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Abstract

We consider an SIR (susceptible — infective — recovered) epidemic in a closed
population of size n, in which infection spreads via mixing events, comprising
individuals chosen uniformly at random from the population, which occur at
the points of a Poisson process. This contrasts sharply with most epidemic
models, in which infection is spread purely by pairwise interaction. A sequence
of epidemic processes, indexed by n, and an approximating branching process
are constructed on a common probability space via embedded random walks.
We show that under suitable conditions the process of infectives in the epidemic
process converges almost surely to the branching process. This leads to a
threshold theorem for the epidemic process, where a major outbreak is defined
as one that infects at least logn individuals. We show further that there exists
6 > 0, depending on the model parameters, such that the probability a major
outbreak has size at least dn tends to one as n — co.
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2 FRANK BALL AND PETER NEAL
1. Introduction

A key component of any epidemic model is the assumption made concerning trans-
mission of infection between individuals. In almost all epidemic models it is assumed
that infection spreads via interactions of pairs of individuals, one of whom is infec-
tive and the other susceptible. In some epidemic models, such as network models
(e.g. Newman [15]), this assumption is explicit, whereas in others, such as the so-
called general stochastic epidemic (e.g. Bailey [1], Chapter 6) and many deterministic
models, it is implicit. In the general stochastic epidemic, the process of the numbers of
susceptible and infective individuals, {(S(t), I(t)) : t > 0}, is modelled as a continuous-

time Markov chain with infinitesimal transition probabilities

P((S(t + At), I(t + At)) = (s — 1,i + 1)|(S(t), [(t)) = (s,1)) = BsiAt+ o(At),
P((S(t+ Ab), I(t + At)) = (s,i — D|(S(E), I[(£)) = (5,4)) = ~ilt+ o(Al),

and all other transitions having probability o(At). Here, § is the individual-to-individual
infection rate and ~ is the recovery rate. However, it is probabilistically equivalent to
a model in which the infectious periods of infectives follow independent exponential

I and contacts between distinct pairs of individuals

random variables having mean v~
occur at the points of independent Poisson processes, each having rate 3.

In real-life epidemics, people often meet in groups of size larger than two and in
many countries one of the most significant control measures in the Covid-19 pandemic
was to impose limits on the size of gatherings outside of the home. In Cortez [8] and
Ball and Neal [5], the authors independently introduced a new class of SIR (susceptible
— infective — recovered) epidemic model, in which mizing events occur at the points
of a Poisson process, with the sizes of successive mixing events being independently
distributed according to a random variable having support contained in {2,3,...,n},
where n is the population size. Mixing events are instantaneous and at a mixing event
of size ¢, each infective present contacts each susceptible present independently with
probability 7. and a susceptible becomes infected if they are contacted by at least one
infective. Such an infected susceptible immediately becomes infective, although they
cannot infect other susceptibles at the same mixing event, and remains so for a time

that follows an exponential distribution with mean y~!. In Cortez [8] and Ball and
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Neal [5], the temporal behaviour of epidemics with many initial infectives is studied,
with [8] considering the mean-field limit of the stochastic epidemic process. In Ball and
Neal [5], the focus was on a functional central limit theorem for the temporal behaviour
of epidemics with many initial infectives and central limit theorems for the final size
of (i) an epidemic with many initial infectives and (ii) an epidemic with few initial
infectives that becomes established and leads to a major outbreak. A branching process
which approximates the early stages of an epidemic with few initial infectives was
described in [5], though no rigorous justification was provided. A key result required
in the proof of the central limit theorem for the final size in case (ii) above, is that
there exists 6 > 0 (which depends on model parameters) such that the probability that
an epidemic infects at least a fraction § of the population, given that it infects at least
log n individuals, converges to one as the population size n — oo. This result was
simply stated without a proof in [5]. The aim of the present paper is to fill these gaps
for a model that allows more general transmission of infection at mixing events than
that considered in [5].

Approximation of the process of infectives in an epidemic model by a branching
process has a long history that goes back to the pioneering work of Bartlett [7], pp. 147-
148, and Kendall [12], who considered approximation of the number of infectives in the
general stochastic epidemic by a linear birth and death process, with birth rate 5N and
death rate v, where N is the initial number of susceptibles. It leads to the celebrated
threshold theorem (Whittle [17] and Williams [18]), arguably the most important result
in mathematical epidemic theory. The approximation was made fully rigorous by
Ball [2] (c.f. Metz [13]), who defined realisations of the general stochastic epidemic,
indexed by N, with the N*" epidemic having infection rate BN ~' and recovery rate
v, and the limiting birth-and-death process on a common probability space and used
a coupling argument to prove almost sure convergence, as N — oo, of the epidemic
process to the limiting branching process over any finite time interval [0, ¢]. The method
was extended by Ball and Donnelly [3] to show almost sure convergence over suitable
intervals [0,ty], where ty — 00 as N — 0.

The key idea of Ball [2] is to construct a realisation of the epidemic process for
each N from the same realisation of the limiting branching process. Moreover, this

coupling is done on an individual basis, in that the behaviour of an infective in the
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N* epidemic model is derived from the behaviour of a corresponding individual in the
branching process. The method is very powerful and applicable to a broad range of
epidemic models. However, it cannot be easily applied to epidemics with mixing groups
because the mixing groups induce dependencies between different infectives. Thus
instead, we generalise the method of Ball and O’Neill [6], which involves constructing
sample paths of the epidemic process, indexed by the population size n, and the
limiting branching process (more precisely, the numbers of infectives in the epidemic
processes and the number of individuals in the branching process) via a sequence of
i.i.d. (independent and identically distributed) random vectors. The generalisation is
far from straightforward since Ball and O’Neill [6] consider only epidemics in which the
number of infectives changes in steps of size 1, as in the general stochastic epidemic,
whereas in the model with mixing events although the number of infectives can only
decrease in steps of size 1, it can increase in steps of any size not greater than the
population size n. We improve on the coupling given in [6] by coupling the time of
events in the limiting branching process and epidemic processes, so that the event
times agree with high probability, tending to 1 as the population size n — oo, rather
than having the event times in the epidemic processes converge in the limit, as the
population size n — 0o, to the event times of the branching process. Finally, we use
the coupling to prove the above-mentioned result concerning epidemics of size at least

log n, which was not addressed in [6].

The remainder of the paper is structured as follows. The model with mixing groups
£ is defined in Section 2. The approximating branching process B and the main
results of the paper are given in Section 3. The branching process B is described
in Section 3.1, where some of its basic properties are presented. The offspring mean
of B yields the basic reproduction number Ry of the epidemic £™). The extinction
probability and Malthusian parameter of B are derived. The main results of the paper
are collected together in Section 3.2. Theorem 3.1 shows that the number of infectives
in the epidemic process £(™) converges almost surely to the number of individuals alive
in the branching process B on [0, t,) as n — oo, where t,, = oo in the case the branching
process goes extinct and ¢, = plogn for some p > 0 otherwise. A major outbreak is
defined as one that infects at least logn individuals. Theorem 3.2 (a) shows that the

probability of a major outbreak converges to the survival probability of B as n — co.
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Theorem 3.2 (b) shows that if Ry > 1, so a major outbreak occurs with non-zero
probability in the limit n — oo, then there exists § > 0 such that the probability that
a major outbreak infects at least a fraction § of the population tends to one as n — oc.
Moreover, we show that there exists ¢’ > 0 such that the fraction of the population
infectious at the peak of the epidemic exceeds &’ with probability tending to one as
n — 00. The proofs of Theorems 3.1 and 3.2 are given in Sections 4 and 5, respectively.

Brief concluding comments are given in Section 6.

2. Model

We consider the spread of an SIR epidemic in a closed population of n individuals,
with infection spread via mixing events which occur at the points of a homogeneous
Poisson process having rate nA. The sizes of mixing events are independent and iden-
tically distributed according to a random variable C'™) having support {2,3,...,n}.
If a mixing event has size ¢ then it is formed by choosing ¢ individuals uniformly at
random from the population without replacement. Suppose that a mixing event of
size c¢ involves i susceptible and j infective individuals, and hence ¢ — i — j recovered
individuals. Then, the probability that w new infectives are created at the event is
7.(w;,7). The only restrictions we impose on 7.(wj;4,j) are the natural ones that,
for w > 0, 7.(w;%,0) = 0, infections can only occur at a mixing event if there is at
least one infective present, and for w > ¢, m.(w; 4, j) = 0, the maximum number of new
infectives created at a mixing event is the number of susceptibles involved in the event.
Mixing events are assumed to be instantaneous. The infectious periods of infectives
follow independent Exp(+) random variables, i.e. exponential random variables having

rate v and hence mean 1.

There is no latent period, so newly infected individuals
are immediately able to infect other individuals. (The possibility of them being able
to infect other susceptibles during the mixing event at which they were infected can
be incorporated into the 7.(wj;i,7).) All processes and random variables in the above
model are mutually independent. The epidemic starts at time ¢ = 0 with m,, infective

and n — m,, susceptible individuals, and terminates when there is no infective left in

the population. Denote this epidemic model by &™),
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2.1. Special cases

2.1.1. General stochastic epidemic If all mixing groups have size 2, i.e. P(C(") =
2) = 1, and m.(0;1,1) = m(1;1,1) = 1, the model reduces to the general stochastic

A

—= and recovery rate 7.

epidemic, with individual-to-individual infection rate 5 =

2.1.2. Binomial sampling The models studied in Cortez [8] and Ball and Neal [5] make
the Reed-Frost type assumption that at a mixing event of size ¢, each infective present
has probability 7. of making an infectious contact with any given susceptible present,

with all such contacts being independent. This corresponds to

rewsig) = (1) (1= (= m) " (=m0 w=0,1,0 )

3. Approximating branching process and main results

3.1. Approximating branching process

We approximate the process of infectives in the early stages of the epidemic £ by
a branching process B, which assumes that every mixing event which includes at least
one infective is comprised of a single infective in an otherwise susceptible group. In the
epidemic £ the probability that a given mixing event of size ¢ involves a specified

individual, i, say, is -, so mixing events that include i, occur at rate
- (n)( \€ (n)
An E e)= = Ay, 3.1
2 pe’( )n He (3.1)

where p(c?)(c) = P(C™ = ¢) (¢c = 2,3,...,n) and ugl) = E[C™)]. Further, the

probability that a given mixing event is of size ¢ given that it includes i, is

s _ad@ |,
Shope (e g

Suppose that C'(™) Ly Casn— 00, where L, denotes convergence in distribution

=2,3,...,n).

and pc(c) =P(C =¢) (¢c=2,3,...), and MgL) = pic = Y oe 5 epe(c), which we assume
to be finite. Thus in the limit as n — oo, mixing events involving i, occur at rate
M and the size of such a mixing event is distributed according to C, the size-biased
version of C', having probability mass function

pé(c)zp(ézc)zwiéc) (c=2,3,...). (3.2)
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We assume that the initial number of infectives m,, = m for all sufficiently large n, so
the branching process B has m ancestors.

In B, a typical individual, i, say, has lifetime L ~ Exp(y), during which they have
birth events at rate Auc. Let Z1,Zs,... denote the number of offspring i, has at
successive birth events. A birth event corresponds to a mixing event involving a single
infective in an otherwise susceptible group in the epidemic. Thus, Zl, Zs,... are i.i.d.

copies of a random variable Z, with P(Z = W) =@y (w=0,1,...), where

oo o0

Oy = Z pe(c)me(wie—1,1) = L Z epe(e)me(w;e—1,1), (3.3)

c=w+1 e c=w+1
using (3.2). Note that an individual may produce no offspring at a birth event. The
number of birth events a typical individual has during their lifetime, G say, has the

geometric distribution

k
Y Apc
P(G=k) = k=0,1,...). 3.4

( ) v+ Auc <7+A/~Lc) ( ) 34

Let R be the total number of offspring a typical individual has during their lifetime.
Then,

G
R=> 7, (3.5)
=1

where G, Zy, Zs, ... are independent and the sum is zero if G = 0.

The basic reproduction number Ry = E[R]. Hence, using (3.5) and (3.4),

Ro = B[G]E[Z] = X< Y 2 Y we(@me(wie—1,1)
v — He c=w+1

0o c—1
= % Zcpc(c) Z wme(w;e—1,1)
A
= JECv (), (3.6)
where .
v(c) = Z wre(w;e—1,1) (3.7
w=1

is the mean number of new infectives generated in a mixing event of size ¢ with one
infective and ¢ — 1 susceptibles. Again using (3.5) and (3.4), the offspring probability-

generating function for the branching process B is

fr(s) = E[s"] ¥4+ e (1= fz(s))’
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where fz(s) = Do ¢ws”. By standard branching process theory, the extinction
probability z of B given that initially there is one individual, is given by the smallest
solution in [0, 1] of fr(s) = s. Further, z < 1 if and only if Ry > 1.

Let r denote the Malthusian parameter of B, see Jagers [11], page 10, for details.
The mean rate an individual produces offspring ¢ time units after their birth is P(L >

AucE[Z1] = ve "Ry (t > 0), so 7 is the unique solution in (0, 00) of

/ e "tye T Ry dt = 1,
0

whence

r=v(Ro—1). (3.8)

Note that r depends on the parameters of the epidemic model only through (Ry, ).
Thus, if Ry and v are held fixed, then the Malthusian parameter is the same for all
corresponding choices of the distribution of C' and {m.(w;4,j)}. In particular, under
these conditions, the early exponential growth of an epidemic that takes off is the same

as that of the general stochastic epidemic.

3.2. Strong convergence of epidemic processes

In this section we consider a sequence of epidemics (€ (”)), in which m, = m for
all sufficiently large n, and state results concerned with convergence of the process of
infectives in the epidemic process £ to the branching process B as n — oo that are
proved in Section 4. The usual approach to proving such results is based upon that of
Ball [2] and Ball and Donnelly [3], in which the sample paths of the epidemic process for
each n are constructed from those of the limiting branching process, 5. As noted in the
introduction, that approach is not easily implemented in the present setting because
the mixing groups induce dependencies between different infectives, so we generalise the
method in Ball and O’Neill [6] and construct sample paths of the epidemic processes and
the limiting branching process, B, from a sequence of i.i.d. random vectors defined on
an underlying probability space (€2, F,P). The construction is described in Section 4.

For t > 0, let S(™)(t) and I (t) be the numbers of susceptibles and infectives,
respectively, at time ¢ in €. Let (") = n — S(”)(oo) be the total size of the epidemic
£ i.e. the total number of individuals infected during its course, including the initial

infectives. For ¢ > 0, let I(t) be the number of individuals alive at time ¢ in B and let
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T be the total size of the branching process B, including the m ancestors. Note that
whereas T(™ (w) < oo for all w € Q, T(w) = oo if the branching process B(w) does not
go extinct.

Throughout the remainder of the paper we assume that m, = m and ,u(crf)

< pe
for all sufficiently large n. The assumption ugl) < pc simplifies the presentation of
certain results, in particular, Lemma 4.2, and holds in the most common cases; (i) C
has finite support {2,3,...,n0} and for n > ng, C™ = C, (i) C™ = min{C,n} and
(iii) ™) 2 C|C < n. We also assume throughout that C'() L2, ¢ and E[(C(™)?] —
E[C?] < 00 as n — oo. For Theorem 3.1 (b) and Theorem 3.2, we require additional

conditions on C™ and C, namely that

lim E[C™(C™ —1)p(C™)] = E[C(C — 1)v(C)] < oo, (3.9)

n—oo

and that there exists 6y > 0 such that
: 6o = (n) _ —
nh_)rrgo n ; c ‘pc (¢) —pc(c)| =0. (3.10)
Note that E[(C(™)3] — E[C?] < 0o as n — oo is a sufficient condition for (3.9) to hold.
Also, in the three common cases for constructing C(™ from C listed above, (3.10) holds
for any 0 < 0y < «, for which E[C1%] < oo. (For case (i), this is immediate. For cases

(ii) and (iii), the proof is similar to that of (A1) in the Supplementary Information of
Ball and Neal [5].)

Theorem 3.1. Under the stated conditions on C™ | there exists a probability space
(Q, F,P) on which are defined a sequence of epidemic models, EM) indexed by n and
the approximating branching process, B, with the following properties.

Denote by Ayt the set on which the branching process B becomes exinct:

Aezt ={w € Q: T(w) < o0} .

(a) Then, as n — oo,

sup [T (t) — I(t)] — 0

0<t<o0

for P-almost w € Agyt.
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(b) Suppose that (3.9) holds and (3.10) holds for some 0y > 0. Then, if there

exists a > 1 such that E[C*T1] < oo, we have for

1 aby «
0 —mi 3.11
<p<rmm{2(1+a)’2+4a} (3:.11)

as n — oo,

sup [T () = I(t)] =0 (3.12)

0<t<plogn

for P-almost w € A

exrt:

The proof of Theorem 3.1 is presented in Section 4.

Note that p given in (3.11) satisfies p < (4r)~! and thus Theorem 3.1 (b) is weaker
than [3], Theorem 2.1, (2.2), where (3.12) is shown to hold for p < (2r)~! in the
standard pairwise mixing epidemic model. The following corollary of Theorem 3.1

concerns the final size of the epidemic.
Corollary 3.1. For (Q,F,P) defined in Theorem 3.1, we have for P-almost all w € €,

lim 7 (w) = T(w).

n—oo

Corollary 3.1 shows that for large n, the final size of the epidemic £ can be
approximated by the total size of B. This leads to a threshold theorem for the epidemic
process €™ by associating survival (i.e. non-extinction) of the branching process B
with a major outbreak in the epidemic process €™ (cf. Ball [2], Theorem 6, and Ball
and Donnelly [3], Corollary 3.4). It then follows that a major outbreak occurs with
non-zero probability if and only if Ry > 1, and the probability of a major outbreak
is 1 — 2™. However, for practical applications it is useful to have a definition of a
major outbreak that depends on n. We say that a major outbreak occurs if and only

if 7 > log n.
Theorem 3.2. Suppose that (3.9) holds and (3.10) holds for some 6y > 0.

(a) Then
P(T™ >logn) = 1—2" asn — occ. (3.13)

(b) If also Ry > 1 and there exists o > 1 such that E[C1T%] < oo, then there exists
0 > 0 such that

P(T™ > 6n|T™ >logn) 1 asn — oc. (3.14)
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The proof of Theorem 3.2 is presented in Section 5.

Theorem 3.2(b) implies that a major outbreak infects at least a fraction ¢ of the
population with probability tending to one as n — oo. However, § depends on the
parameters of the epidemic £™ and can be arbitrarily close to 0. An immediate
consequence of the proof of Theorem 3.2(b) is Corollary 3.2 that, in the limit as n — oo,
there exists ¢’ > 0 such that in the event of a major epidemic outbreak the proportion

of the population infectious at the peak of the epidemic exceeds ¢'.

Corollary 3.2. Under the conditions of Theorem 3.2 (b), there exists &' > 0 such that
I (¢
P (sup A

+>0

n
A central limit theorem for the total size 7™ in the event of a major outbreak is

.

7™ > log n) =1 asn— oo. (3.15)

given in Ball and Neal [5], for the special case of binomial sampling (Section 2.1.2), by
using the theory of (asymptotically) density dependent population processes (Ethier
and Kurtz [10], Chapter 11, and Pollett [16]) to obtain a functional central limit
theorem for a random time-scale transformation of {(S™)(t),I(™(t)) : ¢ > 0} and
hence a central limit theorem for the number of susceptibles when the number of
infectives reaches zero, via a boundary crossing problem. As noted in the introduction,
Theorem 3.2 (b) is a key step in the proof of the above central limit theorem, though
the result was only stated in [5]. A similar central limit theorem for 7™ is likely to
hold for our more general model, although details will be messy unless 7.(w; ¢, j) takes

a convenient form.

4. Proof of Theorem 3.1

4.1. Overview

We present an overview of the steps to prove Theorem 3.1. We construct on a
common probability space the Markovian branching process B and the sequence of
epidemic processes (&€ (”)), in which we equate infection and removal events in the
epidemic process, £ with birth and death events, respectively, in the branching
process, B. Given that at time ¢ > 0, there are the same number of infectious
individuals in the epidemic process £ as the number of individuals alive in the

branching process B, the removal rate in £ is equal to the death rate in B. For
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k = 0,1,..., the rate at which an infection event occurs which generates k new
infections in €™ will depend upon the state of the population (number of susceptibles
and infectives) and during the early stages of the epidemic this rate will be close to,
but typically not equal to, the rate at which a birth event resulting in k£ new individuals
occurs in B. Therefore, we look to bound the difference between the infection rate in

£ and the birth rate in B in order to establish a coupling between the two processes.

A useful observation is that in the epidemic processes &™) (the branching process
B) the number of infectives and susceptibles (the number of individuals alive) are
piecewise constant between events, where an event is either a mixing event or a recovery.
Therefore, in Section 4.2, we define embedded discrete-time jump processes for ()
and B, for the number of infectives (and susceptibles) and the number of individuals
alive after each event. In the case of B the embedded discrete-time jump process is a
random walk. Then, in Section 4.3, we provide a bound on the rate of convergence to 0
of the difference between the infection rate in £ and the birth rate in B in Lemma 4.1,
which is applicable during the early stages of the epidemic when only a few individuals
have been infected. Lemma 4.1 enables us to construct the embedded discrete-time
jump processes defined in Section 4.2 on a common probability space (Section 4.4)
and provide an almost sure coupling between the discrete-time processes during the
initial stages of the epidemic (Section 4.5). That is, we couple the outcome of the
E* (k=1,2,...) events in £™ and B so that the type of event birth (infection) and
death (removal) match and in the case of birth/infection the same numbers of births
and infections occur. Once we have established an almost sure agreement between
the types of events that have occurred in the epidemic and branching processes, it is
straightforward to provide an almost sure coupling of the timing of the events. The key
couplings are drawn together in Lemma 4.2 from which Theorem 3.1 follows almost
immediately. Finally, we consider the total sizes of the epidemic processes £(™ and

the branching process B and provide a proof of Corollary 3.1.

4.2. Embedded random walk

Let the random walk R be defined as follows. Let Y} denote the position of the
random walk after k steps, with Yo = m > 0. For k = 1,2,..., let Yy = Y1 + Zg,
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where 71, Zs, ... are i.i.d. with probability mass function
Bew _
m w = O, 1, e
P (Zk = ’LU) = ﬁ w=—1 (41)
0 otherwise,

where 8 = Auc and @, is defined as in (3.3). Thus upward (downward) steps in R
correspond to birth (death) events in B. Note that Z; = 0 is possible corresponding
to a step with no change in the random walk (a birth event with no births in B).
For k = 1,2,..., let 1, denote the time of the k*" event in B with 7y = 0, then we
can construct R from B by setting Y, = I(ny), where I(t) (¢t > 0) is the size of the
population of B at time ¢. Note that if I(n) = 0, the branching process has gone
extinct and Yy = 0, the random walk has hit 0. We can continue the construction of
the random walk after the branching process has gone extinct using Y = Yi_1+ Zx but
our primary interest is in the case where the two processes are positive. Conversely, we
can construct B from R by, in addition to {¥;} = {V% : £ =0,1,...}, using a sequence
of i.i.d. random variables V7, Va,..., where V;, ~ Exp(1). (Throughout the paper,
discrete time processes are assumed to have index set Z unless indicated otherwise.)

For k=1,2,...,

Nk = Mk—1 CEY 7

and for any 1 <t < ng41, set I(t) = Yy. Note that n, = 0o if Yy—1 = 0, corresponding
to the branching process going extinct with I(¢) = 0 for all ¢ > n;_;. Finally, note
that E[Z1] <0, =0or > 0if and only if Ry <1, =1 or > 1.

We turn to the sequence of epidemic processes, (£(™), and for each £, an asso-
ciated discrete-time epidemic jump process S™. Let an) (i, 7]z, y) denote the prob-
ability that a mixing event of size ¢ in a population of size n with = susceptibles and
y infectives (and hence n — x — y recovered individuals) involves i susceptibles and j

infectives (and hence ¢ — i — j recovered individuals). Note that

QU(i, jlw,y) = (4.2)
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For w =0,1,..., let ¢ (z,y,w) be such that

n c—wc—w—)
gy = nx Y P Y Y {QWe—i—Liley)m(wie—j—15)}
c=w+1 j=1 1=0

(4.3)

where the indices j and [ refer to the numbers of infectives and recovered individuals
involved in the mixing event, respectively. Thus, for w = 1,2,...,z, q(”)(m,y7w)y
denotes the rate at which mixing events occur that create w new infectives within a
population of size n having z susceptibles and y infectives. Hence, ¢ (z,y,w) can be
viewed as the rate at which an infectious individual in a population of size n containing
x susceptibles and y infectives generates w new infectives. Note that ¢(") (x,y,0)y is
the rate at which mixing events occur, which involve at least one infective and create
no new infectives, in a population with = susceptibles and y > 0 infectives.

Recall that, for t > 0, S"™(¢t) and I (t) denote respectively the numbers of
susceptibles and infectives at time ¢ in (™. Since the population is closed, for all ¢ > 0,
n — S (t) — I™(t) denotes the number of recovered individuals, and we can describe
the epidemic €™ in terms of {(S™)(t), 1™ (t)) : ¢ > 0}, which is a continuous-time
Markov chain on the state space E(™ = {(z,y) € Z% : 24+y <n,0 <z < n—my,y > 0}

with transition probabilities

P ((S(”) (t+ At), 1M (t+ At)) = (z — w,y + w)] (S™ (1), 1™ (1)) = (x, y))

= ¢ (z,y, w)yAt + o(At), (w=0,1,...,z) (4.4)
P ((S™(t+ A6, 10 (¢ + Ab) = (2,5 — 1| (S™(1), 1)) = (2,1))

= yyAt + o(At), (4.5)

and all other transitions having probability o(At). The events (4.4) and (4.5) corre-
spond to infection of w individuals and recovery of an individual, respectively. The
function ¢(™ is real-valued with domain a subset of Z, x Z, x N. We note that
the epidemic process is invariant to the choice of q(”)(amy,O) > 0, so we can define
¢ (x,y,0) to satisfy (4.3) with w = 0. Similarly, the epidemic process is invariant
to the choice of q(”)(z,O,w) as no infections can occur if y = 0, but for coupling
purposes it is useful to define ¢(™ (z,y,w) = By, for y = 0,—1,—2,.... Finally, as

noted in Section 4.1, we observe that the recovery rate (4.5) coincides with the death
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rate of the branching process B, so to couple the number of infectives in the epidemic
process £ to the number of individuals in the branching process B, we require that
¢ (2, y,w) = By, and ¢ (z,y) = ZZ;%) ¢ (z,y,w) = PN ¢ (z,y,w) ~ fasn
becomes large. (Note that for w > n — 1, ¢ (x,y,w) = 0.) We proceed by making
this precise after describing first the discrete-time epidemic jump process S,

For n = 1,2,... and k = 0,1,..., let (X,g"),Yk(")) denote the state of the jump
process S after the k" event with (Xén)7YO(")) = (n—myp,my). For k=1,2,...,
(z,y) € E™ and w=0,1,...,z, let

(")(x w)

P (XM v = (2 —wy+ (X(’”,Y(”) — (z, - 4 &5W
(( k1o Yer1) = (@ —w,y+w) | (X7, V) = (= y)) v+ ¢ (z,y)
(( ki1 Vi) = @y =1 (X7, 7)) = (x y)) v+ ¢ (z,y)

with all other transitions having probability 0 of occurring. Letting n,g") denote the
time of the k" event in £ with nén) =0, we can construct S from (™ by setting
(X,gn), Yk(")) = (8 (nl(cn)), I (nlin))) As with the construction of R, we can continue
the construction of S after the k™ event with Yk(n) =0, using ¢ (z,y,w) = By
for y = 0,—1,—2,.... Conversely, we can construct £™ from S(™ by in addition
using the sequence of i.i.d. random variables Vl(n), 2("), ..., where Vi(n) ~ Exp(1). For

k=1,2,..., set

Vk(n)
7+ (XL Y | Y

" =0+

(4.6)

then for any n,in) <t< 77,(;_?1, set (S(")(t),f(") () = (X,gn), Yk(n)). Note that if Y} ; =
0, 77,(@”) = oo and for all ¢ > 771(;1)1, the epidemic has died out with (S (t), 1) (t)) =
(X,",,0).

We briefly discuss the choice for Vk("). A simple coupling with the branching process
B would be to set Vk(n) = V}, which results in n,in) ~ ny if 771(;1)1 ~ Ni—1 and Yk(f)l [v +
q™ (X,Si)l, Yk(f)l)] ~ Yj_1|y+ ). This is the approach taken in [6] and leads to a slight
mismatch between the event times in £ and B, with the mismatch converging to 0 as
n — oo. Therefore we take an alternative approach which results in there being high
probability of 77,(6") =y, if 771(;1—)1 = 1k—1 and Yk(f)l =Y} _1, with the details provided in
Section 4.4.
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4.3. Matching infection rate to birth rate

In this section, we provide bounds on the differences between the rate, ¢(" (x(”)7 y™), w),
at which events creating w (w = 0,1,...) new infectives occur in €™ with z(™
susceptibles and y(™ infectives present in the population, and the rate, Sp,,, at which
birth events creating w new individuals occur in B. The bounds on the difference in
rates are appropriate during the early stages of the epidemic process where n — r,, <
x < n—my, (i.e. whilst fewer than r,, individuals have ever been in the infectious state),
for a sequence (ry,) satisfying r, — oo and r,,/v/n — 0 as n — .

In the early stages of the epidemic, when x > n — r,, it is unlikely that a mixing
event will involve more than one non-susceptible individual. Thus we split the double
sum over j and [ in (4.3) into the case j = 1 and | = 0, a single infective in an
otherwise susceptible group of size ¢, and the case j + [ > 2, where there is more than

one non-susceptible individual in a mixing event. This gives, for y > 0,

n

n n n
g™ (z,y,w) = 45'E:;%WQQENC—LH%yMAww—lﬂ)
c=w+1
nA  — n . . , .
+— > ) > {an)(C—]—l,J|$7y)7Tc(w;C—J—l7J>}
c=w+1 JHI>2
= (@ yw) +¢" (@ yw), say. (4.7)

We consider the two terms on the right-hand side of (4.7). Note that for y < 0, we
set q%n) (x,y,w) = By, and qén) (z,y,w) = 0 which is consistent with ¢ (z,y,w) =
Bow (y = 0,—1,...). Also, for w = n,n +1,..., ¢ (z,y,w) = 0, which implies
ar (@ y.w) = 0 (h = 1,2). For h = 1,2, let ¢, (z,9) = Yupa” (@y.w) =
ZZO:O q}(Ln) (z,y,w), the sums over w of the two components of q™ (z,y,w) in (4.7).
Hence, ¢(™ (z,y) = q§") (x,y)+ qén)(x, ).

Lemma 4.1 provides bounds on the rate of convergence to 0, as n — oo, of the
difference between the infection rate in the epidemic process and the birth rate in the
branching process, in terms of the number of non-susceptibles in the population (r,)
and the rate of convergence of C'™) to C'. Remember that throughout we assume that
c™ L5 ¢ and E[(C™)2] = E[C?] as n — oo, with E[C?] < oo; see the conditions

stated before Theorem 3.1 in Section 3.2.

Lemma 4.1. Let (r,) be a sequence of positive real numbers such that r, — 0o and



Strong convergence of an epidemic model with mizing groups 17

rn/v/n— 0 as n — oco.

Let (sy,) be a sequence of positive real numbers such that s,r2/n — 0 and

Sn Zc ‘p(on)(c) —pc(c)] =0  asn— occ. (4.8)
c=2

Suppose that (x(™) and (y™) are two sequences such that n —r, < z(™ <n—m,

and 0 <y <1, for all sufficiently large n. Then

o0
Sn Z ‘qln) (2™, 4™ w) — ﬂgpw’ -0  asn— (4.9)

w=0

and

00 n—1

Z Sn ‘qé") (™), 4™, w)‘ = s, Z ‘qé") (2™, y("),w)‘ -0 asn—o0. (4.10)
w=0 w=0
Consequently, if s,r2/n — 0 as n — oo, then

Sn ‘q(”)(:v(”),y(")) — B‘ = 5p Z {q(”)(a:("),y(”)7w) — wa}‘ - 0  asn— oo

w=0

(4.11)

Proof. First, note that, for Q&n)(c — 1,1]z™,4(™) defined in (4.2) and any ¢ =
2,3,...,

(n) 622 (n) _
M (e —1.112™ 4™y = 2 il J
QC (C ?lx ’y ) cn anlfj
j=0
y(™
= cT— + gy (), (4.12)
n
where
() () = € ﬁx(n)_j 1
e (z =— —_— | -
n j:o”_l_J
Forx(")Zn—rn and ¢ < n/2, we have that
c—2 (n) _ c—2 _1_ (n)
x J n x
1> = < = )
_Hn—l—j H< n—l—j>
j=0 =0
1 1 1
> 1—-[n—1-—2M]d —— et ——
- i v ]{n—1+n—2+ +n—c+1}
1 1 1
> 1-[r,—1 i —
- Ir ]{n—1+n—2+ +n—c—I—l}
-1 2rp(c—1
> 1_[7‘n_1]67>1_L.

n—c+17— n
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Therefore, for (™) >n —r, and ¢ < n/2,

2 (c—1
o 2rale—1)

C
Z < e (MY <. 4.13
= TS < (W) < (4.13)

Note that p(”)( ) = 0 for ¢ > n. Also, using (3.3) and recalling that 8 = Auc, we

have

A Z epo(O)me(w;e—1,1) = AMicpw = Bow (w=0,1,...).
c=w+1

Hence, for w =0,1,...,

nA

0”@y ) = o) Z Pe(@QM (e = 1, 1|2,y )me(wi e — 1,1)
Yy c=w+1
_ L/\ zn: (n)() y()+ (n) (n)( (n)) ( e—1 1)
Ty pc (¢ y Te(ws e — 1,
c=w+1
= A Z epl (e)me(w; e — 1,1)
c=w+1
+A Z pgl) (c)’negﬂ)(m(n))’frc(w; c—1, 1)
c=w+1
= A Y polO)m(wie—1,1)
c=w+1
Y A0 - pe@mwse—1,1)
c=w+1
+X Z P (e (@™o (w e — 1, 1)
c=w+1
= fBowt+A Z P (¢) = po(O))me(w; e — 1,1)
c=w+1

+A Z pgl)(c)negn)(x("))wc(w;cf1,1).

c=w+1
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It follows that

g™ (@™, y™ w) — Bsaw)

00
D sn

w=0
SanA Z —pe(o)me(w;c—1,1)
w=0 c=w+1
+55 Z A Z p ()ne™ (") o (w; e — 1,1)
w=0 c=w+1
< Asp Z Z c|p(gf)(c) —pe(o)|me(w; e —1,1)
w=0 c=w+1
+Asp, Z Z P(n) ( (”))‘ me(w;e—1,1)
w=0c=w+1
:)\anc|pC |Z7Tcwc—11
c=2 w=0
n c—1
+Asy, Zpgl)(c) ‘ne&") (x(”))‘ Z me(w;c—1,1)
= w=0
(oo} n
= Asp, Zc|pgl)(c) —pe(e)| + Asy, Zpgb)(c) ‘ne&”)(a:("))‘ . (4.14)
c=2 c=2

The first term on the right-hand side of (4.14) converges to 0 by (4.8). Using (4.13)
and Markov’s inequality, the second term on the right-hand side of (4.14), satisfies

)\Snzp(")
[n/2] n
n 2¢(c— 1)ry, n
SA{anpéM(( e R SR Y

ne™( <n>)‘

c=2 c=[n/2]+1
SnTn

E [C(”)(C(") - 1)] + ,nP (C(") > [n/2] + 1)}

n

{
<\ {QS"T"E [C(C) = 1)] + sun %E [(cty?] }

n

—0 asn— oo.

Hence, (4.9) is proved.

The probability that a pair of individuals, chosen uniformly at random, are both

non-susceptible is (n — z(™)(n — 2™ —1)/[n(n —1)]. In a group of ¢ individuals there
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are ¢(c — 1)/2 pairs, so

c(c—1) " (n —z™)(n — 2™ —1)

5 D) (4.15)

> QM (e—j—1jla™,y™) <
J+I>2

For (™ > n—r,, the right-hand side of (4.15) is bounded above by [¢(c—1) /2] x [, /n]?.

Therefore, since qén) (m("), y(), w) =0 for w=n,n+1,..., we have that

> £, 0)

w=0

n—1
o (z(m’y(n)’w)’ =3 s
w=0

n

n—1
:%AZ > o0 Y {Q e =i~ Lilat y e (wie — j ~1,5) |

w=0 c=w+1 j+i>2
n c—j—1
SpT n . . . .
=AY e > {QE’”(C-J — 1,4,y ™) 3 me(wie—j - UJ)}
y =2 JHI>2 w=0
Sn2 N~ (n), (e —1)
xS e
2
=\ (o (o) —
)\ZnE[C (c 1)}—>0 as n — oo,
and (4.10) is proved.
Finally, (4.11) follows from (4.9) and (4.10) by the triangle inequality. O

Note that if C has finite support {2,3,...,n0}, then for all n > ng, C™) = C' and

(4.8) holds for any sequence {s, }.

4.4. Construction of the event processes

Lemma 4.1 implies that the difference between the transition probabilities of R
and S tend to 0 as n — oo, provided the number of non-susceptible individuals
remains sufficiently small. We proceed by constructing R and S™ on a common
probability space (Q, F, P), with Y, = m and for all sufficiently large n, (X(()n), YO(")) =
(n—mp,my) = (n—m,m). For k =1,2,...,1et Uy = (Ug 1, Ug2, Uk 3) be i.i.d. random
vectors defined on (Q, F,P) , with Uy, ; ~ U(0,1) (¢ = 1,2, 3) being independent, where
U(0,1) denotes a random variable that is uniformly distributed on [0, 1].

We construct R as follows. Suppose that for some k = 1,2,..., Yp_1 = y. The k*®
step in R is a downward step (of size 1) with ¥}, = y—1if Uy 1 < /(v + ). Otherwise



Strong convergence of an epidemic model with mizing groups 21

the random walk has an “upward” step of size ay with Yy = y + ax, where a;, satisfies

akl

Z¢1<U1€2<Z<Pz

Note that all sums are equal to 0, if vacuous, a; = 0 is possible and the probability
that ap =7 is ¢;.

Similarly we construct S as follows. Suppose that for some k = 1,2, .. ., (X,gyi)l, Yk(f)l) =
(gc,(cn)7y,(€n)) The k™ event in S(™ is a recovery with (Xlgn)7Yk(")) = (;v,(cn),yé") —1)if
Upt < /Iy +q™ (@™, y™)]. Otherwise the k™ event in S is an infection event of

size agg ") with (X,gn), k(")) = (x,(g”) aé"),y,(cn) (n)), where aé”) satisfies

¢ (wi”% y,i )

(n)( (n) (n))

P(a,(cn) =1i)= =, (x;” Yy, say.

To enable an effective coupling between R and S, we obtain agcn) as follows. For

1=0,1,..., let w(")( ,g"), y,g”)) = min {gpz, QOYL)(:EIS"), y,i"))} and let

w=0 =0

where (a, b] is the empty set if a = b. If Uy, 2 & Dé") (x,(:b), y,gn)) then there exists ¢ € Z
such that

Z@z <Uka2 < Zs@z + " (@, ), (4.17)

and we set ak ") = . Therefore if Uy o & DY" (:cé”),y,(cn)) we have that a,(fn) = ay. Let

4 (@M ™) = (UH € DI (2™, <n>> an) () )y

the total variation distance between (¢, ¢1, . ..) and (gaén) (xfcn), y,(fn)) cp(ln) (x,&n), y(")) ).

If Upo € Dén)(:lc,(C ),y,g")) we set a,(c") = ¢ with probability

" @) — =)
A @ )

)

which ensures that overall the probability al(C " = is gog") (x,in), y,(C )) We do not need

to be more explicit about the choice a,(c ") when ay, (n) # ag.
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Given Vi, Vs, ..., d.i.d. according to Exp(1), we can construct B from R as outlined
in Section 4.2. We conclude this section with a description of constructing £ from
S in order to couple the time of events in £ to the event times in B. Given that
there are y(™ infectives in the population, the probability that an individual chosen
uniformly at random is infectious is y(") /mn, so the probability that a mixing event of

size ¢ involves at least one infective is bounded above by ¢y /mn. Therefore

n—1 n
a ey ) = 30 gy ) < e Y= )
w=0 c=2
= i (4.18)

Hence, under the assumption, ug') < pe, we have that g™ (x(”),y(”)) < B(= Apo)-
Therefore, letting

- — oM (1) _4(n)
Y+ B
we have, if (X,gi)l, Yk(f)l) = (™, 4(™), that

v+ 8
v+ g™ (XL Y )

Vi ~ Exp (1 _jm (N),y(n))) - V;m(x(n)’y(n))’ say.

For z > 0, let

Fr(z; 2™, y™) = {1 = d™ (2™ y™)}exp <72{1 pQIMO) y<n>)}) (4.20)

denote the probability density function of V;n)(x("),y(”)). Similarly, let fy(z) =

exp(—z) (z > 0) denote the probability density function of V;. It follows from (4.20),
for all z > 0, that

fv(z x(n)7 y(n))

Y

{1—d™ (@™, y")} exp (—2)
= (1= dE, (),
Therefore, we can construct a realisation of f/k(n) (z(™) | y(™)) by setting f/k(n) (x("), y(”)) =

Vi if Up 3 < 1—d™ (2™ 4 and if Uy 3 > 1—-d™ (™), y(™), we draw f/k(n) (™), (7))

from a random variable with, for z > 0, probability density function

Frlza® y™)y = 1 - A (7))

[exp (—z{l —d™ (2™, y("))}> - exp(—z)] .

(4.21)
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Finally, we set

v+ (™, y™)
Y+ B

Y P () () : (4.22)

which ensures that Vk(n) ~ Exp(1). Also, if 771(;?1 = Np_1, Yk(f)l = Y1 and Uy 3 <
1—dm (X,gri)l, Yk(f)l)7 then V,C(”)(Xlgi)l, Yk(fl) = V} and substituting Vk(n) into (4.6) and
using (4.22) gives

o= o+ (n) YR -
Yih {V +q™) (Xk—17Yk—1):|
) (x M) 1)
1 T+ (XY Sy v o

= eat T R A R i)

Yi_1 |:7+q(n)(Xk_1,Yk_1)] v+p

Vi

= o1t 5 (4.23)

Yi—1(v+ ) =

4.5. Coupling of the epidemic and branching processes

A mismatch occurs at event k whenever the k*" events in the epidemic process,
FAQ) (discrete jump epidemic process S (")) and branching process, B (random walk R)
are: a removal (£(™) and a birth (B) or an infection (£(™) and a birth (B) where the
number of new infections (£(™) and the number of births (B) differ. The first type of
mismatch occurs in Ball and O’Neill [6], where also mismatches of the type an infection
in (£() and a death (B) are permissible. Owing to (4.18) and the assumption that
,ugl) < pc for all sufficiently large n, an infection in (£(™)) and a death (B) is not
possible for such n in the current setup but the arguments can be easily modified to
allow for this situation. The second type of mismatch comes from allowing multiple
infections/births.

Since ¢(™ (2™, y(™) < B, a type-1 mismatch occurs at event k, where after event

k — 1 there are (™ susceptibles and y(™) infectives, if and only if

Vi € D@,y = <5+7’q(")(9€(”),y<”>)+7 ’ (4.24)

with

v[B — ¢ (z(™), y™)]
[v + ¢ (@), N[y + 8]

P (Uk1 € DY (@, y")) = (4.25)

Let Zy, Z, ... be i.i.d. according to Z with probability mass function P(Z = i) = ¢;
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(i=0,1,...). We construct Z1,Zs, ... from Ui,2,Uz2,... by setting 7, to satisfy

Zp—1 Z

Y i <Ura< Y o (4.26)
=0 0

=
Thus Zj, is the number of births (size of the “upward step”) that occur in B (R) if the
kth event is a birth event.

A third type of mismatch occurs when coupling the event times in £ and B.
Conditional upon no mismatches of the first two types in the first k events and 77,&"_)1 =
Nk—1, we have by (4.23), that a mismatch occurs and n,(cn) # i only if Ugz > 1 —
4O (X7 ).

The following lemma gives conditions under which the processes B (R) and A
(S™)) can be constructed on a common probability space (Q, F,P), so that for P-
almost all w € Q they coincide over the first u,, events for all sufficiently large n, where

Uy —> 00 a8 N — O0.

Lemma 4.2. Suppose that (3.9) holds and (3.10) holds for some 6y > 0. Suppose that
there exists a > 1 such that E[C*tY] < oo, which in turn implies that E[Z%] < cc.
Let (uy,) be any non-decreasing sequence of integers such that there exists

aby «
4.2
ﬂ1+ay2+4a}’ (4.27)

0<C<min{

so that for all sufficiently large n, u, < [KnS| for some K € R*.
Then, there exists a probability space (0, F,P), on which are defined the branching
process, B, the random walk, R, and the sequence of epidemic processes and discrete

epidemic processes, (En,Sy), such that for P-almost all w € Q,

(V" (@), 3" @), Y (W) = (Vi(w), Ya(w), -, Y, (@) (4.28)
and
(1™ (@) m5™ (@), 0D (@) = (@), 2 (@), -+, (@) (4.29)

for all sufficiently large n.

Proof. Without loss of generality, we prove the lemma by taking u, = |Kn¢| for
some K € (0,00) and ¢ satisfying (4.27). It follows from (4.27) that 6 and 6 can be
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chosen such that 6,6 > 0, wc <0 <6yand 6+ 2+ 26 < 1. (Note that (4.27)
implies 2¢(1 + a)/a < 6y. Furthermore,

2 +4a
inf 0+2C} =
9>2(%30¢)C/a{ + C} «

(<1,

by (4.27).) Set s, = n’, 7, = Knt9 a, = |n? (@t ] and, for convenience, ¢, = 1/s,.
Note that s,r2/n — 0 as n — oo, satisfying the conditions of Lemma 4.1.
For h,n=1,2,..., let xgln) = (xén), xgn), e ,a:;ln)) and define ygln) similarly. Let

i _ . . (n) _ (n)
Appo = {(Xgﬁf,yﬁiﬁ)) o @, = (M >n - Tny IAX Y < rn}

and Apo = {w € Q : (XUZ)(w),YSﬁ)(w)) € A,o}. Note that if w € A, for all

sufficiently large n, then {(X,in) (w), Yk(n) (w))} satisfies the conditions of Lemma 4.1.
Let H,, denote the event at which the first mismatch occurs between S, and R.

Then, for w € , (4.28) holds if and only if H,(w) > u,. Note that the first mismatch

occurs at event k with (X,gri)ka(f)l) = ( 5;1)1, y,(c@l), if
Un1 € DI (@ ™) or Uns € DIV (), ui™)),

where Dgn)(ac(”)7 y™) and Dé") (2™, y(™) are defined in (4.24) and (4.16), respectively.
Similarly, let H, denote the event at which the first mismatch occurs between the
times of corresponding events in £, and B. Then (4.29) holds if and only if H,,(w) > u,,.

Note that if H,(w) > wu, then the first mismatch in the time of events occurs at event

kwith (X ™) = @), 4™, if
Uns € D;(gn)(ﬂfi"_)p yl(cn_)l) = (1 —d™ (f(n)vy(n))7 L,

where d (2™, y(™) is defined in (4.19).

By Lemma 4.1, we have for any ¢ > 0, for all sufficiently large n and (Xq(f,?, yfffl)) €

fln,o, that > - |q(")(:v("), y™, w) — Bpw| < Le, and |q(")(m("), y(")) — 8] < le,. The

first inequality implies that for all w € Z,
g™ (2™, 5™ w) — Bpu| < len.

Therefore, since ¢(™ (™, (") > /2 for all sufficiently large n, we have by the triangle
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inequality that

g™ @,y w) B,

1
= g () —

wi(u")(x(")vy("))—@w‘ = ‘

<

1 1

q(n) (x(n)’ y(”)) N B

2 w n n n
< f‘q(")(ﬂc("),y(”),w)—ﬂww‘ +%‘q( UCIRNT ))—ﬂ’

< —Ae,.

B

Setting ¢ = g, we have that for all sufficiently large n, ’wfun) (™), () — gpw‘ < en

(w=0,1,...).
(n)

i

(™ y(")) € A,,, then DZ(") (z(™) y(M) C Dg") (i=1,2,3), where

Thus we can define sets D

DY = (2 }

1 <5 +v B—€n+7

~ An w i o

D = U <Z o1 — min{@., €, }, sz] U (Z w1, 1]
w=0 \[=0 =0 =0

and
DY = (1—¢€,,1].
Since €, is decreasing in n, we have that for all n, bgnﬂ) - DE") (1=1,2,3).

Fori=1,2,3, let
A= > Uni ¢ DL
N {vne# D'}

(i = 1,2,3) such that for all sufficiently large n, if

We observe that if w,41 = uy, then A, ; C Ayy1,; (i = 0,1,2,3). Therefore, following

Ball and O'Neill [6], Lemma 2.11, we define @ = {n € N: |[Kn¢| # [K(n—1)¢]}, and

note that, for i =0, 1, 2, 3, to show that
P (A7, ; occurs for infinitely many n) = 0,
it is sufficient to show that

P(A7,; occurs for infinitely many n € Q) = 0.

(4.30)

Given that (4.30) holds for i = 0,1,2,3, we have that there exists  C Q such that

P(Q) = 1 and for all w € Q, there exists n(w) € N such that for all n > n(w),
H,(w) > u, and H,(w) > u,. Thus (4.28) and (4.29) hold, and the lemma follows.
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We complete the proof of the lemma by proving (4.30) for ¢ = 0,1,2,3. Suppose
that, for ¢ = 0,1, 2,3, there exists L; < oo and x; > 1 such that, for all sufficiently

large n,
(AC ;) < Lin~ (4.31)

Following the proof of Ball and O’Neill [6], Lemma 2.10, we have that

S OP(AL) <> Linm < o,

neQ neQ

so by the first Borel-Cantelli Lemma, (4.30) holds.
Let us prove (4.31). Recall that uc = E[C], E[Z] = E[Cv(C)]/uc and E[C(C —
1)v(C)] < oo, where v(c), defined at (3.7), is the mean number of new infectives created

in a mixing event of size ¢ with 1 infective and ¢ — 1 susceptibles. Since u,, < [Kn¢|

and r, = Kn¢*t® by Chebychev’s inequality, we have that, for all sufficiently large n,

P(AL,) = P sz>rn—m
j=1
Un, ’,“n
< P Z; —upnBlZ —
Z ;i —unE[Z]] > B
Jj=1
< =V f:Z < Bn gz
S ar 4 i i
Jj=1
A1ty 1 «—
= ZwQM—C Z epe(c)me(w;ec—1,1)
n w=0 c=w+1
4du,
= TT X — CpC Z w? 7Tc 71)
n c=2

IA
%M‘:g
X
|
N
Q
Q
|
=
'ﬁ

Q
M
IS
n:‘
E/

n HC c=2
¢ BIOC=1r(C)] 4E[C(C— DO, ~ca+25/0) (4.32)
r2 1% Kpc

Hence, (4.31) holds for i = 0.
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Since 6 — 2(1 4+ «)¢/a > 0, we have that for all sufficiently large n,

G{mJemmg

P(A71)

n,l

I

g
N
&>
ﬂ‘

2y _ o
)2> Kn~¢(+2/a) (4.33)

Hence, (4.31) holds for ¢ = 1.
Similarly, since P(Af, 3) < uné€,, we have that (4.31) holds for i = 3.

Finally, let §; = C(Iia) 6—2 > 0. For all sufficiently large n, we have that a%, s,, /a, >

%nea/ (1+@) " Thus, recalling that €, = 1/s,, we have that for all sufficiently large n,

p(@{wze@mg

h=1

P(A7,2)

< u, {anen + P(Z > an)}
< uy {an + E[Z ] }
Sn as
< 2(1+ E[Za])KnCn_eo‘/(H“)

2(1 + E[Z%])n—c(+30), (4.34)

Hence, (4.31) holds for ¢ = 2. Thus (4.30) holds for ¢ = 0,1,2,3 and the lemma is
proved. O

Lemma 4.2 ensures that the the processes £M™ (S™) and B (R) coincide for an
increasing number of events as n increases. For Theorem 3.1 (a) we do not require as
strong a result as Lemma 4.2, and the following corollary which can be proved in a

similar fashion to Lemma 4.2 suffices.

Corollary 4.1. For any K € N, we have, for (Q,F,P) defined in Lemma 4.2, that
for P-almost all w € 0,

V" (), Yy (@), .., Y () = (Vi (), Ya(w), .., Yi(w))

and

) (@)™ (@), - P (@) = (1 (@) 12(W),s - -+ e (),
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for all sufficiently large n.

The coupling in Lemma 4.2 includes birth events where no births occur, that is,

Z1 = 0. Given that A < 0o (8 = Auc < o0) and v > 0, it follows that P(Z; # 0) > 0.

Since Z3, Zs, ... are i.i.d., the strong law of large numbers yields
1 as
» z; Liz, 200 — P(Z1 #0) as p — oo, (4.35)
i—
where &2 denotes convergence almost surely. For k= 1,2, ..., let
P
My, = min{p : Z Liz,20y = k}. (4.36)
i=1

Thus M, is the k"' event in B for which Z; # 0. (If B goes extinct then M, has this
interpretation for only finitely many k.) Theorem 3.1 now follows straightforwardly

from Lemma 4.2.

Proof of Theorem 3.1. (a) Recall that T is the total size of the branching process B
and Aezt = {w € Q: T(w) < oo}

Fix w € A¢qy and suppose that T(w) = k < oo. Then there exists h = h(w) < 2k—m
such that Yas, (w) = 0. That is, there are at most k¥ —m birth events (with a strictly
positive number of births) and k death events in the branching process. By Corollary
4.1 there exists na(w) € N such that for all n > ng(w) and I = 1,2,..., Mp(w),
Yl(") (w) =Y (w) and nl(n)(w) = n(w), and hence, for all t > 0, I, (¢t,w) = I(t,w).

(b) Let p satisfy (3.11) and t,, = plogn. Remembering from (3.8) that r = y(Ry—1)
is the Malthusian parameter (growth rate) of the branching process, we take ¢ such

that

r<C<mnd 2P @
P 2(14+a)’ 2+4a ]’

so that ¢ satisfies (4.27) in the statement of Lemma 4.2.

For t > 0, let N(t) denote the total number of (birth and death) events in the
branching process B up to and including time ¢. Then, if N(t,,w) < u, = |n¢| and
(Yh(")(w),n}(l") (W) = (Yn(w),nn(w)) (h=1,2,...,u,), we have from Lemma 4.2 that

sup |I™(t) — I(t)| = 0.
0<t<tn
Give the initial ancestors the labels —(m — 1), —(m — 2),...,0 and label the in-

dividuals born in the branching process sequentially 1,2,.... For i = 1,2,..., let 7;
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denote the time of the birth of the i*" individual with the conventions that 7, = oo
if fewer than ¢ births occur, and 7, = 0 for ¢ = —(m — 1),—(m — 2),...,0. For
i =—(m—1),—(m —2),..., let Gi(s) denote the number of birth and death events
involving individual ¢ in the first s time units after their birth, if s > 0, and let
Gi(s) = 0 if s < 0. Note that G;(s) is non-decreasing in s and G;(co) 2 G +1, where
G is the number of birth events involving an individual and is a geometric random

variable given by (3.4). Therefore for all ¢ > 0,

o0

Nty= > Git—m). (4.37)

i=—(m—1)

Note that N(¢) satisfies the form of Nerman [14], (1.11). It is straightforward to show
that the conditions of Theorem 5.4 in Nerman [14] hold, since E[G(c0)] = (v+Auc)/7-
Therefore, by that theorem, there exists a positive, almost surely finite random variable
W such that

lim exp(—rt)N(t,w) = W(w) >0

t—o00

for P-almost all w € A¢

ext*

It is then straightforward to show, following the proof of
Ball and O’Neill [6], Lemma 2.9, that there exists some P-measurable set By C AS,,,
such that P(B;) = P(AS

ext

) and for all w € By,

lim n™ " N(t,,w) = W(w).

t—o0

Hence, for all sufficiently large n, N(t,,w) < 2W(w)n?" < u,. Finally by Lemma 4.2,
for P-almost all w € By, (4.28) and (4.29) hold, so (3.12) follows. O

Finally, we consider the total size of the epidemic processes and branching processes

with Corollary 3.1 following straightforwardly from Corollary 4.1.

Proof of Corollary 3.1. Let () C Q be the set on which the convergence underly-
ing (4.35) holds, so P(Q) = 1, and fix w € QN Q. Suppose that T(w) = k < co. Then
there exists h = h(w) < 2k — m such that Yy, (w) = 0. By Corollary 4.1, there exists
f(w) € N such that for all n > f(w), Yi(n)(w) =Yi(w) (i =1,2,..., Mp(w)). Thus,
T (w) = T(w) for all n > fi(w).

Suppose instead that T'(w) = oco. Choose any k; € N and let ng(ki,w) be the

number of events in B when the total size of B first reaches at least k;. Then arguing
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as above, with k replaced by k; and h replaced by ng(ki,w), shows that T (w) > k;

for all sufficiently large n. This holds for all k; € N, so T (w) — oo as n — c0. [

5. Proof of Theorem 3.2

5.1. Overview

We present an overview of the steps to prove Theorem 3.2. In Section 5.2, we prove
Theorem 3.2 (a), which states that as n — oo, the probability of a major epidemic
outbreak in £ (the epidemic infects at least log n individuals) tends to the probability
the branching process, B does not go extinct. In Section 5.3, we introduce a sequence
of lower bound random walks, (£(™), which is a key component in showing that a
major epidemic in the discrete epidemic jump process, S, and hence in the epidemic
process £ infects at least 6*n individuals with probability tending to 1 as n — oo.
We provide an outline of the coupling of S and £, via an intermediary process
G and in (5.5) identify the relationship between the three processes with £(™ as a
lower bound in terms of the number of infectives in the epidemic to establish Theorem
3.2 (b). The details of £ are provided in Section 5.4, along with Lemmas 5.1 and
5.2 which provide the main steps in establishing (5.5). Finally, Section 5.4 concludes
with the proof of Theorem 3.2 (b) from which Corollary 3.2 follows immediately.

5.2. Probability of a major epidemic

Under the conditions of Theorem 3.2, the conditions of Lemma 4.2 are satisfied
with a = 1 since E[C?] < oo. The proof of Theorem 3.2 (a), then follows almost
immediately from the proof of Theorem 3.1 by considering the embedded random walk
and discrete time epidemic jump process. From Lemma 4.2, (4.28), we have that that
Y, = (Y1,Ys,...,Y,, ) and Y = (Yl("),YQ(n), .. .,Yu(f)) can be constructed such
that

P(Yz(]i) =Y,,)—1 asn— oo (5.1)

for u,, = [n¢] and ¢ > 0 satsifying (4.27) with a = 1. Hence, we can couple the process

S to R over the first u,, steps and Theorem 3.2 (a) follows, as we now show.

Proof of Theorem 3.2 (a). Since T is the total size of a branching process with m
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initial ancestors, it follows that
P(T >logn) - 1—2" asn — oc. (5.2)

Following the proof of Corollary 3.1, T' < logn if there exists h,, < 2logn — m such
that Yas, = 0. Let Q and Q be as in the proofs of Lemma 4.2 and Corollary 3.1,
respectively, and note that P(Q N Q) =1. Fix w € QN . Then

M210gn) (w) logn < uy,

<5770
for all sufficiently large n, where M), is given in (4.36) and Q and Q are defined in
Lemma 4.2 and Corollary 3.1, respectively, with P(Q N Q) = 1. It follows using
Lemma 4.2 that 1{7w)<iogn} = {7t (w)<iogn} for all sufficiently large n. Thus,
Lir<iogn} — L{rtm <logny converges almost surely (and hence in probability) to 0 as

n — oo. Therefore,
[P(T™ >logn) — P(T >logn)| = |[P(T"™ < logn) — P(T < logn)| =0 asn — oo,

and (3.13) follows immediately using (5.2). O

5.3. Coupling of lower bound random walk to the epidemic

We turn to the proof of Theorem 3.2 (b) and note that we now need to consider
the epidemic process and any approximation over |din| events for some 6; > 0. The
couplings utilised thus far do not extend to |d1n| events in the limit as n — oo.
However, we can still utilise the couplings over the first u, = |n¢]| events. Hence,
given that the embedded discrete epidemic jump process S reaches u,, events without
hitting 0 (the epidemic process £ (") does not go extinct), we can show, following the
proof of Theorem 3.2(a), that, with probability tending to 1 as n — oo, T > v,
where v,, = P(Z; # 0)u, /3. It immediately follows using the coupling in Lemma 4.2
(see (5.1)) that P(T > v,|T™ > v,) — 1 as n — oo. We have that if T > v, then

ming<,, {Yx} > 0 and by the weak law of large numbers

Un

L50 asn— oo

Zi — E[Z]

1
Up,

k=
Hence, under the assumption Ry > 1, which is required for Theorem 3.2(b), we have
that E[Z] > 0 and since Y,,, =m + >, Zj that

v E[Z]
2

P(Yvn > ,kfr<11n{Yk}>0’T>vn) —1 asn— oo (5.3)
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Now (5.3) states that if the branching process B has at least v, individuals ever alive
then with probability tending to 1 the number of individuals alive in B (the position
of the random walk R) after v,, events exceeds v, E[Z]/2 with probability tending to 1
as n — 0o. Combined with (5.1) the same holds true for Yv(:) in £ and S™.

The next step is to show that given the epidemic €™ (S(™) has not gone extinct in
vy, events then there exists 6* > 0 such that, with probability tending to 1 as n — oo,
at least |6*n| events occur in S(™. In order to do this we introduce a lower bound
random walk £(") indexed by the population size n. Lower bound branching processes
(random walks) for epidemic processes go back to [17] and the main idea is along
similar lines to [17], in that we set up the lower bound random walk such that the
number of infectives in the discrete epidemic jump process S(™ is at least the number
of individuals alive in the branching process with embedded random walk £(™) for the
initial stages of the epidemic process.

The key features in setting up £(™) are as follows. Let L,(g") denote the position of the
random walk £(™ after k steps. The random walk £(™) is set identical to the random
walk R for the first v, steps, that is, the distribution of steps are according to Z given
in (4.1). Hence, L(()n) =mandfork=1,2,...,v,, L,(Cn) =Y. Fork=v,+1,v,+2,...,
the steps in £ are i.i.d. according to Z(™ defined below in (5.9), with E[Z()] > 0
so that the lower bound random walk has positive drift. Therefore we can show as
n — oo, that if £ has not hit 0 in the first v, steps when it is coupled to R, and
hence, reached LS =Y, > v,E[Z]/2, c.f. (5.3), it will with probability tending to 1
not hit 0 in the first [d1n] steps for 6; > 0.

It is difficult to directly couple S and £(™) owing to differences in the distribution
of steps caused by the changing rate of events in £, and hence, the probability of
events occurring in S(™. Therefore, we introduce an intermediary process G™). The
intermediary process G is a bivariate (epidemic) process, indexed by the population
size n, whose steps are state dependent, with the dependence corresponding to the num-
ber of susceptibles and infectives in the population. For k = 1,2,..., let (A](Cn), G,(c"))
denote the state of G after k steps (events) with A,(c") and G,(c") denoting the numbers
of susceptibles and infectives, respectively. For the first v, steps, G(™ is set identical
to S so that for k = 1,2,...,vp, (A,(Cn),GECn)) = (X,g"),Yk(n)). After v,, steps have

occured in both G and S we allow the two processes to differ as follows. The
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process G(™ is associated with an epidemic-type process, Sé"), which has a higher rate
of events than the epidemic process £ but in such a way that the additional events in
Eén), which do not occur in £, are infection events where no infections occur. In this
way we can construct Eé") from £ so that all events in £ occur in Eé") but that
there are additional ghost events which occur in Egl) where there is no change in state
(no infection or removal occurs) and the only change is to increment the counter of the
number of events. Similarly, we can reverse this process and generate £ from €én)
by eliminating, with an appropriate probability, some of the events where no change

in state occur. Therefore, for k = 1,2,..., there exists x, (k) < k such that

(X;(:L)(k)’ Yéfgk)) = (A;(:)a Gz(gn)) (5.4)

Note that for k = 1,2,...,v,, kn(k) = k.

We couple G and £ such that, with probability tending to 1 as n — oo, we have
that G,gn) > LE:") for k=1,2,...,|01n], where d; > 01is given in (5.7). That is, for the
first 011 events, the number of infectives in the process G(™ is at least the number of
individuals alive in the random walk £(™). Tt then follows that, for k = 1,2,...,|61n],

we have
vy =ap>rL (5.5)

with probability tending to 1 as n — oo. The proof of Theorem 3.2 (b) follows almost
immediately after we have established (5.5).

5.4. Lower bound for the size of a major epidemic outbreak

In this section we formally define the lower bound random walk £("). Then, in
Lemma 5.1, we show that £(™ has positive drift so that after |01m| steps, we have,
for some & > 0 (defined in (5.10)), that L(&)HJ > on with probability tending to 1 as
n — oo. This is followed by the construction of G We show that whilst fewer than
[01n| events have occurred the number of susceptibles (with high probability) remains
above (1 — €1)n, where €¢; > 0 is given in (5.7), which enables us in Lemma 5.2 to show
that the inequality in (5.5) holds with probability tending to 1 as n — oco. We then
establish the equality in (5.5) through the coupling of S and G, with the proof of

Theorem 3.2 (b) following.
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By (4.18), we have, for all (z(™),y(™), that ¢ (z(™, y(™)) < )\u(cn) = B say.
Since Ro > 1, and by (3.9), E[C(C — 1)v(C)] < oo, we can define

_ (Ro — 1)y
= ZECC o] " (5:6)

We can then fix §; and €; < € such that

0<d < q%. (5.7)

Throughout the remainder of the section we assume that §; and €; satisfy (5.7). For

n=12...,andw=1,2,....,n—1, let

(" = max { A Sl (@me(wie = 1,1)[1 - 261 (c — 1), o} (5.8)

c=w+1

and w(()") =1- 22;11 1(,"). Note that there exists ng € N, such that for all n > ng,
2¢1[n/2]| > 1, and hence, S =0 for all w > [n/2]. We define

() 4 (n)
6 ww J— 1 2

P10 w=12...,n—1,
g (1 _ -l ¢§n)) w—
P(Z™ =) = y+Bm) 2ot Vi ’ (5.9)
v+73<"> w=-1,
0 otherwise.
Let Zq():l-p ZAq():l_Q, ..., be i.i.d. according to Z(™ given in (5.9). Then given L = Yo,

for v, +1 < k < |01n], we set
K -+ 20

Lemma 5.1. Let b, be any sequence of positive integers such that b, — 0o asn — 0.

Let 6, satisfy (5.7), and § satisfy

(Ro — 1)y — 261 AE[C(C — 1)v(C)]

0<d<d , 5.10
' v+ Auc (5.10)

where €1 < € ensures that the right-hand side of (5.10) is positive. Then
p (L(ngnj > Lénj,gr;lvn {LEC") > 0} ‘LEZ) > bn) —1 asn— oo, (5.11)

where v, = P(Z1 # 0)u, /3.
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Proof. Using (5.9) and (5.8),

R (n)wn
E[Zz™] = - w
7] ’Y+5(” wZ::l v+ B

Y

%Lﬁ { %szl)\ Z epl™ ()me( —1,1)[1—261(c—1)]”

c=w+1

1
= o) {'er)\Zcpgl)(c) Z wre(w;ec—1,1)
v+ c=2 w=1

n c—1
7261)\2 clc— 1)pgb) Z wre(w;e— 1, 1)}
=2 w=1
1

= 5w {7+ ABICTI(C)] = 26 XE[CC) (C) — 1)p(C)]}.

Recall the expression (3.6) for Ry and that by (3.9), E[C(C — 1)v(C)] < oco. Since
AE[C™y(C™)] = Ryy and B — B = Auc as n — oo, we have that

lim inf B[z ] > (o = D7 = 26AB[C(C = Dy(C)]
e - Y+ Auc

>0,

where the final inequality follows from (5.10). It also follows from (5.8) that /3 M) <
A it cp(c?)(c)ﬂ'c(w; c—1,1), forallw=1,2,...,n—1, so

E[(Z™)?] < il - n Z w2\ Z cpC o)me(w;c—1,1)
v+ B¢ ) v+ 5( ot

1 n

= S IAE[C™] {7+AZcp(c>(c) szm(w;c— 1,1)}
1 n

= ’H>\E{7+)‘2 () Zuﬂrc ,1)}
. -

T Y AE[C™] {7y +2BICT ()~ Drc™))}

C

where E[C(C — 1)v(C)] < oo ensures that the right-hand side of (5.12) is finite.

Let z, be the probability that the random walk £(™ ever hits 0 given L( ) = 1. Since
liminf, o E[Z™] > 0 and sup, E[(Z(™)?] < oo, it follows from Ball and Neal [4],
Lemma A.3, that limsup,,_, 2, < 1. Therefore, for any b,, = oo as n — oo, we have

that zb» — 0 as n — oo. Moreover, for sup, E[(Z(™)2?] < oo, it follows by the weak
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law of large numbers for triangular arrays (e.g. Durrett [9], Theorem 2.2.4) that

[61n]
1 N N
l=v,+1
Hence, for any b, — oo and ¢ satistying (5.10), we have that (5.11) holds. O

Turning to the intermediary (ghost) process G we define independent random
variables W,En) (™ y™) (k = v, + 1,0, +2,...) to define the transitions given the
current state (A, G = (2™ y(™)) after event v,. For k = v, + 1,v, +2,..., let
W,in)(x(”), y(™) satisfy

(n) (1) 4 (1)
M @™y w) w=1,2...,n—1,

y+Bm)
B _ =1 () (5 () 4y w =0
n n n (n) -
POV @y =wy =9 (5.13)
eI w=—1,
0 otherwise.

Then for (A,(Ji)l, G,(Ji)l) = (2™, y(™), we set

(A, Gy = @) =W (), y ™) W @, y).

L @ o201 Y

The continuous time epidemic-type process Eén) is constructed from G™ as follows.
If G,(cn) = y(™, then the time from the k** to (k 4 1)** event is drawn from Exp((y +
By (™) regardless of A(™ the number of susceptibles. Therefore, if there are y(™)
infectives in the population, mixing events occur at rate Sy with the number of
individuals infected in such a mixing event depending on the number of susceptibles,
A,

We consider the coupling of G and £ in Lemma 5.2 before finalising the coupling
between G(™ and S™).

Lemma 5.2. There exists a coupling of G and L™ such that, for any 81 satisfying
(5.7),

[61n]
P ﬂ {G,(cn) > L;C")} —1 asn— oo. (5.14)
k=1
Proof. By construction of G and £(™ and Lemma 4.2, (4.28), we have that with
probability tending to 1, G,(cn) =Y, = L,(Cn) (k=1,2,...,0).
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The first step is to show that P(A(ngnJ > (1 —€1)n) — 1 as n — oo, which since
A,g") is non-increasing in k, implies that, for all k = 1,2,..., [d1n], Agcn) > (1—er)n,

with probability tending to 1, as n — oc.

It is straightforward to show, for all (z(™),4(), that W) (z(™) 4(™)) is stochasti-
st ~ ~
cally smaller than (<) a random variable W) where P(W (™) = —1) = v/(y + ™)
and for k=1,2,..., PW™ = k) = gWP(C™ =k +1)/(y 4+ ™), with

(n)
cpg (€) _
HC(”) c=2,3,...

0 otherwise.

Note that C(™ is the size biased distribution of mixing group sizes and for ¢ > 2,
P(W( = ¢ — 1) is the probability an event is a mixing event multiplied by the
probability a mixing event involving a given infective is of size c. It is then assumed a
mixing group of size ¢ involving an infective produces ¢—1 new infections, the maximum

number of new infections that can be produced from a mixing group of size c.

LR (n)
The proof that W) (z(™ () < W) is as follows. Remember that Q¢ (1, i|z(™), 3(™),

defined in (4.2), is the probability that a mixing group of size ¢ in a population of size
n containing (™ susceptibles and y(™ infective contains ! susceptibles and i infectives.
Note that for v > 0, the probability that such a mixing group results in v new infectives,
7.(v;1,4) is not equal to 0 only if i > 0 and v < I. Given that if there are y(™ infectives

in the population, the probability that a mixing group of size ¢ includes at least one
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infective is at most cy(™ /n, and therefore for w =0,1,.. .,
(W(” (@™, y™)) > w)

1 n—1
pErE o) Z g™ (™) 4™ )

S S O Qe i e e i

v=w c=v+1 ¥

n

c—1
1 n nA n ) (n .
:W > P3O S QM (e — i jiifa™, yt >>{ch<v;c—z—;,z>

(n
c=w+1 Yy ] v=w

n)\ cy™
< v+ 5(71 Z p y(n) X n

c=w+1
AN L
=—"y D, @’ ()
’Y+ﬁ( ) c=w+1

(n) n

Z P(C™ =¢)=P (W(") > w) ,

c=w+1

_ e
C oyt 8™
as required.
Hence, we can couple {W{™ (A G\ )} and {W™} such that for all k = v, +
v, +2,...

ngn)(A,(Cn)p G(n) )< Wén)

Recall that E[(C™)2] — E[C?] as n — 0o where E[C?] < co. By the weak law of large
numbers for triangular arrays, we have that

[61n]

B 2
S oy BET]  inoo (5.15)
Mt Yy+B v+ B8 pe

1
[01n] — v,

where the right-hand side of (5.15) is less than E[C?]/uc. As noted at the start of the
proof, G;c") =Y, = Lgc”) (k=1,2,...,v,) with probability tending to 1 as n — oo,
where Y, = m + Z?:l Zj. Therefore, for any e, satisfying 6, E[C?]/uc < €2 < €1, we
have that

Uy

P (A > Ameom) = P (Ime D11 @ e oo () {6 =vi= 1)

j=1 k=1

[d1n]
xP Z |V~Vén)|§62n —+1 asn— oo
k=v,+1

}
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In Section 4.3, we showed that, during the early stages of the epidemic, the con-
tribution to the spread of the disease from mixing events containing more than one
non-susceptible individual is negligible, and whilst the number of susceptibles remains
above (1 — ¢;)n we can similarly bound the contribution from mixing events with
multiple non-susceptible individuals. Following the proof of Lemma 4.1, we have for
w=1,2,...,[n/2] that ¢ (™ y(™) w) > qgn)(x(”%y(”),w), and using (4.12) and
(4.13), for (™ > (1 — ¢)n, that

[n/2]
q§n)(x("),y(n)7w) > n)\ Z p(") n) {1— 2(e nl)eln] me(w;ec—1,1)
c=w+1
[n/2]
= A > ()1 - 2(c - Der] me(w; e — 1,1)
c=w+1

> By

for all sufficiently large n, as for such n, wq(un) = 0 for all w > [n/2]. Hence, for k =
U+ 1,0, +2,...,|81n], provided A,(Ji > (1 — €1)n, we can couple W(”)(A,(;i)l, G;@J
and Z,(C"), defined in (5.13) and (5.9), respectively, such that

2" WA, 6,

for all sufficiently large n. Specifically, we couple deaths (downward steps) in £(™ with
removals in G| so W,gn)(A,in_)l, G,(:L_)l) = —1if and only if ZA,iﬂ) =—-1. Forw=1,2,...,
i W,gn) (A,(!i)l, G,(Ji)l) = w then we set Z,gn) = w with probability wq(un)/q(") (™), 5" )
and set ZA,gn) = 0 otherwise. It then immediately follows, provided A(Lgl)n | > (1—e€1)n,
for k =wv, +1,v, +2,...,[d1n], by induction that

G =G WA G 2 L+ 40 = 1,
and (5.14) holds. O

The final step is to couple S to G, By definition, the processes S(™ and
G coincide for the first v, events, so (X 5:),1/(”)) (Agﬁ%Gé?). Remember for
k= v, + v, +2,...,]01n], that k,(k), defined in (5.4), denotes the number of
events that have occured in S up to and including the k** event in G with
by definition ,(v,) = v,. It is helpful to consider the epidemic processes &£

(S™) and Sgl) (G™) and to note that the rate at which events occur are {7y +
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SonZ 1q(")(z(” y™ )}y and {y + B}y respectively. Therefore, the rate at
which an event which results in w = 1,2, ..., n—1 infections occurs when the population
is in state (z(™, (™) is ¢ (2, y(™ 1)y in both £ and Sén). Similarly, the rate
at which a removal occurs in state (z(™,5() is yy(™). Thus the only difference in
event rates is for infection events which produce no infections where the rates are
g™ (2™ y(™ 0) and B — 22;11 g™ (2™, y™ v) in £M and Sé"), respectively.
Hence, if W,gn)(Agi)l, Ggi)l) #0, we set kp(k) = kn(k— 1)+ 1, and

(n) _ (n) (n)( g(n)  ~(n)
Xy = Xo -y~ Wi (42 G201 w{m(AM el )} (5.16)
Yn(jzk) = Ym(:()k—l) + ngn)(Al(cTi)N Gl(c@l)'

That is, each event which leads to a change in the state of the population in Sén) (G™)
has a corresponding event in £ (§(). Similarly, if VV(TL)(A,(C )1, G,(Cn)l) = 0, we set
tin(k) = kn(k—1)+1 with probability ¢ (z(™, 3™ 0)/{s™) > q(”)(m(") y™, v)}
and (5.16) holds with (X", Ys, ) = (X\"}_1),¥,"_1)), and with probability

tin(k) = kin(k — 1) corresponding to no event in £ (S) and a ghost event in f,én)
)-

(G™). Thus there exists #,([01n]) < [611) such that

) o

Y oin)) = Gloin)- (5.17)

Proof of Theorem 3.2 b). Let v, = |logn| and u, = |3v,/P(Z; # 0)], so (un)
satisfies the conditions stated in Lemma 4.2. Let € satisfy (5.6), and fix d; and ¢; < ¢
such that 0 < §; < e1uc/E[C?] (satisfy (5.7)). It follows from (5.3) that, for Ry > 1,
E[Z] > 0 and for T > v,, with probability tending to 1 as n — oo, Y, > v,E[Z]/2.

Given 6 > 0 satisfying (5.10), it follows from (5.17) and Lemma 5.2 that with
probability tending to 1 as n — oo; for all k = v, + 1,0, +2,..., |[01n],

™) _ a0
Yy =G = L.

By setting b, = v,E[Z]/2 in Lemma 5.1, it follows that, as n — oo,

(n) . (n) (n)
’ (YN"(MIM) = LénLvnSkgiI(l\_&mJ) {Yk } > O‘ ™2 U") -1 (5.18)

Given that 7(") > Y. (16:n))> (3.14) follows immediately. O

Finally, note that Corollary 3.2 follows immediately from (5.18) as sup;~q [ ™) (t) >

Y, (loin))-
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6. Concluding comments

As noted in the introduction, the aims of the paper are to provide a rigorous
justification for the approximating branching process introduced in Ball and Neal [5]
and a proof of a key result (Theorem 3.2 of this paper) required for a central limit
theorem in [5] for the size of a major outbreak for epidemics with few initial infectives.
The latter clearly requires a limit theorem. A common approach to justifying rigorously
a branching process approximation is also via a limit theorem but for practical purposes
it is often useful to have information concerning the accuracy of the approximation for
finite population size n, as given for example by a bound on the total variation distance
between the epidemic £ in a population of size n and the limiting branching process
B. A detailed analysis of such accuracy of approximation is beyond the scope of the

paper, so here we make a few very brief comments.

Recall from Section 4.5 that H,, denotes the first event at which a mismatch occurs
between the embedded discrete jump processes of £ and B. It follows immediately
from results in the proof of Lemma 4.2, using notation in that lemma and its proof,

that

P(Hn < un) < P(A7 ) +P(A7 1) + P(A7 2), (6.1)

thus yielding a bound on the total variation distance between £(™ and B over the first
uy, events for quantities that do not depend on the times of those events. The latter
can be included by adding P(A, 3) to the right-hand side of (6.1). Bounds for P(Af, ;)
(i = 0,1,2,3) can be obtained using results given in the proof of Lemma 4.2. For
approximation purposes a source of inaccuracy can be removed by using a branching

process defined analogously to B but with C replaced by C'().
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