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In this paper, we study Chow motives whose identity map is killed by a natural number.
Examples of such objects were constructed by Gorchinskiy and Orlov [10]. We introduce
various invariants of torsion motives, in particular, the p-level. We show that this
invariant bounds from below the dimension of the variety a torsion motive M is a
direct summand of and imposes restrictions on motivic and singular cohomology of M.
We study in more details the p-torsion motives of surfaces, in particular, the Godeaux
torsion motive. We show that such motives are in 1-to-1 correspondence with certain
Rost cycle submodules of free modules over H;,. This description is parallel to that of

mod-p reduced motives of curves.

1 Introduction

The purpose of this article is to initiate the investigation of an interesting class of
Chow motives that, for some reason, did not attract attention they deserve before. These
are the so-called torsion motives, that is, Chow motives that disappear with rational
coefficients.

For me, the motivation for studying such objects comes from isotropic realiza-
tion functors of [28]. Such realizations 5 : DM(k; Fp) — DM(E’/E’; F,) are parameterized
by the finitely generated field extensions E/k of the ground field and take values in
the isotropic motivic categories. Here, E = E(t;,ty,...) is the flexible closure of E,
and isotropic motivic category DM(F/F; Fp) is obtained from DM(F; Fp) by moding

out the motives of p-anisotropic varieties over F. It appears that, for flexible fields

Received July 19, 2021; Revised November 20, 2022; Accepted February 15, 2023
Communicated by Prof. Dmitry Kaledin

© The Author(s) 2023. Published by Oxford University Press.

This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse,
distribution, and reproduction in any medium, provided the original work is properly cited.

€202 Iudy £0 U0 1s9n6 Aq | 6EEE0./9G0PEUN/UIWIEGOL 0 L/I0P/S[OILE-8OUBAPE/UIWI/WOY"ANO"OILISPEDE//:SARY WO, PAPEOIUMOC


https://doi.org/10.1093/imrn/rnad056
http://creativecommons.org/licenses/by/4.0/

2 A.Vishik

[28, 1.2], the isotropic motivic categories are sufficiently small, with Hom groups
between compact objects expected to be finite. This permits to assign to an object of
the “global” Voevodsky motivic category with finite coefficients its “local” much simpler
versions. At the same time, this collection of isotropic realization functors (together
with the, so-called, thick versions of them; see [28, Sect. 5]) is not entirely conservative.
And the expectation is that the kernel of this family on motives with Z,-coefficients
is generated exactly by torsion motives. Thus, understanding them is essential for
completing the “isotropic picture”.

It is not a priori obvious that torsion motives should even exist. But examples
of such objects were constructed by Gorchinskiy and Orlov [10] as direct summands
in the motives of Godeaux, Beauville, and Burniat surfaces (based on earlier works by
Alexeev and Orlov [1], Béhning—Graf von Bothmer-Sosna [3], and Galkin and Shinder [8]).
Gorchiskiy and Orlov used these motives to construct the 1st known example of the
phantom category.

We start our investigation by assigning certain invariants to torsion motives,
which measure the complexity of such objects. Namely, by the results of [29], any Chow
motive M can be lifted to a cobordism motive M and so (by the universality of algebraic
cobordism of Levine and Morel [13], we assume char(k) = 0), to a motive M2 in the sense
of an arbitrary oriented theory A*. The annihilator of the cobordism version provides
an ideal in the Lazard ring, whose radical is the intersection of finitely many ideals
I(p,n), where p is prime and I(p,n) = (p,vy,...,V,_;) are invariant prime ideals of
Landweber [12] (v; is a v;-element of dimension p' — 1). This leads to the notion of a
p-level of a motive—see Definition 2.12—the number n appearing above (oo, if p is not a
torsion prime, and zero, if M is not a torsion motive). This invariant can be interpreted
in terms of Morava K-theory versions of M. Namely, if M has p-level n, then MX™ = 0,
for 0 < r < n, and MX" = 0, for r > n; see Proposition 2.13. Since K(1) is just the usual
K-theory, localized at p and re-oriented (in the sense of [18] or [17]), it follows that the
motives of p-level > 1 are exactly the K-phantom motives, that is, such Chow motives,
whose K-version is trivial. The level appears to be a rather rigid invariant—it is stable
in tensor powers: the p-level of M is the same as that of M®".

The p-level imposes various restrictions on the motive. In particular, on the
dimension of the respective smooth projective variety X (whose motive M is a direct
summand of). In Theorem 2.19, we show that, for a motive of p-level n, such dimension
is > ;;”:11_ Moreover, over any field extension F/k, our motive has no Chow groups in
co-dimensions smaller than the specified bound; see Proposition 2.20. These results

are obtained using symmetric operations of [25]. We also show that if, for a motive of
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Torsion Motives 3

p-level n, the dim(X) < (2p—11)3(p+1—1), then the associated ideal J(M) (Definition 2.1) is
radical. This implies—Corollary 3.10 that Milnor’s operations Q;, 0 < i < n of Voevodsky
act as exact differentials on the motivic cohomology of M (i.e., Im(Q;) = Ker(Q;)). This
shows, in particular, that over an algebraically closed field, the etale cohomology of
M (with finite coefficients) are absent in dimensions and co-dimensions < n. That is,
the motive M cannot reside “too close to the surface” of the motive of the respective
variety, which suggests that the bound on the possible dimension of X may be improved.
This is indeed done in Corollary 3.19: for n < 4 and algebraically closed ground field,
dim(X) > [31 + %. We conjecture that the same holds in general.

In the 2nd part of the paper, we take a more detailed look at the torsion motives
of surfaces. We start with the torsion direct summand in the motive of the Godeaux
surface. We show that (as for any torsion motive of a surface), such a motive M is
completely described by the zero-slice of it in the homotopy ¢-structure [7]. This slice
corresponds to the Rost cycle module A, which is naturally a submodule of a free
module over H}, = H},(—,Z/5) of rank two with generators in degrees —1 and —2.
The component of degree zero of A is exactly CH,(M)—the group of zero-cycles on M
(considered over all field extensions F/C). The latter group can be described as the
group of H},(F)-relations between two unramified elements u € H}Lr(C(X) /C,7Z/5) and
7S H%r(C(X)/C, 7./5) in Hgt(F(X),Z/S). Among such relations, there is the generic one:
(v,u), corresponding to F = C(X). We prove that this element of A° generates A as
a Rost cycle module—Proposition 4.6. The mentioned free module H},(—1) & H},(—2)
possesses a natural bilinear form (which is an extension of the standard hyperbolic
form on Fg5(—1) @ F5(—2) into the skew-commutative realm of H};). We show that our
submodule A is Lagrangian with respect to this form—Proposition 4.7. Finally, we
express the diagonal class of the Godeaux surface in terms of the classes u and v.

We prove that torsion motives of surfaces satisfy the Krull-Schmidt principle;
see Theorem 4.10. We look specifically at p-torsion motives over an algebraically closed
field. Assigning to M the zero-th ¢t-homotopic slices of M and M we obtain a pair A
and B of Rost cycle modules that are naturally submodules of free H}, cycle modules H,
and Hp with generators in degrees —1 and —2. There is a natural (H};-valued) pairing
between H, and Hp, such that A and B are orthogonal to each other with respect to
it. As in the case of the Godeaux motive above, we can describe the generators of A
and B; Proposition 4.18. In particular, this gives the description of CHy(M). The above
assignment provides a 1-to-1 correspondence between p-torsion direct summands in the
motives of surfaces and pairs of submodules of dual free H};-modules with generators

in degrees —1 and —2, satisfying certain conditions; see Theorem 4.13. This description
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4 A. Vishik

is completely parallel to the description of direct summands of the reduced motives of
curves with Z/p-coefficients (Theorem 4.20). The only difference is that, in the latter
case, the respective dual free modules have generators in degree —1 only (and duality is
shifted accordingly). The abundance of mod-p motives of curves suggests that a similar
situation should take place in the case of p-torsion motives of surfaces. We show that
any nonzero p-torsion motive of surfaces has a nontrivial Picard group CHl(ME) over
an algebraic closure; Corollary 4.22. Finally, we describe the automorphism group of a

torsion motive in terms of the respective embedding A C H,; Proposition 4.24.

2 Torsion Motives and their Invariants

Throughout the article, we will consider only fields of characteristic zero (the exception
is Subsection 3.1, where results hold over an arbitrary field). In Sections 2 and 3 (aside
from Subsection 3.1) and Section 5 our ground field will be any field of characteristic
zero. In Section 4, we will work mostly over an algebraically closed field of character-
istic zero, respectively C, but some results will still be proven for an arbitrary field of
characteristic zero.

Recall that to any oriented cohomology theory, one can assign a formal group
law. Among such theories, there is a universal one—the algebraic cobordism of Levine—
Morel Q* [13, Theorem 1.2.6]. The formal group law, in this case, is also universal. In
particular, Q*(Spec(k)) = L—the Lazard ring. To any oriented cohomology theory A*,
one can assign its graded version GrA* corresponding to the co-dimension of support
filtration F, on A*, where an element belongs to F,, if it vanishes on a complement
to some closed subscheme of co-dimension r. In particular, below we will use such a
graded version GrQ* for the algebraic cobordism. We have the natural surjection of
L-algebras ¢ : CH*®,L — GrQ*—[13, Corollary 4.5.8], which is an isomorphism
rationally.

To any oriented cohomology theory A*, one can assign the category of A*-Chow
motives Chow? (k); see, for example, [29, Sect. 2]. Any morphism of oriented cohomology
theories A* — B* gives the functor Chow? (k) — Chow?® (k). In particular, the natural
projection Q* — CH* from the algebraic cobordism of Levine-Morel to Chow groups
leads to the functor Chow* (k) — Chow®H (k) = Chow (k).

By [29, Corollary 2.8], the mentioned functor defines a 1-to-1 correspondence
between isomorphism classes of Chow-motives and Q*-motives. Let M be an object
of Chow(k) (with integral coefficients) and M e Ob(Chow*(k)) be the respective

Q*-motive. This permits to assign the following invariant to M.

€202 Iudy £0 U0 1s9n6 Aq | 6EEE0./9G0PEUN/UIWIEGOL 0 L/I0P/S[OILE-8OUBAPE/UIWI/WOY"ANO"OILISPEDE//:SARY WO, PAPEOIUMOC



Torsion Motives 5

Definition 2.1. Let M € Ob(Chow(k)). Define J(M) < L as the annihilator of idye. In
other words, it is the annihilator of the projector p® in Q*(X*?), where M% = (X, p9).
Define J(M) < L as the annihilator of p® in GrQ*(X*2).

Obviously, J(M) C J(M). Recall that on the algebraic cobordism of Levine-Morel
Q*, we have the action of Landweber—Novikov operations [13, Example 4.1.25]. The total
Landweber-Novikov operation Sg‘i"}v 1 Q* — Q*[b;, by, ...]is multiplicative (respects the
product). These operations descend to the graded algebraic cobordism. Moreover, the
action on GrQ2* is much simpler. Namely, if z € CH(X), u € L and we denote ¢(z ® u) as
z-u € GrQ*(X), then S (z- u) = z- ] (u). Considering z = p € CHgjpx)(X*?), we

obtain the following.

Observation 2.2. The ideal J(M) is stable under Landweber—Novikov operations.

Remark 2.3. Clearly, under field extensions, these ideals can only increase. So, these
invariants are trivial for geometrically split motives and even for motives containing
any split components over some extensions. In particular, for (the whole) motives of

varieties. A

Definition 2.4. A Chow motive M is a “torsion motive”, if there exists n € N such that

n'idMZO.

Proposition 2.5. The following conditions are equivalent:

(1) M is a torsion motive;
(2) JW) #0.

Proof. Suppose M = (X, p). (1) — (2):if n-p = 0, then n- p% has support in codimension
> dim(X). Hence, it is o-nilpotent. But p* is a projector. Hence, some power of n belongs
to J(M).

(2) — (1): Recall that the total Landweber-Novikov operation acts on Gr*(X*?)
as follows: for z € CH(X*?) and u € L, we have SI%,(z - u) = z- ST/, (u). So, if u € J(M),
then for any individual Landweber-Novikov operation SE_N, the product SE_N(u) - p%
has support in co-dimension > dim(X), so is nilpotent. Thus, some power of SE_N(u)
belongs to J(M). But u # 0 & (Sg‘iﬂv(u))degzdim(u) # 0 and the latter elements reside
in Lg;;—o = Z, which has no nilpotents. Hence, if J(M) # 0, it contains some nonzero

integers. |

We also can bound J(M) by an invariant ideal from below.
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6 A. Vishik

Definition 2.6. Let M € Ob(Chow(k)). Define J(M) < L as the annihilator of S1°% (p?)
in Q*(X*?), where M% = (X, p%).

Proposition 2.7. The ideal j(M) is well defined, that is, it does not depend on the
presentation of M in the form (X, p).

Proof. For an Q*-correspondence « : X ~+ Y, let us introduce ”s'f‘iﬁ\,(a) = Sg‘fN(a) .
Sg.;tN (1y). It follows from the Riemann-Roch theorem (for multiplicative operations)—

Panin [16, Theorem 2.5.4] that it respects composition of correspondences: §f’itN(,B oq) =
~<Tot <Tot
S; 2% (B) 08, 2y (@).

Let (X,p) and (Y, ¢) be two presentations for M (from now on, we will drop
the superscript Q in the projectors). Then there are Q*-correspondences f : X ~» Y and
g:Y ~» X such that p = gogof and ¢ = fopog, and so §fo_t1v(p) = §f‘i§v(g)o§g‘itl\,(a)o§£tlv(f),
and similarly for ¢. Hence, u € IL annihilates §f‘1tN(s) if and only if it annihilates §f‘itN(p).
But Sk V(1,) is invertible, so u - SI°% () = 0 & u - SI°% (p) = 0. [ ]
Proposition 2.8. The ideal J(M) is invariant under Landweber—Novikov operations.

Proof. The total Landweber—-Novikov operation is multiplicative, so Sf‘fN(X -u) =
SfﬂtN(X) . SLT‘th(u). This implies by induction on the degree of the monomial b’ that

ST (p) - SE_y () = 0, if ST (p) - u = 0.

_ ~ [ ]
The following result shows that the ideals J(M), J(M), and J(M) have the same

radical.
Proposition 2.9. J(M) C J(M) C J(M) C /J(M).

Proof. By definition, J(M) C J(M) C J(M).

Suppose u € J(M). Let us show by induction on r that the degree r part (S{‘fN(p))r
of the total Landweber-Novikov operation applied to p is annihilated by some power of
u. The base of induction is provided by our condition p-u = 0 on u. Suppose (SfﬂtN(p))<r~
u® = 0. Since 0 = (S{° (0 - w)), = (S (L)) o - (S (W))~0), + (SI°%(p)), - u, we obtain
that (S7°%(p)), - u®™! = 0.

If v € J(M), then v - p is nilpotent by co-dimensional considerations. But p is
an idempotent. Hence, some power of v annihilates p already in Q* and so belongs
to J(M). | |

Landweber-Novikov operations provide a rich structure on the Lazard ring. In

particular, prime ideals of L invariant under these operations can be classified. This
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Torsion Motives 7

was done by Landweber [12, Theorem 2.7]. Finitely generated nonzero invariant prime
ideals of L are exactly ideals I(p,n) = (p,v;,...,V,_;), where p is prime and v; is a
v;-element of dimension p' — 1. Such ideals are parametrized by pairs (p, n), where p
is prime and 7n is a natural number. In addition, the ideal I(0) = (0) is also prime and

invariant.

Proposition 2.10. For a torsion motive M,

VIM) =T = T = () Ip, ),
(pm)
where (p, n) runs over finitely many distinct pairs.

Proof. It follows from [24, Proof of Theorem 4.1] that J(M) is generated by elements
u such that the codimension of p® - u is positive. In particular, this ideal is finitely
generated. By Observation 2.2, this ideal of L is also invariant under Landweber—
Novikov operations. By the Theorem of Landweber—[12, Proposition 3.4], J(M) = Q; N
...N Q,, where P; = ,/Q; are invariant finitely generated prime ideals, which by [12,
Theorem 2.7] should have the form: P; = I(p;,n;). Then VIM) = N;P; = NJI(p;, ny).
Finally, from Proposition 2.9, it follows that /J() = VIWM) = JTM). [ |

It follows from [21, Proposition 2.21] that J(M) is finitely generated too. Thus,
Proposition 2.8 and the mentioned result of Landweber imply that J(M) = 51 Nn...N 5,
for some finitely generated invariant primary ideals with the same radicals \/gl =P,

To simplify the picture, we will move to motives with Z,-coefficients. Recall
that, as in topology, the p-localized algebraic cobordism QE@ naturally splits as a
polynomial algebra over the theory BP* with the coefficient ring BP = Z)[v,, v, .. ],
where v; are v;-elements of dimension p* — 1. We will denote the ideal (p,v;,...,v,,_;) of
BP as I(n). The Landweber-Novikov operations descend naturally to the BP-theory and
the respective prime invariant finitely generated ideals are exactly I(n), for n € N, and
I(0) = (0) [12]. We will denote the respective Landweber-Novikov algebra as BP,BP as
in topology. In the p-localized case, we will use the same notations J(M) and J(M) for
the similar ideals of BP. We have the graded version GrBP and the natural surjection
¢ : CH* ®,BP — GrBP*, which we will denote simply by ¢(zQ@ u) =: z- u.

Corollary 2.11. Let M € Ob(Chow(k, Z(p))) be nonzero, then /J() = I(n), for some n.
In particular, J(M) contains some powers of v,, for all r < n, and does not contain any

such powers, for r > n.
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8 A.Vishik

Definition 2.12. Let M € Ob(Chow(k)). Define the “p-level” of M as the number n, such

that /J(MZ(p)) = I(n), and oo, if MZ<p) =0.

Let K(r), for r > 1, be the r-th Morava K-theory. It is obtained from Q*(X)
by change of coefficients: K(r)(X) = Q*(X) ®;, K(r), where the coefficient ring K(r) is
Z/p[vr,vr_l]. We can also introduce K(0)(X) = CH*(X) ®, Q. As was explained above,
any Chow motive corresponds uniquely to a cobordism motive. Having a cobordism
motive, we can construct A*-motive for any oriented theory A*, by using the universality
of algebraic cobordism Q*—[13, Theorem 1.2.6]. In particular, any Chow motive M
produces a sequence of Morava-motives MX(™ We can interpret the p-level of M in terms

of these motives.

Proposition 2.13. The p-level n of M is uniquely determined from the condition:
ME®™ =0, for r < n, and MX® +£ 0, for r > n.

Proof. The fact that MX(™ = 0, for r < n, is obvious, as J(M) contains some power of
v,, while this element is inverted in K(r).

Let now r > n. Let M = (X, p) and MY = (X, p") be the direct summand given
by the dual projector (we swap two factors in X*2). Then no power of v, annihilates
BP(M @ M) (as the identity map of M is represented by the diagonal class there), and
as M is p-primary torsion, no power of v, annihilates the mod-p reduction BP(M ® M),
where BP = BP/p. Then no power of v, will annihilate the graded version GrBP(M @ M").
Consider the graded component B_P(C) (M ® M) of codimension of support = ¢. We have
two cases: (1) v, € \/Ann(ﬁ@ (M ® MY)), and (2) v, ¢ \/Ann(ﬁ(c) (M@ MV)).

(1) From Sechin [21, Proposition 2.21], we know that BP (M ® MVY) is a union

of finitely presented BP,BP modules, which by the result of Landweber [12, Lemma 3.3]
are extensions of finitely many modules of the type BP/I(m). Since some power of v,
annihilates our module, all these m are > r. But, for such m, Tor?(ﬁ/[(m),[((r)) =0,
for all i, as can be seen from the Koszul resolution of the BP-module BP/I(m). Since Tors
commute with filtered colimits, we obtain that Tor?(ﬁ(c) (M®MY),K(r)) =0, for all i.

This implies that (for the codimension of support filtration F; on BP) the map
F, ,BP(M ®M") ®35 K(r) < F.BP(M ® M") ®z5 K(r)

is injective (actually, an isomorphism).
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Torsion Motives 9

(2) The space of BP-generators of BP,,(M ® M") can be identified with CH®(M ®
MY)/p. From [24, Proof of Theorem 4.1], we know that for any subspace of generators,
the relations in the respective BP-submodule are generated by elements of positive co-
dimension. Let y be such a generator that v, ¢ \/,W(y) (we know that such y exists).
Let N be the minimal quotient-module of ﬁ(c) (M ® M), obtained by moding out a BP-
submodule generated by some subspace of generators with the property that the image
of y there is not annihilated by any power of v,. I claim that N is finitely generated
BP-module. Note that N still has the property that the submodule generated by any
subspace of generators of it has relations generated in positive co-dimension. Hence,
if the submodule BP - x generated by some generator x does not contain elements of
the type y - Vf of positive co-dimension, it does not contain such elements at all (of
any co-dimension). But since there are only finitely many elements of BP of bounded
dimension, the space of generators of N has a subgroup C of finite index, so that for
every x € C, the submodule BP - x does not contain elements of the form y - V,’f of positive
co-dimension. If C is nonzero, this contradicts the minimality of N (as we may mod-out
the BP-submodule, generated by x). Hence, N has only finitely many generators. Since all
the relations are in positive co-dimension, it is finitely presented (there are only finitely
many such relations).

Since N is a finitely presented BP,BP-module, by the results of Landweber [12,
Lemma 3.3], N is an extension of finitely many BP,BP-modules of the type BP/I(m).
Since no power of v, annihilates the image of y and so, IV itself, we see that among these
pieces there should be, at least, one with m < r. Now, from the Koszul resolution of a
BP-module BP/I(m), we see that (BP/I(m)) ®gp K(r) = K(r), for r > m. Looking at the
“most outer” piece with m < r (and recalling that, for [ > r, Tor?(ﬁ/I(l),K(r)) =0, for
all i), we obtain that N ®z5 K(r) # 0. Since N is a quotient-module of ﬁ(c) M®MY), we
get that BP (M ® M) ®zp K(r) is nonzero too. And so is F,BP(M ® M) @zp K(r).

Since we know that there exists ¢, such that v, ¢ \/Ann(ﬁ(c) M Q MVY)),
combining cases (1) and (2), we obtain that BP(M @ M") ®zp K(r) = K(r)(M @ M) is

nonzero. Hence, MX(" £ 0. [

Thus, our notion of the p-level agrees with that of the type in topology; see [19,
Definition 1.5.3].

Remark 2.14. Since K(1) is just a re-orientation (as in Quillen [18] or Panin and Smirnov

[17]) of the p-localized K-theory K, we see that (p-localized) Chow motives M of p-level
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10 A. Vishik

< 1 are distinguished by the property that their K-motives are nontrivial. For motives of

p-level > 1, their K-motive is zero. So, these are “K-phantom motives”. A

Moreover, the Morava K-theory of M disappers together with the “derived

versions” of it.

Proposition 2.15. Let M be a (p-localized) Chow motive of p-level n. Then the following
conditions are equivalent:

1) r<mn;

(2) TorPP(BP(M @ M"),K(r)) =0, for all i.

Proof. By the very definition, (1) implies that some power of v, annihilates BP(M QM ").
But by the results of Sechin [21, Proposition 2.21] and Landweber [12, Lemma 3.3], this
module is a union of finitely presented BP-modules, each of which is an extension of
finitely many modules of the type BP/I(m). All these ms should be > r due to mentioned
annihilation. But as we discussed above, for m > r, TorfP(BP/I(m),K(r)) = 0, for all i.
So, the same is true about BP(M ® M) that implies (2).

Conversely, since Tor§" (BP(M ® M"),K(r)) = K(r)(M ® M"), the i = 0 case of (2)
implies (1) by Proposition 2.13. ]

The following result shows that the p-level is stable under ®-powers.

Lemma 2.16. Let A* be an oriented cohomology theory and M € Ob(Chow”(k)). Then
M # 0= M®"Q® (M*)®™ £ 0, Vn, m, where M* = Hom(M, T).

Proof. It is sufficient to prove it for n = m = 1. This is a standard argument for tensor
rigid categories: M #0=idy,; #0=T A M ® M* is nonzero = M ® M™* # 0. ]

Applying this to Morava-motives of M, we obtain the first statement of the

following.

Proposition 2.17. The p-level of M®" coincides with that of M. More precisely, we have
the following. The motives M®" @ (M")®™, for all (n, m) # (0,0), have the same J and J.

Proof. It is sufficient to compare (1,0) and (1,1). In the notations of the proof of
Lemma 2.16, z-idy; = 0 & z- A =0 < z-idygy = 0 & z-1idy; = 0 in both Q*
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Torsion Motives 11

and GrQ*, where M = (X, p) and MY = M*(d)[2d] for d = dim(X) is given by the dual

projector. |

The following result allows to obtain a bound on the possible size of a torsion

motive in terms of the p-level of it.

Proposition 2.18. Let Y be a smooth variety, z CH%@)(Y) and @ = an(mod I(m)) € BP
be such that z- « = 0 € GrBP(Y). Then,

. m+1_
(1) eitherz=0,orr> 0 Ly

2) ifr< (2;:—110)#’ then there exists an « as above with k = 1.

Proof. The proof is based on symmetric operations of [25]. The total symmetric

operation ® : Q%@)

Steenrod operation on Q* divided by “formal” [p]; see [25, Theorem 7.1]. This operation

— QZP) [t~1] is the nonpositive part of the total Quillen’s type

can be extended to the graded algebraic cobordism GrQ* and to the BP*-theory (as well
as to the graded version of it); see [24]. By [25, Proposition 7.14], the action of ® on GrBP*

is described as follows: for z €¢ CH"(X), with r > 0, and u € BP = Z(p)[vl, Vy,...], we have
Oz -u)=z-t'PV ~ir-d>(u)<_r(p_1), (1)

where i is some integer, invertible in Z(p). Here, ®, is the part of ® of t-degree < a.
The idea is to “divide” the relation « - z = 0 by v,, using symmetric operations
(cf. [25, Corollary 7.11]). This is possible as long as codimension of z is not very

large. Namely, by [22, Proposition 7.16], we know about the action of ® on BP that

if « = vk (modI(n)), for I > 0, then ®_y, 1ypn_1)_pn_1y(@ = —vi ! (modI(n)). If
r = codim(z) < p(*"i;l), then —I(p — D(P™ - 1) — (P™ —1) < —r(p — 1), and so (1)

applies. This shows by decreasing induction on [, that for every k > [ > 0, there
is o = V£n (modI(m)) such that o -z = 0 € GrBP*(Y). More precisely, we apply
Prp-1)-lip-1)pm-1)—@n-1) L0 o -z =0and get gy = —i7" - Py 1y pm_1)_pm_1)(e) Of

the needed form. Finally, we obtain oy, = 1(modI(m)) such that oy -z = 0 € GrBP*.

p(pm_l) _ pm+1_1
p—-1 = p-1

Ifr < (zp_;)#,then “lp-1H)P"-1)—P"-1)< —-r(p—1)aslongasl>2,
and so, there is «; = v,,(mod I(m)) such that «; - z = 0 € GrBP*(Y), which gives (2). W

Hence, either z=0, or r > — 1. This proves (1).

Theorem 2.19. Let M = (X,p) € Ob(Chow(k, Zp))) be a motive of p-level n. Then

. pn—l
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12 A. Vishik

Proof. This follows from Proposition 2.18 (1) appliedto Y = X*2 r=dimX), m=n-1,
andz=p,a = vk_| € J(M). [ |

More generally, we obtain the following.

Proposition 2.20. Let M = (X, p) be a torsion motive of p-level n. Then CHiZ(p) (Mgp) =0,
fori < % and any field extension F/k.
Proof. Observe that every element « € BP annihilating p will annihilate CH%@) (Mg) in

GrBP. It remains to apply Proposition 2.18 (1). |

Proposition 2.21. Let M = (X, p) € Ob(Chow(k; Z(p))) be a torsion motive of p-level n
with dim(x) < @=UE=D Then F(M) = I(n) = /@A),

Proof. By Proposition 2.18 (2) applied to z = p, we know that there exists some
o = v,_;(modI(n — 1)) € J(M). Then it follows from Observation 2.2 that I(n) C J(M).
Indeed, if « = v,,_;(modI(n — 1)), then « = Vn_l(modlz), where I = I(00) is the ideal
generated by all v;s. Applying appropriate Landweber-Novikov operations to «, we get
elements «; = v;(mod I%) in J(M), for any 0 < i < n—1; see, for example, [24, Proposition
3.1]. Then an increasing induction on ¢ shows that v; € JM), for any 0 < i <n-1.

Finally, in light of Proposition 2.9, our embedding is an equality. |

In addition, we can observe that torsion motives are not present in the motives

of curves.

Proposition 2.22. If M = (X, p) is a torsion motive, then dim(X) > 1.

Proof. The fact that torsion motives cannot be direct summands of 0-dimensional
varieties is obvious, since the Chow-endomorphism rings of the latter are torsion-free.
Suppose X is a curve. To prove that p = 0, it is sufficient to show that it acts
trivially on Chow groups of X over any field extension E/k. The action on CH’(X) = Z
is clearly zero. By the same reason, the action on CH,(X) passes through 0-cycles of
degree 0 and so defines an action on J(E)—the E-rational points of the Jacobian of X. It
is given by an algebraic map J — J that should be the projection to the zero point, as it

is torsion. Hence, p = 0. |

Torsion motives do exist.

Example 2.23. 1In [3], [8], and [1] examples of the so-called “quasiphantom” subcate-

gories of DP(coh(S)) were constructed for some surfaces (over the field C). Namely, for
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Torsion Motives 13

Godeaux, Beauville, and Burniat surfaces. It was shown by Gorchiskiy and Orlov in [10,
Proposition 2.2] that Chow motives of respective surfaces contain direct summands M
such that CH*(M) = CH! (M) = Pic(S),,,- The latter group is Z/5Z, (Z/5Z)? and (Z/27)5,
for Godeaux, Beauville, respectively, Burniat surface. Moreover, it follows from [10,
Proposition 2.3] that any n € N that annihilates Pic(S),,,s, annihilates M itself. Thus, the
motives M are torsion motives. These were used by Gorchinsky and Orlov to construct
the 1st known example of a “phantom category”; see [10].

Since our motives M are killed by 5, respectively, 2, their ideals J(M) involve
single primes only. Moreover, since their K-motives (=K (1)-motives) are nontrivial (as
Ky(M) = Pic(S)4,,s # 0), it follows from Proposition 2.13 that p-levels of M are 1. The
same can be seen from Theorem 2.19, as motives of surfaces cannot contain torsion
motives of level > 1. Thus, /J() is I(5,1), I(5,1), I(2,1) for the Godeaux, Beauville,

respectively Burniat torsion motive.

3 Motivic Cohomology of Torsion Motives

More subtle results on torsion motives can be obtained with the help of their motivic

cohomology.

3.1 Pre-morphisms of theories

The results of this subsection hold over any field (of any characteristic).

Definition 3.1. Let A* and B* be oriented cohomology theories in the sense of Levine—
Morel; [13, Definition 1.1.2] (no (LOC) axiom). A “pre-morphism” of theories G : A* —
B* is an additive morphism of functors on Sm; that, in addition, respects maps of

multiplication by the 1st Chern classes of line bundles.
Proposition 3.2. Let k be any field. A “pre-morphism” of theories is IL-linear.
Proof. Consider the map

X x (IP’OO w P> 5%9° IP°°) .

Let x4, y4B t4B be the 1st Chern classes of the line bundles O(1) lifted from various
components, in A*, respectively, B*-theory. Then Segre*(t¢) = F.(x’, y*), where F, is the

formal group law of the oriented theory C. Let « € A*(X). Then, using the fact that G
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14 A. Vishik

respects multiplication by the 1st Chern classes, we get

D Gla-af) - P =D Gl af,xN ¢?Y) = Gl Fy (%, y*) =

ij ij
G(a - Segre*(t*)) = (idy x Segre)*G(a - t*) = (idy x Segre)*(G(a) - t¥) =

G(a) - Segre* (t*) = G(a) - Fp(x®, %) = D" G(@) - af; - B 7%V,
ij

Comparing coefficients at (x%)!(y®), we obtain G(a~a‘i“j) = G(oz)~afj. Since the coefficients
of the universal formal group law generate the Lazard ring IL additively, we get that G is

L-linear. u

Proposition 3.3. Let k be an arbitrary field and G : A* — B* be an additive operation,
where A* and B* are oriented cohomology theory in the sense of Levine-Morel and B*,
in addition, satisfies the weak form of (LOC) axiom (exactness in the middle) as in Panin

[16, Definition 1.1.7]. Then the following conditions are equivalent.

(1) G respects push-forwards.
(2) G commutes with maps of multiplication by the 1st Chern classes of line
bundles.

Proof. (1) — (2). Let L be a line bundle on X. We will denote the total space of it by the
same symbol L. The zero section provides a regular closed embedding f : X — L, s.t. f, f*
coincides with the multiplication by the 1st Chern class of L. Since G commutes with f*
and f,, it commutes with the multiplication by this Chern class.

(2) — (1). Since any projective morphism can be decomposed into a composition
of a regular embedding and a trivial projective fibration: X — P"xY — Y, it is sufficient
to check the statement for these two types of maps.

1) Let f : X — Y be a regular emebedding with the normal bundle Ny. Let /Lf,
ien=({1,...,n} be the B*-roots of Nf. Then, by the general Riemann-Roch theorem—
[27, Theorem 5.19], for any « € A*(X),

C[licn X - G =t +p 1] licr) - oF
t [lien(t +5 1)

G(f (@) =f, Bes :
where Xf'B are the 1st Chern classes of the line bundle O(1) lifted from the i-th
component in A*(X x (P>°)*™), respectively, B*(X x (P*°)*™), and we make a substitution

instead of Xf—variables. Since G commutes with the multiplication by the 1st Chern
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Torsion Motives 15
classes, this can be rewritten as

os G@) [licat +5 1)) - o}
=0 t [lien(t+5 1)

= f,(G(a)).

2) Let 7 : Y x P"* — Y be the projection and « € A*(Y x P™). By the projective
bundle theorem, it can be uniquely written as @ = > ; 7*(a;)- (§4)}, where £4 = ¢{(0(1))
and a; € A*(Y). Then, by the projection formula, 7, (@) = > ,a; - [P*74. So, by
Proposition 3.2 and (2),

G(m,(@) = D G(a;- P71 =" Gy - PP =7, 7*6(a) - ¢B)) = 7,(G(@)).

i=0 i=0 i=0
|

Remark 3.4. Proposition 3.3 shows that, if the target theory B* has (a weak form
of) localization, then “pre-morphisms” of theories can be defined as additive trans-
formations respecting both pull-backs and push-forwards (for projective morphisms).
This agrees with and provides a simplification of the [27, Definition 2.10]. So the only
difference with genuine “morphisms” of theories is that “pre-morphisms” do not have to

respect the multiplicative structure. A

3.2 Milnor’s operations

In this subsection, our ground field is any field of characteristic zero.
Let

b 2p"—1,b+p -1
Or:H?\d(X,Fp)aHﬂp P X, Fp)

be the motivic analogues of Milnor's operations introduced by Voevodsky [31].
These operations are differentials: Q, o Q, = 0 and anti-commute with each other:
Q,0Q = —Q;o0Q,, forr # . Forp = 2and I ¢ N = NU {0}, let us denote as Q,
the composition o;.;Q;. Then the behavior of Milnor’s operations with respect to the
multiplicative structure is given by: Q,.(x - y) = u(A(Q,)(x ® y)), where

Q.81+1®0,., forp> 2;
AQ) =1 " r p (2

221+2J:2r OI ® OJ : {_1}|I|+‘J‘71, for P = 2,

—

where 2/ =3, 2.

Proposition 3.5. Milnor's operations are Chow group linear.
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16 A. Vishik

Proof. Milnor's operations act trivially on Chow groups of smooth varieties, as their

bi-degree is (p" — 1)[2p" — 1] and so the potential target resides in bi-degrees, where

smooth varietieties have no motivic cohomology (above the slope = 2 line). Then
the coproduct formula (2) shows that Q,.(u - @) = u - Q.(x), for any Chow group
element u. u

As 1st Chern classes of line bundles reside in Chow groups, we immediately get

the following.
Corollary 3.6. Milnor’s operations are pre-morphisms of theories.

Taking into account that motivic cohomology satisfy the conditions of
Proposition 3.3, combining further Proposition 3.5 with Proposition 3.3, we obtain the

following result (cf. [33, Lemma 9.1]).

Corollary 3.7. Milnor's operations commute with (push-forwards for) correspondences

and so define a morphism of functors on the category of Chow motives.

Proof. Let ¢ : X ~ Y be a correspondence (between smooth projective varieties).
Then ¢, is the composition of a pull-back, followed by a multiplication by a certain
Chow group element, followed by a push-forward. By Propositions 3.5 and 3.3, Milnor's

operations commute with all these ingredients. |

Remark 3.8. Of course, nothing of this sort is true for “non-pure” motives, as Milnor's

operations are not linear with respect to (non-pure) motivic cohomology elements. A

Following Voevodsky, let us introduce the spectrum @, in SH,:1(k) from the

distinguished triangle
r Qr r_
TP ' AHy —> &, —> Hy —> Sy ATP 7 AH

where HIFP is the Eilenberg—-MacLane spectrum. It follows from [30, Lemma 3.23] that
®, has a structure of an MGL-module and so an orientation compatible with this
distinguished triangle. In other words, that the respective cohomology theory has a
structure of push-forwards compatible with push-forwards for motivic cohomology
with ]Fp-coefficients. Thus, we also have the action of (algebraic cobordism of Levine-

Morel) Q*-correspondences on our distinguished triangle.
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Torsion Motives 17

Proposition 3.9. Let X and Y be smooth projective varieties and ¢®” : X ~ Y be a
BP*—correspondence Let z € BP be such v,-element that z - 9’¥ = 0 € GrBP. Then the
Chow trace ¢“H acts trivially on the r-th Margolis cohomology. That is, if Q,(x) = 0, for
some x € H,,(X), then @CH (x) = Q,(y), for some y € H,((Y).

Proof. Combining the action of Q*-correspondences with [30, Proposition 3.24], we get

a diagram

¢’f+2m,*’+m(y)

>k * (X) *+2m * +m(Y’ Fp) (I)*-‘rzm 2(p"—1) % +m—(p" —1)(Y)

| 2 T e

2(p" 1), —(p"—1
HYY (X, Fp) — o DA (k)
commuting up to an invertible element of F,, (here, m is the degree of ¢). Since <I>$*'*(V) =
BP*(V) ®gp Z/p[vr]/(vf), we see that, for x € BP*(V),ifz-x =0 € GrBP(V),thenz-x =0 ¢

®,(V). Hence, the composition u o ¥ o v is zero, which means exactly that ¢ acts as
zero on Ker(Q,)/Im(Q,). |

Corollary 3.10. If M is a torsion motive such that j(MZ (p)) D I(n), then the r-th Margolis

cohomology of M are trivial, for all 0 < r < n.
Proof. Apply Proposition 3.9 to ¢ = py;. |

Remark 3.11. More generally, one can show that if 7(MZ( >) contains some

o = 1(modI(n — 1)), then the spectral sequence H (M Z/p) = K@r)(M) (with
the target being zero by Proposition 2.13) should degenerate after k differentials, for all
O0<r<n. A

3.3 Consequences for torsion motives

In this subsection, our ground field is any field of characteristic zero. It appears that
motivic cohomology of torsion motives are absent in some regions depending on the

level.
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18 A. Vishik

Proposition 3.12,. Let M = (X,p) be a torsion motive such that 7(MZ(p)) contains
o = v,_;(modI(n — 1)). Then H?\'/ll’(MF,Z/p) = 0, for a < n, as well as for b < n, over
any F/k.

Proof. By the Beilinson-Lichtenbaum “conjecture”, it is sufficient to prove the state-
ment for b < n. Induction on b. For b < 0 we know it. Suppose, u € Hjl\’/ll’(M, Z/p) is a
nonzero element. Again, by the Beilinson-Lichtenbaum and the inductive assumption,
we can assume that a > b and, in the case a = b, u is not in the image of Q,. Now, by
induction on 0 < r < n, we show that Q, o ... o Qy(u) is nonzero. Suppose not. Then, by
Corollary 3.10, Q,_; 0...0Qy(u) = Q,(v), for some v. But the “round” degree of v is equal
tob+ @’ —D+...+@ - -@ -1 =b+EF —r—(p'—1) < b Thus, v =0
by the inductive assumption—a contradiction. Hence, Q,,_; o ... o Qy(u) # 0. But this
element resides in some group Hf\'/‘f(M, 7Z/p) with ¢ > 2d—a contradiction. Therefore,

u=0. |

Combining it with the Beilinson-Lichtenbaum “conjecture”, we obtain the fol-

lowing.

Corollary 3.13. Let M = (X,p) be a torsion motive such that 7(MZ(p)) contains
a =v,_;(modI(n—1)). Then H, (Mg, Z/p) = 0, for any a < n and any F/k.

Remark 3.14. In view of the Remark 3.11, similar arguments imply that the result still

holds if 7(MZ(p)) contains some o = Vfl_l(modI(n — 1)), fork < p. A

In the case of an algebraically closed field, we obtain more.

Proposition 3.15. Let M = (X,p) be a torsion motive such that 7(MZ(p)) contains
a=v,_;(modI(n—1)). Then H Mz, Z/p) = 0, for any a < n and for a > 2d — n, where
d = dim(X). In other words, the singular cohomology (with Z/p-coefficients) H? of the

topological realization of M are absent in this range.

Proof. Let MY = Hom(M,Z(d)[2d]) be the dual direct summand. Then J(M") = J(M)

and, by Corollary 3.13, Hgt(ME, Z/p) = 0, for a < n, and the same is true for M". Since
%

HY, (M, Z/p) = (Hﬁf‘“(M% , Z/p)) , we get that H%, (Mg, Z/p) = 0, for a > 2d — n. N

The above proposition shows that a torsion motive of a high p-level cannot
reside just “under the surface” but should be “sufficiently deep” inside the motive of
the respective variety.

For a number x € R, denote as [x] the smallest integer > x.
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Torsion Motives 19

Proposition 3.16. Let M = (X, p) € Ob(Chow(k; Z(p))) be a torsion motive of p-level n
with dim(X) < [3]+ Z=. Then M| = 0.

Proof. For n =1, we know it from Proposition 2.22. So, assume that n > 1. Since (%1 +
% —1< (21’_11)}#, for n > 1, from Proposition 2.21, we obtain that I(n) c J(M).
Then Proposition 3.15 implies that H§; (Mg, Z/p) can be nonzero only forn < a < 2d —n,
where d = dim(X).

It follows from Corollary 3.10 and the Beilinson-Lichtenbaum “conjecture” that
Or
Hg, (Mg, Z/p) is a free module over Ay, (Qy, ..., Q,_;). But the “height” of this algebra
is the “square” degree of Q, ; o ... o Qy, which is (2p° — 1) + ...+ 2p" ! - 1) =

is an exact differential on Hzt(ME, Z/p), for any 0 < r < n. This means that

2% —n > 2d — 2n. Hence, H;, (Mg, Z/p) = 0. Since the category of etale motives
with Z/p-coefficients over k is the derived category of F,-vector spaces, we obtain the

following: M, |z(mod p) = 0, and so, M| = 0, as M is killed by some power of p. |

Corollary 3.10 permits to structurize the motivic cohomology of M (provided

7(MZ<p>) contains a v, , element). Let us denote as A the ring Ag (Qq, ..., Q; ).

Proposition 3.17. Suppose I(n) C j(MZ(p)). Then Hj\'j';/(M, 7/p) has a filtration F(@?
by Alrl-modules, where (a,b) runs through all pairs 2b > a > b > 0 ordered
lexicographically, F(@? /F<@b) js a direct sum of modules of the type Alz] - u, and
A[r]/(rlﬁ) " Vg, where deg(u,) = deg(vﬂ) = (b)lal], 0 < lﬂ < a —b — 1, and the quotient
module G = Hj\’j;/ (M, Z/p)/F@P) satisfies G4 = 0, for ¢ < a and for ¢ = a, d < b.

Proof. We can take F<(©9 = 0. Suppose, we already constructed F<@? By inductive

assumption, we have an exact sequence:
0— F<@b _ wv'ar,2/p) % G — o,

where G¢? = 0, for ¢ < a and for ¢ = a, d < b. Then Q,, 0 <r <n-—1 act as exact
differentials on G as well. By the standard arguments, using the fact that G is trivial
below the level a, we obtain that Q,_; o ... o0 Qg is injective on G**. We have a filtration
G;Z'b — Ker(-7)) on G*P. Let G&P = Ule’b. By the Beilinson-Lichtenbaum “conjecture”,
G¥b = szb—l' Choose an F,-vector subspace H; of Gf'b that G;l’b = G?_’l; ® H; and a
subspace H_ of G%? such that G*® = G%° @ H__. Then,

= 1
H= (Oglg?—b—l Alrl/(T) ®, Hl) @ (Alr] O, H.)
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20 A. Vishik

is a A-submodule of G such that H*? = G%?. It remains to take F(@? = g~1(H). Induction

step is proven. [ |

This permits to improve a bit the bound of Theorem 2.19, at least, for alge-

braically closed fields.

Proposition 3.18. Let M = (X, p) € Ob(Chow(k; L)) be a torsion motive of p-level n
with dim(X) = 2= +1, where i < [2] and i < 1. Then Mg = 0.

Proof. By Proposition 2.21, J(M) = I(n). Hence, Proposition 3.17 applies and
Hj\'/’[“/(MF,Z/p) is an extension of modules of the type Alr] - u, and Alzl/ (%) - vy, where
deg(vﬂ) = (b)lal] and lﬁ < a-—b—1. Since dim(X) < 1% + 1 and Q, has the “diagonal
degree” p”, the generators vy (as well as u,) of our modules reside on the diagonals with
numbers < 1. But multiplication by 7 is injective on such diagonals by the Beilinson—
Lichtenbaum “conjecture”. Hence, the modules of the 2nd kind (r-torsion ones) are
absent, and so multiplication by t is injective on Hj\’/t*/ (Mg, Z/p), for any extension F/k.
Consider now some finitely generated extension F/k. From Proposition 3.16, M|z =0,
which implies that M|z = 0 = Hj,(My, Z/p) = 0. Since multiplication by 7 is injective,
by the Beilinson-Lichtenbaum “conjecture”, we obtain that Hj\fl,(MF,Z/p) = 0 for all
finitely generated extensions F/k. As M is killed by some power of p, the same is true
about integral motivic cohomology. In particular, all Chow groups of M are zero, for any
such F. Then My = 0. |

Corollary 3.19. Letk = k and M = (X, p) be a torsion motive of p-level n < 4. Then,

p" -1
p-1"

dim(X) > rgw +

In the light of expected properties of Chow motives (in particular, Rost nilpo-
tence conjecture), it is natural to propose the following.
Conjecture 3.20. Let M = (X, p) be a torsion motive of p-level n. Then dim(X) > [%] +
p'-1
p-1-
4 Torsion Motives of Surfaces

4.1 Godeaux torsion motive

The aim of this subsection is to have a closer look at the torsion direct summand
in the motive of the Godeaux surface. Our ground field will be the field of complex

numbers C.
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Let X be a Godeaux surface, that is, the quotient of the Fermat quintic X? +x§’ +
x5 + x5 = 0in P3 by the Z/5-action given by o (x;, x5, X3, X,) = (§x;,£%x,,£3x5,6%x,), for a
generator o of Z/5, where £ is a primitive root of 1 of degree 5.

It is a smooth projective surface whose singular cohomology H*(X,Z) =
H};,,(X(0),Z) are given by Hi(X,Z) = Z, for i = 0,4; H'(X,Z) = 0, H3(X,Z) = Z/5;
H?(X,7Z) = 7° ® 7./5; [3, Section 2].

It was shown by Gorchinskiy and Orlov [10, Proposition 2.2] that the torsion part
of the cohomology corresponds to a direct summand of M(X). It is not difficult to see

that the respective projector can be made self-dual.

Proposition 4.1. There exists a self dual with respect to Hom(—, Z(2)[4]) direct sum-
mand M of M(X) such that H*(M,Z) = H*(X, Z) ;-

Proof. By [3, Corollary 4.15], there is a Z-basis of the free part of the Picard group
N(X) = Z° that the respective intersection matrix A is an invertible (integral valued
symmetric) matrix. Let e;, i = 1,...,9 be such a basis, and let B be some symmetric
integral valued 9 x 9 matrix. We can assign to it the cycle ®p = >, D;;-€; x €; € CH?(X x
X). If f = > e € N(X), then (®p),(f) = B- A - f. Thus, if we take B = A™!, then
(®p), will act identically on N(X). By the same reason, p; = ®,-1 is a projector. Since
A7l is a symmetric matrix, this projector is symmetric. It splits (Z(1)[2])®° from the
motive of X. In addition, we have a projector p, = [X x pt] + [pt x X] orthogonal to p;,
and so, the symmetric projector p = p; + p, splits the free part from the cohomology
of X. That is, M(X) = pM(X) ® (1 — p)M(X), where pM(X) = Z & (Z(1)[2)®° & Z(2)[4]
and H*((1 — p)M(X),Z) = H*(X,Z);,,s- Let us denote (1 — p)M(X) as M. Since (1 — p) is

symmetric, we have a natural identification Hom(M, Z(2)[4]) = M. [ |

Because H{(M,Z) = 7./5, for i = 2,3 and zero for all other i, we obtain that
HY(M,Z/5) =u-7Z/5 H2(M,Z/5) = Qy(u) - Z/5 ® v - Z/5, H* (M, Z/5) = Qy(v) - Z/5, where
Q, is the Bockstein, with all other cohomology groups trivial.

By the Artin comparison theorem [2, Exp.XI, Theorem 4.4], H},(X,Z/5) =
H*(X(C), Z/5). Hence, H%,(M, Z/5) = H*(M, Z/5).

Proposition 4.2. Suppose N is a Chow motive over C and k/C is some field extension

and [ is prime. Then,
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22 A. Vishik

Proof. Since H*(V(C),Z/l) = H},(N, Z/l), we have a natural map
H*(N(C), Z/1) ®7/1 H, (k, Z/1) — Hy (Ny, Z/1),

which we claim to be an isomorphism. Our motive N is a direct summand in M(Y) for
some smooth projective C-variety Y. It is sufficient to prove the statement for M(Y).

We have the Hochschild-Serre spectral sequence:
E, = H},(k, H} (Y, Z/1)) = H} (Y, Z/1).

The E,-term of this sequence is a free H},(k,Z/l)-module with the basis
Hgt(k, H}, (Y7, Z/l) = H}, (Y, Z/1) = H*(Y(C), Z/1), since the natural map H}, (Y, Z/l) —
H},(Y7,Z/l) is an isomorphism by the smooth base change theorem [15, Chapter VI,
Corollary 4.3], and so the Gal(k/k)-action on the latter module is trivial. Differentials
in this sequence are H};(k, Z/I)-linear, while the basis elements survive in the E_ -term
by the same smooth base change result, since these come from H}, (Y, Z/l). Hence, the

sequence degenerates from the E,-term and so our original map is an isomorphism. W

We have the Brown-Gersten—Quillen-type spectral sequence
EP(coniveau) = @, xe HL (k(x), Z/l) = HL P (X, 7/1),

inducing the coniveau filtration on H},(X;,Z/l). Staring with the E,-page this spectral

sequence can be identified with the t-spectral sequence (see, e.g., [23, Section 2]).

EX(taw) = HAL (X, kyy) = BE (X, Z/D)
given by the exact pair

@alb H?\’/ll) (Xkl kM)

®ap HYY X Z/1) o ®ap HYY Xy Z/)

coming from the distinguished triangle Z/I(—1) = Z/l — ky — Z/U(—1)[1] (where
t corresponds to some choice of the primitive I-th root of 1 in C C k). Note that

ky; belongs to the heart of the homotopic t-structure [7] and is represented there by
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the Milnor’s K-theory mod p Rost cycle module k;, = Kj,/p (so the name). We have
Eg U coniveau) = Efp +4P*49tqu), by the results of Deligne and Parajape; see [23, Theorem

2.4]. On the level of associated filtrations on etale cohomology, this is reflected by the

fact that elements of HJ, (X}, Z/l) = H”M”(Xk,Z/l) supported in codimension > c are

exactly those that are divisible by 7¢ in Hj{j.

The differential d, of the r-sequence acts as follows: d, : E*® — EZT10-T

a d-dimensional variety, Ef'b is nonzero only fora—2b < 0 < a—b < d. In particular, the

and, for

sequence degenerates at E;. The diagonal part E{"* is nothing else, but the unramified
cohomology H%.(k(X)/k,Z/l) of the generic point of X.

If the ground field k = k is algebraically closed, then Hgt(E(X),Z/l) = 0, for
points of co-dimension p > d — q. Hence, the E(tau) spectral sequence is concentrated;
in this case, in the region a — 2b < 0 < a — b; b < d. The E_, page of it provides us with
some sort of “Hodge half-diamond” describing the codimension of support of elements
in H*(X(C), Z/1).

[al
EXP (1)
L] L]
d (b)

Note that the r-spectral sequence makes sense for arbitrary motives. In particu-
lar, for Chow motives. If a Chow motive M is a direct summand of a motive of a surface,
then this sequence degenerates in the E,-term and if, moreover, k = k is algebraically
closed, then it degenerates already in the E;-term. Since singular cohomology of M are
finite-dimensional vector spaces, this implies that the same holds about kj;-motivic

cohomology, in this case.
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Returning to our Godeaux motive M, we conclude (taking into account the action
of Bockstein) that the Hodge half-diamond for M looks as

la] Qo(V)

Qq((@) v

(@)

where each e corresponds to a one-dimensional Z/5-space spanned by the respective
element and elements & and Vv project to u and v € H*(M(C), Z/5). Taking into account
that Tate-motives contribute only to the slope= 2 part a = 2b of the half-diamond, we
see that the diagonal part a = b of the E; -term for the Godeaux surface X itselfis 1-Z/5®
U-7/5®V-Z/5. This is exactly the unramified cohomology Hj,,.(C(X)/C, Z/5) of the generic
point of X over C. So, & is represented by some unramified element of K{V[((C(X))/S and v
by some unramified element of KéV[(C(X))/5. Since kj;;-motivic cohomology fits into the

exact sequence:

b— b b b— b
0 — Coker(HY, ' > H%Y) — HYJ(— kyp) — Ker®HS W7 5 HYY) — 0,

where Hj\'j/ = Hj\'j;/(—, 7./5), and Hf\’/? X) = Hf\j (X) = 0, we see that 2 and v lift to elements
ue H}\j (M, 7/5) and v € Hf\j (M, 7Z/5) that are not divisible by t and project to u and
v in H*(M(C), Z/5).

From the description of the Hodge half-diamond for M and the fact that Tate-
motives do not have Hi’j{(—, 7./5) over C, we see that the product v - v in Hm/ (Xc,Z/5) is
equal to m-tQ(v), for some m € Z/5. In particular, Q,(u-v) = 0. Since M(C) is self-dual
with respect to Hom(—, Z/5[4]) in Db(Z/5), we can assume w.l.o.g. that u- Qy(v) = ¢ €
H*(X,7Z/5) the dual of the class of a point. In other words, the nondegenerate pairing
on H*(M, Z/5) satisfies (u, Q,(v)) = 1. Then, since Q,(u - v) = 0, we have (Q,(u),v) = 1.
Because multiplication by t is injective on H‘}\’/’; (X, Z/5) (note that My has no motivic
cohomology on this row), we obtain that u-Qy(v) = ¢-7 and Qy(u) - v = ¢ - t for the class
of a C-point ¢ € H‘/L\'/ZI(XC,Z/S).

It follows from the proof of [10, Proposition 2.3] that the identity morphism of
M is killed by multiplication by 5. That is, M is a torsion motive of exponent 5. This is a
consequence of the Beilinson-Lichtenbaum conjecture and the computation of singular

cohomology of M.
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Let now k/C be some field extension. Denote as H{l} the i-th diagonal Hjt[** i
motivic cohomology. Since integral motivic cohomology of M is killed by 5, Bockstein Q
acts without cohomology on Hj\'/*l/(Mk,Z/S). By the Beilinson-Lichtenbaum conjecture

and Proposition 4.2, we have

HY (M, 2/5) = u- B @ v - Hi @ 1Q(w) - Hy ® 10y (v) - Hi,

where H}, = H},(k, Z/5). Multiplication by r is injective on H{/\lj and so

HY (M, Z/5) =171 (u,v) - A® Qq(w) - H @ Qq(v) - Hi,

where A = Ker(H}, & H}, @y — H},(k(X))) (recall that H''(My, ky) is a direct summand
in H} .(k(X)/k,Z/5), so a linear combination of u and v is divisible by t if and only
if the respective combination of & and v vanishes in unramified cohomology). The
image of Q, : H\) (M, Z/5) — H\}(My, Z/5) is Oo(u) HY, @ Qy(v) - HE
as an exact differential it is injective on 77" - (u,v) - A. On the other hand, the map
Q, H{l}(Mk,Z/S) - H"? (Mk,Z/S) is surjective, since Qg is trivial on the 2nd diagonal

(X is 2-dimensional). Hence,

v and as Q, acts

HY (M, 2/5) = 17 - Qg(u, v) - A.

In particular, we see that multiplication by t is injective on the 2nd, and so all the
diagonals. Hence, all the differentials d, are zero in the t-spectral sequence of M, which
implies that our spectral sequence degenerates at the 1st page.

Considered for all finitely generated field extensions k/C, A forms a cycle
module of Rost [20], which is a submodule of H}, ® H}, (with appropriate degree shift).
Note that this module has only a zero section over C, since there are no relations among
u,v € Hy, (C(X)/C,Z/5) as C has cohomological dimension zero. But below, we will see
that over appropriate field extensions such relations will appear.

We can express the group of zero cycles on M.

Corollary 4.3. The group CHy(M,) = CH2(Mk) can be identified with

Ker(HZ, (k) ® H, (k) 2 H3,(k(x))).

To get hold of our cycle module A, we will first establish certain orthogonality

relations among its sections.
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Proposition 4.4. Let k/C be some field extension and (A4, i,), (A, 1t3) be two sections
of A over k. Then,

iphg + (—1)de8Ga)degln) y 5. — 0 ¢ HE (k). (3)

Proof. We know that u-Qy(v) = Qy(u)-v=¢-17 € Hf\’j’(Xk, 7./5), where ¢ is the class of
a C-point. Let o = (u- A, + V- puy) and B = (Qp(u) - Ay + Qp(V) - )

Since !

-a € 1. (u,v) - A belongs to the 1st diagonal, while ! - 8 belongs
to the 2nd diagonal in motivic cohomology of M, their product in H*M* (X,7Z/5) must be
zero. Then so is the product of « and . But the push-forward =, (« - ) of the latter
product to the point is equal to 7 - ((—l)deg(*a)kaub + igrp). Since multiplication by 7 is
injective in Hj(j/ (k,Z/5), and elements anticommute with respect to the square degree
(and deg(r) = deg(w) + 1), the triviality of this element is equivalent to the equation we

need to prove. |

We have a map M (u—>v) Z/5(1)[1]1 ® Z/5(2)[2]. The dual of it under Hom(—, Z(2)[4])
wY,u")

will be Z/5[1197Z/5(1)[2] — ~ M (note that Hom(Z/5,7Z) = Z/5[—1]). Let = : X — Spec(C)

be the projection. Since 7, (u-Qy(v)) = 7, (v-Qy(u)) = v and 7, (v-Qy (V) = 7, (u-Qy(w)) =0

in Hj\'jl‘/(C,Z/S), it follows that uovY = vouY = .t, while uou¥ = vovY = 0 and we
obtain a self-dual composition

‘T

/_/’\
Z/5[11 @ 7/5(1)[2] ﬁ) M (uT)> Z/5(D)[1] @ Z/5(2)[2].

Since M is killed by multiplication by 5, by the Beilinson-Lichtenbaum “conjecture”, the
map Hj‘\'j MeM,7Z) — H‘e}t(M®M, 7,/5) is injective. Since (u, v) induces an isomorphism
on etale cohomology, our composition shows that M,, = (Z/5),[1]1 ® (Z/5),,[2].

The above composition can be extended to a self-dual octahedron:

T(-1) T(-1)
LN N
* *
(1]
M, M T M, K T
[
* *
\ T (1] \ l (1]
M® M*®

where 7 = Z/5(DI[1] & Z/5(2)[2] and K = k(1) & ky;(2)[1]. All the objects here are
compact. The computation of motivic cohomology of M above gives that H{ﬁl (M*,Z) =0,
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for i # 2, while HB\Z/%(M',Z) can be identified with 8§(r~! - (u,v) - A), where §
Hj\'j‘;/(—, 7/5) — Hj\fll'*/(—, 7) is the connecting homomorphism. Under the pull-back with
respect to K — M?*, it is identified with the submodule (w,V) - A of U - H}, @V - H}, =
Hj\'/[*/(IC, 7Z), where (u,v) is § of the canonical projection £ — 7 (—1). This implies
that motivic cohomology of M, is concentrated on the 3rd diagonal and H{/a M,,Z) =
(@) - (Hy ®Hy, /A) [1]. The dual calculations with H{}! - diagonals H;, , in motivic
homology show that we have an exact sequence:

0— HilMM,, 2) — (v Hyou’ - Hiy) - BHY,WM*,2) - 0,

where H{AO/}‘ M,,7) = ¥,u) - A4, H{Ajl}(M',Z) = ', u") - (H}, ®H;, /A) and all other
diagonals are zero. Since motivic homology of M, are concentrated on the zeroth
diagonal, this object belongs to the heart of the homotopy t-structure on DM(k); see [7].
This heart can be identified with the abelian category of Rost cycle modules. The cycle
module of Rost corresponding to M, is exactly A. Under this identification, A is a graded
submodule of H},(—1) & H},(—2), where (m) indicates the shift in degrees. We will use
this convention below.

We have an adjoint pair

Vx

DM(k; Z) DM(k; Z/5),

¥

where v* respects the ® and v, satisfies the projection formula. Since the cycle module
A is 5-torsion, it comes from DM(k; Z/5) together with the map M, — KI[1]. By obvious
reasons, the same is true about the map X — 7(—1). Hence, the motive M itself is v, (M),
for some motive M € DM(k; Z/5).

Let Ay € Hj‘\'j(M ® M, Z) be the composition M @ M — M(X x X) Ay 7Z(2)[4]. The

etale version of it modulo 5 is detected in the topological realization and so is equal to
(ZM)et = Ug X OO(Vet) t Vet X OO(uet) + OO(Vet) X Ugp + OO(uet) X Vet-

Since M is killed by 5, the modulo 5 version KM is Q, of some element from Hi’j(M ®
M, Z/5). But the map from Nisnevich to etale topology is injective on H{/\l/}l (M ®M,7/5).
Hence, Ay = Qp(r 7' (u x v+ v x w) and so, Ay = §(x 71 (u x v+ v x w)). Since Ay, is
nothing else but the projector (1 — p) in Proposition 4.1, and the remaining summands

are Tate, we readily obtain the following result.
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Proposition 4.5. The class of the diagonal of the Godeaux surface can be expressed as

Ay=1xe+ex 1+Zoci xﬂi+5(r_1(u><v+vx u)),
i
where «;, §; € CHY(X), ue H}\/} (X,7,/5), v e Hﬁ'j(X, 7./5) are elements introduced above

and ¢ is the class of a C-point.

Restricting to the generic point of X (on one of the components of X x X),
and taking into account that Q,(u) and Q,(v) disappear, when restricted from X to
Spec(C(X)), we obtain that the class n of the generic point of X in CHZ(XC(X))/S is

equal to

n=Axleg =¢+1 (Qy(v) - &+ Qyu) - V).

Hence, 77! (Qg(v) - u+ Qqy(w) - v) is the difference n — ¢ between the classes of the generic
and complex points. This zero cycle of degree zero on X represents a nonzero element in

CH? (M¢x,)- Thus, (v, u) € A(C(X)) is a nontrivial section of our cycle module A (indeed,

*

we know that the elements @,V € Hj

.(C(X)) are nonzero). It appears that this section

generates A as a Rost cycle module.

Proposition 4.6. The Rost cycle module A is generated by the section (v, i) € A(C(X)).

Proof. From the above, we know that the cycle module A can be identified with the
second diagonal in motivic cohomology of M, which is Hia (M,Z/5) = Ker(Hi\zj (X,7./5) i d
H},), where n is the projection to the point. By [32, Lemma 4.11] and [20], for a d-

dimensional variety X, H%[} (X,7) coincides with the Rost cycle module of “Chow groups

with coefficients” in Milnor's K-theory H%(X, KM). And the projection H%(}(X, 7) —
H%(}(X,Z/p) is surjective. That means that, in our case, Hi\z/{(Xk,Z/5) is additively
generated by elements of the form TrE/k([q] - @), where E/k is some finite extension,
q € X(E) and « € kM(E) = KM(E)/5. Then the Ker(Hia(X, 7./5) hiid H},) is additively
generated by the elements of the form Trg ; (([q] —¢) - @), where ¢ is the class of a C-point.
But [g] — ¢ is a specialization of n — ¢. Hence, Hia(M, 7./5) as a Rost cycle module is
generated by n — ¢ = 17 1(Qy(w) - ¥ + Qy(v) - @). In other words, the cycle module A is
generated by (v, ) € A(C(X)). |

In particular, CHy(M¢x,) = Z/5 spanned by (v, u). We also obtain the following.

Proposition 4.7. A is a“Lagrangian” submodule of H},(—1)®H};(—2), that is, a maximal

submodule satisfying the orthogonality conditions (3).
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Proof. We know that (v, ) € A(C(X)). On the other hand, for any field k/C, (A, u) € A(k)
if and only if & - A + ¥ - u = 0 € H%(k(X)). Hence, A(k) = (H%, (k) (—1) & HE,(k)(—2)) N
A(k(X))* and so our submodule cannot be enlarged without breaking the orthogonality

conditions. [ |

Remark 4.8. From Propositions 4.6 and 4.7, we see that A is the unique submodule of

H},(—1) @ H},(—2) containing (v, ) and satisfying the orthogonality conditions.

4.2 p-Torsion motives of surfaces

In this subsection, unless specified otherwise, our ground field k will be an alge-
braically closed field of characteristic zero. Let us start with some general facts about

torsion direct summands of surfaces.

Proposition 4.9. Let M and N be torsion direct summands in the motives of surfaces.
Then the group Hom (M, N) is finite.

Proof. We will prove a stronger result: it is sufficient to assume that one of M or
N is torsion. If M and N are direct summands in the motives of surfaces X and Y,
respectively, and n kills M, or N, then Hom(M, N) — CH%(X x Y),,_;ors- But

8
HU (X X Y, L)y _ors «— HYJ(X x Y, Z/n) < HY(X x ¥, Z/n),

where the last inclusion follows from the Beilinson-Lichtenbaum “conjecture”. The

rightmost group is finite, since k is algebraically closed. ]

This readily implies the following.

Theorem 4.10. Let k be a field of characteristic zero. Then torsion direct summands in

the motives of surfaces over k satisfy Krull-Schmidt principle.

Proof. By the result of Gille [9], the restriction to the algebraic closure functor is
conservative on the direct summands of the motives of surfaces. Then Proposition 4.9
implies that every torsion direct summand in a motive of a surface decomposes into

a direct sum of finitely many simple ones. Now, suppose that a simple torsion motive
V1 V2

. . . A P e
M is a direct summand in N @ L. Then there are maps N M L such that
el N
1 92
o Y, o and B = V¥, o ¢, satisfy « + B = idy,. Denote as @, etc. the restrictions

to k. Since End(M) is finite, some powers @" and Em are idempotents. If these are
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both zero, then idy; = (@ + A)"t™ = 0 (note that « and B commute), which gives a
contradiction. Hence, some power of @ or 8 is equal to a nonzero idempotent in End(M).
Since Ker(End(M) — End(M)) consists of nilpotents by the mentioned result of Gille,
and M is indecomposable, by [29, Lemma 2.4], there exists some integral polynomial ¢
without constant term, whose value on « or B is equal to idy,. Then M is a direct
summand of one of N, or L. This shows that the decomposition into irreducibles is

unique up to reordering. |

Corollary 4.11. In the situation of Theorem 4.10, any indecomposable object is a direct

summand of the motive of a connected surface.

Proposition 4.12. In the situation of Theorem 4.10, the maximal torsion direct sum-

mand of the motive of a surface X is a (poly-)birational invariant of X.

Proof. It follows from the proof of Theorem 4.10 that the maximal torsion direct
summand of the motive of a surface is well defined. If two surfaces X and Y have the
same set of generic points, then one can get from X to Y by a series of blow ups and
downs in smooth 0-dimensional centers. So, it is sufficient to consider a single blow-up
Y — X. But then M(Y) = M(X) ® M(P)(1)[2], where P is the center. Since M (P)(1)[2] does
not contain torsion direct summands, any torsion direct summand of M(Y) should be a
direct summand of M(X), by the mentioned arguments of Theorem 4.10. The converse is

obvious. [ |

We will try to classify the p-torsion motives appearing as direct summands in
the motives of surfaces.

Suppose M is a torsion direct summand in the motive of some (smooth projective)
surface X (possibly disconnected), such that p - idy; = 0. From Proposition 3.15, we
know that Hét(M, Z/p) = 0, for i = 0 and i = 4 and since p - idy; = 0, the (mod
p) Bockstein acts as an exact differential on H};(M,Z/p). And the same is true about
MY = Hom(M, Z(2)[4]). This implies that the Hodge half-diamonds for M and M" look as

(al Qo (@) (@l Qo (@)
o 5 ® .
Qo((@;) vj Qo{7Y) a
[ ] ~ o y
®) ' ®)
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where each e represents an s-dimensional vector space over F, spanned by classes: u;
for deg = (1)[1], Qy(&;) for deg = (1)[2], u; for deg = (2)[2], and Qy(@;") for deg = (2)[3],
and each o represents a t-dimensional vector space over F, spanned by classes: 17].V for
deg = (1)[1], Oo(fljv) for deg = (1)[2], f/j for deg = (2)[2], and Oo(ffj) for deg = (2)[3]. The

pairing

H% (M, Z/p) x HS,(M",Z/p) — HL*(k, Z/p)

is given by

(ailao(aiv)) = (Oo(ﬁi),ﬁ2/> =1, for1<i<s

(‘7], OO(‘7JV)> = —<QO(T7]),T7JV) = 1, forl <J <t,

with all other combinations being zero. By the Beilinson-Lichtenbaum “conjecture”, @;
and v; can be lifted to elements u; € H}\j (M,Z/p) and v; € Hf\'j(M, Z./p), while f/jv and
u; can be lifted to elements VjV € H}V} (MY,Z/p) and u; € Hﬁ\f(MV,Z/p), such that
(u;, Qo(u))) = (Qp(uy, uy) = (Vj,QO(VJ\-/) = —(OO(VJ-),VJ\/) = t (zero otherwise), for the

pairing

H% (M, Z/p) x S MY, Z/p) — HY P92k, 2/p).

In other words, if we denote 7, = Z/p(D[1]1® @ Z/p(2)[2]®* and T = Z/p(D[1]1®* @
7/p(2)[2]%3, then the compositions

\ Vv Vv \
(i vy) (u;,vj) (vj,u;) v )

Ta(—1) M — T, Tp(=1) — MY — T, (4)
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coincide with the multiplication by r. We can complete these to dual octahedra:

Ta(=1) Ta(=1)
T T
0 T \ 0 lf\
* *
[1] g
M,(A) Ka Ta M, (A) M Ta
. J/ [1] \ T "
YA [1] YA [1]
M®(A) M*(A)
and
T(—1) Te(=1) '
1 T T
[1] T x [ * i gv\
[1] il
M, (B) Kg Ts M, (B) MY T
. l [1] \ T N
B 1] VB [1]
M*(B) M*(B) (5)

where K, = k(1) @ k (2)[11%7, K = kp (1P @ ky, (2)[11%° and ky; = Cone(Z/p(—1) =5
Z/p). Note that k;; belongs to the heart of the homotopic ¢-structure [7] and represents
there the Rost cycle module k¥ = KM/p. In particular, we get dual to each other

distinguished triangles in DM, (k):

1] Ka and 1] Kg
>IN TN
aa ap
M,(A) M*(A) M, (B) M*(B)
va VB (6)
We will use the standard notations H%I(N,Z) = Hompy (N, Z()Hli)) for motivic

cohomology, respectively, H M(N Z) := Hompy 4, (Z()i], N) for motivic homology.

In view of (4), My, = (Z/D);[11%° & (Z/p)[21%" and f,, = idy;,, = ger- By the
Beilinson-Lichtenbaum “conjecture”, g* is an isomorphism on motivic diagonals Y —
Hﬂ* " with i < 1, and so H{l} (M*(A),Z) = 0, for i # 2, while H{Z}(M‘(A),Z) = Hﬁa (M, 7Z),
which can be identified with Hf})’% (MY, Z). By the same reason, f* is injective on diagonals
H{<2} and so on all of them (as dim(X) = 2) and H%(M (A),Z) = 0, for i # 3, while
H{3}(M (A),Z) can be identified with Hy/H{y!(M", Z), where Hy = Hj,(—1)® @ H,(—2)®
and Hy, = H;,(k, Z/p). In particular, y; = 0.
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The same considerations apply to the 2nd triangle, M*(B) and M,(B). In
particular, H)(M*(B),Z) can be identified with H{O}(M ) and HY) (M, (B), Z)—with
HA/H{O}(M,Z), where H, = Hj(-1)® @ Hj,(—2)%". By duality, (y,5), = 0 as well.
This shows that motivic homology of M,(A) and M,(B) is concentrated on the O-
th diagonal and so these objects belong to the heart of the homotopic t-structure.
There, it is represented by some Rost cycle submodules A ¢ H, and B C Hjp. Since
A = H{}f(M (A),7) = H{O}(M 7) and B = H{O}(M (B),7) = H 6l (MY, 7Z), we obtain that
H{\l/‘ (M,(A),Z) =0 and H{\l/‘ (M,(B),Z) =0, fori > 0, that is, A and B are concentrated in
nonnegative degrees (recall that the generators of the modules H, and Hy are in degrees
—1 and —2).

Conversely, let K, = ky, (1)® @k, (2)[11%, K = kp (1)® @ ky, (2)[1]1%%, and suppose
we have a pair of dual with respect to Hom(—, Z(2)[4]) distinguished triangles (6) of
geometric motives, where yj'B is zero on Hj\j/ (& (Vap)s = 0) and H%(M.(A),Z) =0,
M (M, (B), Z) = 0, for i > 0.

The (integral) motivic homology of K, is a free module over H};, of rank (s+t) with
generators V]\/ and @, in degrees (1) and (2)[1] which via Hom(K,, Z(2)[4]) = Kpl1] can
be identified with the motivic cohomology of Ky, which is a similar free module of rank
(s+t) with generators u; and V» in degree [2] and (1)[3], where we identify U; :==u; = ﬂ-v
V., =v: = V . Similarly, motivic homology of Kz can be identified with the motivic

J J
cohomology of K,. Since yA,B =0, for M, = M,(A,B) and M* = M*(A, B), we obtain

HY M*,2)=0, for 1#2, HY WM, 2) =0, for [#3;

Hy, (M‘ Z) =0, for [ # -1, {l}( ,Z) =0, for 1 #0,

and via the above identification, H}{{(M,(4),2) = HYIM*(B),2), HY)(M,(4),Z) =
H{/le}(M' (B), Z) (and similar with A and B swapped) that fit into the exact sequences

0 — Hl(M,(4),2) 25 H, 25 5, B),2) — 0;

(oB)

a*
0 — HiglM,(®),2) “2 Hy 2 HY (M, (4),2) - 0.

Thus, M, (A) and M, (B) belong to the heart of the homotopic ¢-structure and correspond
to Rost cycle submodules A ¢ H, and B C Hg. Moreover, the dual of these should be

given by the respective quotient cycle modules (up to appropriate shift).
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Combining our distinguished triangles with the following ones
Tap(=1) —> Ty 5 —> Kaplll — T, 5(=DI1],

where 7, = Z/p(D)[11® © Z/p(2)[2]®! and T = Z/p(1)[1]1%®* © Z/p(2)[2]®S, we get a pair
of dual w.r.to Hom(—, Z(2)[4]) octahedra (5) consisting of compact objects. In particular,
motive M appears.

By the very construction, M comes from DM(k;Z/p) (since it is so for the
morphism M, (A) — 7,(—1)). In particular, it is p-torsion. Since H{/e[ (T4,Z) =0, fori>1
and HY,(M*(4),Z) = 0, for i # 2, we obtain that HY(M,Z) = 0, for i > 2 and so the
map M — M, (A) is zero on cohomology. By the same reason, the map 7 L e is also

trivial on cohomology. We have the pairing (—, —)
HYY (M, Z/p) @ B (MY, Z/p) — BP9 2(k, 2/p),

which is Hm,(k, Z/p)-linear with respect to the left action on the left factor and the right

action on the right one. It is also compatible with the pairing
H, (T4 (-1),Z/p) ® HS{ (Tp, Z/p) — By 472k, Z/p)

in the sense that (f*(x),y) = (x, (f¥V)*(y)), for x ¢ Hj\j’;/(M,Z/p), y € H*M'*/(E,Z/p). The

vY,uY)
map fV is given by MV 1 T and so we get

(u;, Qo(uy)) = (Qg(uy), uy) = (Vj,QO(Vjv)) = —(QO(Vj),Vjv) =1, (8)

with all other combinations equal to zero.

Because H{{/(M,(4),Z) = 0, for i > 0, we obtain that Hl{‘f(M, Z) =0, fori < j,
for i < 2j and for i > 2. And the same is true about M". By duality, H%(M, 7Z) = 0 for
i—j> 2, fori> 2jand fori < 0. This holds over any extension K/k.

It follows from Proposition 5.1 that our motive M is a Chow motive. Then
Proposition 5.4 implies that M is a direct summand in the motive M(X) of a smooth
projective (possibly reducible) surface X.

Thus, we have proven the following result.

Theorem 4.13. The assignment M — A = H{B/{(M, Z), B = H{(\)’{(MV,Z) defines a 1-to-1

correspondence between isomorphism classes of
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(1) p-torsion direct summands in the motives of smooth projective surfaces
(possibly, disconnected); and
(2) pairs of Rost submodules A “4% -~ H,, B — @s) —> Hp, where Hy = H},(-1)% @
H:(—2)%, Hp = HE(—1)® @ H,(—2)®5, for some s and ¢, such that
(a) the respective objects M,(A) and M, (B) of the heart of the homotopic
t-structure are compact;
(by Al =B =0,forj<0;
(c) the respective triangles (6) are dual with respect to Hom(—, Z(2)[4]),
namely, y; = v, (here K, = ky(1D® @ kp(2)[1]1% and Ky = kp (D®* @
Ky (2)[1199).

Remark 4.14. Of course, in the above theorem, the Rost submodule B is determined
by A, and vice versa. So, the result can be formulated in terms of A only. But then the
conditions will be less natural. The motive M will be self-dual exactly when s = ¢t and
A =B. A

Furthermore, such a pair (4,B) of Rost submodules enjoys various additional

properties.

Proposition 4.15. For any field extension F/k and any sections (ufl, A{z) and (,ué,kf)) of
A(F) and B(F), respectively, the following orthogonality relation holds:

> (~1)destardeglo) J5k 1" ulal = 0 € HYy(F, Z/p). ()
J 1
Proof. Because M comes from DM(k'Z/p) the Bockstein Q, acts as an exact dif-
ferential on HY (M",Z/p). Since H(Mp,Z) — H'O(M*(A)p,Z) and HI My, Z) —
H'? (M‘(B)F,Z) are 1somorph1sms (M )Ja) € A(F) corresponds to a = 1 1(ZJ- VJ-v . X{L +
> u Ma) cH! (MV,Z/p) and (,ub, ) € B(F) corresponds to OO(E) = 'L’_l(zl Qq(u;)- /\i
Zj OO(VJ-)-,ub) € H{Z}(MF,Z/p) Since (Oo(b) a) € H{l}(F 7Z/p) = 0, the pairing (rOO(b) Ta)

is also zero. Using (8), we obtain the orthogonality relation. |

Let M = (X, p) and X = [], X, be the decomposition of X into a disjoint union
of its connected components. Since the E;-term of the tau-spectral sequence coincides

with the E,-term of the coniveau-spectral sequence, we have an embedding

H\) (Mg, Z/D)
v H\) (M, Z/p)

C &, H, (F(X,)/F,Z/p) (10)

of H},(F)-modules, for any F/k.
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As was discussed above, M,;, = (Z/p),[11%* & (Z/p).;[21®* and for the modulo p

version M, of it, we have

(KM)et = Z [ — (Ugs X 00((uiv)et) + Qo (U)X (uiv)et]

+ D [T X Qp((v))er) + Qo (V) er) X (V) )y

J

and so

(Apper =9 Z(ui)et X (uiv)et + Z(Vj)et x (V}/)et
i J

Since Qy(u;) and QO(VJ.V) are contained in Hi\l/}l(X, Z/p), these have a positive co-

dimension of support and so

Balk)et = D, Qo) - U kx,y + D Qo((Ver) - (V) iz -
i J

Since the map M — M, (A) is zero on cohomology, the multiplication by t is injective
on Hj\'jl‘/ (Mg, Z/p), for any field extension E/k (this implies, in particular, that the tau-
spectral sequence for M degenerates on the E,-page). From the injectivity of the map
H{Ja(M, Z./p) = HB\I/%(M, Z/p), we obtain that

Ay =0 (771 | 20w Wiy + 2.7 ey | ] - (11)
i j

Since Aylgx,) € H{ﬁ(Mk(Xr),Z), we obtain that ((v;)xx,) U)kx,)) € B(k(X,)). In the
same way, (Ugx,) (V)kx,)) € A(k(X,)). Moreover, in the light of the embedding (10), we

obtain the following.

Proposition 4.16. For any extension K/k,

(1 M) € AR) & D (v ke - Mo+ DO WU kx,) - 1y = 0 € Hy,, (K(X,) /K, Z/p), Vr.
J i

In other words, A(K) consists exactly of those elements of H, (K) that are orthogonal to

((V].V)K(Xr), (uiV)K(Xr)) in H, (K(X,)), for all r, in terms of the relations (9). Similarly, B(K)
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consists exactly of those elements of Hyz(K) that are orthogonal to (k) (VD)) in
Hyp(K(X,)), for all r.

Corollary 4.17. A = B+ and B = A as Rost cycle modules, in terms of the relation (9).

By [32, Lemma 4.11] and [20], H{/\z/}l (X,Z) coincides with the Rost cycle module
of “Chow groups with coefficients” in Milnor’s K-theory H?(X,K™). Thus, H{/a (Mg, Z)
is additively generated by elements of the form TrE/K(,oM([q] - «)), where E/K is some
finite extension, g € X(E), a« € KM(E), and Py is the projector defining M. Since q is a

specialization of one of the generic points Spec(E(X,)) of X, we get from (11) that

pan(1q)- @) = pyylah @ = 87 (D us - Wpeey + 2 Vi gy )@ -
i J

Since HB\Z/}[ (M, Z) can be identified with the Rost cycle module B, we obtain the following.

Proposition 4.18. The Rost cycle module Bis generated by elements ((uiv k(Xy) 7 (Vjv) k(x,)) €

B(k(X,)), numbered by the connected components of X. Similarly, the Rost cycle module
A is generated by elements ((U)yx,) (V))kx,) € A(k(X,)), numbered by the same

components.

Remark 4.19. In the light of Corollary 4.11, for an irreducible p-torsion motive M, the

respective Rost cycle modules A and B are principal (generated by a single generator). A

For a smooth projective curve C/k having m connected components, M(C) =
78™ @ M(C) & Z(1)[2]®™, where M(C) is the reduced motive of C (recall that our field
k is algebraically closed and so every variety has a k-rational point).

Using arguments completely parallel to the proof of Theorem 4.13, one gets the

following.

Theorem 4.20. The assignment N +— C = H{/B’f(N, Z/p), D = H%(NV,Z/p) defines a

1-to-1 correspondence between isomorphism classes of
(1) direct summands in the reduced motives of smooth projective (possibly,
disconnected) curves in Chow (k, Z/p); and
(2) pairs of Rost submodules ¢ “% H,, D “?} H,, where H, = Hy = H*,(—1)®",

for some r, such that

(a) the respective objects N,(C) and N, (D) of the heart of the homotopic t-
structure (on DM(k; Z/p)) are compact;
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(b) szDf=0,forj<0;
(c) the respective triangles (with K, = K = ky,(1)®")

] Ke and ] Kp
a/ \51 a% Y
N,(C) y N*(O) N, (D) y N*(D)
(o 'D

are dual w.r. to Hompyy k.7, (— Z/p(D)[2]), namely y,, = ;.

This result permits to draw some conclusions about p-torsion motives of

surfaces.

Proposition 4.21. In the notations of Theorem 4.13, for nonzero M, both s and t are

nomn-zero.

Proof. Suppose, s-t = 0. Changing M by M, if necessary, we can assume that ¢t = 0.
Then, A C H, = H;(—-1)%, B C Hy = H},(—2)%. Consider C = A, D = B(1). Then
C C H, = H},(—1)%%, D C Hj, = Hj;(—1)®° and this pair of Rost submodules satisfies all
the conditions of Theorem 4.20(2) (note that for the adjunction

Vs

DM(k; Z) DM(k; Z/p).,

—

¥

we have: Homypy .7 (v, (U), Z(2)[4]) = v, Hompyk7/p) (U, Z/p(2)[3])). Thus, it defines a
direct summand N in the reduced motive of some smooth projective curve, in particular,
a Chow motive with Z/p-coefficients. But since B = 0, forj < 0, it follows that D= 0,
for j < 0. Hence, the Chow motive N¥ has no Chow groups CH, over any field extension
F/k. By the standard arguments [14], this implies that N¥ = 0 = N, and so s = 0 and
M =0. |

Thus, in the Hodge half-diamond of M all four potential positions are filled. In

particular, we get the following.

Corollary 4.22. For any nonzero p-torsion direct summand M in the motive of a surface

(over any field of characteristic zero), Pic(My) # O.
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Proof. By the result of Gille [9], the passage to the algebraic closure is conservative
for direct summands of motives of surfaces. The case of an algebraically closed field

follows from Proposition 4.21. |

In the end, let me say few words about endomorphisms of p-torsion motives of
surfaces.

The octahedra (5) appear to be functorial.

Proposition 4.23. Let M and N be p-torsion motives of surfaces. Then any map

¢ : M — N extends uniquely to the map of octahedra (5).

Proof. Since M,(A) is the 0-th slice of M and M*(A) is the dual to the 0-th slice of
MY, the assignment M — M,(A), M*(A) is functorial. Hence, ¢ extends to a map of
upper halves of octahedra (the ones, containing M (respectively, N) and M" (respectively,
NY)). Since M,, = (T,),; and Hom(7, (M), T,(N)) = Hom(T, (M), To(N),,), the extensions
to 7, and T,(—1) are unique. Since Hom(7,(M)(—1)[1],N,(A)) = O, the extension to
M,(A) is unique. By the dual argument, the same is true about extension to M*(A)
(as well as to M,(B) and M*(B)). Because Hom(7,(M)(—1),K4(IV)) = 0, we obtain the
unique extension to the N — E triangles in the lower halves of octahedra. Finally,
because Hom(7,(M)(—1),N*(A)) = 0, from the fact that our extension commutes with
KoL) y TaL) n L*(A) (for L = M, N), it follows that it commutes with 8, and, by
duality, with a,. [ |

In particular, we obtain a natural homomorphism

End(M) — End(K,(M)) = Mat(s, t) := Matsxs(]Fp) X Mattxt(]Fp).
Denote the image of it as R(A).

Proposition 4.24.
(1) R(A) = End(M)/Nilp, where Nilp is finite nilpotent ideal.
(2) ¢ € Mat(s, t) belongs to R(A) if and only if it maps A to itself, if and only if

it maps A% = CH, (M) (considered over all generic points of X) to itself.

Proof. The kernel of the surjection End(M) — R(A) consists of those ¢, which are
trivial on M,, M*, and K (A and B). Then ¢ is nilpotent on 7 and 7(—1) and so on M.
By Proposition 4.9, the kernel is finite.
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Clearly, any element of R(A) maps A to itself. Conversely, suppose ¥ maps A to
itself. Then it lifts uniquely to an endomorphism of M, (A)[-1] - K, — M*(A) - M,(A)
and ¢'—to an endomorphism of a similar B-triangle. Any ¢ € End(K,) lifts to an
endomorphism of £, — T,(—1) =X Ty — K4l1l. Since Hom(M, (A), M) = 0, we have:

EndM,4) & 7,(-1) = End,4) ¥ T,(-1) = M — M,(4) and, by duality,

End(7, [—ll M*(A)) = End(7, [—11 M*(A) - M — 7T,). Finally, because Hom(M, (4), 7,) =0,
if our extension commutes with f and (-7), then it commutes with g.

It remains to note that by Proposition 4.18, A is generated by A° as a Rost cycle
module. So, ¥ respects A if and only if it respects A° (sufficient to know for generic

points of X). |

Remark 4.25. Observe that we obtain a canonical splitting R(A) — End(M). Also, we
get a 1-to-1 correspondence between idempotents of End(M) and that of R(A).

Example 4.26. Let M be the Godeaux torsion motive. Then s =t = 1 and CHy(M¢(x)) =
Z/5 spanned by (v, u). Thus, R(A) = F5 embedded diagonally into Mat(1, 1) = Fg x F5. In
particular, M is indecomposable (which is also clear from Corollary 4.22).

It is easy to see that the ideal Nilp, in this case, is one-dimensional, spanned
by the composition M = Z/5(1)[1] % Z/5(1)[2] LN M. Recall that M = v, (M), for some
motive M € DM(k; Z/5). The same calculations give EndDM(k;Z/S) M) =Fs.

5 Appendix: Chow Motives vis Geometric Motives

The purpose of this appendix is to show that looking at motivic homology and
cohomology of a geometric motive M one can check, if the object is pure and, moreover,
one can determine the dimension of the respective smooth projective variety (M is a
direct summand of) as well as the Tate-shift involved. The main tool that permits to
see it is the weight structure of Bondarko [4] on DMgm(k), and these results can be
alternatively deduced from those of [5, 6]. Below, k is any field of characteristic zero.
Recall the standard notations for motivic homology H{\J/l M,z =
Hompy, ) (Z()Hlil, M) and motivic cohomology HL/\J/I (M,Z) := Hompy g, (M, Z()]) of the

motive M.

Proposition 5.1.  Suppose M € DM, (k). Then the following conditions are equivalent:
(1) M e Chow(k);
(2) H{‘J’I (Mg, Z) = 0, for i < 2j, while HXJA(MK,Z) =0, for i > 2j, for any finitely

generated field extension K/k.
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Proof. The implication (1) = (2) is clear from the standard properties of motivic
cohomology; see [32]. (2) = (1): as was shown by Bondarko [4], on DMgm(k), one has a
(unique) bounded nondegenerate weight structure whose heart is the category of Chow-
motives Chow (k). Let DS™ and D>™ be the respective subcategories.

Let us show that M € DX, Indeed, since the weight structure is bounded, M €
DS™_ for some m. If m < 0, we are done. Suppose m > 0. Then there exists an exact

triangle
Ocm M —> M —> o5, M — (a)gm_lM)[I]

Since M € DS™, here os,M = Ulm], for some U € Chow(k). Then Hom(M, Ulm]) =
HomM ® UV, ZIm])) that is a direct summand in Hom(M ® M (X), Z(i)[2i + m]), for some
smooth projective variety X and some i € Z. Since, for any point y € X of co-dimension
c, the group Hom (M), Z(i — ¢)[2(i — ¢) + m]) is zero by our condition, it follows from
the Brown-Gersten—Quillen-type arguments that Hom(M ® M(X), Z(i)[2i + m]) = 0. Thus,
the morphism M — w-,,,M is zero, and so M is a direct summand of o, ;M. Hence,
M e DS™1, By induction, we obtain that M € DS,

Applying the same arguments to the dual MY of M and using triviality of motivic
homology of M below the slope = 2 line, we obtain that M € D>°. Thus, M belongs to
the heart D=9 N D<O = Chow (k). [ ]

One can also deduce the above result from [5, Theorem 3.3.3].

Proposition 5.2. (cf. [6, Theorem 3.2.1(1)]) Suppose N € Chow (k) be such a Chow motive

M
that Hy7,
exists a smooth projective (possibly reducible) variety X over k such that N is a direct
summand of M(X)(r)[2r].

(Ng,Z) = 0, for i < r and any finitely generated extension K/k. Then there

Proof. Since N, up to Tate-shift, is a direct summand in the motive of some smooth
projective variety, which we may assume equi-dimensional (by multiplying the compo-
nents of it by projective spaces of appropriate dimension), the statement follows from

the following result. |

Lemma 5.3. If N is a direct summand of M(Y), for some smooth projective equi-
dimensional variety ¥ and CHy(Ny) = O, for any finitely generated extension K/k, then N
is a direct summand of M (P)(1)[2], for some smooth projective equi-dimensional variety
P/k with dim(P) = dim(Y) — 1.
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Proof. Let Y = [];¥; be the decomposition of Y into connected components and
E.

1

= k(Y;) be their function fields. N is given by some projector ¢ € Endg,..(Y),
represented by some cycle ® € CH*(Y x Y). Since CHy(N) = 0, this projector acts as
zero on zero-cycles over any field extension. In particular, it sends the generic point of
Y; over E; to zero. This means that the restriction of &y, € CH*(Yyy,)) is zero. Thus,
is rationally equivalent to some cycle supported on Z x ¥, where Z = [[; Z; and Z; C Y; is
a reduced closed proper subscheme. By the results of Hironaka [11], we can resolve the
singularities of Z; by blowing up smooth centers in the singular locus of Z;. Let R, be the
disjoint union of all such centers for Z;, and Z; — Z; be the resulting smooth model. We
have the natural proper map P, := Z; [ [ R; — Z;. It follows from [26, Proposition 7.7 that
the respective push-forward CH, (P; x Y) — CH,(Z; x Y) is surjective. By multiplying the
components of P; by projective spaces of appropriate dimension, we may assume that P
is equi-dimensional of dimension one less than Y. In light of the above surjectivity, the
map ¢ : M(Y) — M(Y) decomposes as M(Y) = M(P)(1)[2] i> M(Y). Since ¢ = Boa is
a projector, so is ¥ = ¢ o B o o B, and the Chow-motive N = (Y, ¢) is isomorphic to a
direct summand of M(P)(1)[2]. [ |

Proposition 5.4. Suppose N € Chow (k) be such a Chow motives that Hﬁ\{‘i(NK,Z) =0,
for i < 0, and H%{"(NK,Z), for i > r, over any finitely generated field extension K/k.
Then N is a direct summand in the motive M(X) of some smooth projective (possibly

reducible) variety X of dimension r.

Proof. From Proposition 5.2, N is a direct summand in the motive M(Y) of some smooth
projective (possibly disconnected) equi-dimensional variety Y/k. Let d = dim(Y). If
d < r, we are done (can always multiply Y by an appropriate projective space, if
needed). Assume d > r. Consider NV—a direct summand given in M(Y) by the dual
projector. Then HyL(Ny,Z) = HAY V"W, Z) because NV = Hom(N,Z(d)[2d]). In
particular, CHy(N") = 0, for any field extension K/k and so, by Lemma 5.3, NV is a direct
summand of M(P)(1)[2], where P is a smooth projective variety of dimension d — 1. Since
M(P) = Hom(M(P)(1)[2], Z(d)[2d]), we get that N is a direct summand of M(P). Applying
this argument inductively, we obtain that NV is a direct summand of the motive M(X) of

a smooth projective variety X of dimension r. |

This result can be also deduced from [6, Theorem 3.2.1(1), Corollary 2.2.4(2),
Proposition 5.2.1].
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