ANALOGUES OF THE BOL OPERATOR FOR HALF-INTEGRAL
WEIGHT WEAKLY HOLOMORPHIC MODULAR FORMS

NIKOLAOS DIAMANTIS, MIN LEE, AND LARRY ROLEN

ABSTRACT. We define an analogue of the Bol operator on spaces of weakly holomorphic
modular forms of half-integral weight. We establish its main properties and relation with
other objects.

1. INTRODUCTION

The classical “Bol operator” has proved a very fruitful tool in various aspects of the theory
of modular forms. It provides one of the ways to address the difficulty that the derivative
of a modular form is typically not modular (see [Zag08, §5] for a excellent discussion of
this problem). Among the applications of the Bol operator, we only point to two: Firstly,
the theory of period polynomials [Kno90] and, through it, the critical values of L-functions,
bases of spaces of cusp forms etc. Secondly, the theory of harmonic Maass forms [BFOR17,
Ch. 5] to which the Bol operator plays a fundamental role, not least because, together with
the “xi-operator” (see (1.3)), they uniquely determine the harmonic Maass form.

We outline its construction in the setting we will most often be using, namely that of
weakly holomorphic modular forms. For N € N and k € Z, let M}(N) denote the space
of weakly holomorphic modular forms of weight k& for the congruence subgroup I'g(N), i.e.
modular forms for which the holomorphicity condition is relaxed to include functions with
poles at the cusps. Then we set

k—1
1-k d
dzk-1

to be the Bol operator. This induces a map from M, ,(N) to M} (N) given, at the level of
Fourier expansions, by

(1.2) DF! ( Z anq”> = Z ann* g,

n>>—00 n>>>—oo

(1.1) DF1 = (2mi)

This Bol operator commutes with the Hecke operators and with the Fricke involution

Wy = <\/ON _1/0 W) for N € N. It can be expressed as an iterated Maass raising opera-

tor [BFOR17, Lemma 5.3] and forms a companion to the “shadow operator” on the space
Hy (T'o(N)) of harmonic Maass forms

0
ok O
(1.3) §opp 1= 21y B

where y = Im(z). Here S(I'o(N)) stands for the space of cusp forms of weight k& and level
N. The interplay between D¥~! and &,_;, is fundamental for the theory of harmonic Maass

forms and, in particular, the study of mock modular forms. Specifically, harmonic Maass
1
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forms canonically split into two pieces, which are in turn annihilated each by one of these two
operators. Thus, the two pieces of a harmonic Maass form can both be uniquely determined
via positive weight (weakly holomorphic) modular forms by using both operators.

Given the importance of the Bol operator hinted above, it is natural to seek analogues in
the space M, (N, x) of half-integral weight k weakly holomorphic modular forms for T'o(N)
and character y. In contrast to the shadow operator which exists for k& half-integral and
behaves exactly as in integral weight, there is, as yet, no “companion” operator to &;_.
Finding one has been a long-standing aim among researchers in the area.

Results hinting in this direction have been given, however. In [BGK14] a very interesting
map is constructed which sends weight 2 — k£ harmonic Maass forms to weight k weakly
holomorphic cusp forms for £ half-integral in a fashion that parallels the Bol operator. The
construction is based on certain maps defined by Zagier and appears in the context of Shintani
lifts from integral weight weakly holomorphic modular forms to half-integral weight weakly
holomorphic modular forms. Since the main aim was to ensure that the maps involved in
the definition of the Shintani lift are Hecke invariant, the Bol-style map of [BGK14] was,
in fact, a family of maps on certain individual subspaces of the space of weight 2 — k weak
Maass forms. However, unlike the classical Bol operator, these maps do not have a simple
action on Fourier expansions, and while they have been put to good use to study L-values,
they are in some sense more mysterious.

Against this background, in this note we investigate three questions of increasing strength
and specificity

Question 1.1. Can one build an explicit analogue of the operator in (1.2) for the entire space
of half-integral weight forms?

A stronger form of this question is

Question 1.2. Let k € % + N, N € N and a Dirichlet character v» mod N. Does there exist

a linear map from M, ,(N,v) to M}(N’,+'), for some N’ € N and a character ¢ mod N’,
sending each

(1.4) f(2)= ) eaq” € My (N, %)
n>-—ng
to a f; € ML(N', ') which has the form
(1.5) filz) = Z (cal(n)n"~' + “lower order terms”) ¢"
n>-—ng

for an explicit, bounded map ¢: Z — C independent of f and, as “lower order terms”, some
linear combinations of {¢_,,, ..., ¢,—1} with coefficients independent of f?

An even stronger version of the question, dispenses with the “lower order terms” in the
n-th Fourier coefficient of (1.5):

Question 1.3. Let k € % + N, N € N and a character ¢y mod N. Does there exist a linear
map from M, ,(N,v) to M(N' +'), for some N’ € N and a character ¢ mod N’, sending
each f € M) _,(N,) with Fourier expansion (1.4) to a f; € M}(N', %) of form

(1.6) fi(z) = Z cnl(n)n*tg"

n>-—ng

2
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for an explicit, bounded map ¢: Z — C independent of f?

We will give an affirmative answer to Questions 1.1 and 1.2 by defining a family of Bol-
style maps on the entire space M) , (N, 1) yielding elements of M} (N,1') with a Fourier
expansion of the form (1.5). For the Construction, the relation between the theta functions

0o(z) = 00(2;¢0) = Zl/Jo and 01(2) == b1(z;91) = anl ;
n>1 n>1

for suitable characters 1y, 11, is used as a prototype of a Bol-style operator of weight 1/2
(see Proposition 3.1) and this is reflected in the structure of the formula for our operators.
Indeed, in addition to addressing Questions 1.1 and 1.2, they map 6y to #,. Further, our
operators are derived by a process reminiscent of (group-)conjugating an integral weight Bol
operator by elements of the algebra generated by 6y, 6;. Specifically, fix a € Z and non-
primitive, real, primitive characters ¢y mod Ny, ¥; mod Ny such that 1;(—1) = (—1)7 and
0;(z;;) have no zeros in H. For a smooth function f : H — C, let §*7(f) : H — C be such
that, for all z € H, we have

(1.7) OETHA)(2) = 032 (2)01 " (2) D2 (05705 £) (=)
Then, the following combination of Corollaries 3.3 and 3.6 answers Questions 1.1 and 1.2:

Theorem 1.4. Let f be a weakly holomorphic modular form of weight 2 — k € % — N, level
N and character ¢. Then §*1(f) is a weakly holomorphic modular form of weight k, level
N and character d — 1(d) (_71) wld) 1y particular,

Yo(d)
61/2(0,) = 6.

Further, set {(n) := (n+1)*"2/n*' ifn £ 0 and £(0) :== 0. Then 68! induces a linear map

from M} _,(N,) to M}, (N Y- (= )%) sending each

= Z qun € MQ'—k(N’w)

n>—ng

toafleM,i(sz( )z—) of the form

filz) = Z (cpl(n)n™ ' + “lower order terms”) ¢"

n>—ng

where the “lower order terms” are linear combinations of {c_ny,...,Cn_1} with coefficients
independent of f.

The use of theta functions in our construction is similar in spirit with the special case of
the Shimura lift that originated with Selberg and, later on, extended by Cipra [Cip89] and
Hansen-Naqvi [HNO8]. In their setting too, the theta function is used to “complete” the
degree to an integer. A further similarity is that both their Shimura lift and our Bol-style
operator are explicitly identified and, in the negative direction, that neither their Shimura
lift nor our operator are compatible with the Hecke action. Finally, there is no basis to
ask whether their version of the Shimura lift is compatible with our Bol-style operator and
the classical Bol operator, because their lift, by construction, is only definable for positive

weights.
3
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It is unclear whether the answer to Question 1.3 is affirmative and the main supportive
evidence is, on the one hand, the analogy with the integral weight case and, on the other,
the special case of the pair 6y, 0, in weights 1/2 and 3/2. A positive answer would be
important, not just because the resulting construction will be simpler but, mainly, because
a function such as (1.5) will be more likely to be compatible with the Hecke action and with
the analogue of the Shimura lift for weakly holomorphic modular forms. In the last section
of this note §4, we propose an approach towards Question 1.3 which is based on the direct
and converse theorems proved in recent work of Raji and the authors [DLRR].
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2. BACKGROUND.

2.1. Basic notation. The group SLy(R) acts on H via the Mébius transformation: for
v =(2%) € SLy(R), vz = % € H whenever z € Z. Here and throughout, we set the
implied logarithm to equal its principal branch so that —m <Arg(z) < . Let () denote the
Kronecker symbol. For an odd integer d, we define

(2.1) o) e 1 ?fdzl (mod 4),
i ifd=3 (mod4),

so that €3 = (=)

We recall the slash action |, of SLy(R) on smooth functions f: H — C on the complex
upper half-plane H, in the cases k € Z and k € % + Z:
o k€ Z: We consider the action | of SLy(R) on smooth functions f: H — C on the
complex upper half-plane H, given by

_ a b
(2.2 (Fn(2) = (2 + d)*f(32),  for = ( d) € SLy(R).
o k€ 3+7Z: We define the action |, of To(NN), for 4|N, on smooth functions f: H — C

as follows:
%

23 UhnE) = () et d) ez forally = ( d) € To(M).
For k € %Z, we have

(2.4) (W) (z) = f(War2)(VMz) 7"

Note that we define the action |W), by the same formula in both the integral and half-

integral weight cases.
4
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For each N € N, k € %Z, and Dirichlet character ¢» (mod N), we denote by My (N, )
(resp. M (N,)) the space of holomorphic (resp. weakly holomorphic) modular forms for
[o(N) and character 1. The subspace of M(N,v) (resp. M;(N,4))) consisting of forms
such that the constant term of its Fourier expansion at each cusp vanishes is denoted by
Sk(N, ) (resp. Si(N,1)) and called the space of holomorphic (resp. weakly holomorphic)
cusp forms for I'g(/V) and character ¢. The absence of ¢ from the notation means that the
implied character is the trivial one.

2.2. L-series. The version of L-series of weakly holomorphic modular forms we will be using
in this note will be that defined in [DLRR] (see [BFK14, DSKS21] for other versions of L-
functions of harmonic Maass forms). As discussed in [DLRR], in the case of holomorphic
cusp forms, these L-series are equivalent with the classical L-series.

For a given piecewise smooth complex function ¢ on R we define

(2.5) (Co)(s) = / " ottt

for s € C, to be the Laplace transform.
For each f : H — C, holomorphic in H with a Fourier expansion of the form

(2.6) f(z) = Z cpe?minE/M

n>-—ng
for some M € N and ny € Z, we let F; be the set of piecewise smooth complex functions ¢
on R such that the series »_ - |ea[(L]g]) (2mn/M) converges
Let now k € %Z, N € N and a Dirichlet character ¢» (mod N). If the Fourier expansion
of f € M ,(N,%) has the form (1.4) with M = 1, we define the L-series of f to be the map
Ly: Fy — C given by
Li(p) == Y _ ca(Lp)(2mn).
n>-—ng
We further consider the twists f,(z) given by

fy(z) == Z o T (n)e™ D

n>—ng
where for a Dirichlet character x modulo D and an n € Z, the generalized Gauss sum is
(2.7) T (n) = Z x(u)e*™ "D,

u (mod D)
The L-function of f, is defined by

Lil@) = Li(9) = 3 ears(n)(Lp)(2mn/D)
n>—ng
for each ¢ € Fy, .
One of the main advantages of this distributional-type setup is that it was used in [DLRR]
to prove a Weil-type converse theorem. To state the direct and converse theorems for our
L-series, we set, for each ¢ : R, — C

(2.8) (eleWar) () = ((Mz) ™) (Mz)™".
We recall the following theorem from [DLRR].
5
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Theorem 2.1. Fiz k € %Z. Let N € N and v a Dirichlet character modulo N. When
k € 3+Z, assume that 4|N. Suppose that f is an element of M}(N, ) with expansion (1.4)
and that x is a character modulo D with gcd(D,N) = 1. Set g :== f|;,Wn and

(2.9) Frg = ﬂ {(,0 € Fp, : plaaWn € ng}.
x mod D
Then Fy g, # {0} and we have the following functional equations. For each ¢ € Fy,,

1 X(—=N)Y(D _
(210) Lf(X? @) = Zk%ljg(% ¢|2—kWN)7 when k € Z

and

(211) Ly(x, ) = (=1 () XD

epNk/2-1
U

Here ¢p(u) = (5) 18 the real Dirichlet character modulo D, given by the Kronecker symbol.

Ly(x¥p, ¢la—kWn)  when k € % + 7.

Note that the factor in (2.11) differs from [DLRR] due to our different normalisation of
f1xWyx. We now recall the converse of Theorem 2.1 from [DLRR].

Theorem 2.2. Let N be a positive integer and 1 a Dirichlet character modulo N. For
J € {1,2} and some integer ng, let (a;(n))n>—n, be a sequence of complex numbers such that
aj(n) = O (ec |”‘> as |n| — oo for some constant C > 0. Define holomorphic functions
fj: H — C by the Fourier expansions
fi(2) =) aj(n)etmm.
n>-—ng

For all D € {1,2,...,N? — 1}, ged(D, N) = 1, any Dirichlet character x modulo D and
any smooth, compactly supported ¢ : Ry — C, assume that

K X(=N)yY(D _
Ly (x, ) = Zk—X( 5)1/11( >Lf2(X7(P’27kWN) when k € Z,
and
. 1 X(—=N)y(D .
Ly (0 9) = 0 (-) 2un IS L i, ol W) when k€ 42
D 2

Then, the function fi is a weakly holomorphic modular form with weight k and Nebentypus
character 1 for To(N) and fo = f1|zWh.

3. ANALOGUES OF THE BOL OPERATOR

3.1. Theta series of weight 1/2 and 3/2. Before beginning our main construction, we
first recall the classical unary theta functions [Shi73]. Let Ny, N; be two positive integers.
Fix an even character ) mod Ny and an odd character ¢ mod N;y. Set

(3.1) Oo(2) =D _wo(n)g"

n>0
and
(3.2) 01(z) == anl(n)qnz.
n>1
6
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For computational convenience, we take 1¢(0) to be 1/2, if 1y is the trivial character. By
[Shi73, Section 2], we have that 6 is a modular form of weight 1/2, level 4NZ and character
g. Also, 0; is a modular form of weight 3/2, level 4N? and character v, (;1) If, in addition,
1; is real and primitive of conductor N; we have the transformation equations

(3.3) 01 Wane = (1) (iN;) 2 7(¢)05:
Here 7(1);) =: 7y,(1), where 7, (n) is the generalised Gauss sum for v; defined in (2.7).
Remark. The primitivity of ¢; is needed only for (3.3) not for the modularity of ¢;.

Recall that 1) is a real, even, primitive Dirichlet character modulo Ny. In the next proposi-
tion, we will answer Question 1.3 in the case of the subspace M ;2(4N§, ¥g) of M{/2(4Ng, ).

Specifically, we define a map such as the one posited in Question 1.3. Any f € M 2(4NF, ¢)
with Fourier expansion f(z) =}, ., a(n)q", is mapped to the function

(3.4) (0271 ) (=) =D _a(n)l(n)n~"q"

with ¢ : Ny — R given by

<\_/—71;> when y/n € N,
0 otherwise.

(3.5) l(n) = {

The content of the next proposition is known to experts, but we recast its proof in our
framework.

Proposition 3.1. The answer to Question 1.5 is positive in My j5(4N§, 1), for ¢y mod N
real, even and primitive.

Proof. First note that, by [SS77, Theorem A], a basis of M »(4N§, 1) consists of the series

Opi(2) =D _v(n)g™

for (¢, t) such that t € N, 1 is an even, primitive character of conductor r satisfying 4r2¢|4 N
and o(m) = ¥(m)x:(m) whenever ged(m,4N3) = 1. Here, xi(n) := (L). As above, by
convention, ¥ (0) = 1/2 if 1 is the trivial character.

For a non-negative integer n, we define

¢ (y/%) whent|nand /% €N,

t

(3.6) at(n) = {

0 otherwise.
Then
(3.7) Opi(2) = Z ai(m)q™.
m=0
We have
(3.8) (62 00)(2) = Y a(m)e(m)m2 "1™ = > p(n)l(tn?)(tn?): g™,
m>0 n>0
7
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Note that £(tn?) = 0 unless ¢ is square. So 5%’191” = 0 unless t is square. If ¢ is square,
then ¢y = ¢ and thus r = Ny, which implies that t = 1. Therefore,

(3.9) 527 0,,(2) =0
unless (1, t) = (¢, 1). When (¢, t) = (1o, 1), comparing with (3.2), we get
3_ -1 n2
(3.10) 3 0)(2) = Sl (57 ) na” =1
with 1 = 1y (_—1) Since, 1y is a Dirichlet character modulo 4Ny, 6, is a weight 3/2 modular
form of level 4(4Ny)? and character 1, (_—1) = 1)g. Therefore, the assignment

Z a;(n)q" — Z at(n)é(n)n%_lq”

n>0 n>0

induces a linear map from M /o(4NG, ) to Ms(64NF, 1), confirming the assertion of
Question 1.3. 0

This instance of a positive answer to Question 1.3 is special because it concerns forms of
moderate growth which can occur only if both weights involved (k and 2 — k) are > 0. This
happens only if £ = 1/2 or 3/2 and therefore, for more general half-integral weights one must
by necessity consider weakly holomorphic forms. However, the relation between 6, and 6,
will be used as the basis for the general weight case in the next subsection.

3.2. The main construction. Throughout Subsections 3.2 — 3.4, we fix a real, primitive,
even character ¢ (mod Ny) and a real, primitive odd character ; (mod N;) such that
0o = 0o(+, 1) and 0y = 61(-,11) have no zeros in H. Further, fix an integer a. Then, for each
smooth function f: H — C, set

(3.11) 08 (F) = 0520 DR (66,
where D*~2 is the usual Bol’s operator given in (1.1). Here, note that k — 2 e Ny.

Theorem 3.2. Set N :=lem(4NZ,4N?). For each v = (L)) € To(N), we have

(3.12) o o) = (5 ) o Dl

Suppose further that Ny = Ny. Then, with N = lem(4Ng,4N?) = 4NZ, we have

-
(3.13) O (FlaadWi) = =S (i

Pro}(if. Since §; has weight 1 + j and character ¢; (_—1)] for To(4N?) D To(N) (j € {0,1})
we have

—1\*?
3 lana) = 20 D (B0l 0 ) (las) ) n(ar* ()
for all v = (7 3) € I'o(N). Upon applying the definition of the slash operator we deduce

3 —3apa — —3a a —1 ¢
51 (lami) = 001D (0080 ) 47 Pl ()
8
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Since k — % is an integer, we can apply the standard Bol’s identity to get

-1

5571<f|27k7) _ 93(1720%7(1 ((Dkfg (eéfBaeizf)) ‘k7%7> Ecll+2(27k)w0(d)173awl (d)a <7) )

The modularity of 8y and 6; implies that this equals

—1

(ol Orky) e (D380l p7) ) on(a) ()

= (0 N)(2)(cz +d) ™" (2) " ZTEZ;

By the definition of the action |, (with & half-integral), we can simplify to deduce (3.12).
Suppose now that Ny = N;. Then (3.3) implies that

(_1)a(iN0)1/2—a

T(w0>173a7-<w1)a

05201 (f oW ) = (6505 )la—k—1/2 W

In a similar way as above, we get

(—1)2(iNg) />~ (—1)7%(iNy)* "2
7 (o) 7307 (1) T (o) 32T (¢Pr) 10
X (0o]1/2Wn)** 2 (01]32 W) = DF 32057205 f)|i—1/2Wn

After simplification this implies (3.13). O

S (fla—i W) =

With the notation of the theorem, we see that the answer to Question 1.1 is positive:

Corollary 3.3. Let f be a weakly holomorphic modular form of weight 2 —k € % — Ny, level
N and character . Then 5¥71(f) is a weakly holomorphic modular form of weight k, level

N and character d — 1(d) (’71) z;gg; In particular,

5.%(60) = 01,

Note that since §; have no zeros in H, 6*7!(f) is well-defined and gives a weakly holomor-
phic form.

In our construction, the parameter a is assumed to be integer. However, 6! can be
defined for other values too and, in some cases, it can be shown to coincide with other
well-known operators. We will discuss one such example.

We first note that the equation defining 651 in (3.11) gives a well defined function when
a € Q. We also recall the definition of Rankin—-Cohen bracket in the form given, e.g. in
[ZagT77], which includes the case of half-integral weights. For n € Ny and modular forms f
and g of level N, weights k, ¢ respectively, and characters Y, 1 respectively, we set

B - ajf(mY Th+n)T+n) o ey
ool = 2 () e e

The function [f, ¢, is a modular form of weight k + ¢+ 2n and character xi. Then we have
9
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Corollary 3.4. Let f be a weakly holomorphic modular form of weight —1, level N and
character 1. Set

(3.14) F(z) = f(42)00(2).
Then 5
0y/a(F) = —-[01, f(4)]s
Proof. This follows by a direct calculation. OJ

Remark. We have not been able to find so simple a relation of our Bol-style operator with
Rankin-Cohen brackets for general weights and values of the parameter a. However, the
structure of the half-integral weight forms that are the subject of Corollary 3.4, exhibits
some interesting similarity with that of modular forms that can be lifted to integral weight
modular forms according to Selberg’s version of the Shimura lift. This will be discussed in
the next subsection.

3.3. Selberg’s version of the Shimura lift. The construction of the operator 6*~! has
quite a few analogies with Selberg’s version of a Shimura-type lift (see [Cip89]). We recall
its simplest case and then point out those analogies:

Let k be an a positive even integer and let f(z) = ) -, a(n)g” € Si(1) be a normalised
eigenform for all Hecke operators. Set -

F(z) == f(42)00(2) € Sky1/2(4).
Then

S(F)(2) := f(2)* = 2°71 f(22)?
belongs to Sox(2).

The most essential analogy of Selberg’s construction with the construction of 6¥~! is that
it uses a fixed half-integral weight form (namely 6y, as in our construction) in order to
translate the situation into the more familiar context of integral weight forms. Furthermore,
this “translation” is based on a multiplication with the theta function.

As in our construction, Selberg’s lift is not Hecke-invariant. Furthermore, since his con-
struction is intrinsically built on holomorphic cusp forms, it can only be carried out in the
case of positive weight and therefore we cannot check if 1 is compatible with D*~2 via
Selberg’s lift.

3

3.4. Fourier expansion. We will compute the Fourier expansion of 62 2(f) in the special
case a = 0 which will allow us to answer Question 1.2

In addition to the assumptions of the previous subsections, we assume that the Dirichlet
character 1)y associated to the theta series 6, is also non-trivial. Recall that

(3.15) DF: ( Z anq”> = Z n*2a,q".

n>—0oo n>—oo

Since 6 is non-trivial, we note that 6, /6> has a Fourier expansion of the form

01(2) -
3.16 = anq" with a_; = 1.
(3.16) P 2
We then have:
10
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Proposition 3.5. With notation as above, let

be a weakly holomorphic modular form of weight 2 — k € % — N, level N = lem(4N¢,4N?)
and character 1. Then, the Fourier expansion of 65 (f) is given by

& (F)=z) = Z q" ( Z G ( Z_ (l +m)k3¢o(\/ﬁ)anzm>>

n=—ng l=—ng m=1
where, Yo(v/m) = wo(my), if m =m? (m € N), and 0 otherwise.
Proof. With the Fourier expansions of y, f and (3.16) we see that

) = (Z q> Dt ( > (ZO o m)) |

With (3.15) followed by the change of variables n +m — n, we deduce

B17) EINE = 3 qn( S it m(z (VI m))

n=-—ng m=1-ng
0o n+1 m—1
= Z q"( Z m* 2a, ( Z o m—l)cl>>
n=-—ng m=1—ng l=—np

which, by an interchange of the inner sums, equals

n n+1
> Y Y w vVl
n=-ng l=—ng m=l+1
The change of variables m — [ 4+ m in the last sum implies the result. U

This proposition, together with Corollary 3.3, allows us to answer Question 1.2 positively:
Corollary 3.6. Let k € % + N, N € N and a Dirichlet character 1 mod N. Set {(n) :=
(n + 1% 2 /nFL if n £ 0 and £(0) := 0. Then 6871 is a linear map from M _,(N,) to

(N P - ( )ﬂ> sending each

Yo

(3.18) f(2)= ) eaq” € My i (N,%)
n>-—ng
toafleM,i<N¢( )i—) of the form
(3.19) filz) = Z (cnﬁ(n)nk_1 + “lower order terms”) ¢"
n>—ng
where the “lower order terms” are linear combinations of {c_ny,...,Cn_1} with coefficients
independent of f.
11
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4. POSSIBLE APPROACH TO QUESTION 1.3

We outline an approach based on Theorems 2.1 and 2.2 which could potentially shed light
on Question 1.3. Specifically we derive a sufficient condition for a map ¢ : Z — C to give an
affirmative answer to that question. We first prove a functional equation that the L-series of
a weakly holomorphic modular form must satisfy if the answer to Question 1.3 is positive.
We then identify a condition that implies that functional equation. Then, by the Converse
Theorem (Theorem 2.2), we can deduce the modularity of the function f; of (1.6).

4.1. Functional equations. Let f be a weakly holomorphic cusp form of weight 2 — k €
% — N, level N and Nebentypus ¢ with a Fourier expansion of the form (1.4) and such that

(4.1) flo—xWxn =cf,  for some ¢ € C.

This is only assumed for simplicity. We assume that the statement of Question 1.3 holds
and therefore, that there exists a bounded ¢ : N — C, independent of f, such the function

filz) = Z cal(n)nftg"
n>>—oo

belongs to M} (N, 1), for some N’ € N and some character ¢/’ (mod N’). Finally, we assume
that, if f satisfies (4.1) for some ¢ € C, then f; also satisfies (4.1) as fi|o—xWn, = cAfi, for
some A € C, as is to be expected for a useful Bol-style operator.

The Direct Theorem (Theorem 2.1) then implies that for each character x mod D with
ged(D, NN’) =1 and for each compactly supported ¢ : R, — C we have

Nz x(—N)¥(D)

w

(4.2) Ly(x, ) = i"etop((—1)27*N) - Ly (X, @l W)
o o ((CFEN) X(-NW(D)
(4.3) Ly, (X, ) = i7cA N Ly, (Xtp, ¢l2-kWnr)

for every character x modulo D for ged(D, N’) = 1. There is a relation between L¢(x, ¢)
and Ly, (x, p): We let h be a smooth function on Ry such that h(n) = ¢(n) for n € Z and
we set

(4.4 an(p) = £ ((f—f) n(52) e <p>> .

Then, for all characters y modulo D with ged(D, NN’) = 1. We have

(4‘5) Lﬁ(X?@) = Z Ty(n)cnnk—lﬁ(n)(ﬁ@) (27T_n>

D
n>—oo
2mn

= 3 rnentlante) (Z) = Lilnan(e),

n>>—oo
Thus (4.3) becomes

Yp <(—1)k_%N'>

8D(N’)
1

(=N")y!(D)

-1

NEd IS

L(x, ap(p)) = i*cA Li(Xtp,ap(@la-xWnr)).

[\V]
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Upon applying (4.2) to the left-hand side, we deduce the following proposition.

Proposition 4.1. Let k € % + N, N € N and a Dirichlet character 1 mod N. Assume
there is a linear map from My (N, 1) to My(N',4"), for some N’ € N and a character v’
(mod N'), sending each f € My _, (N, ) with Fourier expansion (3.18) to a f; € ML(N', ')
of the form

(4.6) f(z)= ) el(mn* g
n>—ng
for an explicit, bounded map {: Z — C independent of f. Further assume that if f|o xWx =
cf, for some c € C, then fi|a_1Wn, = cAfi, for some X € C.
Then, for each f € Sy ,(N,) such that flo_ Wy = cf, for some ¢ € C and for each

piece-wise smooth, compactly supported ¢ on R, , we have

(47) Lf (YwD, aD(QD)’kWN> = Lf (YZﬂD, bap <¢‘2kaN’))
where

4.2. A sufficient condition for a positive answer to Question 1.3.

Proposition 4.2. Let k € %—l—N, A€ C, N,N" €N and 1,4 Dirichlet characters modulo N
and N’ respectively. Suppose that there is a h : R — C such that, for all smooth compactly
supported ¢ on R and all x mod D with ged(D, NN') =1, we have, for all p € R,

(4.9) b (%)H h (%) L (w (ﬁ) (Nw)“) ()
. ((Nxml ((%) 0(52) (590)(29)) (ﬁ)) ")

where b is given by (4.8) for some X\ € C. Then, if f € My_, (N, ) with Fourier exzpansion
(3.18) and such that flo_ Wy = cf, for some ¢ € C, then the function fi given by

(4.10) fi(z) = Z can 1 h(n)g"

n>>—oo
belongs to M}C(N’,w’) and cAfy = filxWnr.
Proof. We first observe that, by the definition of ap, (4.9) implies
(411) bOéD (@’2—kWN’) = Op ((,0) |kWN

By construction, we have Ly, (x,¢) = Ls(x,ap(p)). Further, since f € M) ,(N,v) and
flo—xWn = cf, Theorem 2.1 implies (4.2). Therefore,

Ly (X 9) = ikcz/JD((_l)%—kN)N§X(—N)¢(D)

Li(xwp, ap(o)sW).

€D
Then, (4.11) implies that this equals
o Un ((CDFEN) X(-NY(D)
(4.12) i"eA = Li(X¢p, ap(pla—sWnr)).
ED(N/)2
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The last term of (4.12) equals Ly, (X¢p, ¢|o—xWn+) and thus we have
Up ((~1F7EN7) X(=N")/(D)
ep(N')5 !

Then Theorem 2.2 implies that f; € ML(N’,+') and that cAf; = fi [ W O

Ly (x,¢) = i Loxy, XD, ¢lo—Wnr).

This proposition implies that “solving the equation (4.9) in A” would give an affirmative
answer to Question 1.3. We also remark that this is not an equivalence. It is possible that a
function h (or ) giving an affirmative answer could exist without the identity (4.9) holding.

In [DLRR] (Proposition 5.5) it was shown that this approach works in the case of integral
weight, with map A = 1. The stumbling block to transferring this to the case of half-integral
weight is that some Laplace transform identities crucial in the integral weight case do not
hold or lead to infinite sums in the half-integral case. Therefore, “solving the equation (4.9)
in A" is harder.

For example, in the case of integral weights, the proof of the analogue of (4.9) with h =1
hinges, in a sense, on with the simple relation J_;(z) = (—1)*J,(2) satisfied by the J-Bessel
functions when k is integer. This relation does not hold for k ¢ Z, but the explicit expressions
for J_ and Ji do exhibit some similarities. Specifically, for each n € N, we have ([DLMF,

10.47(ii), 10.49(iii))):
2 1 1 d\" [(sinz
Jn+;<Z>=\/;Z . (—za) ( - >

Toua(2) = (—1)my ) 22t <_1i)n (<2,

(4.13)

T zdz z

This more complicated pattern may, on the one hand, account for the difficulty in extending
the method of proving [DLRR, Proposition 5.5] to the case of half-integral weight and, on
the other, give hope that a “solution in h” of (4.9) may exist.

We might perhaps complete this picture by pointing out that, for k & %Z, there is, as
far as we are aware, no recognisable relation between J, and J_;. This could be viewed as
consistent with the expectation that no weight k£ Bol-type operator should exist for such k.
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