Ann. Henri Poincaré Online First
© 2023 The Author(s)
https://doi.org/10.1007/s00023-023-01286-1

I Annales Henri Poincaré

®

Check for
updates

Concentration Inequalities for Output
Statistics of Quantum Markov Processes

Federico Girotti®, Juan P. Garrahan and Madalin Guta

Abstract. We derive new concentration bounds for time averages of mea-
surement outcomes in quantum Markov processes. This generalizes well-
known bounds for classical Markov chains, which provide constraints on
finite-time fluctuations of time-additive quantities around their averages.
We employ spectral, perturbation and martingale techniques, together
with non-commutative Lo theory, to derive: (i) a Bernstein-type con-
centration bound for time averages of the measurement outcomes of a
quantum Markov chain, (ii) a Hoeffding-type concentration bound for
the same process, (iii) a generalization of the Bernstein-type concentra-
tion bound for counting processes of continuous-time quantum Markov
processes, (iv) new concentration bounds for empirical fluxes of classical
Markov chains which broaden the range of applicability of the correspond-
ing classical bounds beyond empirical averages. We also suggest potential
application of our results to parameter estimation and consider extensions
to reducible quantum channels, multi-time statistics and time-dependent
measurements, and comment on the connection to so-called thermody-
namic uncertainty relations.

1. Introduction

Quantum Markov chains describe the evolution of a quantum system, which
interacts successively with a sequence of identically prepared ancillary systems
(input probes) modelling a memoryless environment [1,26,53]. Such dynamics
can be seen as discrete-time versions of continuous-time open system evolu-
tions as encountered in quantum optics [9,21,25,30,33,36,64] and formalize
the input—output theory of quantum filtering and control [15,23,44,61,69].
The two settings are in fact closely connected and can be related explicitly by
time discretizing techniques [5,13,60].
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After the interaction, the probes (output) are in a finitely correlated
state [35], which carries information about the dynamics; such information can
be extracted by performing successive measurements on the outgoing probes.
The stochastic process given by the sequence of measurement outcomes has
received significant attention in recent years. The ergodic properties of this
process have been studied in [4,27,28,54,68], while those of the corresponding
conditional system state (filter) have been analysed in [2,17,20,55]. The large
deviation theory of additive functionals of the measurement process was estab-
lished in [49] and extended in [58]. Motivated by the interest in understanding
the irreversible essence of repeated quantum measurements from a statistical
mechanics perspective, the papers [16,19] have investigated large-time asymp-
totics of the entropy production. In the context of open quantum walks [6],
the asymptotics of the process obtained measuring the position of the walker
on the graph have been studied [4,10,27,28,66]. Another class of problems
relates to fluctuations of measurement outcomes, which can be used to un-
cover dynamical phase transitions of the quantum evolution, see for example
[38,50,68]. In the one-atom maser, non-demolition measurements of outgoing
atoms have been used for reconstructing the initial photon distribution of a
resonant electromagnetic cavity [46]. Further theoretical studies on the asymp-
totics of non-demolition measurements have been carried out in [7,11,12].

In contrast to the recent progress in understanding the asymptotics of
the outcome process, much less is known on the finite-time properties. No-
table recent results in this direction are the deviation bounds and concentra-
tion inequalities for quantum counting processes and homodyne measurements
obtained in [18] (hence regarding continuous-time models). The main aim of
the present work is to provide new classes of concentration inequalities for ad-
ditive functionals of the finite-time measurement process, which complement
the results of [18] and offer more explicit bounds. We denote by X7, ..., X,, the
outcomes of the measurements on the first n output probes, and we consider
a generic function f : I — R defined on the set I of all possible outcomes (we
will mainly consider the situation in which we perform the same measurement
on every probe, treating the general case in Sect. 5.3); under certain ergodic-
ity conditions on the dynamics, the empirical average process + > /' | f(Xy)
converges almost surely to its stationary value 7(f), and we aim at finding an
upper bound for the probability that %22:1 f(Xk) deviates from 7 (f) more
than v for some fixed n € N and v > 0.

To get the general flavour of the results, we briefly discuss here the case of
independent random variables for which there is a well-established theory even
for more general functions than the time average [22]; two well-known bounds
in this case are given by Bernstein’s and Hoeffding’s inequalities. Assuming
for simplicity that (Xj)7_, are independent and identically distributed centred
random variables, and that E[X?] < b? and | X;| < ¢ almost surely, Bernstein’s
inequality reads as follows (see [22, Theorem 2.10]):

1 & 2?2 [ 2vce
P(ﬂZXkZ’Y>SeXP(—” 2 h(b? )

k=1
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where h(x) = (v/1 + z+2/2+1)~!; the bound depends on the random variables
through their variance and their magnitude in absolute value. On the other
hand, Hoeffding’s inequality only depends on the extension of the range of Xj:
if we have that a < X; < b almost surely, one can show ([22, Theorem 2.8])

that
1 — 22

k=1

Much work has been done for extending these results to irreducible Markov
chains. New Bernstein- and Hoeffding-type inequalities were recently obtained
in order to tackle problems coming from statistics and machine learning [34,51],
while Lezaud [56] and Glynn et al. [42] derived bounds that have an intuitive
interpretation and depend on relatively simple dynamical properties. More
specifically, the latter bounds involve the range and stationary variance of the
function f, and the spectral gap of the (multiplicative symmetrization of the)
transition matrix P of the Markov chain (Bernstein case) or the norm of the
pseudo-resolvent (Id — P)~! (Hoeffding case).

In this paper, we find analogous bounds for the class of stochastic pro-
cesses given by repeated measurements on the output probes of a quantum
Markov process. On a technical level, we exploit perturbation theory and spec-
tral methods used in [27,28,68] for proving the law of large numbers, central
limit theorem and large deviation principle for the output process. We also use
a generalization of Poisson’s equation to decompose the empirical average into
a martingale with bounded increments and a negligible reminder as in [4]. Us-
ing these tools, we obtain quantum bounds which share the useful properties
of the classical results in [56] and [42].

Our main results are:

e A Bernstein-type concentration bound for time averages of the measure-
ment outcomes of a quantum Markov process, Theorem 3.

e A Hoeffding-type concentration for the same process, Theorem 4.

e A generalization of the Bernstein-type concentration bound for counting
processes of continuous-time quantum Markov processes, Theorem 6.

e By specializing to classical Markov chains, we obtain a new concentration
bound for empirical fluxes, thus extending the range of applicability of the
corresponding classical bounds beyond empirical averages, Proposition 7
and Proposition 8.

The paper is organized as follows: In Sect. 2, we introduce in more detail
the mathematical model and we recall the objects and results that will be used
to prove the main theorems. Section 3 is devoted to prove the main results of
the paper: a Bernstein-type and a Hoeffding-type inequalities for the output
process of quantum Markov chains. In Sect. 4, we show how perturbation
theory and spectral techniques can be used to derive concentration inequalities
for the case of quantum counting processes too. This result integrates the
bounds obtained in [18], providing a simple bound also for the case of counting
processes and non-self-adjoint generators. Moreover, it bypasses the problem
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of establishing functional inequalities and estimating the constants appearing
in the inequalities. In Sect. 5, we present extensions and applications of the
previous results. Finally, in Sect. 6 we provide our conclusions and outlook.

2. Notation and Preliminaries

2.1. Quantum Channels and Irreducibility

We consider a finite-dimensional Hilbert space C¢, and we denote by Mgy(C)
the set of d x d matrices with complex entries. When considering the evolution
of a quantum system described by C? in the Schrédinger picture, one endows
M4(C) with the trace norm, i.e.

[zl == tr(z]), Vo e My(C),

where we recall that |z| is the unique positive semidefinite square root of *z in
the sense of functional calculus. A state is any positive semidefinite x € My(C)
with unit trace. In the Heisenberg picture, M4(C) is considered together with
the uniform norm, that is
lz]| == sup  |lzul|, Va e My(C).
u€C,||ull=1

An observable is any self-adjoint element x € My(C). We recall that the dual
of M4(C) considered with the uniform norm can be identified with My(C) with
the trace norm via the following isometry:

(Ma(C), [ - I) 3 & = tr(-x) € (Ma(C), | - )"

We consider a completely positive unital linear map (that is, a quantum chan-
nel in the Heisenberg picture) ® : My(C) — My(C) and we denote by &*
the dual of ®, which is the completely positive and trace preserving (that is,
stochastic) map uniquely defined by the relation:

tr(z®(y)) = tr(®*(z)y), Va,y € Ma(C).
We recall that every completely positive map 1 admits a Kraus representa-
tion n(z) = >, WiaW;, where {W;} C My(C) is a finite collection of op-
erators (called Kraus operators), and 7 is a quantum channel if and only if

> j W;W; = 1. Unless stated otherwise, throughout this paper we will make
the following assumption.

Hypothesis (H): ® is such that its dual admits a unique faithful invariant state
o, that is ®*(0) = o and o > 0.

We recall that hypothesis (H) is satisfied if and only if the following
equivalent statements hold:

1. 1 is an algebraically simple eigenvalue of ® with positive eigenvector,
2. let {V;}ier be a choice of Kraus operators for ®, then for every v € C,

v#0
span{V;, ---Vjv:n €Niy,...i, € [} =C%
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In this case, the map ® is said to be irreducible. The equivalence is a special
instance of Perron—Frobenius theory for completely positive (not necessarily
unital) maps and that we report in the following proposition (for more details,
see [70, Chapter 6] and [28, Section 3]).

Proposition 1. Let i be a completely positive map acting on My(C) for some
finite-dimensional Hilbert space C%; then, its spectral radius r(n) := sup{|z| :
z € Sp(n)} is an eigenvalue of n with positive semidefinite corresponding eigen-
vector x > 0. Moreover, the following are equivalent:

1. r(n) is algebraically simple and x > 0,
2. let {W;}jes be a choice of Kraus operators for n, then for every v € C¢,

v#0
span{W;, ---W;v:n €N, jy,...j, € J} =C%

A stronger assumption, which will not be required for our results, but
provides a clearer picture of the dynamical aspects, is primitivity. The channel
® is called primitive if it satisfies hypothesis (H), and in addition, it is aperi-
odic, i.e. its peripheral spectrum (the set of eigenvalues with absolute value 1)
contains only the eigenvalue 1.

2.2. KMS-Inner Product

There are several ways of equipping M,(C) with a Hilbert space structure, see
for instance [3,62] for connections with quantum statistics. In the derivation
of our results, we will make use of the Kubo-Martin—-Schwinger (KMS) inner
product associated with a positive definite state o, which is defined as follows:

(x,y) := tr(((f%xai)*(aiyo%)) = tr(o%z*aéy), x,y € My(C). (1)

As usual, we write ||z||o for (z,2)'/2. Given any map 7 acting on M4(C), we
denote TR(n) the trace of 7, that is the unique linear functional on linear maps
acting on My(C) which is cyclic and such that TR(Id) = dim(My(C)) = d?;
we recall that, given any orthonormal basis {z; }?2:1 of My(C) with respect to
the KMS product, the usual formula for computing the trace as the sum of
diagonal elements holds true:

d2
TR(n) =D _(w;,n()))-

j=1
We will use the notation n' for referring to the adjoint with respect to the
KMS product of the linear map n acting on My(C); it is easy to see that

1 1

nt =T,2 on* o', where I'? is the completely positive map defined as x —
o%xo®, for o € R. If 5 is completely positive, so does 1’ and this is what
motivates our choice of inner product, since the KMS product is the only one
with this property. Moreover, a Kraus decomposition of 7 induces a Kraus
decomposition of n: if n(z) = >_; WiaWj it is easy to see that

ni(z) = Z {O’%W;(T—%}* T {O'%W;U_%} )
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Let ® be a quantum channel and assume that ¢ is an invariant state for ®;
then, ®1 is again a quantum channel with invariant state o:

<I>T(1) = 0'_%<D*(U%10'%)0'_% =1, ‘I)T*(O') = o%q)(o_%ao_%)oé =o0.

The compatibility of KMS-inner product with the convex cone of positive
semidefinite matrices allows to decompose every self-adjoint matrix into the
difference of two orthogonal positive semidefinite matrices (see [29, Theorem
3.9)): given © € My(C), = * we can write

T = Uﬁi(oixai)_‘_(f*% —in(aix(f%)_a %,

=T, 4 =T

where (y)1 ((y)-) denotes the positive (negative) part of a self-adjoint operator
y € M4(C) in the sense of functional calculus. It is easy to see that z, + > 0
and that they are orthogonal with respect to the KMS-product. A simple
consequence is the following useful fact, which will be used in the proof of
our main theorem. With a slight abuse of notation, given a map 7 acting on
M4(C), we denote by ||n||2 the operator norm of 7 induced considering My(C)
endowed with the norm || - ||2.

Lemma 2. Let n; and n2 two positive maps defined on My(C); then,
lIm = n2ll2 < llm1 + n2ll2-

Proof. Every x € My(C) can be decomposed into the sum of two self-adjoint
operators: its real part R(z) := (z 4+ 2*)/2 and its imaginary part S(z) =
(x — 2*)/(2i) and the KMS-norm is compatible with this decomposition, in
the sense that

3 = [R(@)[13 + 3(2)3-

Since 11 and 72 are positive, ;1 — 12 and 11 + 72 are real, meaning that they
preserve the real subspace of self-adjoint operators. These two facts imply
that 171 — 2 and 11 4 72 attain their norms on the set of self-adjoint operators
of norm one. Let us consider x € My(C), x = z* such that ||z|2 = 1 and
l(m —n2)(@)]l2 = |lm — n2ll2; if we define ||, = x5+ + 25—, we have that
llz[l]2 = 1 and
lm =23 = llm —n2(2)[13 = [|(m (0,+)
+1(20,2)) = (M (Tg,—) + n2(z0,4) I3
= m(zo,+) + m2(20,-) 13 + [l (20, ) +12(20,+) I3
=2 (m(2o+) + M2(T0,-)s M (To,—) + M2(20,+))
>0
< Im (o) +m2(e, )3 + I (z0,-) + 12(20,4) 13 + 2(m (24,+)
+ 772(550,—)7 7)1(%,—) + 772(170,-&-»
= m +me(|zlo)I5 < lm + 23
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2.3. Output Process of Quantum Markov Chains

In the input—output formalism [36], a quantum Markov chain is described as a
quantum system interacting sequentially with a chain of identically prepared
ancillary systems (the input). After the interaction, the ancillary systems form
the output process and can be measured to produce a stochastic detection
record called quantum trajectory. More formally, let us denote by h = C? the
system Hilbert space and by b, the ancilla space, and assume that the latter
is prepared in the initial state |y) € h,; the interaction between the system
and a single ancilla is described by a unitary operator U : h ® h, — h ® b,.
The reduced evolution of the state of the system after one interaction with the
ancillas is described by the following quantum channel called the transition
operator

" p o try, (Up @ [x) (X UY).
Any orthonormal basis {|i)};cr for b, induces a Kraus decomposition for ®*:

*(z) =Y ViaV', Vi={(i|Ulx), € Mqy(C).
il
If the system is initially prepared in the state p, after n times steps its state
is given by ®*"(p). In general, hypothesis (H) does not guarantee convergence
to the stationary state, i.e. lim, o ®*(p) = 0. However, if ® primitive (i.e. it
satisfies hypothesis (H) and is aperiodic), then any initial state converges to
the stationary state.

Suppose now that, after every interaction between the system and the
chain of ancillas, we perform a measurement corresponding to the basis
{li) }ier- The sequence of the outcomes of the measurements (X, )nen is a
classical I-valued stochastic process whose law is uniquely determined by
the following collection of finite-dimensional distributions: for every n € N,
$lyeneyin € 1

P,(X1=i1,...,Xn =in) = tr(Vy, - Vi pVio - V7). (2)
Note that if the system starts in the invariant state o, the law of the outcome
process is stationary: for every n,k € N, i1,... i, €

Po(Xy = i1, Xngpo1 = i) = tr(Vi, ... Vi, @D (o) V- V)
=tr(Vy, ... Viyo Vi Vi) = Po(Xy = dn, ..., X = i)

We denote by 7 the law of a single measurement under the stationary measure
P,, i.e. 7(i) = tr(cV;*V;) for every i € I.

From (2), it follows that the joint distribution of two measurements at
different times m > n € N is given by

Py(Xn =i, Xy = j) = tr(VF " (p) Vi@ " H(V}'V))). (3)

If ® is primitive, then @k(V]*VJ) converges to 7(j)1 for large k so the corre-
lations between X, and X,, decay exponentially with m — n. In fact, it has
been shown that hypothesis (H) suffices to establish several ergodic results
[4,28,68]: given any function f : I — R, the process (f(X,))nen satisfies a
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strong law of large numbers, a central limit theorem and a large deviation
principle. In particular,

1 n
dim ; F(Xi) =7(f) Ppas. (4)
where 7(f) = > .., f(i)m(i). For the reader interested in what happens remov-
ing assumption (H), we refer to [27,41]; we will come back to this in Sect. 5.2.
Despite the fact that the asymptotic behaviour of the process (f(X,))nen
is rather well understood, less is known about its finite time properties, with
the notable exception of the recent concentration results for continuous-time
Markov dynamics [18]. The main goal of the present work is to derive al-
ternative concentration bounds, i.e. upper bounds on the probability that
LS 1 f(Xy) deviates from the limit value more than v > 0

P, (i D) = 7(f) + 7> . 5)
k=1

Note that by replacing f with —f one obtains an upper bound for the prob-
ability of left deviations from the limit value and using the union bound, one
can easily control deviations on both sides.

3. Quantum Markov Chains

3.1. Bernstein-Type Inequality

In this section, we prove a Bernstein-type inequality which provides a sub-
Gaussian bound for small deviations and a subexponential one for bigger de-
viations. The inequality involves the spectral gap of the multiplicative sym-
metrization of the transition operator ®, and the stationary variance and range
of the function f. The strategy of the proof is inspired by the classical result
[66, Theorem 3.3] and relies on perturbation theory and spectral analysis,
which is also the approach used in [28,68] for proving the law of large numbers
and the large deviation principle for the process (f(Xk))ren-

Theorem 3. Assume that ¥ := &1 is irreducible, and let f : I — R such that
7(f) =0, 7(f?) = b* and ||f||eo := max;es | f(i)| = ¢ for some b,c > 0. Then
for everyy >0, n>1

1 & 2 10
P, <n ;f(Xk) > 7) < N, exp (—ngbjh ( SZJCJ)) , (6)

where ¢ is the spectral gap of ¥, N, := |0~ 2po~2 ||y and h(z) = (V1 +x +
x/2+1)71

We remark that a sufficient (but not necessary) condition for ¥ to be
irreducible is that ® is positivity improving, i.e. that ®(z) > 0 for every x > 0.

In order to highlight the underlying idea, we postponed to Section A in
Appendix the more technical steps of the following proof.
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Proof. We split the proof in 3 steps. The strategy is to use Markov inequality
to bound the deviation probabilities in terms of the moment-generating func-
tion (Chernoff bound), which is then bounded using perturbation theory and
spectral properties.

1. Upper Bound for the Moment-Generating Function (Laplace Transform)

An easy computation shows that the Laplace transform of nf, := >} w1 J(Xk)
can be expressed in terms of the deformed transition operator ®,(x) =
e € dOVERV;, u> 0

B[] = tr(p@3(1)) = tr (o} (0" po D)t @1(1)) = (o Fpo™h, @L(1))
R n R n

<llo72po 2|2 - L]z - [|Dglle = llo™2 po 2|2 - [ @52 (7)

By ||®@!]|2, we mean the operator norm of ®! induced by My(C) endowed

with the KMS-norm. The rest of the proof aims to upper bound [|®?||2; a first
remark is that

19512 < [1@ullf = Wull7 =7(u)?,
where U, := @Lfbu and r(u) is the spectral radius of ¥,,. Notice that for every
u € R, &,(x) = Ziel(euf;i)‘/;)*a:(euf;i)Vi) is completely positive, therefore
<I>L and U, are completely positive too; Proposition 1 ensures that r(u) is an
eigenvalue of W,,. Moreover, we can write

\I/u(x) _ <I>L<I>u(x) _ Z {eu(fm;f(j))Ki,j}* . {eu(f(i)‘;f(j))Ki,j}, (8)

i,j€1

where K ; = V;‘O%‘/j*a'_% are the Kraus operators of ¥. Since W is irreducible
by assumption, its Kraus operators satisfy condition 2 in Proposition 1. Since
the Kraus operators of ¥, are multiples of K; ;, they also satisfy condition 2,
and therefore, r(u) is an algebraically simple eigenvalue of ¥,, for every u € R.

2. Perturbation Theory

Direct computations show that ¥, is an analytic perturbation of ¥ = W: first
notice that
+o00 k

Z DOV 9)

el

—. o)
and that ®©) = &. Therefore, we can write

v, =P, = <Z o c1><k>T> (Z _ @k))

k=0

ij?ii() Ot k=D (10)

=0

=:w (k)



F. Girotti et al. Ann. Henri Poincaré
and it is easy to see that ¥(?) = W. The norms of U(*)’s are upper bounded
by a geometric sequence (point 2 in Lemma 10):

U]y < 2¢(2¢) for k > 1.

Therefore, perturbation theory ([52, Section I11.2.2]) tells us that for |u| <
£/(2¢(24¢€)) (where € is the spectral gap of ¥) we can expand r(u) around 0:

+oo
r(u) =1+ Z Rk,
k=1

Using the explicit expression of the 7(*)’s one can show (see Lemma 11),
the following upper bound on r(u):

2 -1
() < exp <u26§ (1 _ 100u) ) . 0<u<e/(100).

3

3. Chernoff Bound and Fenchel-Legendre Transform

Now that we have an upper bound for the Laplace transform, we apply the
usual machinery of the Chernoff bound: using Markov inequality we obtain
that for every 0 < u < ¢/(10¢)

]P’p(fn > fy) = Pﬂ(enufn > enu’y) < e—nuv]Ep[enuf]

2 —1
< N,exp <n <’yu — UQ% (1 — 1()cu> )) .
€ €

Taking the infimum of the rhs over admissible values of u, we obtain

1 & e 10c¢y
Py (n D f(Xk) = 7) < N,exp (—n6b2h ( 302 ))

k=1

for h(z) = (V1+ax+z/2+ 1)L O

3.1.1. Comparison to the Classical Concentration Bound. For easier compar-
ison between the bound in Theorem 3 and the classical Markov chains results
in [56], we report the latter below. Let X, an irreducible Markov chain on
the (finite) state space E with transition matrix P, initial law v and invariant
measure 7 and let f : £ — R be a bounded function with 7(f) = 0, 7(f?) = b2
and || f|lcc = ¢. Then

1. if P is self-adjoint
1 — dv
P, — Xi) > < ||—

where ¢ is the spectral gap of P,

2
ce/5 e 567
, ecs/ exp (n2b2 h <b2 >) ,
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2
Yye ey
2exp <—n4bzh (Iﬁ)) , (11)

Pt is the adjoint of P with respect to the inner product induced by 7. The
difference in the constants appearing in the bound in equation (6) and in the
classical one (equation (11)) comes from the worse upper bound one can get
for 7(?) (equation (29)) in this more general setting.

In order to obtain the result for P self-adjoint, a crucial observation is
that, in this case, P, := PE, (where E, = ((Lcye“f(“:))I’yeE)7 is similar to a
self-adjoint matrix: indeed, PE, = Ey /*(Ey/*PE;"/*)E;"/%. However, this
is not the case for ®,, as the following elementary example shows. Let us
consider a three-dimensional quantum system, an orthonormal basis {|k)}7_,
and the quantum channel ® with the following Kraus operators:

2. if Pt P is irreducible
1 — dv
P, | — X)) > < ||=—=
(ng—lf( k)_“Y)_HdW‘

where ¢ is the spectral gap of PTP.

1 1
Vk,k+1 = §|k‘+1> <k“, Vk,k—l = §|]€—1> <k|, for k=0,1,2,

where k£ + 1 and k — 1 are understood as modulo 3. In this case, the index set
of Kraus operators is I = {(k,k+ 1), (k,k — 1) : k =0,1,2}. ® is self-adjoint,
but if we pick the function f(k,k+ 1) = a and f(k,k — 1) = b for some real
numbers a # b, then corresponding perturbation ®, has complex eigenvalues
for every w > 0, hence it cannot be similar to a self-adjoint map. A way of
better understanding the difference between the classical and the quantum
setting highlighted by the example is to notice that ® is a quantum dilation
of the symmetric random walk on a three vertex ring: indeed, ® preserves the
algebra

A= {x € My(C):x = Zx(k) k) <k|} ;

k=0
which is isomorphic to the algebra of functions on three points

(*(E):={g9: E—C}, E=/{0,1,2},

and its restriction to it is given by the transition matrix corresponding to
the symmetric random walk on three vertices, i.e. P = (p;) where py, =
%(6;”“ + 0ki—1); f is a function of the jumps of the random walk and not
of its states and the restriction of ®, to the diagonal algebra A is given by
a perturbation of P of the form P, = (pye™f (%)), which belongs to a more
general class of perturbations of P than the one considered in [56]. In Sect. 5.1,
we will show how this fact allows to prove new concentration inequalities for
fluxes of classical Markov chains.

3.2. Hoeffding-Type Inequality

In this section, we prove a second quantum concentration bound inspired by
classical result [42], which relies on the application of a fundamental inequal-
ity for centred bounded random variables (Hoeffding’s inequality) and the fact
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that L Z;:Ol f(X;) can be decomposed into a martingale with bounded incre-
ments and a bounded reminder. The same martingale decomposition was also
used in [4] for proving the law of large number and the central limit theorem
for (f(Xk))ken. The following inequality does not involve any measure of the
variance of the function f at stationarity and, instead of the spectral gap of
the multiplicative symmetrization of the quantum channel, it depends on the
norm of the pseudo-resolvent (Id—®)~1. We remark that, contrary to Theorem
3, in this case there are no further assumptions on ®.

Theorem 4. For every f : I — R such that w(f) = 0 and ||f||cc = ¢ for some
¢ > 0, then for every v >0

n n~ — 2
P, <i Zf(Xk) > 7) < exp (M) for ny > 2G, (12)

k=1
where G = (1+||(Id — <I>)|}_1||OO)C and F := {x € My(C) : tr(ozx) = 0}.

With a slight abuse of notation, we write ||(Id — <I>)|}1 loo for denoting the

operator norm of (Id — <I>)|}_1 induced by considering the uniform norm on F.
Notice that for n = 1, the constraint on v implies that v > 2¢ = 2|| f|c and
consequently P,(f(X3) >v) = 0.

Before presenting the proof of Theorem 4, we need the following technical
lemma.

Lemma 5. Let us define F =, f(i)V;*V;. The equation
(Id—®)(A) =F (13)
admits a solution and all the solutions differ for a multiple of the identity.

We denote by Ay the unique solution such that tr(cAy) = 0; we have that
|Af| < ell(Id — <I>)‘*}.1Hoo where F := {x € M4(C) : tr(cx) = 0}.

Proof. The proof that Id — ® is a bijection onto F (which implies the existence
and uniqueness of Ay since F € F) is the same as in [4, Lemma 5.1]. From
Ap = (Id— @)~ 1(F), we get that ||Af|| <||(Id— <I>)‘7]_.1||OOHFH To conclude, we
only need to show that |F|| < ¢: notice that F can be written as the difference
of two positive semidefinite matrices as

F= Y fOVVi— > [f@)IVivi,

icl icl
f($)20 f(i)<0
hence by [71, Corollary 3.17] we have that ||F[| < || >, [f(1)|V;" Vil < e

O

Proof. For clarity, we split the proof in three steps.
1. Poisson Equation

We start by discussing the quantum trajectories Markov process and its asso-
ciated Poisson equation, which is a key tool in the proof. The pair (X, pn)
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consisting of the n-th measurement outcome X,, € I and the conditional sys-
tem state p,, is a Markov chain with

P, (Xn+1 =1, ppi1 = % X, =7, pn = w> = tr(VwV;").
and initial condition
X1=1¢ and p; = _VipVir with probability tr(V;pV;").
w(Vipl7) :

Its transition operator P is given by

ViwV;
Pyg(i,w) := Zg <j, M) tr(V;wV;).

JeI
The associated Poisson equation is
F(i7w) :g(i,W) 7Pg(7:,W) (14)

where F(i,w) is a given function, and one is interested in finding g(i,w). We
will provide an heuristic explanation on how to find a solution of the Poisson
equation. Whenever it is well defined, a natural candidate for g is the function

g(i,w) = Zn21E[F(men)|X1 =i,p1 =w]= ano P"(F)(i,w); indeed
g9(i,w) — Pg(i,w) ZP”F (i, w) ZP"F(i,w) = F(i,w).
n>0 n>1

We now consider a function F, which does not depend on the second argument
F(i,w) = f(i). Using the explicit expression of P, we can write

g(i,w) = f(i) + tr Z O"(F)w | = (i) + tr((Id — @) (F)w)

n>0

where F = Zzel f(i)V;*V;. Lemma 5 shows that Ay := (Id — @)~ '(F) is well
defined and it is an easy computation to verify that

f(@) = g(i,w) = Pg(i,w), g(i,w) := f(i) + tr(Asw).
Moreover, ||glloo < ¢(1 + [|(Id — ‘I’) Moo

2. Hoeffding’s Inequality

Following the proof of [4, Theorem 5.2], we can use the previous step to write
> h_, f(X)) as a martingale with bounded increments and a bounded re-
minder:

9( Xk, o) — Eplg(Xpg1s e 1) X, or]

NE

Zkaz

k=1 k

Il
-

9( Xk, pr) — Eplg( X, o) | X1, pr—1]
Dy
+g9(X1, Pl) - Ep[g(Xn—i-lv pn+1)|Xnv pn]'

I
NE

b
||
N



F. Girotti et al. Ann. Henri Poincaré

We can easily bound from above the Laplace transform of Y., f(X}) in the
following way: for every u > 0

E, [e“ Tiaa S0 < e2lallecupy [eu Tios Deg, [P | X1, puts- -, X1, pﬂ]

2 2 n—1
< elsll=ugllgliseu®/2g, {euzkzz Dk]

where in the last equation we used Hoeffding’s Lemma [22, Lemma 2.2]. By
induction, we get

, [e" T 100 < cap(2llglloet + (n — 1)lgll2u?/2).

3. Fenchel-Legendre Transform

As in point 4. of the proof of Theorem 3, the final statement follows using
Markov inequality and optimizing (remembering that u > 0). O

4. Quantum Counting Processes

In this section, we consider continuous-time concentration bounds for count-
ing measurements in the output of a quantum Markov process. In this con-
text, alternative concentration bounds have been recently obtained in [18]. In
that paper, the authors first prove a bound for general quantum measurement
processes which is sharp, but depends on quantities which may be hard to
calculate in practical situations (Theorem 6); then, using functional inequali-
ties, they are also able to derive further concentration bounds involving easily
computable quantities, but only in the diffusive case for symmetric generators
(Theorems 8 and 9 and Corollary 2). Theorem 6 aims at providing easily com-
putable bounds for counting processes too. In this section, we show that the
same perturbative analysis as in the proof of Theorem 3 can be used to take a
first step towards filling this gap. More precisely, we consider a continuous-time
quantum Markov process with GKLS generator [36] given by

L(z)+ilH z] =Y LizL; — {LfLi,x}, x € My(C) (15)
i€l
where [z,y] := zy — yx, {z,y} := vy + yx, H € My(C) is self-adjoint and
{L;}ier is a finite collection of operators in My(C). It is well known that the
family of maps ®; := e** for ¢t > 0 is a uniformly continuous semigroup of
quantum channels. Analogously to the discrete time case, we need to make an
irreducibility assumption.

There exists a unique faithful state o such that £*(o) = 0. (H)

Hypothesis (H') means that (®;);>¢ is irreducible. There are many ways of
defining quantum counting processes: we will follow the formulation of Davis
and Srinivas [32,67] and we refer to [18] and references therein for their defi-
nition through quantum stochastic calculus and quantum filtering or how to
characterize them using stochastic Schrédinger equations. Before doing that,



Concentration Inequalities for Output Statistics

it is convenient to introduce some notation: we define the completely pos-
itive map J;(z) = LfxL; and the semigroup of completely positive maps
etfo(z) = €' 2e!®, where G := iH — 3", ; LiL;. As the process that we
studied in previous sections, also the one we are about to define can be used
to model the stochastic process coming from indirect measurements performed
on a certain quantum system. We assume that the system is coupled to |I] de-
tectors: when the i-th detector clicks, the state of the system evolves according
to the map p — J.*(p)/tr(J*(p)), while in between detections the evolution is
dictated by €0 (p). At time ¢ the instantaneous intensity corresponding to the
i-th detector is given by tr(J;*(p:—)), where p; is the stochastic process describ-
ing the evolution of the state of the system. More formally, we can use Dyson’s
expansion of the semigroup ®; in order to define a proper probability measure
on Q= {(t1,41,.. ., tg,ig) :k €EN0 <ty <o <ty < tyiy,...,0; € I}

+oo t ts . .
L S S A A (LR S
0 0

k=11iy,...,ix€l

Notice that

+oo
Q={0u|J " x{(tr,....tx) €[0,4F : ts < - <ty
k=1

so there is a natural way of endowing it with the o-field induced by consid-
ering the o-field of all the subsets on {(}} and I, and the Lebesgue o-field on
{(t1,...,tr) € [0,t]F : t; < -+ < t;}. We denote by dp the unique measure
such that u({0}) = 1 and pu({(i1,...,9x) x B) is the Lebesgue measure of B
for every (i1,...,ix) € I*, B C {(t1,...,tx) € [0,4]* : t; < .-+ < t;}. Notice
that the following normalization condition holds true

1= tr(®4(p))

+oo t to
— (e (p)) + 3 [ o [ (T 7 e ()t
k=170 0

and that the expression below safely defines a probability density on ;:

dP * dP . . _ (- « *
deW” = tr(e"“ (p)), d—;<t1,zl, ety k) = tr(eTE g g e o ().

(16)

We will derive a deviation bound for the random variable N;(t) that counts
the number of clicks of the i-th detector until time ¢, i.e.

N;(&) (D) =0, N;(t)(t1,01,.. ., tk,ik) = iy -

M=

~

1

We recall that the real part of an operator 7 : My(C) — My(C) is defined as
R(n) = (n+n")/2.
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Theorem 6. Consider an arbitrary, but fized index i € I and define A := R(L)
and B = R(J;). Assuming that A generates an irreducible quantum Markov
semigroup, then for any t > 0, v > 0 the following inequality holds true:

lVZ(t) . € _ 72

where m = tr(L{L;o) is the intensity of N; at stationarity, N, :=

HafépJ*%HQ, a:=||B|2, b:=||B(1)||2 and ¢ is the spectral gap of A.

Once again, with a slight abuse of notation, we denote by ||B||2 the oper-
ator norm of B induced by considering M;(C) with the KMS-norm. We point
out that the spectral gap of A appears also in the (finite time) upper bound on
auto-correlation functions, which has recently been derived in [57]. We remark
that a sufficient condition for A to generate an irreducible quantum Markov
semigroup is that [H, o] = 0. Indeed, both £ and LT generate irreducible quan-
tum Markov semigroups with faithful invariant state o; hence, o is a faithful
invariant state for A too. Moreover, we can easily compute the GKLS form of
LT induced by the one of £ in Eq. (15), which reads

1
Li(z) =ilo™"Ho? 2]+ > Lzl - SV L a}, @€ My(O),
icl
where we omit the exact expression of L’s. Since we assumed that [H, o] = 0,
o 2Hoz = H. Putting together the GKLS forms of £ and £, we can express
A= (L+L)/2 as

1 1
H,o + - (S ppran - Ler,
o)+ (ot - o)

+ ZL;‘mLi - ;{LfLi,ac}> , x € My(C).
el

The irreducibility of a quantum Markov semigroup with faithful invariant state
is equivalent to the fact that the commutant of the Hamiltonian, the noise
operators and their adjoints are equal to C1 (70, Theorem 7.2]); hence, we

can conclude that A generates an irreducible quantum Markov semigroup:
indeed, we have that

{H,L;, L}, L}, LY ={H, L;, L}} N {H, L, L;*}' = CL1.

79

Proof. Using the explicit expression of the density of I, given in Eq. (16), one
can show that the Laplace transform of N;(¢) can be expressed in terms of a
smooth perturbation of the Lindblad generator:

E,[e"V: (] = tr(petx (1))

where £,,(-) = L(-) 4+ (e* — 1) J;(+); we refer to Appendix A in [18] for a proof
using quantum stochastic calculus. Using Lumer—Phillips theorem, we get to

Ep[euNi(t)] S Npetr(u) S Npet|r(u)|’
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where r(u) is the largest eigenvalue of A, := R(L,). Notice that A, is a
smooth perturbation of A := R(L):

uk
Ay=A+) B

k>1

and B = R(J;). From perturbation theory, we get that if A is the generator
of an irreducible quantum Markov semigroup with spectral gap equal to € and
if we call @ := ||B||2, we can expand r(u) = Y o, r®uF around u = 0 for
u < (207! 4+ 1)1 and the coefficients r#)s are provided by the following
expression:

rF) =

Z %TR(BS(IH)...BS(I%))’

vl
viddup=k, >l L P
pitetpp=p—1, ;20

SO = —1) (1] and for > 1, S is the pu-th power of
SW = U+ 1) {apt -1l
Notice that ||S()||; = e=* for > 1. This time we get that
) = (1,B(1)) = tr(cL;L;) :=m,

HMa-

which is the intensity of N; in the stationary regime. For the other terms, we
need to introduce the notation b := ||B(1)]|2; then we get that

b2
P < 2 B01), SUBM) < T+ -
and, for k > 3,
m b a\k—1 .
|r(k)|< ?+?(7) if 2a/e > 1
- m k—1 y
k! + 257 (%) 0.W.
where we used that v;!---v,! > 287 and for p > 2

o

vl ! a b2
@

‘TR(Bs(m)...Bs(MP))‘ _ g <2a)”1 1 _ {1;2 (g)kﬂ if%o‘ >

—~
[\

2a) L o,

Wrapping up everything, we obtain that
b 5a 5\ \ '
< v -1 1—-(—V-= . 1
< mier -1+ 2 (1 (20 3 ) (18)

Hence, one gets that for every u > 0

2 -1
P, (%—mZv) §Npexp<—t('yu—m(e“—u—l)— %uQ (1— (5?0[\/;>u> ))
(19)
Notice that the term e/™¢" =1 in the r.h.s. of Eq. (19) is exactly the Laplace

transform of a Poisson process with intensity m. The extra terms come from
the correlations between the process N; at different times and the convergence
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towards the stationary regime. The statement follows from the same compu-
tations as in [51, Lemma 9. O

Below we provide some simple bounds for some of the quantities appear-
ing in inequality (17).
e Using triangular inequality, we get
IZ; Lilla + (02 Lio~2)* (02 Lio 2|2
5 .
Then, we can apply Cauchy—Schwarz inequality:

IL; Lill = tr(0? L} Lio? L} L;)? < tr(o(L}L;)%)? < || L Li|2m?
and
(02 Lio™2)" (02 Lo~ ®)|la < [(0F Lo 2)* (02 Lio™2)"|2m?.
e Notice that
a:=|Bl2 <L Lilla = |(¢2 Lio™2)" - (02 Lio2)]|2.

Let us denote by Sp(o) the spectrum of o; since

Lol < Lt < kil
win($p())

b= B2 <

(02Ljo"%)o(0Lio™2)" <
Lemma 1.3 in [59] implies that

I1B|l2 < min{||L;L}], | (02 Lio™2) (03 Lo % )*||}/ min(Sp(0)).

We remark that the proof of Theorem 6 works also for the more general case
of the counting processes Y; defined in [18], which correspond to a change of
basis before detection.

5. Extensions and Applications

5.1. Concentration Bounds for Fluxes of Classical Markov Chains

Let us consider a classical Markov chain (X,,),,>1 with finite state space E and
transition matrix P = (Pagy)s,yer which is irreducible and admits a unique
invariant measure (0;)zecg. Instead of looking at functions of the state of
the Markov chain, one may be interested in having concentration bounds for
empirical fluxes, i.e. empirical means of functions of the jumps f : E? —
R (for instance for estimating jump probabilities). Having a wide range of
concentration bounds for the empirical mean of functions of the state of a
Markov chain, a first natural attempt is considering fluxes as functions of the
state of the doubled up Markov chain ()N(n)nzl, which is the Markov chain with
state space E := {(x,y) € E? : pyy, > 0} and with transition matrix given by
P = (}5(9577!)(2_’71,))7 with ﬁ(z,y)(z,w) = 6y,zpyw§ if P is irreducible, then so is P
and its unique invariant distribution is the measure (0;Pzy)a,y. However, in
general the matrix P behaves in a less nice way than P: for instance, Theorems
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1.1 and 3.3 in [56] can never be applied to the doubled up Markov chain for
non-trivial models, since both P being self-adjoint or Ptp being irreducible
imply that E is a singleton (the adjoint of P is taken with respect to the inner
product induced by the unique invariant measure for the doubled-up Markov
chain). Remarkably, we can carry out the proofs of Theorems 3 and 4 in this
classical setting and they provide concentration inequalities for empirical fluxes
involving the matrix P instead of P: this reflects the fact that P already
contains all the information about jumps. Let v be any initial probability
measure on F; for the Bernstein bound, it is enough to notice that for every
u >0

EV[QUZLl f(kaXkJrl)] =v-P".1

where (P,)gy = pwye“f(m’y) and 1 is the constant function on E equal to 1.
The proof of Theorem 3 can be carried out replacing M;(C) with (*°(E) :=
{f: E — C} and ® with P; in this particular setting, /*°(E) can be turned
into a Hilbert space with respect to the inner product

= 3" o R@)ga), g € (2(E)
zeE
The Bernstein-type inequality for fluxes reads as follows. We recall that E :=
{(z,y) € B? : pyy > 0}, 7(2,y) = 0upay-

Proposition 7. If Q := Pt P is irreducible, then for every f : E — R such that
7(f) =0, 7(f?) = b2 and || f|lec = ¢ for some b,c > 0 and for every v > 0,
n>1

1 « v2e [ 10cy
]P)l/ - X 7X Z S Ny - 7h 20
<nkz_:1f( ks Xk41) ’Y> eXp< " en2 ( 32 >> (20)
where ¢ is the spectral gap of Q, N, = || 9|3 and h(z) = (VI + z+z/2+1)7?

Regarding the Hoeffding-type inequality, one just needs to notice that,
calling ay € ¢°°(E) the unique centred solution of

(d = P)(h)(x) = Y payf(x.y), b€ LX(E),
yeE
for every k > 1, we can write f(Xi, Xp11) = 9(Xk, Xit+1) — Eu[9( Xk,
Xi41)| Xk—1, Xg], where g(x,y) = f(z,y) + as(y) (once again we assume that

m(f) = 0). Repeating the same steps as in the proof of Theorem 4, we can
obtain the following.

Proposition 8. For every f : E — R such that n(f) = 0 and || f||lec = ¢ for
some ¢ > 0, then for every v >0

n _ 2
P, <711 Zf(Xk,XkH) > 'y> < exp <—(2722_3)C22) forny > 2G, (21)

k=1
where G = (1 +[|(Id — P) » Ylso)e and F = {h € £>(E) : o(h) = 0}.
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In the same spirit, one can obtain new bounds for empirical fluxes of
continuous-time Markov chains too; we aim at studying some applications of
such bounds in a future work.

5.2. Reducible Quantum Channels

The study of some physically relevant models requires hypothesis (H) to be
dropped: for instance, in the case of non-demolition measurements [11,12],
where the interaction between the system and the ancillas is such that it
preserves some non-degenerate observable A = Z?:l aj |aj) (o] € Mg(C);
hence, it is of the form

d
U=>Y"la;) (| © Uj € Myxaim(n,)(C)
j=1
for some collection of unitary operators (U;) acting on the ancillary system
(which is described by the Hilbert space b,). In this case, Kraus operators
of ®*(p) = try, (Up ® |x) (x| U*) induced by the measurement on the ancilla
corresponding to the orthonormal basis {|i)};cs are given by

d
Vi=> (ilU; ) |ey) (o], i€
j=1

It is easy to see that ® is positive recurrent, but it is not irreducible any-
more: any |a;) (o] is an invariant state for ®. If we do not assume that @
is irreducible, the first issue we need to take into account is that in general
LS e_1 f(X)) does converge to a non-trivial random variable: for instance,
in the case of non-demolition measurements, one can show that there exists a
random variable I" taking values in {1,...,d} such that

ngrfm Zf Xi)=mr P,as.,
where m; = 3", ., f(9)| (i| U |x) |>. What one can do, then, is to upper bound
the probability that 137 | f(Xj) deviates from mr. Leaving aside non-
demolition measurements, we will present the result in the case of general
quantum Markov chains assuming only the existence of a faithful invariant
state for ®*. It is well known [14] that we can always find a (non-unique)

decomposition
=P, (22)
jeJ

such that

1. h; L b, if j # j' (orthogonality),

2. if supp(p) C b;, then supp(®*(p)) C b, (invariance),

3. @ restricted to py, My(C)py, is irreducible with unique invariant state

o; (minimality),
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where we used the notation py; to denote the orthogonal projection onto bj;
one can show that 2. is equivalent to

2. [Vipy,] =0 Vieljel

If the system initially starts in a state p supported on only one of the b;’s, it is
easy to see that 2. and 3. imply that we are back to the case of an irreducible
quantum channel. Otherwise, the decomposition in Eq. (22) allows to express
P, as a convex mixture of probability measures corresponding to irreducible
quantum channels:

Pp(it, ... in) = to(Vi, - Vi, pVi - Vi)

iy 2

Py, PPy

=Y tr(py,p) tr | Py, Vi, Py, - Py, Vi, njt(’ ’)
JEJH/—/ I'phjp
=:X;(p) SN——

= Z )\j(p)]]]’pj (i1, .-y in)-

jedJ

Py, Viypy,)™ - (po,; Vi, py,)"

The last result that we need to recall ([41, Theorem 3.5.2]) is that, given any
f 1 — R, there exists a random variable I" taking values in J such that

lim Z (X)) =70(f) P,as.,

n—-+oo n

where 7;(f) = > ) f(z)wj(i) and (i) = tr(o;V;*V;). As we already men-
tioned, under P,

lim Zka =m;(f) as.,

n—-+oo n

which means that supp(P,;) € {7rp( ) =m;(f)}. We have now all the ingredi-
ents required to apply previous results in this more general instance: let v > 0,

n > 1, then
27)

(’ Z F(Xy) =7 (f)

and we can apply either Theorem 3 or Theorem 4 for upper bounding every
Py, (|2 3701 f(Xk) = m;(f)| > 7). We remark that for applying Theorem 3,
(I)rpthd(C)pnj (I)\Pthd(C)phj needs to be irreducible (the adjoint is taken with

>7> S n(p (’iZf(Xk)—m(f)
k=1

jeJ

respect to the KMS-inner product induced by o), while Theorem 4 requires
that ny > 2(1 + [|(Id — q)lpb,-Md(C)phj);‘_7~1||00) for F; := {x € py,Ma(C)py, :
tr(052) = 0} (by By, ar,(eypy, We mean (B, 4y o))

5.3. Time-Dependent and Imperfect Measurements

Both inequalities in Theorems 3 and 4 can be easily generalized to the setting
where we allow the measurement to change along time and the evolution of
the system state after the measurement is taken to be more general (including
imperfect measurements). Let us consider ® an irreducible quantum channel
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with unique faithful invariant state ¢ and suppose that for any time n € N we
consider a (possibly) different unravelling of ®, i.e. a collection of completely
positive, sub-unital maps {®; ,, }:ez, such that |I | < 4+ooand & = ZZGI ini
at any time we pick a function f, : I,, — R. In the time inhomogeneous case,
even if the system starts from the unique invariant state o, the law of the
process changes at any time: under P,, X is distributed according to the
probability measure 7 defined as follows:

(i) = tr(®; (o)), i€ L.
We denote by mg(fx) the expected value of fi under m, ie. mp(fi) =

2 ier, Je(@)mr(0)-
The proofs of Theorems 3 and 4 can be carried out in this more general
setting with minimal modifications:

e Bernstein-Type Inequality:

P, (jL S (felX0) — me()) 2 7) < vyox (-ndeh (Sgt)) @)

k=1

where N, = [072p0 %2, mi(f) = Ysep [r(i)tr(®),(0)), cn =
maxy—1,..n || fe — Tk (fi) oo and b2 := L 30 m((fr — me(fr))?)-

Explicit computations show that, in this case, the Laplace transform
has the following form:

Ep[e“ZZ=1(fk(Xk)—Trk(fk))]
=tr(pPuy,1 - Pun(1))

_1 1
<llo~zpo 2o+ [ 1®urllo,
k=1
where @, (z) = Y, e, (z). One can use the same tech-
niques as in the proof of Theorem 3 to upper bound every single || Py, k|2
getting to the expression below:

e ((fre—mn (f))?) (1~ 2=k o ) 7

E,[e¥ k=1 (Fe(Xi)=mi(F))] < Npe%

< Ny (T G (1)),

Applying Chernoff bound and optimizing on u > 0, one obtains Eq. (23).
e Hoeffding-Type Inequality
1 n
Py (n > (Fel(Xn) = m(f)) > 7)
k=1

_ 2
< exp (—m) for ny > G, (24)

where G, = (1 + 327, ||<I> [loo)cn (Z]_:lo must be interpreted as 0),
F :={x € My(C) : tr(ox) = 0} and ¢, is the same as above.
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Let us define

Zlin) ZE |X17p177Xk7pk]
Notice that for & = 1,....n — 1, Z,g") =  fe(Xk) +
Ep[Zlii)lmel,pl, ..+, Xk, pr], hence we can write
ka Xk :ZZ )|X17p17'"anfhpkfl]'i_Z:En)-
k=1 k=2 P

By Markov property, we have that Z,g”) = g,(cn) (X%, pr) and using the

explicit expression of the transition operator of (X, p,), one gets that
(") has the following form:

n—k—1

k
g (i, w) = fili) + Z tr(w®! (Fiyj41)),
=0

Frpjiin= Y ferjr1(D®irpp(1).

i€lkyj11

Equation (24) follows from the same reasoning as in the proof of Theo-
rem 4 once we observe that

n—k—1
198 lse < {14 D 194l | en < 1+ZH<I> I | ca-

It would be interesting to generalize these results to the case where mea-
surements are chosen adaptively, i.e. they may depend on the outcomes of the
previous measurements; this would find applications for instance in the task
of estimating unknown parameters of the unitary interaction U between the
system and the ancillas (see Sect. 5.5), since an adaptive measurement strategy
has been recently shown to be able to asymptotically extract from the output

ancillas the maximum amount of information about the unknown parameter
[43].

5.4. Multi-time Statistics

In some cases, one is interested in functions of the output measurements at
different times: for instance, as in the case of classical Markov chains treated in
Sect. 5.1, the task could be estimating the rate of jump at stationarity from a
certain state to another. Previous techniques still provide bounds for this kind
of situations: given m > 2 and f : I — R, the natural stochastic process to
counsider is the one given by (X,,, pn) where X := (X, ..., Xk+m—1) and p,
is the conditional system state. It is easy to see that it is a Markov process
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with the following transition probabilities: for every iqy,...,%, € I
Vi Vi pViy - Vi )

P X Z(il,...,im),plz * .
P( 1 tf(Vim"'VzlP “VZm)
=tr(Vi,, - Vi, pViy -+ Vi)

and for everyn > 1,5 €1
ViwVy
tr(ijVj*)

]Pp (Xn_t,_l = (i27' . 'aimvj)vpn—l-l - Xn = (ila ce. 7im)apn - w)

= tr(V;wV}").
All the other possibilities occur with zero probability.

The transition operator corresponding to this enlarged process is the
following:

ViwV;
P(g)(ila"'aimaw) = Zg <i2;---,im;j, W) tI‘(VCL)V )

Jjel
where i1, ...,4, € I, wis a state on h and g is a bounded measurable function.
With the same heuristic reasoning used for one-time statistics, we can provide
a solution for the Poisson equation in this case too. Let us define the following
function:

g(i,w) = F(@) + tr(w(B™ (@) + AT™))

where i = (i1,...,4,) € I™, w is a state on b,
B(m Z Z fZk+17~-~7im7j17---7jk)‘/jz"'Vjtvh‘/jk
k=1 j1,.... k€l
::F,S"”
and A;m) is the unique solution of
(1d — @)(A™) = FiM, F(Y = 2 GV ViV,
Jiseedm€l

such that Agcm) € F ={x € My(C) : tr(ocx) = 0}. Notice that A}m) exists if

weF ) = Y [l gm0V ViV, =0,

JiyeJm €L
which means that the function f is centred with respect to the probability
measure 7 (j1,. .., jm) = tr(oV - ViV; V) (which is the law of m con-

secutive measurements in the stationary regime). Reasoning as for m = 1, we
get the following inequality.

Proposition 9. For every m > 1, f: I™ — R such that
7M() = D fGuedm)te(e Vi Vi Vi V) =0

Jiy--dm €1
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and || f|loo = ¢ for some ¢ > 0, then for every v > 0

P, (i S A = v) <o (-§I20) orm =26, (@)
k=1

where G = (m + ||(Id — @)‘_}}\\oo)c and F = {x € M4(C) : tr(ox) = 0}.

In order to apply the techniques employed to derive the Bernstein-type
bound to the multi-time statistics case, one needs to consider the extended
quantum channel corresponding to the stochastic process of m consecutive
measurement outcomes (see [68]) and the result can be proved under the as-
sumption that the multiplicative symmetrization of such channel is irreducible;
however, the discussion in Sect. 5.1 about the doubled-up process correspond-
ing to a classical Markov chain shows that this may never be the case.

5.5. Parameter Estimation

Concentration inequalities in Theorems 3 and 4 can be used in order to find
confidence intervals for dynamical parameters (and possibly perform hypoth-
esis testing): suppose that the unitary interaction U between the system and
the ancillas depends on an unknown parameter § € © C R, which we want
to estimate via indirect measurements. Kraus operators V;(#) and the steady
state o(#) depend on the parameter too and so does the asymptotic mean:

T(£)(0) =Y f(i)tr(o(0)Vi(0)Vi(6)).
icl
For the sake of clarity, we are now going to treat the simplest case in which
fn = 230, f(Xy) is a consistent estimator for 6, i.e. when m(f)(#) = 6;
however, one can easily generalize the same reasoning to more general in-
stances. Theorems 3 and 4 can be used to estimate the probability that 6 lays
in an interval centred at f, : indeed, for every v > 0

Ppo (@€ (fn=7fn+7)=Ppo(lfn =01 <) =1=Ppo(lfn -6 27)

212N, (- max [ D20 (B ) G 22600, o)),

Since the real value of the parameter 6 is unknown, one is usually in-
terested in lower bounding P,¢ (8 € (fn — 7, fn + 7)) uniformly for § €
O or its average with respect to a certain prior measure p on O, i.e.
JoPoo (0 € (fn—",fn+7))du(f); in order to obtain meaningful lower
bounds, in the first case one needs either 1/¢(f) or G(6) to be uniformly
bounded, while in the second case it is enough that the set where 1/¢(6)
or G(0) grows unboundedly is given a small probability by the prior u. We
remark that 1/¢(f) and G() approaching +oco is a phenomenon related to
Qg () := > i V¥ (0) - Vi(0) losing ergodicity and approaching a phase transi-
tion.
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6. Conclusions and Outlook

We derived a generalization of Bernstein’s and Hoeffding’s concentration
bounds for the time average of measurement outcomes of discrete-time quan-
tum Markov chains.

Our results hold under quite general and easily verifiable assumptions
and depend on simple and intuitive quantities related to the quantum Markov
chain. We were also able to apply the same techniques employed for showing
the Bernstein-type inequality to provide a concentration bound for the count-
ing process of a continuous-time quantum Markov process; this result com-
plements deviation bounds obtained using different techniques in [18]. While
our strategy was inspired by works on concentration bounds for the empirical
mean for classical Markov chains [34,42,51,56], when restricted to the classical
setting, our results provide extensions to empirical fluxes of the corresponding
classical bounds.

Our work here finds a natural application in the study of finite-time fluc-
tuations of dynamical quantities in physical systems, something of core inter-
est in both classical and quantum statistical mechanics. Our work provides the
tools to deal with problems which are tackled using concentration bounds in
statistical models which involve the more general class of stochastic processes
that can be seen as output processes of quantum Markov chains (which in-
clude important examples, e.g. independent random variables, Markov chains,
hidden Markov models).

Our results should be useful in several areas. One is the estimation of dy-
namical parameters in quantum Markov evolutions, where a natural extension
of our results would be to the case where measurements are chosen adaptively
in time [43], and to more general additive functionals of the measurement
trajectory. A second area of interest is in the connection to so-called thermo-
dynamic uncertainty relations (TURs), which are general lower bounds on the
size of fluctuations in trajectory observables such as time-integrated currents or
dynamical activities. TURs were postulated initially for classical continuous-
time Markov chains [8] (and proven via large deviation methods [40]) and later
generalized in various directions, including finite time [63], discrete Markov dy-
namics [65], first-passage times [37,39], and quantum Markov processes Refs.
[24,31,45,48]. The concentration bounds like the ones we consider here bound
the size of fluctuation from above and are therefore complementary to TURs.
It will be interesting to see how to use the concentration bounds for fluxes
obtained here to formulate “inverse TURs” that upper-bound dynamical fluc-
tuations in terms of general quantities of interest like entropy production and
dynamical activity, as happens with standard TURs.
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Appendix A: Technical Lemmas for Proving Theorem 3
We recall that b* = 7(f?) and ¢ = || f||oo; the definitions of ¥(™) and ®(™ can
be found in Eqgs. (9) and (10).

Lemma 10. Let k and m be two natural numbers; the following bounds hold
true:

1. ||q>(m)Tq)(k)||2 < emtk,

2. |wm|ly < (2¢)™,

3. ||eTeE) (1)) < ™1 for m + k> 1,
4o T ()5 < 2(20)™ b for m > 1,

511, @0 (1))] < 4(2¢)™ 202 for m > 2.

Proof. 1. Lemma 1.3 in [59] ensures that if we consider a completely positive
map 7 : Mg(C) — My4(C) such that n*(c) < o, then |n||2 < 1. If we apply it
to ® and ®f, we get ||®T®||; < 1, which proves equation in point 1. in the case
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k=m=0.1If K+ m > 1, notice that we can write

M) (g) FO™ @ .
—o = X T Kk
j,i€l:
£ (@420
n+(x)
FO™F@F .
2. KKy
Jyi€l:

FE™ @R <0

n—(z)

ny are completely positive and, since ||f|l.c = ¢, they also satisfy (ny +
n_)*(c) < ®*®™(s) = o, hence |[ny +n_|2 < 1 and we get the thesis us-
ing Lemma 2.

2. By the explicit form of (™) and point 1., we get

e, <3 (’7) ||, < <Z (7)) = (20)™
=0

=0

3. Let us introduce the following self-adjoint operator

Fmk) q)(M)Tq)(k) Z FOFFG)™KS K,
ijel
where we recall that K;; = Vi{J%Vj*J*%} are the Kraus operators of ¥;

notice that F(™*) is a convex combination with operator weights KK ; of
the matrices f(i)¥f(j)™1. We get that

TR (1)]|y = tr(o? F™ Mgz R < tr (o (FOmF)
I (D)2 = tx( )z <

2
< DD F@O G (0K K ) |
ijel
where we used Cauchy—Schwarz inequality for the trace and operator Jensen’s
inequality (see for instance [47, Theorem 2.1]), since t? is operator convex
on the whole real line. Notice that the last term of the previous equation
can be expressed as ﬁ(f(i)%f(j)%”)%, where 7 is the probability measure on
I? defined as 7(i, j) = tr(o K} ;K; ;); an easy computation shows that 7 has
marginals equal to 7. If £ =0 (and analogously if m = 0), we get that

RGP FG)P™)E = w(f2)2 < b,

otherwise, if both m and k are bigger or equal than 1, we can still get the same
bound:

PP FG)P)E < w(fPm)Eck < emthly,
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4. Because of point 3., we obtain
m m - .
H\I/(m)(1)||2 < Z ( / ) Hq)(l)T@(m l)(1)||2 < 2(20) 1
1=0

5. From the estimate in point 3., and the explicit expression of ¥(™) we have
that:

ey <3 (1) ie0w, e 0w

Z( )”‘I’” Yzl @D (1) < 4(2¢)™ 22,

In case ! = 0 or [ = m, we do not make use of estimate in point 3., but the upper
bound follows from the observation that (1, ®("™) (1)) = (®(™)(1),1) = = (f™).
O

We recall that r(u) is the spectral radius of ¥, (see Eq. (8)) and that ¢
is the spectral gap of ¥ := ®T®.

Lemma 11. For every 0 < u < ¢/(10¢), the following bound holds true:

2 —1
r(u) < exp <u26b (1 - 100u> ) .
€ €

Proof. For 0 <u <e/(2¢(2+¢€)), we can write

u)=1+ Zr(k)uk

u>1

and

E LTR(qu)s(m) ) G )
vl pp! ;
vittrp=k,v; >1
pite A pp=p—1, ;20

where S(©) = —|1) (1] and for > 1, S® is the pu-th power of
SW = (¥ —1d+ (1) (1))~" — 1) (1.

Notice that ||S"")|y = e™# for u > 1. More details can be found in [56,
Section 2.

In order to obtain an upper bound for r(u), we derive upper bounds for
|r(#)| for every k. The coefficient (1) can be easily shown to be equal to zero
due to the fact that f is centred:

ITR(EWSO)] < 21, @M (1))] = 2n(f) = 0.

N

p=1 p

For bigger values of k, we will make extensive use of the estimates in
Lemma 10. Fix k > 2. Since pu1 + -+ + pp, = p — 1, there must be a certain
j €{1,...,p} such that p; = 0; by the cyclicity of the trace, without loss of
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generality we can assume that p, = 0. Using the estimates in Lemma 10 we
get that for p =1

ITR(TP SO = (1, ™) (1))| < 4(2¢)" %02

Hence,
TR(W®) 50 _ b2 (2c\*7!
|(M”§2@@k%%§c(;> . (26)
If p > 2, then
ITR(W ¥ §(a) . ge) §lw))| = (1, W) §U) Lo g(0) (1))
< el TP e) T T W ) (1) ) (1)
< el TP(2e) T P92 (2) i e 22
< glmpokck=2,2
Hence,

(27)

ITR(W @) §0m) .. ) §li)y| - 9p2 (20)’“—1
< — .
5

vile-ppl ~ ¢

For k > 3, the following upper bound holds true (we refer to [56] for more
details):

k
1
>3 > <5t
=P =k, i1
p1tetpp=p=1, p; 20

We conclude that for £ > 3

262 [10c¢\ "1
B <=2 (= : 28
VI&(8> (28)

For k = 2, we upper bound [r(?| in the following way: indeed, thank to
Egs. (26) and (27), we obtain

4% 6b?

2) g
WWE;L@WmWMWmFW+E<€WM

2

) = |
Putting everything together we get that for 0 < u < £/(10c¢)

6b? 10cu\ "
r(u)§1+2|r(k)|uk§1+u2gz< )

E>1 ko N ©

2 -1 1
<1 +u2® <1 _ IOCU) < 6“2#(1—10%) )
€ €
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