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In recent years there has been a surge of interest in what has come to be known as the “universal

relations” between various global properties of neutron stars. These universal relations are equation of state
independent relations between quantities such as the moment of inertia /, the tidal deformability or Love
number 4, and the quadrupole Q (I-Love-Q relations), or the relativistic multipole moments (3-hair
relations). While I-Love-Q relations have been studied extensively in both general relativity and various

alternatives, 3-hair relations have been studied only in general relativity. Recent progress on the definition

of the multipole moments of a compact object in the case of scalar-tensor theories allows for the study of
3-hair relations in modified theories of gravity. Specifically, the aim of this work is to study them for
scalarized stars in scalar-tensor theories with a massless scalar field that admit spontaneous scalarization.

We find that the 3-hair relations between the mass and angular momentum moments that hold in general

relativity hold for scalarized stars as well. The scalar moments also exhibit a universal behavior, which is
equation of state independent within one specific theory, but differs between different theories. Combining
astrophysical observations one can in principle measure the different properties of scalarized neutron star

and tell different theories apart.

DOI: 10.1103/PhysRevD.99.104014

I. INTRODUCTION

Neutron stars have been studied extensively in Scalar-
Tensor Theories (STT) of gravity. In contrast to black holes
that do not possess scalar hair in these theories [1-3], for
neutron stars the matter acts as a source of the scalar field
and supports nontrivial scalar configurations. The simplest
class of STT, Brans-Dicke theory, always leads to the
development of a nontrivial scalar field for all matter
configurations and the differences with general relativity
(GR) can be considerable. This is actually a disadvantage,
as Brans-Dicke theory deviates from Einstein’s theory of
gravity in the weak field regime where GR is tested with
very high precision. Hence, weak-field tests can already
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place tight constraints that leave little room for strong-field
deviations. This argument can be circumvented in a specific
class of theories that are perturbatively equivalent to GR in
the weak field regime but exhibit significant deviations in
the strong field regime [4]. In particular, neutron stars in
such theories can exhibit spontaneous scalarization.' The
essence of spontaneous scalarization is that, once a star
exceeds a compactness threshold, it is energetically more
favorable to develop a nontrivial scalar configuration [4,9].
Scalarized neutron stars have been examined further
[10,11] including slow [12-15] and rapid [16,17] rotation.
The interest in theories that exhibit spontaneous scalariza-
tion is justified by the fact that it is the only known
mechanism of restricting deviations of gravity to the strong
curvature regime, while leaving weak curvature solution
unmodified.

'As a matter of fact very similar phenomenon of scalarization
is observed also for black holes in scalar-tensor theories in the
presence of nonlinear fields [5-8].
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As in GR, the properties of neutron stars in STT depend
on the specific equation of state (EOS) that one selects to
describe their interior. The various uncertainties in the
microphysics result in a proliferation of EOSs. The proper-
ties of the star and the relevant observables depend both on
the choice of the EOS and on the theory of gravity and these
dependencies appear to be degenerate. That is, using a
different theory of gravity, such as STT, is hard to
distinguish from changing the EOS. A way around this
problem has already been proposed and continues to be
developed in the form of universal, or EOS independent,
relations between various quantities that characterize the
structure of neutron stars (for some recent reviews see
[18,19]). Such universal relations have been studied in STT
as well, though not as widely as in GR. A particular class of
the universal relations that has been studied in GR but not
in STT are the 3-hair relations between the multipole
moments of a neutron star (for the results in GR see
[20-22]). The goal of this work is to extend the GR results
on 3-hair relations to the case of scalarized stars and to
explore the possibility of having a universal description of
the moments of the additional degree of freedom, i.e., the
scalar field. We will also explore how the scalar moment are
related to observables and whether we can use such
observables to put constraints on the parameters of the
STT, as well as the degree of scalarization of a neutron star.

Since the class of STT discussed above cannot be
constrained by the weak field experiments, one has to
use observations involving strong field effects, such as the
gravitational wave emission of neutron stars located in
close binary systems leading to shrinking of their orbits.
These observations pose strong constraints on the theory
[12] and the latest results lead to tight bounds on the free
coupling parameters [23,24]. Thus, the nonrotating and
slowly rotating scalarized neutron stars do not differ
significantly from the GR case and it would be very
difficult to probe the presence of a scalar field. Only the
rapidly rotating case can lead to larger deviations from the
nonscalarized solutions [16]. This motivates an investiga-
tion of the universal relations for rapidly rotating stars,
which is the focus of this paper.

We should note that there is another way to evade the
strong constraints coming from the binary pulsar observa-
tions, namely the inclusion of nonzero scalar field mass.
This would lead to a finite range for the scalar field of the
order of its Compton wavelength and can reconcile the
theory with observations for a much larger range of
parameters. Nonrotating neutron stars in massive STT were
examined for the first time in [25,26] and the results were
extended in [27] and [28] for slow and rapid rotation
respectively. The studies indeed showed that the neutron
stars can differ dramatically from the pure general relativistic
case. Defining the multipole moments in these theories is
more complicated though and we will leave it for future
studies.

The rest of this work is organized in the following way,
Sec. II gives a brief description of the formalism for
construction neutrons stars in STT, while Sec. III gives a
brief description of the calculation of the moments.
Section IV presents the results on the various universal
relations between the multipole moments, and Sec. V
discusses how the various relations could be used to extract
information about the moments and the particular STT
from observations. Finally, we end with our conclusions.

II. STARS IN SCALAR-TENSOR THEORY

The general form of the Einstein frame action in STTs
with a massless scalar field is [29-31]

_ 1 4 v
S = 162G / d*x\/=g(R — 29" 0,¢0,9)

+ S W A2 () 9] (1)

where G, is the bare gravitational constant, R is the Ricci
scalar curvature with respect to the Einstein frame metric
9uv» the matter fields are collectively denoted by ¥, and
their action is §,,. In the Einstein frame the scalar field ¢ is
directly coupled to the matter via the function A(¢). This
function plays the role of a conformal factor that relates the
Einstein frame metric g,, to the Jordan frame metric
Guw = A*(9)g,,- By definition, the matter fields couple
minimally to the Jordan frame metric and this guarantees
that the weak equivalence principle is satisfied. We have
chosen to work in the Einstein frame, as in this frame the
field equations have the same structure as in GR and this
simplifies calculations. Moreover, the multipole moments
presented below have been previously defined and calcu-
lated in the Einstein frame [32]. We stress that any physical
quantities in the Jordan frame can be expressed in terms of
these moments [33].

In what follows we use geometrical units ¢ = G, = 1
and the dimensional quantities are given in km. We will
focus on stellar configurations that are stationary and
axisymmetric and we will describe the matter in the
Einstein frame as a perfect fluid with pressure p and
energy density €. The spacetime metric can then be written
in the following general form

ds? = —e*7d 4 er7 Psin0(dp — wdr)?
+ e2*(dr* + r*de?). (2)

All metric functions y, ¢, w and a, as well ¢, p and ¢, will
depend only on the coordinates r and 6. For numerical
calculations it is more convenient to use the angular
coordinate u = cos @ instead of 6. Using our ansitze, the
field equations that one obtains from varying the action
with respect to the metric take the form
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+ [+ (1= )0y}

X {% [r0,(rd,y) + r2(0,7)* = (1 = u?)(0,7)* = D, l(1 = ?)0,y] + pdyy] X [—p + (1 — p)0,7]

1
+lnt (1 — u?)0,y] x

+purd,y[l +rdy] = (1

30 =+ (1= 22,7 0,0

+2(1 = u?)r*0,wd,w(1 + rd,y)] },

where the differential operator A is defined as

2p

1 1 —u?
Az@%—ﬁ—;ar 5 ,,—78”. (7)

The last field equation (6) for the metric function « is of
first order compared to the second order field equations for
the rest of the metric functions. The field equation for the
scalar field is

1 —pu?
Ap = =070, = —5—0,y0, + 4xk(p)(e = 3p)e™.

(8)

The above system of equations has to be supplemented
with equations that describe the dynamics of the fluid,
namely the equation for hydrostatic equilibrium and the
equation of state (EOS) for nuclear matter. The latter is a
relation between pressure and energy density and we
impose it in the Jordan frame, since the matter couples

[P0,y + 0,0)* = (1 = 1) (D7 + 9,0)* + 4r* (9p)*

1
—12)r(1 +rd,y) {8;48,3/ + 0,70,y + 5

—4(1 = u*)(0,9)%

5 D7 +0,0)(D,7 + 9,0) + 20,00,

- (1 = p?)(0,0)°]

(6)

|
minimally to the Jordan frame metric. This minimal
coupling also implies that the fluid will satisfy the usual
conservation laws in terms of the Jordan frame variable, p
and €. The equations above have been given in the Einstein
frame and p and ¢ are related to p and € as follows

e = Ap)g,
p=Ae)p. 9)

One can use these relations to express the EOS and the
equation for hydrostatic equilibrium in terms of p and € in
order to work exclusively with Einstein frame variables. We
find it more convenient to work directly with p and €.
Hence, in the numerical implementation we use Egs. (9) to
express p and ¢ in terms p and £ in all the equations above
and we express the equation for hydrostatic equilibrium in
the form

9;p
E+ P

— [0:(Inu') — u'u,0,Q — k(p)0;0] =0,  (10)
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where we have introduced the coupling function
k(¢) = dIn(A(ep))/dp. The Einstein frame four velocity
u* is defined as

e_((H’Y)/z
V1—2?

where the proper velocity is v = (Q — @)rsinfe™ and Q
is the fluid angular velocity Q = u?/u'.

What is left to be fixed then is the particular form of the
Einstein frame coupling function. We will work with the
standard choice k(@) = i where f§ is a constant. One of
the most important properties of this class of scalar-tensor
theories is that it is perturbatively equivalent to GR in the
weak field regime, while in the strong field regime non-
linear effects lead to nonuniqueness of solutions and
spontaneous scalarization [4]. In the calculations below
we will allow also for nonzero background value of the
scalar field ¢, in some cases.

We solve the field equations using a modification of the
RNS code (see [34] for the original GR version of the RNS
code while the STT extension can be found in [16]). This
code is based on the Komatsu, Eriguchi, and Hachisu
(KEH) method [35] with certain modifications introduced
in [36]. A key property of this method is that the field
equations are presented in an integral form. This turns out
to be very useful for the calculation of the multipole
moments, as explained in the Appendix.

ut = [1,0,0,9], (11)

IT1. MASS, ANGULAR MOMENTUM AND SCALAR
FIELD MOMENTS IN SCALAR-TENSOR THEORY

Here we give a brief description of the framework and
the general results for the moments in the Einstein frame
[32] for a STT with a massless scalar field. More details on
the particular calculation of the moments employed in the
RNS code can be found in Appendix, while a general
review of the calculation in GR can be found in [19].

When discussing the multipole moments it is more
convenient to use the following form of the metric that
is written again in quasi-isotropic coordinates similar to the
metric used by the RNS code (2), but with the new
functions B = ¢’ and v = (y + 6)/2, i.e.,

ds* = —e®dt* + r’sin’0B%e % (dp — wdt)?
+ > (dr* + r’do?). (12)

The field equations for this metric are directly related to the
ones given in the previous section, i.e., Egs. (3)—(6). Note
that the Einstein frame field equations (3)—(5) are identical
to their GR counterparts2 (given in [36]), while Eq. (6) and
the equation for hydrostationary equilibrium (10) have
some additional contributions involving derivatives of the

“This is true only if there is no potential for the scalar field.

scalar field 0;¢. Therefore, as discussed in more detail in
[16,32], in the case of a massless scalar field the multipole
moments can be calculated in the same way as in GR with
scalar field corrections entering through the Ricci tensor
and the equation for a, i.e., Eq. (6). Similarly, the vacuum
field equations for the metric functions v, B and @, which
are used to define the moments, are the same as in GR and
can be found in [37]. One can easily show that the
asymptotic expansion of the metric functions and the scalar
field admits the following ansatz in terms of the Legendre

polynomials P;(u), their derivatives de’—}i”), and the
Gegenbauer polynomials Tll/ 2(/4),3
V= Zﬂzz(r)le(ﬂ), (13)
1=0
o dPy_ (1)
w = Wy (1) ———, 14
; 21-1(7) dn (14)
B=1+Y Bu(nNTy’(n). (15)
=0
¢:Z(52n(r)Pzn(ﬂ)~ (16)
n=0

where the coefficients in these expansions are of the form

_ = Uk
oy (r) = ZW (17)
k=0
- = W1 k
w2l—1(r) = Z r21+1+k ’ (18)
k=0
_ B
By(r) = rTilz’ (19)
_ ®,,
2n(r) = r2n2+1 (20)

The calculated multipole moments of the spacetime are
combinations of the expansion coefficient in (17)—(20) (see
discussion for the GR case in [19]) and below we give
explicitly the first few multipole moments using the
formalism developed in [32]. We should note that even
though the calculation of the metric coefficients (17)—(19)
is the same as in GR, the coefficients in the scalar field
expansion enter explicitly in the multipole moments
given below.

3We draw the reader’s attention to the definition for the
Gegenbauer polynomials given in [37], which might be different
in other sources in the literature.
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Mass (monopole):
M=My=-vy (21)
Scalar monopole:
Wy = Dy (22)

Angular momentum (dipole):

=5, =210 (23)
Mass quadrupole:
4 L, ug 0
M, = §Bovo.o 3 Diropo + =3 L0 (24)
Scalar quadrupole:
1 @}
W2 = _g(DOyOO_BOq)O_T—'_(DZ (25)
Spin octupole:
6 3 3 3(03’0
S3 = —gBoCl)]’o _EU(Z),OO)I,O —E(D%wl,o +T (26)
Mass hexadecapole:
10 32 16
My = - 730‘1’(2)’/0,0 - iBo’/g.o - ?B(z)l/o 0
64 24 38
+ 35 By + 7301/2,0 105 (D(z)’/g,o
19 2 6
~ 105 Divoo + 7 DDy + 7 D0
3 19 8
+ 70 Vo.ow%,o - Ev&o + 71/2,01/5,0 -y (27)
Scalar hexadecapole:
26 38 19
W4 = ﬁBOq)OV%.O + ﬁ (I)gl/(z).o + E (I)()l/g’o
6 3
7 Dorpora0 — 7 q’z’/%,o 70 ‘Dow%,o
8
+ 5Boq>g + 2B3®) — B,®, — 3B, @,
199 8
T50—7<1>2<1>g + @, (28)

Spin 23-pole:

104 1 24
Ss = 530%,00)1,0 + 73()‘1’30)1,0 + 733‘01-0
32 20 25
- 532601,0 - ?Bow&o + 63 (D(Z)V%,OC‘)LO
25
+ 1—261/3,0601,0 B X K gV%,oa’&O
25 5 5
+ 26 (I)ga)l’o —3 ‘1)(2)603,0 51 DO, Dy o
’;
Wiy Sws
__10 , 29
28 2 @)

These are all the nonzero multipole moments up to S5 for
a stationary and axisymmetric spacetime with equatorial
symmetry and in the presence of a scalar field with the same
symmetries.

As emphasized earlier already, these moments are the
Einstein frame moments. Defining the moments in the
Einstein frame is straightforward, while attempting to do so
in the Jordan frame appears to be significantly harder. The
Jordan frame is related to the Einstein frame through a
conformal transformation that depends on the scalar field.
In terms of the multipole moments, a conformal trans-
formation of the metric would generally result in a mixing
of the moments, with the new moments being combina-
tions of the old ones. This is clearly not an essential
redefinition of the multipole moments. In our specific case
we would additionally have the mixing of mass and angular
momentum moments with scalar field moments, due to the
conformal factor being a function of ¢. Any physical
quantity that one would wish to express in term of some
Jordan frame moments (assuming that they can be rigor-
ously defined), can be always reexpressed in terms of the
Einstein frame moments, using the relations between
Einstein and Jordan frame variables. A further advantage
of the Einstein frame moments is the following. In the
context of STT the functional form of the conformal factor
A?(g) is specific to a theory or a class of theories and can
be parametrized in terms of appropriate parameters or
coupling coefficients of the theory. In the selected formu-
lation, these coupling coefficients of a specific theory
appear as the coefficients that mix the Einstein frame
moments, instead of being hidden in some Jordan frame
moments. This gives a more transparent handle on a
specific STT (see e.g., [33]). Therefore, while the choice
made here does not lose in generality, it can be further
argued to be multiply advantageous.

As a last note, we mention that below we will use the
reduced moments defined as,

_ M
M2n = (I)Zn K o

J2nM2n+l ’ (30)

and
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s
\2n 2n+1
(i) W (31)

S2n+l =

where n >0, i is the imaginary unit, and j =J/M?. A
similar normalization will be used for the scalar moments,
but this will be further explained in the following section.

IV. EOS INDEPENDENT BEHAVIOR OF
SCALARIZED STARS

To explore the existence of universal relations between the
various moments of scalarized stars, similar to the 3-hair
relations between the moments in GR, we have constructed
sequences of scalarized models using various EOSs. For
these stars we have calculated the mass and angular
momentum moments up to M, as well as the scalar moments
up to W,, following the procedure outlined in the previous
section and the expressions given there. While the mass and
angular momentum moments can be directly compared to
their GR counterparts, the scalar moments do not have a GR
counterpart and are in this sense novel features.

We use several equations of state in order to cover a wide
range of stiffness. These are the APR4 [38], SLy4 [39],
A [40], FPS [41] and the zero temperature limit of the Shen
EOS [42,43]. APR4 and Sly4 are modern realistic EOS that
are in agreement with the observations. EOS A and FPS are
too soft and already excluded by observations, as they do
not reach two solar masses [24,44]. The Shen EOS does
reach the two solar mass barrier, but it is stiffer and leads to
somewhat larger radii, so it is disfavored by observations
[45-47]. We have included softer and stiffer EOS even
though they are ruled out or disfavored, as our main goal is
to demonstrate the universality of the relations given below.
Hence, it is instructive to use a broader set of EOS in order
to verify that this universality is not simply a residual effect
from considering EOSs with very similar properties.

The scalarized models have been constructed assuming
values of f in the range between —4 and —10 covering a big
part of the parameter space. We should note that the current
observational limit is f > —4.5 [24,44] for theories with a
massless scalar field. Nevertheless, we have again decided
to include larger values of ||, to demonstrate that the
universality persists for significantly scalarized stars and it
is not an artefact of very weak scalarization. It is worth
mentioning that considering values of # lower than —4.5 is
justified if one includes a mass for the scalar field. In that
case, the scalar field is confined within its Compton
wavelength and therefore, for large enough scalar field
masses, the emission of scalar gravitational radiation is
suppressed and binary pulsar observations cannot set as
tight constraints on the parameter f [25-27] as in the
massless case. One should note however that defining the
multipole moments in the case of massive scalar field is
much more involved because of the finite range of the
scalar field and its exponential decay at infinity. This
remains an open problem which we plan on addressing

in future work. One more issue we should address at this
point is that of the asymptotic value of the scalar field,
which in the class of models that we are investigating, is
constrained to be almost zero by observations. Never-
theless, we have also calculated models with a nonzero
asymptotic value of the scalar field ¢, in order to have a
more complete investigation of scalarized stars. For these
latter models we have used a somewhat larger value of ¢,
(i.e., g = 0.03), similar to previous studies [48], in order
to have a better assessment of how that would affect the
behavior of the universal relations.

For the particular choice of the coupling function the
field equations are invariant under the transformation
@ — —@. Thus the neutron star solutions with opposite
signs of the scalar field are otherwise indistinguishable
(e.g., the metric functions describing the two solutions are
the same). Therefore, in the presented results we have
chosen arbitrarily one particular sign of ¢ and normalized
the scalar field multipole moments accordingly. In any
case, solutions with the opposite sign for the scalar field
also exist and would simply result to scalar moments with
an opposite sign.

We now proceed with the presentation of our results. Our
first results concern the mass and angular momentum
moments of scalarized stars and their behavior with respect
to their GR counterparts. These results are shown in Fig. 1,
where we have plotted S5 against M, and M, against M.
The figures include models within the full range of the S
parameter that we have used both zero and nonzero
asymptotic values of the scalar field.

As shown in Fig. 1, the S5 — M, and M, — M, relations
of GR [20,22] hold for scalarized stars as well. It would be
useful at this point to contemplate on this very interesting
result. Considering the Einstein frame multipole moments
as GR moments with some additional corrections due to the
scalar field, one might be tempted to conclude that this
results is expected. Indeed, in certain cases it has been
argued [48] that the main effect of the scalar field is to
stiffen the Einstein frame EOS with respect to the pre-
scribed Jordan frame EOS [c.f. Egs. (9)]. However, the
presence of the scalar field is not in general trivially
equivalent to an EOS change, since the gradient of the
scalar field itself also acts as a source in the field equations.
Furthermore recent studies on / — Q relations for scalarized
stars have shown, in contrast to what we find here for the
3-hair relations, that for large values of || the scalarized
I — Q relations can somewhat deviate from the correspond-
ing GR I — Q relations [14,49]. Therefore, what we find
here for the 3-hair relations and for values of f as much as
f = —10 is quite intriguing. Overall it seems that the 3-hair
universal relations are quite less sensitive to the choice of
than the / — Q universal relations, being in a sense more
universal with respect to different theories of gravity.

The results presented here though, do not eliminate the
possibility that stars with an extremely high degree of
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) SLy4_b-8 o APR_b—4.5,¢y |
. SLy4_b-10 - SLy4_b-4.5,4,
1 © FPS_b-45 « FPS_b-4.5, ¢, |
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M,
10%F
1000¢ ZAPR b-4 =+ FPS_b-5
= APR_b-4.5 = FPS_b-6
< + APR_b-5 + FPS_b-8
N 100¢ + APR_b-6 =+ A_b-4.5
v SLy4_b-4.5 v A_b-6
o SLy4_b-5 Shen_b—4.5
10 SLy4_b—6 A_b—4.5, ¢
SLy4_b-8  © APR_b-4.5, ¢,
. SLy4_b-10 - SLyd b-4.5.¢,
1t " FPS_b-4.5  + FPS_b-4.5.¢9 |
1 2 5 10 20 50 100
M,
FIG. 1. 3-hair relations between mass and angular momentum

moments. The figure on the left shows the relation between
the spin octupole and the quadrupole while the one on the right
shows the relation between the mass hexadecapole and the
quadrupole. The data points correspond to scalarized models
for various EoSs with f = —4, —4.5, -5, -6, -8, —10, as well as
models for various EoSs with f = —4.5 and a nonzero asymptotic
value of the scalar field ¢,. On top of the data points we have
plotted the GR 3-hair relations as solid red curves. As one can
see, independent of the theory, all the points trace the GR curves.
Therefore, the 3-hair relations are the same in ST theory as in GR.
The quantities plotted are the reduced moments, i.e.,
My =M, /(j*M?), S5 = =S5/(j°M*), and My = M,/ (j*M°),
as they are defined in scalar-tensor theory in the Einstein
frame [32].

scalarization in the context of STT or in the context of
exotic object in GR (e.g., a mixed boson-neutron star)
could deviate from these relations. Such objects are beyond
the scope of this investigation.

Having seen how the mass and angular momentum
moments behave we turn to the scalar field and its
moments. The first quantity of interest is the scalar charge
or scalar monopole W,. The degree of scalarization
of a neutron star will depend on the value that we choose
for the parameter f, with more negative values leading to
more scalarized stars and therefore larger values of the
scalar monopole as well as the higher order scalar
moments. In Fig. 2 we show the reduced scalar charge

APR B=-4.5
SLy4 B=—4.5
A B=—45
FPS f=-4.5
Shen f=—4.5

e AIlEOS p=-4
= f=—45

* ’B=75

s B=—6

Y p=-4.5, 9,=0.03

FIG. 2. Scalar charge. The plots in this figure show the scalar
monopole W, as a function of the spin parameter j = J/M? and
the reduced quadrupole M, = —M,/(j?M?). The scalar charge
demonstrates a universal behavior, i.e., all the EoSs form the
same surface. The relevant surface though, changes depending on
the value of f of the theory and the asymptotic value of the scalar
field ¢b. The quantity that is plotted is the reduced scalar charge
Wy =-W,/(j*M), where a = 0.3. The reason that this scaling
that includes the spin parameter was chosen is because the degree
of scalarization has also a spin dependance, so the idea was to try
to flatten out the effect. The same scaling with respect to j seems
to work for all the different theory cases. The two upper plots
correspond to the same data for f = —4.5 (the middle plot is the
surface formed by the points of the top plot), while the middle
plot also shows the = —4 surface, that exhibits little scalariza-
tion at high spins.

Wy =-W,/(j*M) as a function of j and M, for models
with f = —4, —4.5, -5, -6 and ¢, = O (top plots), as well
as a model with f = —4.5 and ¢, = 0.03 (bottom plots).

We should recall at this point some general properties of
the models that will help the reader interpret the plots. As
we mention above, the scalar moments are given in terms of
j and M,. Increasing value of j corresponds to increasing
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rotation rate of the star and the higher the degree of
scalarization the higher the maximum spin that the models
can have. Neutron stars in GR can have a spin up to j., =
0.7 independent of the EOS (see [50,51] for more details)
but scalarized stars can have larger spins. Larger values of
M, correspond to less compact objects of lower mass
(values larger than 10 usually correspond to masses around
or less than 1 M), while the more compact objects with
masses close to the maximum mass have the smallest value
of M,, which tends to 1. The plots show that for large M,
the models are not scalarized, while, as M, decreases, at
some point stars are spontaneously scalarized and the scalar
monopole becomes nonzero. Eventually at small enough
values of M,, the models become unscalarized again. The
degree of scalarization of a neutron star is not independent
of the spin. More rapidly rotating neutron stars tend to be
more scalarized. To counter this effect to some degree we
have chosen to normalize the scalar monopole as
Wy =-W,/(j*M), where the spin weight is a = 0.3.
The spin normalization was introduced initially in the
hope of eliminating the spin dependence, but this has
not been possible for any value of a. In spite of this, we
have decided to keep this normalization for all the moments
in order to minimize their variation due to the spin. This
point will be further discussed when it arises again.

Figure 2 shows that, within the same theory, i.e., for the
same value of S, all models fall on the same surface
independent of the EOS, which means that the scalarized
monopole has a universal behavior. For different theories
(different fs), or for different asymptotic values of the
scalar field, the surfaces are different. Unfortunately, the
surfaces shown in Fig. 2 are not easy to fit with some
simple function. Spontaneous scalarization is a phase
transition that occurs at a threshold and finding some
empirical relation that would express this threshold in terms
of the moments is not straightforward. One last thing to
note is that in the case where the asymptotic value of the
scalar field is not zero, the models are scalarized even for
small compactnesses (or large M,) as we can see in the
bottom plot of Fig. 2.

‘We now turn our attention to the next scalar moment, the
scalar quadrupole. The behavior of the reduced scalar
quadrupole W, = W,/(j*M?) is similar to what we saw
for the scalar monopole and is presented in Fig. 3. As for
the monopole, we have assigned a spin weight to the
normalization of W, which is @ = 5/3. One could assume
that the scalar quadrupole would be driven by the mass
quadrupole of the star and therefore the spin dependance
would be ~j2, but as it turns out, the behavior is more
complicated than that. For this reason we have chosen to
normalize the multipole in this way in order to reduce the
variation due to the spin, as we did for the scalar
monopole,. Similarly to the monopole, different choices
of f and ¢, correspond to different surfaces in the

A p=—45

FPS p=-4.5
Shen f=-4.5

® AIlEOS p=—4
= B=—45
* ﬁ=—5

s B=—6
¥ p=-4.5, ¢u=0.03

FIG. 3. Scalar quadrupole. The plots in this figure show the
scalar quadrupole W, as a function of the spin parameter
j=J/M? and the reduced quadrupole M, = —M,/(j*M?).
Same as in the previous figure we observe universal behavior.
The quantity that is plotted is the reduced scalar charge
W, =W,/ (j*M?), where a = 5/3.

parameter space, while all EOSs for the same theory fall
on the same surface.

The last scalar moment that we have calculated from
the numerical models is the scalar hexadecapole W,.
The results for the reduced scalar hexadecapole W,=
—W,/(j*M?), where a = 3.6, are given in Fig. 4. Again
we observe a behavior similar to the previous two cases.
The bottom line of this analysis is that the scalar moments
in the Einstein frame demonstrate an EOS independent
behavior for the same parameters  and ¢, following the
same surfaces in the respective parameter spaces, while as
we change f the moments fall on clearly separate surfaces.
Therefore, while EOS uncertainties can be circumvented
just as in GR, as the scalar moments demonstrate universal
behavior, one can identify different theories (different fs)
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APR B=-4.5
SLy4 B=—4.5
A B=—45

FPS p=-4.5
Shen f=-4.5

FIG. 4. Scalar hexadecapole. The plots in this figure show
the scalar hexadecapole W, as a function of the spin parameter
j=J/M? and the reduced quadrupole M, = —M,/(j>*M?).
Same as in the previous figures we observe universal behavior.
The quantity that is plotted is the reduced scalar charge
Wy =-W,/(j*M?), where a = 3.6.

as they correspond to different surfaces for W, W,,
and W,.

V. RELATING MOMENTS TO OBSERVABLES
AND COMPARISON TO GR

In the previous section we saw how the moments in the
Einstein frame exhibit universal behavior with respect to the
different EOSs of nuclear matter. We also saw thatin the case
of mass and rotation moments the universal relations found
in GR also capture the behavior of the moments of scalarized
stars independently of the specific theory chosen. The latter
property does not hold for the scalar moments. While they
are EOS independent within a specific theory, they do
depend on the choice of a particular theory (reflected on
the choice for the value of f). But as we have already
mentioned, the Einstein frame moments are not directly

observable and if we want to connect our results to
astrophysical observations we will have to calculate physical
quantities in the Jordan frame. The transformation to the
Jordan frame is a conformal transformation of the form,
G = A*(¢)9,,, and we have defined earlier in Sec. II the
coupling function k(¢) = dIn(A(p))/dep.

It is common in the literature to use the Damour and
Esposito-Farése notation for the asymptotic expansion of
this quantity, ie., k(¢)|, =a, (dk/dp), =p, (d*k/
dg?*),, =7, and so on. In our case and for what follows,
due to the form of the coupling function that we have been
using, a, y (in this notation) and all the higher derivatives
will be zero. Furthermore, since current constraints point
towards a zero asymptotic value of the scalar field we will
assume that at infinity we have ¢, = 0. We stress that we
have instead used a, y to denote metric functions above.

Returning to the question of observables, the natural
choice is to consider observables that are related to the
geodesics of the spacetime. Such observables and their
connection to the moments both in GR and in STTs are
discussed in what follows.

A. Observables and moments

It was shown by Ryan [52] that there are quantities
associated to the geodesics of a GR spacetime that can be
expressed in terms of expansions where the coefficients
depend on the multipole moments. The expansions of these
same quantities have also been calculated for STTs with a
massless scalar field [33]. These quantities are: (i) the
change of energy per unit mass of a test particle (E) per
logarithmic orbital frequency interval for equatorial circular
geodesics, denoted by AE:; (i) the ratio of the periastron
precession frequency (€2,) of a slightly eccentric equatorial
orbit over the orbital frequency (£2) of the corresponding
circular orbit, Q,/Q; (iii) the ratio of the nodal precession
frequency (£2,) of a slightly off-equatorial orbit over the
orbital frequency of the corresponding circular equatorial
orbit, Q_/Q. The expansion parameter is U = (MQ)'/3,
which corresponds to the orbital velocity of the test particle.
The quantity M = M — aW,, corresponds to the Keplerian
mass that one would measure from the motion of a
companion star, if the system was part of a binary.

Here, we briefly present these expansions in GR and in
scalar-tensor theory, as they were derived in [33,52], up to
the same corresponding order in U and taking into account
the constraints we have from the ansatz that we have used.
The energy change per logarithmic orbital frequency
change in GR up to O(U®) is given by the expression,

. UdE U?* U* 20S,U° M, 27
3dU 3 2 oM M3 8
285U

o(U®), 32
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while the corresponding expression in scalar-tensor theory
is, after setting @ = y = 0 as discussed above,

.U 28W3 1 208, U°
AE=— e 1 L
3 T <9M2 2) o
N M, 27 +4W3M2(3ﬁ +2)+ 8B W} -
M8 24M*
285,U7 (9M? + 2pW3)
- o(U?®), 33
04 (1) (33)
where we have M = M — aW, = M. Similarly, the ratio
Q,/Q in GR is,
Q 48,U3 9 3M 108, U°
= =30 - -t ut - o),
Q M? (2 2M3> M? +oU7)
(34)
while the corresponding expression in scalar-tensor
theory is
Q 2M? M?
n 2_3M2 +(p- )W2 134>W}
2 2M3 24M*
2U°S,(15M? + 58W3
_2UBSIUSM+ SPWO) | o), (35)

3m*

Finally, the ratio Q_/Q in GR is,

Q. 25 3M, (3MM, +753)
A U3 U4 1 U6 0 U7 ,
Q M +2M3 * Mm* +oU’)
(36)

while the corresponding expression in scalar-tensor
theory is

Q. 25, M, 28,pW3

= U3 _ U4 0 U3

Q M 2M3 M*

us .
o [M(6M,M + 14S?)

—3BMWoW, + 5pW2M, + O(U).  (37)

AE is a quantity that is more immediately relevant to
gravitational waves and extreme mass ratio inspirals, while
the other two quantities can be also relevant to systems such
as x-ray binaries, where one observes quasiperiodic oscil-
lations (QPOs) of the x-ray spectrum of the accretion disc
around the compact object. If one were to assume, e.g.,
the relativistic precession model for QPOs, by Stella and
Vietri [53,54], then one could associate specific QPO

frequencies to Q,, ., and Q.* The relevant observations
could then be fitted to recover the coefficients of the
expansions.

B. Measuring the scalar charge and f

Inspecting the expansions in GR and the corresponding
expansions in STT reveals that it is possible to distin-
guish between the two theories, either by comparing
the coefficients of the same order between the two theories
or by comparing different order coefficients against each
other. As we saw in the previous subsection one could
expand Q,/Q and Q_./Q in terms of powers of Q as,
(Q,/Q) =>.C,Q%3, and (Q./Q) = F,Q%3, where
the coefficients C,, for example, will be C,=
MBf (M, B, Wy, Sy, My, W,,...). These coefficients
could be used to measure the various parameters. The
frequencies that are most commonly observed in low mass
x-ray binaries (LM XBs) are the two larger ones, i.e., £ and
Q,. These are observed as pairs of kHz QPOs, while
occasionally one also observes a third low frequency QPO,
which is assumed to be €. Since the most common
occurrence is the former one, we will start assuming that
only Q, and Q are known. We will then explore how far one
can go by using either additional information from €, or
the universal behavior we have described previously.

1. Setting up the problem and constraints

In GR one could independently measure the mass from
the lowest order term in Q,/Q, since we have that
CSR = 3M?/3. In scalar-tensor theories however that term
has additional contributions due to the scalar field and is of

the form C5TT = (3 — /} b i) M?/3. One could go around this
problem if an 1ndependent measurement of the mass M
were available. For example, since this sort of QPO
producing x-ray sources are LMXBs, the mass could be
estimated from the Keplerian motion of the companion and
the compact object (M is the Keplerian mass after all). In
that case, the estimation of C3'T would provide a meas-
urement of the combination fW2, but more importantly
would immediately tell us that we have a deviation from
GR. In GR the higher order coefficients would enable us to
measure the higher order moments, while along the way we
would find coefficients that would serve as consistency
checks, such as CS® which is a consistency check on the
measurement of S; from C$R. In scalar-tensor theories
things are a little more complicated. The coefficients C5'T,
C3™ and C3™ could serve as a consistency check if one
knew the mass M independently, but they could also be
used to determine the mass since if we combine them we
can arrive to the expression,

*There are other models as well, such as some of the models
derived from discoseismology, where oscillations of the disc can
be associated to the geodesic frequencies [55-59].
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45CSTTM? = 10C5TTCST + 6CETT, (38)

which relates the mass to these coefficients. Therefore, even
for a system where the mass is unknown, one can estimate it
as long as one can accurately estimate the coefficients up to
C3™. This then allows to estimate S; as well from C3'".
Up to this point we have M, ﬂW%, and S;. Turning to the
coefficient C§'T that contains M, we notice that we cannot
estimate it independently. We can only estimate it in
combination with Wy, i.e., [(3 - %) - ny—é] The problem
lies with our inability so far to separate # and W(,. Aiming
to break the degeneracy between M, and W, by using
higher order terms seems a difficult task with uncertain
conclusion. For instance, while the next order term, C3'7,
includes all the relevant terms, it also includes the scalar
quadrupole W, that first appears in the expansion at
that order.

The situation for measuring the multipole moments and
the parameters of the particular STT improves dramatically
when we have information for both Q,/Q and Q_/Q from a
specific system. In that case, we can use the same analysis

presented for Q,/Q to estimate M, /)’W%, Sy, and the
2

combination [(%—%) —%} but then from Q./Q and

the coefficient F3'T one can estimate M, and break the
degeneracy, while the coefficient F3'", not present in GR,
can serve as an independent verification of the deviation
from GR, as well as a consistency check up to that order.
Therefore additional information from more frequencies
allows for the breaking of degeneracies and performing
more tests on deviations from GR.

2. Using universal relations to overcome degeneracies

In the above discussion we showed that in order to break
the M, — W, degeneracy one would have to consider both
Q,/Q and Q_/Q, but to reach to that conclusion we did not
take into account the results of Sec. IV and the universal
behavior of W,/M. In fact, if we were to consider only
Q,/Q, the universal behavior of W,/M and the fact that it
can be expressed as some function of j and M,, could be
used to break the M, — W, degeneracy even without
considering Q_/Q. In what follows we will describe the
algorithm that can be used to do this.

Let us assume that from observations of €, and Q we
have estimated the first coefficients of the Q, /Q expansion,
ie., C3TT, C§™T, C3™T, and CS™. The combination of
CS™, C8™T, and CS$™ will provide the mass M of the
neutron star, as we describe above. The additional infor-
mation that we have is that,

= [3 —'g(WO/M)Z} M3, =

= (Wo/M)? =2(3-C5"M~2/3) =, (39)

I =

STT S1 G
a3 :_4WM’ =j=- R (40)

= (o o
G e

where,

Q:M%q”+g_m§WW3

13 _
+ o (CSTN2M 3] ) (42)

Equation (40) straightforwardly gives the spin parameter of
the compact object, while Eq. (39) can be interpreted as a
bond between W and # and Eq. (41) relates W to M,.
Hence, one needs one more bond between these quantities in
order to be able to determine them uniquely. The universal
relation provide it as follows. First one expresses the
equation in terms of the variables of Sec. IV by using the
relations (W /M)? = j%*W3 and (M,/M?) = —j*>M,. One
can then effectively consider all quantities as having being
uniquely determined, except of W, and M, that instead just
satisfy a bond. The additional bond is provided by the
universal relation between W, and (j, M,) shown in Fig. 2.
For the estimated value of j, the result is a cross section of
the surfaces shown in Fig. 2, which amounts to having for
different values of # different curves relating W, to M,.

We can now plot all these constraints on a W, — M, plot,
an example of which is shown in Fig. 5. The plot shows the
W, = const. lines that result from the constraint (39) for the
different values of f = —4,—4.5, =5, and —6. It also shows
the universal W, = f(M,) curves for the corresponding
values of f# (we note that for the spin in this example, the
f = —4 models are unscalarized). The last curve shown is
the constraint resulting from Eq. (41) which is independent
of # and is therefore a single curve (red dashed curve). In
order to have a consistent solution of all of the constraints,
the curves of Eq. (39) and Eq. W, = f(M,) that correspond
to the same f must intersect the curve for Eq. (41) at the
same point (or approximately the same point), just as the
example in Fig. 5 shows. From the intersection point one
can identify the value of # (= —5 in this example) as well as
the values of M, (~2) and W, (= 0.4).

We have therefore presented an algorithm that makes use
of the universal relations for the scalar monopole, in order
to measure the parameters of a given scalarized neutron star
and the parameters of the corresponding STT from a set of
astrophysical observations (pairs of QPO frequencies in
this case) that otherwise would not be possible due to
degeneracies.
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FIG. 5. Breaking the M, — W, degeneracy. The plots in this figure show how one could break the degeneracy between M, and W,

using the knowledge of the mass M [from Eq. (38)], the angular momentum S, [from Eq. (40)], the constraint for W(z) from Eq. (39), the
constraint from Eq. (41), and the universal relation between W, the spin parameter j = S, /M?, and the reduced quadrupole M, as it is
given in Fig. 2. The plot on the left shows Eq. (39) for different values of 3 (horizontal lines), the universal relation W, = f(j, M,) for
the value of the spin j that has been estimated (in this case j = 0.35) and for different values of f, and Eq. (41) which corresponds to the
red dashed line. If the results are consistent, then the universal relation cross section curve and the Eq. (39) curve that correspond to the
same f3, should intersect with the Eq. (41) curve at the same point. This then indicates the value of 4 and the corresponding values of M,
and W,. The plot on the right is a magnification of the region where the three curves intersect. The kinks on the curves are due to

interpolation errors.

VI. CONCLUSIONS

Universal or EOS independent relations between global
properties of neutron stars have proven to be a versatile tool
for inferring the properties of neutron stars. These relations
have been extensively studied in GR and particular flavours
of them, such as the I-Love-Q relations, have been studied
in a variety of modifications to GR. The 3-hair universal
relations found in GR have been a more difficult problem to
tackle, mainly due to the intricacies of defining multipole
moments in modifications to GR. STT of gravity with a
massless scalar field is a class of theories where a definition
of moments is already available [32].

In this work we have computed the multipole moments
for scalarized stars in these theories and have shown that
they continue to exhibit universal properties. Specifically,
we have found that the mass and angular momentum
moments follow the same universal 3-hair relations as
their GR counterparts [20-22], independent of the value of
the f# parameter and of the asymptotic value ¢, of the scalar
field. Furthermore we have found that the scalar field
moments for every given combination of £ and ¢, exhibit
universal behavior in terms of the spin parameter j and the
reduced quadrupole M,. That is, when each moment is
plotted in terms of j, M, it falls on the same surface
independent of the EOS. In addition, different values of f
and ¢ result in different surfaces in the three dimensional
space formed by each scalar moment and the two param-
eters j, M,. This appears to be related with the known fact
that the degree of scalarizations depends on both the
asymptotic value of the scalar field and the value of f.

Our results demonstrate that the degree of scalarization
can be expressed in an EOS independent way, which is still
quite intriguing and potentially very useful. In particular,

we demonstrate how one can use the universal relations
presented here to infer the various properties (i.e., the
moments) of a scalarized neutron star, as well as the
parameters of the specific STT (i.e., the value of ), from
astrophysical observations.

The algorithm for doing so using LMXBs can be seen as a
proof of principle. A more thorough analysis is necessary in
order to determine how accurately the various parameters
can be measured and what sort of constraints can be set on
STTs from observations. Furthermore, it would be worth
exploring how the results presented here could be used in
other settings, such as the observation of gravitational waves
from the inspiral of NS-NS binaries or BH-NS binaries.

STTwith amassless scalar is only a first step in studying the
3-hair relations in these theories. The next would be to
consider STTs with a massive scalar field. This is more
challenging, as the multipole moments cannot be defined in
the same way as in the massless case. Nevertheless some cases
can be easier to handle than others. For instance, if the scalar
field were to be fully confined inside the neutron star on
account of its large mass, then in the exterior for all practical
purposes one would only have to deal with the spacetime, and
the moments would be calculated in the same way as in GR.
This is something that we will explore in future work.
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APPENDIX: CALCULATION OF THE
MULTIPOLE MOMENTS

The calculation of the equilibrium neutron star sol-
utions is done using a modification of the RNS code (see
|

[34] for the original GR version of the RNS code while
the STT extension can be found in [16]) and that is why
we will follow the formalism and notations that are
standard for the KEH method [35,36]. The coefficients
By, vyn0, Wy,—19 and ®@,, are calculated numerically
using integrals of the source functions of the field
equations (3)—(5), (8). In the present paper we consider
the case of a zero mass scalar field and thus these
integrals are the same in pure GR and in STTs (when the
Einstein frame is employed).5

First we describe the calculation of the coefficients B,;.
The function B in the metric ansatz (12) is connected to the
metric function y used by the RNS code (2) via the relation
B = ¢”. Using the integral representation of y [35,36],
we have

2e72 S sin[(2n — 1)0] [ (1 = s\ [s ds's’>1  [1 3
P = - " e — du' sin[(2n — 1)0'1S /’ ’
r(s.4) T ; (2n—1)sin6 [( s ) A (1 _s)2n+1A W' sin[(2n = 1)¢']S, (s, ')

s 2n-2 1 dS,(l _ s/>2n—3 1 ) B
+ <1 — S> [ S/2n—l /; dﬂ/ Sln[(zn - 1)9/]‘9?(5/7 Iu/> )

with the asymptotic expansion at infinity being

y(s.u) =

where s is the compacted radial coordinate (1 —s)/s =
Teq/T With 1, being a characteristic length scale that gives
the coordinate equatorial radius of the star, and y = cos 6.
The source term S, (s', ') is connected to the right-hand
side of Eq. (3) and is given by

S,=r 67/2{16ﬂ62“p+ [167e** p

1

5 (ar}/)z -

S0P = (=207} (a3)

2r

For simplicity, the expression (A2) can be written as

o]

2e77/? 3 sin[(2n — 1)0] T,
(2n—1)sin@ r*

y(rp) =—— (A4)
n=1

where

’An alternative approach would be to calculate these coef-
ficient from the asymptotic behavior of the metric functions, but
numerically this is much more imprecise especially if we want to
calculate higher order multipole moments.

eY/2°°s1n 2n—1)60 1 =s\2n [1 Jgg2n-1 1 . B
Z (2n—1 )sin @ K s > /) m% dﬂfsm[(2n—1)9/]Sy(s’,,u’)],

(A1)

(A2)

2n ! ds/slznl ! ! e (o
I, = r2 = ), dy sin[(2n — 1)0']S, (s' . i').

(AS)
We should also note at this point that,
sin[(2n — 1)0] i
— = §T2(n—1)<ﬂ)’ for cos@® — u.  (A6)

With these expressions at hand we can express again the
function y in a more convenient way as,

1/2
2\ 12 & Ty ()T
——e /22 _ 2l 7 2n A7
y(r.p) = —e (ﬂ) nEZI an—1) (A7)

where we have it in terms of the Gegenbauer polynomials.
This representation is useful since it can be easily related to
the asymptotic expansion of the function B
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By, 1/2
=1+ Z 21+2

V2[By 12 By _i)2
=1+ (2) { Ty + 21

B,

+=5 AT (u )+---} (A8)

Using the orthogonality conditions of the Gegenbauer
polynomials

1
/ du(1 = ) 2T (W T (1) = 81y (A9)
-1

to relate the I',,, coefficients to the B,; coefficients, we have
that the B,, coefficients are given as

2\ 1/2
an = lim <—) r2"+2
r——+oo \ T
1
< [ aut= )T e — ),
-1

If we take its asymptotic expansion in terms of » we can
easily obtain

2 1
— 7 “) 2nt2 _2\1/271/2
By, = lim_ (ﬂ)r /_ 1 du(1l — =) /"y,

T;{Z )( M)T
Lty At)

(A10)

(Al1)

- 1 2
— (rop) = er/? [87[62"(6 +p) 1 o +r

(1= ) | (0,00 + (1

The only term that will survive the integration is the
k —1 = n term that will give the result,

2\ Topq
By = (=) o

) (2n+1)

with the I',; coefficients given by (AS).
The calculation of the rest of the expansion coefficients
Vanos Wan—10 and @,, is more straightforward. Thus, in

terms of the source functions in the field equations (3)—(5)
used by the RNS code, these coefficients are given by

(A12)

r2§+1 1 ds's'? 1
_ 4 ! N Q o
Varo =~ A =y )MHA au'Poy(1')Ss(s', 1),
(A13)
_ r% /1 dsl 2 /1 dlu/(l _’u/2)
20026 -1) Jo (1=5)22 ),

dP s
% 2f—1/ (/4 ) S
du

@ ==y [ - | P35 )
2n = Tleq o (1—S)2n+2 0 M Lop\H)Op\S 1),

(A15)

Wr7-1,0

o' 1), (A14)

In the first integral # > 0 while in the second integral
¢ > 1. The source functions that appear in these integrals
are of course connected to the left hand side of the field
equations (4), (5), and (8) respectively, i.e.,

1 1
- )@ | +10 - udyr

r r
6 e 1 1 1 5
+§ 16we* — 0,y 5(9,}/4—; —;8,,}' Eaﬂy(l—u )—u| o], (A16)
. 3 2 2
; u;, (rop) = elr=29/2 { 16me** W + a){—Sneza [(1+ vl 15; 2u’p| _% (28,6 +%8,y>
eq
1 - 1 1 ~\2 2 1 2 ~\2 2
+2u( 20,6+ 504y | +(400,6)" = (0,7)°) + 5 (1= #7)(4(9,6)" = (9,r)°)
- P(1 =) |00 + 5 (1= 2) 0,07 ). (A17)
) 2 2
S¢(s’/") = _SZ(S - l)zasyasd) - (1 - ﬂz)aﬂyaﬂ¢ + 4ﬂk(¢) ﬁeza(s - 3[7), (AIS)
where
v=(Q—w)rsinfe™’, (A19)

is the proper velocity with respect to the zero angular momentum observers.

The calculated coefficients can then be used in the expressions given in Sec. III to calculate the mass, angular momentum

and scalar moments of the scalarized neutron star.
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