? = {0} is a singleton, the fiber
integration faRSU is given by the pullback of forms along N — R<0 x N, p —
(0,p). Since ©(0, -) = idy yields the identity, this shows that 86% =j:
Q¢(N) — Q*(N) is the canonical inclusion. The proof for aGé = j is similar
and uses that the boundary ORZ® = {0} is negatively oriented, which accounts
for the minus sign in (3.14).

To prove item (ii), let us first note that the subset J(I)/ . (K) C N is
closed for each compact subset K C N because the R-action © is proper,
see Corollary A.7. Let us take any compactly supported form a € QF(N)
and consider Gga € QF1(N). Recall that supp(Gga) C N is defined as the
closure of the set of points p € N for which the evaluation (G(Taoz) (p) # 0 is
non-vanishing. Tt suffices to show that each such point satisfies p € JJ, (supp a)
as the latter set is closed. From (Gga) (p) = ( Jz=o ©*)(p) # 0, it follows that
there exists a parameter s < 0 such that (©*a)(s,p) # 0; hence, one finds a
point (s,p) € supp(©*a) C O (suppa). Since O(s,p) € suppa for non-
positive s < 0, we conclude that p € Jé (supp a). By a similar argument, one
shows that supp(G’ga) C Jé (supp a). g

GT@/l as restricted fiber integrations: Our Green’s homotopies GT@/l e [Q2(N), Q*(N)] !
may be understood as integration over “backward”/“forward” halves of the
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fibers of the quotient 7 : N — N/R of N by the R-action ©. The latter is
a principal R-bundle by Corollary A.2 because the R-action © is proper. We
now demonstrate this interpretation using appropriate coordinate expressions.

Denote B := N/R. We work in a trivialization N 2 R x B, which exists
since principal R-bundles are trivializable owing to the contractibility of R.
Forms on the product space decompose QF (R x B) = QLF1(R x B) @ Q%* (R x
B) into forms with one leg along the R-factor and forms with no legs along
R. Pick a global coordinate 7 on the R-factor. Since trivializations of principal
bundles are equivariant, the R-action © becomes translation along the R-
factor (s, (1,p)) = (7 + s,p), for p € B and group element s € R. Forms
¢ € QLE (R x B) and ¢ € Q%*(R x B) may be written as

¢(r.p) = f(r,p)dT Ad(p)  and  Y(r,p) =g(r,p)¥(p),  (3.16)

for ¢ € QF"1(B) and ¢ € Q¥(B), respectively, with f,g € C>°(R x B). We
leave implicit the pullbacks along the projections out of the product R x B. It
follows that

(©*)(s, (1,p)) = f(7 + 5,p) (AT + ds) A d(p)
(©*4)(s, (,p)) = g(7 + 5,p) D(p). (3.17)

Since the fiber integrations in G}, = [, ©* and G = — [,2, O are along

the fiber direction ds only, it is immediate that Gl_)/ld) =0 for ¢ € QOF(R x B)
of the second type. For forms ¢ € Ql*~1(R x B) of the first type, we find

(GLo)(rp) = (/ frtsas) 30 = ([ 16ma) )

(3.18a)

and similarly

(G&9)(7,p) (/ f(r+s,p)d > (/ f(r',p)d )¢(p)

(3.18b)

Recall that the fiber integration m, : Q2. (N) — Q°*~!(B) over the bundle
m: N — B (canonically oriented as per Lemma A.3) has a similar expression

o)) = ([ 16mar’) o), (3.19)

for ¢ € QLF~1(R x B) of the first type and 7,9 = 0 for ¢ € Q¥*(R x B) of
the second type. The Green’s homotopies Gg L are thus appropriately signed
restricted fiber integrations along the orbits of ©. The following is an immediate
consequence.

Proposition 3.16. The Green’s homotopies Ggl € [Q2(N),Q*(N)]L of (3.12)
and (3.14) satisfy

GL -Gy =n"m. : Q(N) — Q*Y(N), (3.20)
where m: N — N/R is the quotient by the proper R-action ©.
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3.3. Boundary and Bulk Green’s Homotopies

We now specialize the Green’s homotopies from Sect. 3.2, first to the self-dual
and anti-self-dual boundary condition complexes £+ and £~ and finally to
the complex Fe+ (M) of boundary conditioned fields of linear Chern—Simons
theory on M.

Boundary Green’s homotopies: For our construction of the Green’s homotopies
(3.12) and (3.14) for the de Rham complex, it was crucial to assume that the
R-action is proper. Since the chiral flows ©,,0_ : R x M — OM on a 2-
dimensional oriented and time-oriented Lorentzian manifold OM are in general
not proper, we have to assume the following strong chiral niceness condition.

Assumption 3.17. The boundary Lorentzian manifold M admits a proper
chiral flow ©4.

Remark 3.18. If ©4 is proper, then the associated quotient map 74 : OM —
OM/ ~4 has the structure of a smooth principal R-bundle, see Corollary A.2.
Because R is contractible, the quotient map 7w+ admits smooth global sec-
tions, which can be used to define a chiral analogue of Cauchy surfaces in OM
[26, Section 4.2]. Properness of the chosen chiral flow ©1 may therefore be
understood as a chiral analogue of global hyperbolicity.

Ezample 3.19. If OM is globally hyperbolic (in the usual sense), then any +-
or —-chiral flow on it is proper. Hence, Assumption 3.17 holds true whenever
OM is globally hyperbolic. This gives a large class of examples satisfying our
hypotheses.

In order to prove that the Green’s homotopies from Proposition 3.15
restrict to the boundary condition £* C Q®(OM)[1], we require the following
technical lemma.

Lemma 3.20. Suppose that ©4 : R x OM — 9M is a proper +-chiral flow.
Then there exists a nowhere-vanishing self-dual form T € QY (OM) that is
invariant under ©4 in the sense that

* 8T = prpt € QYR x OM), (3.21)

where pr: R x OM — OM denotes the projection map.

Similarly, if ©_ : RxOM — OM is a proper —-chiral flow, then there ex-
ists a nowhere-vanishing anti-self-dual form 6~ € Q= (0M) satisfying ©* f~ =
prpT.

Proof. Tt suffices to prove the statement for © and self-dual forms because the
other case is similar. Using Corollary A.2, one has that the quotient 7 : OM —
OM/ ~, associated with the R-action ©, carries the structure of a smooth
principal R-bundle. Choosing any nowhere-vanishing 1-form A € Q'(OM/~)
on the base, which exists because OM/ ~ is a 1-manifold and hence orientable,
we define the 1-form f* := 7\ € Q'(0M). This form satisfies ©F g+ =
pr*BT because the R-action ©, preserves the fibers of 7 : OM — M/~
ie., m4 0 ©4 = w4 o pr. By construction, the 1-form 37 = 7} A annihilates
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all vertical tangent vectors of the bundle 74 : 9M — M/~ which include
all /- and ,/-pointing tangent vectors on OM. Hence, 3 is self-dual by
Lemma 3.5. O

Ezxample 3.21. Consider the 2-dimensional Minkowski spacetime with +- and
—-chiral flows given by O (s, (z7,21)) = (7,2t +s) and ©O_ (s, (x~,2")) =
(27 + s,2T) in light cone coordinates, as per Examples 2.1, 3.3 and 3.9. Then
BT = dz~ is a ©-invariant self-dual form and 3~ = da* is a ©_-invariant
anti-self-dual form. As remarked already in Example 2.1, note the sign flip.

Proposition 3.22. Suppose that OM has a proper +-chiral flow ©4. Then the
self-dual boundary condition £+ admits a /' -pointed Green’s homotopy G~ and
a / -pointed Green’s homotopy G in the sense of Definition 3.7. An explicit
choice is given by restricting the Green’s homotopies
Gl =~ e [asEM)], 2 @M (3.22)
from Proposition 3.15 and Remark 3.13 to the boundary condition £ C
Q¢ (OM)[1].

Similarly, if OM has a proper —-chiral flow ©_ then the anti-self-dual
boundary condition £~ admits a "\ -pointed Green’s homotopy G™> and a \-
pointed Green’s homotopy G™, with an explicit choice given by restricting

Gty = —GH* e [anM)[1], 2 (OM)[1]] (3.23)

-1

to the boundary condition £~ C Q*(OM)][1].

Proof. The only non-trivial step is to show that the restrictions exist. We
only spell out the proof for the case of £% and GI—)+ 11 since all other cases

are similar. Recalling the explicit form of the boundary condition complex
(2.18), we have to show that, for every compactly supported self-dual 1-form
a € QF(OM), the 0-form *GLLF (a) € Q°OM) is zero and that, for every
compactly supported 2-form o € Q%(0M), the 1-form —Gg+ (a) € QYOM)
is self-dual. Using the ©,-invariant module basis from Lemma 3.20, we can
write @ = ¢ A BT where ¢ € C°(OM) is a compactly supported function in
the first case and ¢ € Q (OM) is a compactly supported anti-self-dual form
in the second case. Using (3.12), we compute

b= [_etwrsh=-[ (©r@nrmen)=-([_ et@)rs
(3.24)

where in the second step we used that 87 is ©,-invariant (see Lemma 3.20)
and the last step is an application of the projection formula for fiber integration
[36, Equation (3.4.11)]. In the first case, ¢ is a 0-form, so its fiber integral over

1-dimensional fibers vanishes. It follows that 7G£)+ (o) = 0. In the second
case ¢ is a 1-form, so its fiber integral is a function. Since 87 is self-dual, it
follows that —G%Jr(oz) € Q(OM). This proves that —G%Jr restricts to G :=

~Gl,, € [gf, 21 O
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Bulk Green’s homotopies: We would like to extend the boundary Green’s ho-
motopies from Proposition 3.22 to the complex Fe+ (M) C Q*(M)[1] of bound-
ary conditioned Chern—Simons fields on M. Such extensions can be obtained
from the techniques developed in Sect. 3.2, provided that the following as-
sumption holds true.

Assumption 3.23. The bulk manifold M admits a proper R-action (:)i R x
M — M that extends the chosen chiral flow ©4 on the boundary OM, i.e.,
the diagram

Ot
RxM-—m"mM (3.25)

RxOM —— OM
Ot

commutes, where ¢ : 9M — M denotes the boundary inclusion.

Remark 3.24. The extension (:)i of the chosen chiral flow ©4 required by
Assumption 3.23 is clearly mot unique. In Sect. 4, we will construct an AQFT
for the Chern—Simons/Wess—Zumino-Witten bulk/boundary system out of O,
and the associated Green’s homotopies from Proposition 3.28. This prompts
the question: How canonical is our AQFT construction?

As we will show in Sect. 5, the AQFT for this bulk/boundary system is (up
to weak equivalence) only sensitive to the base manifold of the quotient map
Tt : M — M/ ~4 associated with the R-action (:)i~ Under certain additional
topological assumptions on M, we show in Proposition 5.6 that any two such
base manifolds arising from different choices of @i must be diffeomorphic.
From this, it follows that any two proper extensions of the chiral flow ©4 to
M yield weakly equivalent AQFTs.

Remark 3.25. Commutativity of (3.25) implies in particular that OM is a O,-
invariant subspace of M. It is a general fact of continuous group actions that
if (:)i is proper, then its restriction to any invariant subspace is also proper.
Consequently, Assumption 3.23 implies Assumption 3.17 that the chosen chiral
flow ©4 on the boundary is proper.

Example 3.26. Continuing Examples 2.1, 3.3 and 3.9, consider M = R? x RZ°
with boundary given by the standard Minkowski spacetime. Then the proper
R-action

Rx M — M, (s,(t,x,r)) — (t—i—%,ac—i—e%m) (3.26)

provides an extension of the chiral flows ©4 and ©_ from Example 3.9 when
€ = +1 and € = —1, respectively.

Ezxample 3.27. As a second more interesting example, consider the filled cylin-
der M = R x D? with D? := {(x,y) € R?|2% + y* < 1} the closed unit disk.
Working in polar coordinates (r,¢) € (0,1] x R/Z on the disk, we endow M
with the orientation o = [d¢ A d¢ A dr] and its boundary cylinder OM (defined
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by r = 1) with the flat metric g = —dt? + d¢? and time-orientation t = [9;].
The proper R-action

Rx M — M, (s,(t,d),r)) — (t—!—%,gi)—l—er%,r) (3.27)

provides an extension of the flow (s, (¢,¢)) — (t + 35,0+ e%) on the flat
Lorentzian cylinder. The latter is +-chiral when ¢ = 41 and —-chiral when
e=—1.

Proposition 3.28. Suppose that Assumption 3.23 holds. Then the forward/
backward Green’s homotopies

clUl = -GU! e [arn, ot () (3.28)

O 1]

from Proposition 3.15 and Remark 3.13 restrict to the complex Feo+ (M) C
Q*(M)[1] of boundary conditioned fields. These bulk Green’s homotopies are
compatible with the boundary ones from Proposition 3.22 in the sense that

Gl im =Gl (3.29)
where v : OM — M denotes the boundary inclusion.

Proof. Recalling the definition of Fe+ (M) C Q*(M)[1] from (2.6), we observe
that the compatibility conditions (3.29) together with Proposition 3.22 would
imply that the desired restrictions exist. Indeed, we would have to show that
L*Ggil[ll(a) € £+, for all a € Fex (M) C QM)[1], ie., t*a € £F. Com-

patibility gives that L*GT/l[l]( a) = Ggi[l]( ), which then lies in £+ by
Proposition 3.22.

It thus remains to prove (3.29), for which it suffices to consider the case of
GT since the other case of Gl is similar. The boundary inclusion ¢ : OM —
M extends to a bundle morphlsim

idxe

RSO x M 5 RSO % M (3.30)

which is fiber-wise a diffeomorphism. Recalling (3.12), we compute

il * A : * * ok T *
Gk =— 0L = — idx )01 = — 0L =G Lr,
O R<O /Rgo( ) 6% R<O + ©=[1]

where in the second step we used [25, Section 7.12, Proposition VIII] and in
the third step we used the commutative diagram (3.25). O
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4. The AQFT for the Bulk/Boundary System

For M an oriented 3-manifold whose boundary dM is endowed with a
Lorentzian metric and a time-orientation, we have defined in (2.18) a boundary
condition £+ for linear Chern-Simons theory on M. This boundary condition is
associated with a choice of self-dual or anti-self-dual forms on M, and in turn
to a choice of +- or —-chiral flow ©4. In Assumption 3.23, we have assumed
the existence, and made a choice, of a proper R-action (?)i :Rx M — M on
the whole of M, which restricts to the chosen chiral flow © on the boundary.
In the preceding section, we demonstrated the existence of Green’s homotopies
associated with the chosen R-action @i-

The goal of this section is to describe a suitable type of AQFT on M that

quantizes the boundary conditioned Chern—Simons fields §g+ (M) from (2.6)
for the chosen (anti-)self-dual boundary condition £F.
The Relevant Orthogonal Category: Recall that an AQFT can be defined
in the very broad context where an orthogonal category [10,11] is used to
model a category of “spacetime regions” with a notion of “independence” of
such. The prime example for relativistic AQFT is the category COpen(N)
of all non-empty causally convex open subsets U C N of an oriented and
time-oriented globally hyperbolic Lorentzian manifold N, with orthogonality
relation determined by causal disjointness. However, this choice is not suitable
for our boundary conditioned Chern—Simons theory, because the bulk M does
not come equipped with a Lorentzian metric. Using our choice of proper R-
action @i : R x M — M that extends a chiral flow on the boundary OM, we
propose the following more suitable category.

Definition 4.1. We denote by (:)i-Open(M) the category whose objects are
all non-empty open subsets U C M that are ©-conver, in the sense that

chi (U)n Jéi (U) C U, (4.1)

and whose morphisms Lg/ : U — U’ are subset inclusions U C U’ C M. We
endow this category with the orthogonality relation defined by (U; C U) L
(U CU) if and only if U; and U, are O4-disjoint, in the sense that

(chi (Uy) U Jéi (U1)) N Uz = 0. (4.2)

Remark 4.2. The concepts of @i—convexity and @i—disjointness are analogues
of causal convexity and causal disjointness in relativistic AQFT. It is sometimes
useful to rephrase these definitions in the following equivalent ways. A subset
UCMis @i—convex if and only if the orbit of each point p € U under the
R-action éi : R x M — M does not exit and re-enter U C M. Two subsets
(Uy CU) L(Uy CU) are ©.-disjoint if and only if the orbit of U; under the
R-action éi :R x M — M does not intersect Us.

The concept of Cauchy morphisms from relativistic AQFT also finds

an analogue in our context. Recall that one of the many equivalent char-
acterizations for a morphism Lg : U — U’ between two causally convex
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subsets U C U’ C N in an oriented and time-oriented globally hyperbolic
Lorentzian manifold N to be Cauchy is to require that the Cauchy develop-
ments D(U) = D(U’) C N in N agree. This easily generalizes to our frame-
work.

Definition 4.3. A morphism ./ : U — U’ in ©.-Open(M) is called -
Cauchy if

T+ (U) = 7£(U"), (4.3)
where T4 : M — M/~ is the quotient of M by @)i.

Remark 4.4. Observe that (4.3) says equivalently that 7. (74 (U)) = 75"
(7+(U")). Viewing the orbit 73! (7 (U)) of U under the R-action O as the
analogue in our context of the Cauchy development of U, Definition 4.3 says
that Lg/ is @i-Cauchy if the (chiral analogues of) Cauchy developments of U
and U’ coincide.

Recalling also Remark 3.18, we may regard smooth global sections of
the quotient map 7+ : M — M/ ~4 (which is a smooth principal R-bundle
by Corollary A.2) as appropriate analogues of Cauchy surfaces in our chiral
geometric context. Then, Lg/ U - U is a (:)i—Cauchy morphism if and
only if U contains (the image of) a smooth section of the restriction 74|y :
72 (7L (U')) — 7+ (U"). Informally, this says that a morphism is ©.-Cauchy
if its source contains (the chiral analogue of) a Cauchy surface for its target.

An AQFT on this orthogonal category is then defined as a functor
A : ©4-Open(M) — dg*Alg: (4.4)

to the category of associative and unital differential graded *-algebras (in short,
dg-algebras) over C that satisfies the Einstein causality axiom for L: For each
orthogonal pair (U; CU) L (Uz CU) in O1-Open(M), the diagram

ALY, OACY,)
AU @ A2) ———3 AU) @ AV)

mua)@m(@l lu‘;f’
AV) @ AUU) ————— AV)
(4.5)

of cochain maps commutes, where ,ug)p) :2A(U) @ A(U) — A(U) denotes the
(opposite) multiplication on the dg-algebra 2(U) € dg*Alg.. Such AQFT is
said to satisfy the time-slice axiom if, for each ©_-Cauchy morphism Lg, U —
U’ in ©4-Open(M), the cochain map underlying the dg* Alg -morphism
ALY = AU) = AU (4.6)

is a quasi-isomorphism.
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Poisson Cochain Complexes: Using the Green’s homotopies from Proposi-
tion 3.28, we define the (—1)-cocycle

_ Al ! ! 5.1 =
v = Go, g~ Goupy € Bes (M) Sex(M)] 7, 0Gg, 1y = 0,
(4.7a)

which equivalently can be regarded as a cochain map

i Sgi7C(M)[1] — Fex(M), pr— G@i [1]\P /@i
(4.7b)

from the 1-shift of the complex of compactly supported sections. (Recall that
these are the linear observables from (2.13).) The role played by Go,p s
analogous to the causal propagator (or retarded-minus-advanced Green’s op-
erator) in relativistic AQFT. In particular, we can define, for each object
Ue @i—Open(M), a cochain map

xt M ®2 id®Gg

Oyt Far NP T o (P — N Fos (M @ Fer (M) D R,
(48)

where ext denotes extension by zero of compactly supported sections and ev
was defined in (2.14) in terms of integration over M. Note that, by construc-
tion, this family of cochain maps is natural on the category @i—Open(M ) in
the sense that, given any morphism U C U’ in this category, we have that

T([é) o (extf) ®ext] ) = (%). (4.9)

To ease notation, we shall often drop the superscript ¥ and simply write 7(0)
for every member of the family {T(%)} of cochain maps.

To show that (4.8) defines indeed an unshifted linear Poisson structure,
i.e., 7o) is graded antisymmetric, we make use of the following result that
allows us to rewrite this map in terms of an integral over the base manifold
B of the quotient map 7+ : M — M/ ~, =: Bi. Recall that the latter is
a smooth principal R-bundle by Corollary A.2, and that this induces on B4
an orientation that is appropriately compatible with the orientation of M, see
Corollary A 4.

Lemma 4.5. The cochain map (4.8) can be written as:
0leew) = (O [ E)@AGD@,  @10)
+
for all homogeneous ¢, € e+ (U)[1]. Here, (T+)s : Sex (M)[1] C QM)

[2] — Q¢(B1)[1] denotes fiber integration along the quotient map Ty : M —
M)~y =: By.
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Proof. From Proposition 3.16, we have G, ;) = —Gg, = —(71)*(T4)«. Then
o © ) = (0P [ onGe, )= (-0 [ oA @) Fow)
M M
— (17 [ R)uo) A Re)u(0), (.11
By

for all homogeneous ¢,1 € Fex (U)[1]. The last equality uses the Fubini
theorem for fiber integration, see [36, Proposition 3.4.48]. O

From this equivalent description, it is immediate to see that the cochain
maps (4.8) are graded antisymmetric; hence, they define unshifted linear Pois-
son structures. Using the naturality observed in (4.9), we further obtain that
the assignment U — (ggi’C(U)[l],T(%)) extends to a functor

(3ot o[1],70)) : ©+-Open(M) — PoChg (4.12)
taking values in the category of Poisson cochain complexes.

Proposition 4.6. The functor (4.12) satisfies the following classical analogues
of the Einstein causality and time-slice axioms:

(a) For each orthogonal pair (Uy C U) L (Uy C U) in ©4-Open(M),
7'(%) ° (ea:tgl ® emtgz) =0 (4.13)
vanishes. R
(b) For each ©-Cauchy morphism (Y, : U — U’ in ©.-Open(M), the
cochain map
eatyy : Foxo(U)1] = Fex o(U)1] (4.14)
s a quasi-isomorphism.

Proof. Ttem (a) follows immediately from the support properties of Green’s
homotopies in Definition 3.12. (Recall that the map ev in (4.8) is given by
integration over M, see (2.14).) The proof of item (b) is analogous to the
proof of the corresponding statement in the relativistic case, see [8, Theorem
3.10]. Where in the relativistic case one uses Cauchy surfaces to construct a
quasi-inverse, we use sections of the quotient map 74+ : M — B4, recalling
Remarks 3.18 and 4.4. The compactness property used in the relativistic case
may be substituted by Lemma A.8. O

The AQFT: The quantization of our bulk/boundary system is easy to carry out
by using the cochain complex-valued canonical commutation relations functor
CCR : PoChg — dg*Alg: from [2, Section 5]. Post-composing the functor
(4.12) with €€R defines the dg” Algc-valued functor

Ay = CCR(Fex o[1, 7)) : O-Open(M) — dg”Alge (4.15)
that assigns to U € (:)i—Open(M) the dg-algebra

AL (U) = CER(Fex,o(U)[1, 7)) = TE (Sex.o(U)]) /Loy € dg"Alge
(4.16a)
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constructed as the complexified tensor algebra over the cochain complex
T+ o(U)[1] of linear observables, modulo the two-sided differential graded x-
ideal IT(%) that is generated by the canonical commutation relations

pey— ()Mo =1i7{(pey)1, (4.16b)

for all homogeneous generators ¢, 1) € Fex (U)[1]. The functorial structure is
given by extending to dg-algebra morphisms the extension-by-zero maps ext.
As a consequence of Proposition 4.6 and standard arguments, see [2, Lemma
6.18], it follows that (4.15) satisfies the AQFT axioms. Let us record this result.

Corollary 4.7. The functor %+ : ©.-Open(M) — dg*Alg. given in (4.15)
satisfies the Finstein causality aziom (4.5) and the time-slice axiom (4.6).

5. Dimensional Reduction to the Base Manifold

As a consequence of the weak variant of the time-slice axiom (4.6) in terms of
quasi-isomorphisms, which is sometimes called the homotopy time-slice axiom,
it is difficult to analyze the AQFT 2( constructed in Corollary 4.7 directly. The
goal of this section is to replace 24 by a weakly equivalent model B living on
the base space of the quotient map 7+ : M — M/ ~,=: By associated with
the proper R-action éi : R x M — M. This base space B4 is an oriented,
smooth 2-manifold, see Corollaries A.2 and A.4, so one achieves a dimensional
reduction from the 3-dimensional manifold M to the 2-dimensional manifold
B.. Note that the base manifold By := M/~ has a non-empty boundary
0By = OM/ ~4 since OM is a ©.-invariant subspace of M as per (3.29).
Hence, our dimensional reduction allows us to analyze boundary features of our
bulk/boundary system by working in a simpler but equivalent 2-dimensional
setup.

It is important to stress that this dimensional reduction is not to the
boundary OM of M and is therefore not itself exhibiting a CS/WZW corre-
spondence. (The latter will be studied in Sect.6.) The present dimensional
reduction should be compared to the description of chiral CFTs by conformal
nets. In that case, a chiral conformal theory on a 2-dimensional spacetime
(say Minkowski R'*! or an appropriate compactification thereof) is equiva-
lently described by data on a 1-dimensional light ray in that spacetime. This
is possible because the fields in a chiral theory are independent of the position
along the transverse light ray. The analogous independence exploited by our
dimensional reduction is exactly that expressed by the time-slice axiom (4.6).

To construct this dimensionally reduced model, we begin by replacing
A+ by a weakly equivalent model that satisfies the time-slice axiom strictly in
terms of isomorphisms. The relevant mathematical framework for such stric-
tification constructions has been developed in [3], in the context of model
category theory.
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Orthogonal Localization: We describe an explicit model for the localization
of the orthogonal category @i—Open(M) from Sect. 4 at all @i—Cauchy mor-
phisms. We also will show that this localization is reflective; hence, [3, Theorem
3.6] provides the desired strictification construction. Let us start by defining
the orthogonal categories that we will identify later as the desired localizations.

Definition 5.1. We denote by Open(B.y) the category whose objects are all
non-empty open subsets V' C B of the base manifold of the quotient map 74 :
M — M/~,=: By and whose morphisms LV : V' — V' are subset inclusions
V C V' C Bi. We endow this category with the disjointness orthogonality
relation, i.e., (V4 CV) L (V2 C V) if and only if V; NV2 = 0.

Taking preimages under 74+ : M — B4 defines a functor
71! : Open(Bs) — ©.-Open(M) (5.1)

to the category introduced in Definition 4.1 since the preimage 73 (V) C M of
any non-empty open subset V' C B, is non-empty, open and (:)i—convex. This
functor preserves the orthogonality relations on the respective categories, i.e.,
it defines an orthogonal functor in the sense of [3,11]. Since the fiber bundle
projection 4 : M — B4 is an open map, we can also take images and define
another functor

7+ : ©+-Open(M) — Open(B.) (5.2)
that goes in the opposite direction. Also this functor is easily seen to pre-
serve the orthogonality relations. We now observe that these two (orthogonal)
functors define an adjunction 7+ - 71" with counit € : 7L7L" = id de-
fined component-wise by the identity morphisms 747:'(V) = V and unit
n:id = 7' T4 defined component-wise by the inclusions U C 73! (74 (U)).

Proposition 5.2. The functor (5.2) defines an orthogonal localization of @i-
Open(M) at the set of all © +-Cauchy morphisms. This orthogonal localization
is reflective with reflector (5.1)

Proof. A morphism Lg/ :U—-U'in @i—Open(M) is ©..-Cauchy according to
Definition 4.3 exactly when the functor 74 sends it to an identity morphism.
Since the right adjoint functor (5.1) is fully faithful, the statement then follows
from [3, Proposition 3.3] and the fact that the only isomorphisms in Open(B_ )
are identities. O

From [3, Theorem 3.6], we obtain an AQFT 25 : ©.-Open(M) —
dg*Alg. that is weakly equivalent to the AQFT 2+ from Corollary 4.7 but
has the technical advantage that it satisfies the strict time-slice axiom, i.e., to
any @i—Cauchy morphism Lg/ : U — U’ it assigns an isomorphism Q(Sit(agl) :
AL (U) = 2A5(U’) in contrast to a quasi-isomorphism. Using also [3, Corol-
lary 3.7], one can construct this AQFT very explicitly as the pullback A5t =
(T)*(FLH)*(A4) of the original Ay along the two orthogonal functors (5.1)
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and (5.2). Observe that the intermediate AQFT (73')*(+) : Open(By) —
dg* Alg in this construction is defined on the base manifold By . By [3, Theo-
rem 3.6], this AQFT carries equivalent information to 2[4+ and hence also to its
strictification 8!, which means that we have achieved a dimensional reduction
from the 3-manifold M to the 2-dimensional base manifold B.
Simplification: Even though the AQFT (7:')*(24) : Open(By) — dg*Alg.
is defined on the category of non-empty opens of the 2-dimensional manifold
B., the dg-algebras

A (FZH(V)) = €ER (3o (7' (V)) 1), 70)) (5.3)

it assigns to objects (V C By) € Open(By) are determined from 3-dimensional
data on (7L (V) C M) € ©.-Open(M). The aim of this paragraph is to con-
struct a weakly equivalent model for the AQFT (71')*(24) that is determined
only from 2-dimensional data on B.. Inspired by Lemma 4.5, we consider the
fiber integration

(Te)s = Sgiyc(%il(‘/))[l] c Qs (57\;1(V))[2] — Q2(V)[1] (5.4)
along the quotient map 7+ : 75 (V) C M — V C By.
Lemma 5.3. The cochain map (5.4) factors through the subcomplex

(G N () N ¢
5. = (90,01 =5 ak(v) =5 e2(v) ) c )], (55)

where Q%)C(V) C QY(V) denotes the subspace of all compactly supported 0-
forms on V' whose pullback to the boundary OV wvanishes. (In the case of OV =
(0, this boundary condition becomes void.) Moreover, the corestriction

(Fa)s = ez (T2 (V)] — Q5 (V)] (5.6)
is a quasi-isomorphism for each (V C By) € Open(By).

Proof. To simplify this proof, we pick a trivialization ﬁ;l(V) =2 R xV of
the principal R-bundle 71 : 72 (V) € M — V C By and denote by 7 a
choice of global coordinate on R. The vector space of (compactly supported)
k-forms on the product manifold R x V' admits a decomposition Q¥ (R x V) =
QLEL(R x V) @ Q%% (R x V) into forms that do have a leg along R and forms
that do not have a leg along R. (See also (3.16) and the discussion preceding it.)
Note that forms of the first type look like dTA¢, with ¢ € QF~1(Rx V) a (k—1)-
form with trivial contraction ts_¢ = 0 along the vector field 0,. Forms of the
second type are 1) € QF(R x V) satistying 9.1 = 0. Recall that the boundary
condition £+ determining Fe+ (R x V)[1] C Q2(R x V)[2] only affects 0-forms
and 1-forms, cf. (2.18). Concretely, we have that a 0-form ¥ € Q2R x V)
satisfies the boundary condition if and only if its restriction to R x 9V vanishes,
a 1-form of the first type dr A ¢ € QL(R x V) satisfies the boundary condition
if and only if the restriction of ¢ € QY(R x V) to R x 9V vanishes, and every
1-form of the second type 1) € QL(R x V) satisfies the boundary condition as
a consequence of Lemma 3.5.
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To prove the statement about the factorization, we have to show that,
for every 1-form ¢ € Fa+ (R x V)[1]71 C QL(R x V) satisfying the boundary
condition, the restriction of (74 ).(p) € Q%(V) to the boundary dV vanishes.
For 1-forms of the second type this is trivial since (7+).(¢)) = 0 and for 1-forms
of the first type d7A¢ € QL (R x V) this follows from the fact that ¢ € QO(Rx V)
vanishes on R x 9V as a consequence of the boundary condition.

To prove that (5.6) is a quasi-isomorphism, we construct an explicit quasi-
inverse by adapting the standard proof of the compactly supported Poincaré
lemma, see [12, Proposition 4.6]. Let us pick a compactly supported 1-form
w € QY(R) with unit integral [, w =1 and define the cochain map

we s (V1] — Fos o® X V)1 C Q8 (R x V)2
a — pry(w) Apri () = wA a. (5.7)

To simplify notation, we will always suppress pullbacks along the projection
maps prg and pry on the two factors of R x V. The composition (74 ) ow, = id
is the identity since the integral of w € Q!(R) is 1. The other composition is
homotopic to the identity, i.e., id —w, o (74 ). = 0K, for the cochain homotopy

K € [For o(R x V)[1],Fot o(R x V)[1]] " defined by

K = [ - ( /- w) A Fe)a(9) (5.8)

for all homogeneous ¢ € Fgx (R x V)[1], where ffoo denote restricted fiber
integrations. It is easy to check that K is compatible with the boundary con-
ditions by using their explicit description from the beginning of this proof.

O

Remark 5.4. The quasi-isomorphism (7). in (5.6) describes how the linear
observables §g+ (71" (V))[1] of our 3-dimensional theory are identified with
the linear observables Q3 (V)[1] of a 2-dimensional theory. As some readers
might prefer thinking in terms of fields instead of observables, let us dual-
ize this construction using the evaluation pairings between linear observables
and fields. The 3-dimensional fields are described by the boundary conditioned
Chern—Simons complex § g+ (%;1(‘/)) from (2.11) and the 2-dimensional fields
by the boundary conditioned 1-shifted de Rham complex Q%(V')[1], for the
boundary condition demanding that the pullback of O-forms to the boundary
OV vanishes. (Note that there are no support restrictions in the field com-
plexes.) The evaluation pairings are given by (2.14) in the 3-dimensional case
and the analogous integration pairing in 2 dimensions. The dual of (5.6) is
then given by the pullback map (74)* : Q§(V)[1] — Fe+ (71 (V) on field
complexes. Choosing any section of the principal R-bundle 74 : 731(V) — V,
we obtain an analogue of a Cauchy surface as per Remark 3.18 and can inter-
pret this map as the constant evolution of initial data in Q(V)[1] along the
fibers of 74 '(V). Hence, the origin of the quasi-isomorphism (5.6) lies in the
fact that Chern—Simons theory is locally constant (i.e., topological) along the
fibers of 7y : 7L (V) — V.
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Using Corollary A.4, we choose the orientation of BL to be compatible
with the orientation of M. With the induced orientation on V' C B, the
cochain complexes (5.5) can be endowed with the following unshifted linear
Poisson structures

7y VNSRBI — R, awf — (D [ ang (59

which are natural with respect to the extension-by-zero maps ext“f/
Q5 (V1] — QF (V)[1]. This defines a functor

(Qgﬁc[l], 0(0)) : Open(B1) — PoChg (5.10)
and we observe that fiber integration (5.6) defines a natural transformation
(%i)* : (gﬂi,c[l]’ 7—(0)) © %3;1 g (Qé,c[l]’ U(O)) (5'11)

between functors from Open(B4) to PoChg. Indeed, the component cochain
maps (74 )« are PoChg-morphisms by Lemma 4.5. This allows us to obtain our
desired weakly equivalent model for the AQFT (71')* () that is defined only
in terms of geometric data on the 2-dimensional base manifold B . Explicitly,
consider the functor

By = QZQ‘L‘R( 570[1},0(0)) : Open(By) — dg*Alg, (5.12)

defined by post-composing the functor (5.10) with the canonical commutation
relations functor €€R : PoChr — dg”* Alg from [2, Section 5]. Note that B4
satisfies the Einstein causality axiom on Open(By) because (5.10) satisfies a
classical analogue of the Einstein causality axiom. Indeed, for each orthogonal
(i.e., disjoint) pair (Vi € V) L (Vo C V) in Open(B), oy o (exty, ®exty, ) =
0 vanishes manifestly, see (5.9).

Corollary 5.5. The morphism (i.e., natural transformation)
CER((Fa)s) &+ (FL)*(Ax) = By (5.13)

of AQFTs on Open(By), defined by applying the CER-functor to the natural
transformation (5.11), is a natural weak equivalence. Hence, the AQFT By
from (5.12) provides a weakly equivalent model for (R3')*(Ax).

Proof. The statement follows directly from Lemma 5.3 and the fact that the
CCR-functor preserves weak equivalences, see [2, Proposition 5.3]. g

Non-dependence on the Choice of Chiral Flow Extension: In order to construct
the linear Chern—Simons AQFT 21 via Green’s homotopies, we have assumed
extra data on M in the form of the proper R-action C:)i :Rx M — M. In the
dimensionally reduced model B, this extra data is encoded as the quotient
space By := M/~ on which the AQFT is defined.

We now prove, under an additional topological assumption on M, that
the dimensionally reduced theories B+ and B/, associated with two different
choices of proper R-actions éi and C:)’i on M are equivalent in an appropriate
sense. Since 2. is fully determined by its dimensionally reduced counterpart, it
follows that our construction is independent of the particular choice of proper
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R-action é\)i on M. The important content of Assumption 3.23 for our con-
struction is therefore only: (a) a choice of chirality £ on 0M and (b) the
existence of a proper R-action on M which restricts on M to a chiral flow of
the chosen chirality.

Recall that the quotient space By of M by the proper R-action (:)i isa
smooth 2-manifold with orientation suitably compatible with the orientation
of M, see Corollaries A.2 and A.4.

Proposition 5.6. Suppose that C:)i and @/i are two proper R-actions on the
oriented 3-manifold M which restrict to the boundary OM as per (3.25) to
give chiral flows ©1 and ©'_ of the same chirality. If each component of M
has more than one distinct topological end, then there exists an orientation-
preserving diffeomorphism f : By — B! between the quotient spaces of M by

O+ and O/,..

Proof. We describe the case where M is connected; hence, By and B/, are also
connected. The result extends component-wise for disconnected M. Since any
principal R-bundle is trivializable, there exist diffeomorphisms M = R x By
R x B/,.. The hypothesis that M has more than one end implies that that By
is compact. Indeed, if B4+ were non-compact, then the product M = R x B4
of connected, locally connected, non-compact spaces would have exactly one
end, see [30, Theorem 5.2|. Similarly, B/, is also compact.

Since R deformation retracts to a point, it follows that By and B/, are
homotopy equivalent and hence have the same genus. Since the boundary
restrictions ©4 and O’ of the R-actions have the same chirality, it follows
that 0By = OM/ ~L = OM/ ~'. = 0B/, see Remark 3.10. Then by the
classification of orientable compact surfaces (see Remark 5.7), there exists an
orientation-preserving diffeomorphism f : By — B/,. O

Remark 5.7. The preceding proof exploits the classification of orientable com-
pact surfaces. This may be stated as follows [28, Chapter 9, Theorem 3.7]: For
a connected, compact, orientable surface B of genus g with b boundary compo-
nents, there exists a diffeomorphism B — 3, 5, where X is the g-holed torus
with b disjoint open discs removed. When B is also oriented, we may upgrade
this classification to use diffeomorphisms that preserve orientations. This is the
form of the classification theorem used in the proof of Proposition 5.6. There
always exists an orientation-reversing self-diffeomorphism r : X4, — g4 It
is a trivial adaptation of the b = 0 case [34, Theorem A] to construct one.
Specifically, ¥, may be embedded in R? reflection-symmetrically about a
plane, say z = 0 in Cartesian coordinates. Then, reflection about the plane
(x,y,2) — (x,y,—%) gives r. If the diffeomorphism B — 3,; established
above does not preserve orientations, we post-compose it with r to obtain a
new diffeomorphism which does.

Remark 5.8. In Proposition 5.6, the hypothesis on topological ends of M is
precisely an R-action-agnostic way to impose that the quotient spaces B4
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and B!, are compact.* This compactness allows us to address the cancellation
problem (i.e., show that R x By = R x B/ implies By = B/ ) using the
classical classification of compact surfaces. There exist analogous classification
results for non-compact surfaces [6], but their application here would require
a detailed analysis of the ends of By and B/., which we avoid for simplicity.

Many spaces M of interest satisfy the hypotheses in Proposition 5.6, e.g.,
the filled cylinder R x D? (Example 3.27) and the annular cylinder R x A2
where A% := {(z,y) € R?| 1 < 2? +y? <1} is an annulus. We note, however,
that some important examples do not, including the half-space (Example 3.26).
To complete the treatment of such an example, one should either generalize
Proposition 5.6 appropriately, or prove an analogous statement specific to the
example of interest using ad hoc methods.

Suppose that f: By — B/, is an orientation-preserving diffeomorphism.
Recall that the Poisson structure o) of (5.9) is defined using only wedge
products and integration of forms, and so it is compatible with pullbacks along
orientation-preserving diffeomorphisms. Hence, pulling forms back along f de-
fines a natural isomorphism

£ QL of) o f = (21, 0(0)) (5.14)

between functors from Open(Bi) to PoChg. By abuse of notation, we de-
note the functor f : Open(By) — Open(B’) by the same symbol as the
diffeomorphism which induces it.

Corollary 5.9. Suppose that the hypothesis of Proposition 5.6 holds and denote
by f : By — B/, the resulting orientation-preserving diffeomorphism. There is
a natural isomorphism

CER(f*) : Bof = By (5.15)

between AQFTs on Open(By), defined by applying the CER-functor to the
natural isomorphism (5.14).

6. Analyzing the Dimensionally Reduced AQFT

The aim of this section is to analyze some of the physics encoded in the dimen-
sionally reduced AQFT B, : Open(By) — dg*Alg. from Corollary 5.5. In
particular, we shall show that, restricting this AQFT to the interior Int B4, one
recovers the usual linear Chern—Simons theory on surfaces without boundary
and, restricting to a tubular neighborhood of the boundary 0B, one finds a
chiral free boson.

4Compactness of the quotient space B+ implies that each component of M 2 R x By has
two distinct ends. To see this in case of connected M, take the two decreasing sequences
Ué ) U’f D .- DU, D, for i = 1,2, of non-empty connected open sets given by
Ul := (n,00) x Bt and U2 := (—o0, —n) X Bz, respectively. These sets satisfy N, enUZ = 0
and have compact boundaries, OU.} = {n} x By and OU2 = {—n} x By. Thus, {U}},en
and {U2}, cn represent ends of M. They are distinct since U} N U2, = 0 for all n,m € N.
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Restriction to the Interior: Int By : Let us denote by Open(IntB1) C Open(By)
the full subcategory of non-empty open subsets V' C By that do not inter-
sect the boundary, i.e., V N 9B+ = 0. On such regions, the boundary con-
dition in Q3 (V)[1] becomes void. Hence, the restricted AQFT B |min, :
Open(IntB1) — dg*Alg assigns to (V C IntBy) € Open(IntBy) the dg-
algebra

%:I:llntBi (V) = @@%(Q;(V)[l],a(o)) S dg*AlgC (6.1)

given by canonical quantization of the 1-shifted compactly supported de Rham
complex along the linear Poisson structure (5.9). Observe that the latter is (a
homological refinement of) the Atiyah-Bott Poisson structure [1] for flat con-
nections on surfaces; hence, the restricted AQFT B4 |imyp,. can be interpreted
in terms of linear Chern—Simons theory on IntB.. A truncation of this AQFT
was previously studied in [21].

Restriction Near the Boundary: 0B : In order to study the induced theory on
the boundary 0By, we consider a smooth embedding 0B+ X [0,1) — By as
a tubular neighborhood of the boundary By, so its restriction to B4 x {0}
embeds as 0B+.

Let us denote by Open(0By) the category whose objects are all non-
empty open subsets W C 0By of the 1-dimensional boundary manifold 0B+
and whose morphisms /% : W — W’ are subset inclusions W C W’ C
0B1. We endow this category with the disjointness orthogonality relation,
ie, (W7 C W) L (Wy C W) if and only if W3 N Wy = @, and introduce the
orthogonal functor Open(9By) — Open(By) defined by W — W x [0, 1).
We denote by B |gp. : Open(dBy) — dg” Alg the restriction of the AQFT
B from Corollary 5.5 along this orthogonal functor. Explicitly, this theory
assigns to (W C 0B+) € Open(9B4) the dg-algebra

Bilop, (W) = €ER(QY (W x [0,1))[1],0(p)) € dg*Alge. (6.2)

We will now construct a weakly equivalent model for the AQFT B |pp, that
is determined only from 1-dimensional data on 0B..

For the following construction, we choose a global coordinate r on [0, 1)
and pick any compactly supported 1-form w € Q}([0,1)) with unit integral
fol w = 1. As before, we simply write w := prj; ) (w) € Q' (W x [0,1)) for the
form obtained via pullback along the projection map, and similar for pullbacks
of forms from W. We define, for each non-empty open subset (W C dBy) €
Open(9B.), the map

K QUW) — Q5 (W x[0,D))[1], ¢ r— w/\<p—/ wAdp. (6.3)

Regarding the domain of this map as a cochain complex concentrated in degree
0 (with trivial differential), one easily checks that x defines a cochain map.
Indeed,

1
—dfi((p):—d(w/\(p—/w/\dgo):w/\dgo—w/\dgo:(), (6.4)



The Linear CS/WZW Bulk/Boundary System in AQFT

for all ¢ € QY(W).

Lemma 6.1. For each non-empty open subset (W C 0By) € Open(0By.), the
cochain map (6.3) is a quasi-isomorphism.

Proof. The proof is similar to the one of [27, Theorem 4.1], so we can be
relatively brief. A quasi-inverse for k is given by the following fiber integration

Qs (W x [0,0)[1] [ 98 (W x[0,1) —5 QLW x [0,1)) — Q2(W x [0,1))
AJ = lo Jfol Jo ,
QW) 0 5 QW) 5 0

(6.5)

which is a cochain map owing to the boundary condition on Q3 (W x [0,1)).
One checks that A o k = id since w integrates to 1. The other composition
is homotopic to the identity, i.e., id — x o A = 0K, with cochain homotopy

K € [28 (W x [0,1))[1],2,. (W x [0,1))[1]] " defined by

0 , for |o| = -1,
K(a) = frl a— frlw A fola , for |a] =0, (6.6)
f: Q , for |a| = 1.

This cochain homotopy is compatible with the boundary condition on 0-forms
since, for all a € Q (W x [0,1))[1]°, we have that K ()],—0 = fol a— fol wA

foloz:O. O

Remark 6.2. Building on Remark 5.4, let us also describe the quasi-isomorphism
k in (6.3) using the dual language of fields instead of observables. It turns
out to be simpler to interpret the quasi-inverse cochain map A in (6.5). The
2-dimensional fields are described by the boundary conditioned 1-shifted de
Rham complex Qf(W x [0,1))[1] and the 1-dimensional fields by the com-
plex Q(W) that is concentrated in degree 0. (One should think of elements
J € QY(W) as the Abelian currents of a chiral free boson.) The dual of A is
then given by the pullback map prj, : QY(W) — Q) (W x |0, 1))[1] along the
projection pry, : W x [0,1) — W. Thinking of W as the boundary W x {0} of
W x[0, 1), one can interpret this map as the constant evolution of boundary val-
ues in Q' (W) along the [0, 1)-factor. Hence, the origin of the quasi-isomorphism
(6.5), and hence of (6.3), lies in the fact that Chern—Simons theory on Wx[0, 1)
is locally constant (i.e., topological) normal to the boundary.

Pulling back the unshifted linear Poisson structures (5.9) along the quasi-
isomorphisms (6.3) defines a family of unshifted linear Poisson structures

’U(Vg) = Ug/g)x 0D (k@K) : QW) QW) — R, (6.7a)
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for all (W C 90B1) € Open(9dBy). With a short calculation, one computes
explicitly the value of Ug/g) and finds

v{&(w@w)(/w (wdwmd@)) /Olw/rlw
:—%/W<90/\d¢—¢/\d<ﬁ)z—/Ww/\dw, (6.7b)

for all p,% € QY(W). Note that (QS(W)7U%) is the usual Poisson vector
space for the chiral free boson on W. The cochain maps (6.3) then define the

components of a natural transformation
K (Q,v0) = (Qg’c[l],a(o))bBi (6.8)

of functors from Open(9By) to PoChg. This allows us to obtain our de-
sired weakly equivalent model for the AQFT B |sp, . Explicitly, consider the
functor

¢y = EQZER(Q(C),U(O)) : Open(0B1) — dg*Alg, (6.9)

defined by post-composing the functor (QS,U(O)) : Open(0By) — PoChy
with the canonical commutation relations functor €€R : PoChg — dg*Alg:
from [2, Section 5]. Note that €. satisfies the Einstein causality axiom on
Open(9By) because (Q,v(g)) satisfies a classical analogue of the Einstein
causality axiom. Indeed, for each orthogonal (i.e., disjoint) pair (W; C W) L
(W2 C W) in Open(9By4.), v o (extyy, @ extyy, ) = 0 vanishes manifestly, see
(6.7).

Corollary 6.3. The morphism (i.e., natural transformation)
C@%(n) ¢y = %ﬂ:bBi (6.10)

of AQFTs on Open(9By), defined by applying the CER-functor to the nat-
ural transformation (6.8), is a natural weak equivalence. Hence, the AQFT
€1 from (6.9), which describes the chiral free boson, provides a weakly equiv-

alent model for the boundary restriction Bi|op, of the dimensionally reduced
bulk/boundary AQFT from Corollary 5.5.

Proof. This follows directly from Lemma 6.1 and the fact that the €€R-functor
preserves weak equivalences, see [2, Proposition 5.3]. O

Interplay Between Bulk and Boundary: The AQFT 9B, : Open(Bi) —
dg* Alg from Corollary 5.5 encodes also the interplay between Chern—Simons
observables in the bulk and chiral free boson observables on the boundary. For
instance, given any open subset of the form W x [0,1) C By in the tubular
neighborhood of the boundary, we obtain a morphism

L Wx (3,1) — Wx|[0,1) (6.11)

in the category Open(By) whose source is an interior region in the bulk
and whose target is a region that intersects the boundary. (The particular
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choice of the open interval (%, 1) € [0,1) is inessential and purely conven-
tional. Since Chern—Simons theory is a topological QFT in the bulk, we could
choose equally well another open interval (a,b) € [0,1).) Applying the functor
B4 : Open(By) — dg*Alg on this morphism and using the natural weak
equivalence from Corollary 6.3 yields the following zigzag
CER (k)

~

B ()
—

B, (W x (3,1)) B (W x[0,1)) (W) (6.12)

in dg*Alg., where ~ indicates weak equivalence. This zigzag allows us to
relate the Chern—Simons observables 9B (W X (%, 1)) in the interior region to
the chiral free boson observables €, (W) in the 1-dimensional boundary subset
W C 0B..

Ezxample 6.4. Let us illustrate this relationship between bulk and boundary
observables through an example. Consider the case where the boundary re-
gion W = S! is a circle. Linear Chern-Simons theory on S* x (3,1) contains
observables that measure the holonomy of flat R-connections along non-trivial
cycles. A particular choice of such observable is given by the linear observable

w=priy (W) € Q(S' x (5,1)) € B(S' x (35,1)) (6.13)
that is obtained by pulling back along the projection Pr(L ) St x (%, 1) —
(%, 1) a compactly supported 1-form w € Q! ((%, 1)) with unit integral f; w=
1. To see that this observable indeed measures the holonomy of flat connections,
let us consider the family of flat R-connections 4 = ad¢ € Q' (S x (3,1)),

where o = fSl A € R characterizes the holonomy and ¢ is the angle coordinate
on S'. Evaluating the observable w on A gives

élx(;,1>MA - (/S A) (/;“> = */SlA = —a, (6.14)

i.e., the observable w distinguishes between the different flat connections. Ap-
plying the morphism B4 (¢) from (6.12) allows us to consider the observable
w as an element in Q! (Sl x [0, 1)) Using also the quasi-inverse of k, given by
the cochain map A in (6.5), we can assign to the latter observable the element

Mw) = /Olw —1 e Q(sY) CeL(sh, (6.15)

which by construction satisfies w — kA(w) = —dK(w) for K the cochain ho-
motopy displayed in (6.6). In words, this means that the linear Chern—Simons
observable (6.13), which measures the holonomy of flat connections, can be
presented (up to exact terms) by the linear observable A\(w) = 1 € €L (S!) of
the chiral free boson, which measures its zero mode.
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Appendix A: Technical Details

A.1 Proper R-Actions

Lemma A.1. Any proper smooth R-action © : R x N — N on a smooth man-
ifold N is also free.

Proof. For each p € N, the curve O(-,p) : R — N is the integral curve
through p of the vector field generating the flow ©. Assume the R-action ©
is not free, so there exists some As # 0 and p € N with ©(As,p) = p. Then
by uniqueness of integral curves, ©( -, p) is periodic, i.e., O(nAs, p) = p for all
n € Z. It follows that R,y := {s € R|O(s, {p})N{p} # 0} 2 {nAsvertn € Z}
is not compact in R. Hence, the R-action © is not proper. g

Corollary A.2. For any proper smooth R-action © : R x N — N on a smooth
manifold N, the quotient 7 : N — N/R by © is a smooth principal R-bundle
with right R-action ©.

Lemma A.3. The canonical orientation on R induces a canonical bundle ori-
entation on any principal R-bundle m : N — B.

Proof. Recall that a bundle orientation on 7 : N — B can be expressed as an
orientation of the vector bundle VN C T'N of vertical vectors with respect to m,
see [25, Section 7.4, Proposition II]. For any element a € R in the Lie algebra of
the structure group R, there is a fundamental vector field A € I'*°(V N) on the
total space N of the principal bundle, see [13, Section A.1]. These fundamental
vector fields give R-linear isomorphisms R — V,N, a — A, between the Lie
algebra and the space of vertical vectors at any p € N.

The canonical orientation on the Lie group R identifies bases {a} of its Lie
algebra R as positively oriented if @ > 0. The bundle orientationon 7 : N — B
is then induced by transporting along the isomorphisms above, i.e., {4} is
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positively oriented in V,N for a > 0. This is a smooth choice of positively
oriented bases since the fundamental vector fields A are smooth. O

Consider any fiber bundle 7 : N — B and denote by n := dim/N and
b := dimB the dimensions of, respectively, the total and base spaces. Manifold
orientations on N and B and a bundle orientation on 7 : N — B are called
compatible (in the fiber-first convention) if, for representative forms wp €
Qb(B) and 3, € Q"(N) of the base space and bundle orientations, the total
space orientation is represented by O, A 7 wpg.

Corollary A.4. For any principal R-bundle m : N — B, compatibility with the
canonical bundle orientation of Lemma A.3 defines a bijection between the set
of orientations on N and the set of orientations on B.

Proof. Consider first the case where either set of orientations is empty, i.e.,
either NV or B is non-orientable. Since any principal R-bundle is trivializable
N 2 R x B and R is orientable, N is orientable if and only B is orientable.
Hence, in this case both sets of orientations are empty and one has the claimed
bijection.

Consider now the case where both N and B are orientable. It is trivial
to produce a compatible orientation on N from any orientation on B, using
the definition of compatibility. For an inverse, when given an orientation on
N, choose an arbitrary orientation on B and transform it to a compatible one
by reversing it on those components where it is incompatible. O

A.2 Properties of ®-Future/Past Sets

The O-future/past sets entering property (ii) of Definition 3.12 may be ex-
pressed in terms of a binary relation <g on N associated to the R-action
©:R x N — N, defined as

p<eq if s> 0 such that ¢ = O(s,p). (A1)

The O-future/past J(I)/ l(S) of a subset S C N are, respectively, the successor-
and predecessor-sets of S with respect to <g. Compare this to Remark 3.6.

Lemma A.5. For any proper smooth R-action © : R x N — N on a smooth
manifold N, the (graph of the) relation <g defined in (A.1) is a closed subset
of N X N.

Proof. The (graph of the) relation <g C N x N of (A.1) may be expressed as
the image

<o =0([0,00) x N)C N x N (A.2)

of a closed set under the shear map 6 : R x N — N x N associated to R-action
O as per (3.9). By hypothesis, © is a proper R-action i.e., § is a proper map.
Since N x N is a manifold, so Hausdorff and locally compact, it follows by
[31, Theorem A.57] that 6 is a closed map. Hence the relation <g is a closed
subset in N x N. O

The following is a general fact about binary relations on topological
spaces.
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Lemma A.6. Let X be a topological space and R C X x X a binary relation
on X. For any subset S C X, denote the successor-set of S as

R1(S) = {x € X | (y,x) € R for some y € S} (A.3a)
and the predecessor-set of S as
RY(S) = {x € X | (z,y) € R for some y € S} . (A.3b)

If R is a closed subset of the product space X x X, then R'(K) and R'(K)
are closed for K C X compact.

This is proven for partial orders R in [35, Chapter 1, Proposition 4]. A
proof applicable to general binary relations is given for [32, Theorem 4.12],
which treats the special case of the causal relation on a Lorentzian manifold.

Corollary A.7. For any proper smooth R-action © : R x N — N on a smooth

manifold N, the O-future/past sets J(I)/l(K) of (3.7) are closed for K C N
compact.

Lemma A.8. Let N be a smooth manifold with a proper R-action © : Rx N —
N. Let further K C N be a compact subset and o be a smooth section of the
quotient m : N — N/R by O. Denote by ¥ the image of o. Then the subsets
JCI)(K) N Jé(Z) and Jé(K) N Jg(Z) of N are both compact.

Proof. By Corollary A.2, 7 : N — N/R is a smooth principal R-bundle. Since
smooth sections are smooth embeddings, its base N/R is diffeomorphic to
Y. Thus the trivialization induced by the section o gives a diffeomorphism
O :Rx X 5 N, (t,p) — O(t,p).

We see that J5(2) = Ox ([0,00) x B) and J&(X) = Ox ((—00,0] x )
are closed subsets in N, so J(I)/l(K) N Jé/T(E) are also closed in N because
JCI)/ Y(K) are closed by Corollary A.7.

With projections denoted prg : R x 3 — R and pry; : R x ¥ — X, define
x = inf prgO5* (K) which is finite because K is compact. Then J(I)(K) C
Oy ([z,00) x prgO5' (K)), so that the closed set J&(K)NJS(E) is contained in
the compact set Oy, ([z,0] x prgO5' (X)) and is thus also compact. Similarly,
Jé(K n JCI)(Z) is compact since it is closed and contained in the compact set
Os ([0,y] x pryO5 ' (K)), where y := sup prg 05" (K). O
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