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We compute analytically the maximal rates of distillation of quantum coherence under strictly incoherent
operations (SIO) and physically incoherent operations (PIO), showing that they coincide for all states, and
providing a complete description of the phenomenon of bound coherence. In particular, we establish a
simple, analytically computable necessary and sufficient criterion for the asymptotic distillability under
SIO and PIO. We use this result to show that almost every quantum state is undistillable—only pure states
as well as states whose density matrix contains a rank-one submatrix allow for coherence distillation under
SIO or PIO, while every other quantum state exhibits bound coherence. This demonstrates the fundamental
operational limitations of SIO and PIO in the resource theory of quantum coherence. We show that the
fidelity of distillation of a single bit of coherence under SIO can be efficiently computed as a semidefinite
program, and investigate the generalization of this result to provide an understanding of asymptotically

achievable distillation fidelity.
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Introduction.—The resource theory of quantum coher-
ence [1-4] has found extensive use in the characterization
of a signature intrinsic feature of quantum mechanics—
superposition—and our ability to manipulate it efficiently
within a resource-theoretic framework [5-8]. Typically, the
properties of a resource are investigated under a suitable set of
allowed free operations, reflecting the constraints placed on
the manipulation of the given resource [5,8]. In spite of the
fact that the resource theory of coherence has found use in a
variety of practical settings [4], no physically compelling set
of assumptions has yet emerged which could single out a
unique class of free operations under which the operational
features of coherence should be investigated, mirroring the
fundamental role of local operations and classical commu-
nication in the resource theory of entanglement [9]. This has
motivated the definition and characterization of a multitude of
possible sets of free operations, and sparked efforts to
compare their operational power [10-26]. However, many
definitions of free operations stemming from meaningful
physical considerations, such as physically incoherent oper-
ations (PIO) [13], translationally covariant incoherent oper-
ations [14], or genuinely incoherent operations [16], were
found to be too limited in their operational capabilities,
suggesting that any useful resource theory of coherence
would require a larger set of maps. On the other hand, strictly
larger sets of maps such as maximally incoherent operations
(MIO) [1], incoherent operations (IO) [2], or dephasing-
covariant incoherent operations (DIO) [13,14], while opera-
tionally powerful, might be considered as too permissive and
lacking a physically implementable form.

The class of strictly incoherent operations (SIO) [3,12]
appeared to be a promising candidate for a natural class of
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operations satisfying desirable resource-theoretic criteria
while at the same time being motivated on physical grounds
and experimentally implementable, causing it to find
widespread use in the resource theory of coherence
[3,12,15,18,27]. SIO are easy to characterize and are a
seemingly powerful choice of free operations, allowing in
particular for a “golden unit” of coherence represented by the
maximally coherent state |¥,,), which can be transformed
into any other state using SIO [2]. Although strictly smaller
than the sets 10 and DIO, the set SIO includes many more
transformations than P10, and its operational capabilities did
not appear to be too limited—for instance, SIO have exactly
the same power as 1O as far as pure-to-pure state trans-
formations are concerned [15,28], as well as in the context of
coherence dilution [3,19]; they match the power of DIO in
probabilistic distillation from pure states [23], and even the
largest class of free operations, MIO, cannot perform better
than SIO in one-shot distillation from pure states [20], in
assisted coherence distillation [25], and in all single-qubit
state transformations [15]. On the other hand, there do exist
tasks in which the limitations of SIO become apparent—in
particular, unlike the larger sets 10, DIO, and MIO, the class
SIO has recently been found to exhibit bound coherence [26];
1.e., there are coherent states from which no coherence can be
distilled by such operations. While the same phenomenon
was known for PIO, it was arguably unexpected for SIO. It s,
however, not known how common this property is among all
quantum states, nor to what extent it limits the operational
power of SIO beyond specific examples—as is known from
entanglement theory [9], the mere existence of undistillable
states does not inhibit a class of operations from being useful
in manipulating a resource. Indeed, a complete description of
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coherence distillation under SIO has been a long-standing
open problem in the resource theory of coherence
[3.4,12,26,29], and its solution would shed light on con-
cretely achievable possibilities in coherence manipulation.

In this Letter, we solve this problem completely: namely,
we analytically compute the maximal rates of coherence
distillation under SIO and PIO, showing that they coincide
on all states. By introducing an SIO coherence monotone
that does not change when multiple copies of a state are
considered, we establish a simple criterion to decide
whether a given quantum system is asymptotically distil-
lable or not. In the former case, we derive an upper bound
on the SIO distillable coherence and show that it can in fact
be achieved by an explicitly constructed PIO protocol. This
leads us to the surprising conclusion that the distillable
coherence is the same under SIO and PIO. Moreover, it also
shows that the optimal SIO distillation protocol can be
realized by appending incoherent ancillae, applying inco-
herent unitaries, and making incoherent measurements;
thus, it is easily implementable in practice. Our findings
establish in particular that bound coherence is a generic
phenomenon. Specifically, we show that almost all quan-
tum states are undistillable under SIO, with the only
distillable ones being those whose density matrix contains
a submatrix proportional to a pure state. This demonstrates
fundamental limitations of SIO in the resource theory of
coherence. To arrive at the above results, we introduce a
plethora of tools of independent interest, including an
efficiently computable semidefinite programming (SDP)
expression characterizing the maximal achievable fidelity
in the distillation of a single bit of coherence, and an entire
new family of SIO monotones. Our Letter substantially
advances the theoretical and practical study of quantum
coherence.

A new SIO monotone.—Let us begin by recalling the
basic formalism of the resource theory of quantum coher-
ence. The set Z of free states, known as incoherent states,
consists of all density matrices diagonal in a given d-
dimensional orthonormal basis {|7) }. We will denote by A
the dephasing map, defined by A(-) = >_,|i)(i|(+)]i)(i|, and
by |¥,,) = (1//m)> ", |i) the maximally coherent state
of dimension m. As for the free operations, we will focus on
SIO, defined as those channels A that admit a Kraus
decomposition A(-) = 3, K, (-)K4 such that K, A(p)K}, =
A(KpKY) for all a and p. We will also consider the subset
of PIO, which are all maps that admit an incoherent dilation
(i.e., they can be implemented by appending an incoherent
ancilla and performing incoherent unitaries, permutations,
and incoherent projections only) [13].

We now introduce a straightforwardly computable quan-
tity that we name maximal coherence of p, defined by

|Pij|
n(p) = max ———, (1)
2 #j \/PiiPjj

where the optimization is over all choices of indices
such that p;; # 0 # p;;, with 5(p) = 0 if no such choice
exists. Alternatively, this quantity can be understood as the
largest modulus of an off-diagonal element of the matrix
A(p)~'2pA(p)2.

We first notice that for all states p, one has 0 < 5(p) < 1.
This follows from the positivity of the principal minor of p
of order 2 corresponding to the rows and columns identified
by indices i and j, which implies that p;;p;; > |p; j|2 for any
choice of i, j. Moreover, we see by definition that n(p) = 0
if and only if p is incoherent, and 5(p) = 1 if and only if
there are indices 1 < i # j < d such that I1;;pll;; is propor-
tional to a pure state with nonvanishing diagonal, where I1;;
is the projector onto span{|i), |;)}.

An important property of # is that it is, in fact,
monotonically nonincreasing under SIO. Precisely,
consider a strictly incoherent operation A acting on a
d-dimensional system, which can be written as

A() =Y ULD,()DyU,,. (2)

Ly |ma (1)) are
the unitaries that implement them, and the matrices D, :=

¢ d,(i)|i)(i| are all diagonal. This representation has
some technical issues when input and output dimensions
are different, but this is irrelevant for the present argument
[30]. For two arbitrary indices 1 < i # j < d, we can write

where the x, are permutations, U, :=

@)
|A(p)ij| =

> da(7a(i))du(7a())) Pry(i).2a0)

< Z|da(7[(l(i)) | |d(l(”(l(j)) | |pﬂ{,(i).ﬂ,,(j) |

(i) _ .
<1(p)> ldu(ma()]|du(ma(1))]

X /P (1) 200) A/ Pral() 72a)
(iii) 2 1/2
Sn<p>{zda<na<z>>| p,w-),,r(,(,-)}

1/2

2
x {ZIda(ﬂa(j))l Prol) )

The above steps are justified as follows: (i) we employed
the Kraus representation of Eq. (2); (ii) since i # j by
hypothesis, for all permutations z, we have also 7, (i) #
7,(j) and hence |z i)z, ()| < 1(P)\/Pry(i)a() /Prai)ma )
(iii) we applied the Cauchy-Schwarz inequality; (iv) we
resorted once more to the representation in Eq. (2).
Another important property of # is its lower semiconti-
nuity (L.s.c.), that is, the fact that for any sequence {p;},
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converging to p, we have 5(p) < lim inf,_ 7 (p;). This
follows by noting that n can be expressed the maximum
over indices i # j of the functions p — f;;(p)g;;(p), where
fij(p) = |pij|9 while gij(ﬂ) is defined as gij(p) = 1/\/,0[1'/);/
if both p;;, p;; # 0, and g;;(p) = 0 otherwise. Both f;; and
gij can be noticed to be nonnegative 1.s.c. functions, which
means that their product will also be Ls.c.; n is then a
maximum of a finite family of l.s.c. functions, and thus is
Ls.c. itself.

We remark that the measure # can be related to similarly
defined measures of maximal correlation between classical
random variables [31-33] and quantum states [34-37]. In
particular, observe that the maximal coherence measure
introduced here can in fact be computed as the quantum
maximal correlation [34] of the corresponding maximally
correlated state p' = >, .p;;|ii)(jj|. However, importantly,
the monotonicity of the former under SIO does not follow
from the monotonicity of the latter under local operations,
as not all SIO acting on p correspond to local operations at
the level of p'.

Distillability criterion.—The task of coherence distilla-
tion [3,20,26] is concerned with the conversion of general
quantum states into maximally coherent states W¥,,.
The error in the distillation of a state under a set of
quantum channels O is characterized by the fidelity of
distillation

Folp.m) = supF(Alp), ¥). 3)

where F(o,w) := ||\/o\/o|}. The (asymptotic) distillable
coherence is then the maximal rate at which independent
and identically distributed copies of a quantum state can be
transformed into copies of the maximally coherent qubit
state W, (coherence bit) with asymptotically vanishing
error; precisely, we have

Caolp) = sup{r|im Fo(p®r. 2 = 1}, (@)

We will say that a state p is distillable under O if
Caolp) > 0.

We now make a crucial observation which lets us
immediately relate the maximal coherence # to the problem
of coherence distillation under SIO. It is the fact that 5
obeys the so-called tensorization property [38], that is,
nlp ® o) = max {n(p),n(c)}, Vp, . To prove this iden-
tity, observe that, according to Eq. (1), computing (p ® o)
corresponds to maximizing the function [(p ® o) ;l/

(P ®0)yulp ®0c);,; over all pairs of indices

(i,k) # (j,1), and that this is equivalent to maximizing

(Ipijl/ /Pipi;) (lol/ /oou) over choices such that i # j

or k # [. The latter maximum is achieved on pairs either of
the form (ik, jk) with i # j or of the form (ik,il) with

k # 1, which corresponds precisely to the larger of 5(p)
and 7(o).

By the tensorization and monotonicity of 7, we readily
obtain one of our main results: a necessary and sufficient
criterion for the distillability of an arbitrary quantum state
under SIO.

Theorem 1: For all states p, the following are equiv-
alent: (a) Cys10(p) >0, (b) Cypio(p) >0, and (c) n(p) = 1.

Proof: Noting that 7(¥,) = 1 and remembering that 7 is
Ls.c., we see that for SIO distillation to be possible,
there needs to exist a sequence of SIO operations A,, such
that 7(lim,_, A, (p®")) = 1. However, it holds that

. @ . (i) . (i)
n(lim A, (p®")) <lim infy (A, (p®")) < lim n(p®") =n(p),

where (i) is due to the Ls.c. of #, (ii) comes from its
monotonicity, and (iii) follows from the tensorization
property. This shows in particular that any state with 17(p) <
1 is SIO (hence PIO) undistillable. Conversely, the PIO
protocol given in the proof of the forthcoming Theorem 4
(see below) shows that every state with 7(p) =1 is PIO
distillable. L]

The above Theorem 1 establishes a complete charac-
terization of distillability under SIO and PIO. In particular,
it is not difficult to see that any generic quantum state
exhibits bound coherence, and that the condition for
distillability of a state p—i.e., the existence of a submatrix
of p in the basis {|i)}, proportional to a pure state—is an
extremely restrictive property, satisfied only by a zero-
measure class of mixed states. We stress that the proof of
the Theorem in fact establishes the stronger statement that
any state p such that 7(p) < 1 cannot be used to distill even
a single coherence bit, no matter how large the number of
available copies of p is. We will see later that this relation
between SIO and PIO extends beyond the distillability
criterion.

Fidelity of distillation under SIO.—It follows from ([26],
Theorem 10) that the fidelity of distillation of an m-
dimensional maximally coherent state ¥,, under SIO for
any state p is

q
Fsio(p,m) :max{TrpA ‘ 0<A<1.A(4)=—.CN(4) Sm},
(5)

where the coherence number CN(A) of A > 0 is defined as
the minimal integer r such that A can be written as a
positive linear combination of rank-one projectors |x;) (x;]|
with rank[A(|x;)(x;])] < r for all i [41,42]. For the case of
distilling a coherence bit ¥,, we are able to obtain the
following simplified characterization.

Theorem 2: The fidelity of distillation of a single bit of
coherence under SIO is given by the SDP
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1
Fsio(p.2) = _max o (Trlp|X + 1) (6a)
AX)=0
X0

1

— min - D+N|, +1 6b

;g&ﬂﬂmﬁ+ + N[y + 1), (6b)
N>0

where A>0 signifies the entrywise inequality A;; > 0 for all
i, j, and |p| stands for the entrywise modulus of p.

Proof: We sketch the main idea of the argument,
deferring the details to the Supplemental Material [30].
The expression in Eq. (5) for the distillation fidelity
involves the nontrivial constraint CN(A) <m on the
coherence number of the variable A > 0. For m = 2, this
can be cast into an analytically manageable form thanks to
([43], Theorem 1) which states that CN(A) <2 iff
2A(A) — |A| = 0. By leveraging this criterion and choosing
carefully the optimization variables, one arrives at Eq. (6a).
Finally, Eq. (6b) is obtained by taking the SDP dual. =

The above results can be compared with analogous
expressions for Fyyo(p,2) and Fpo(p,2) [20]. In particu-
lar, it is known that Fyyo(y, m) = Fsio(y, m) for all pure
states y and all m [20]. It is left to determine how closely
one can approximate distillation of a perfect bit of
coherence by means of SIO when one is given a large
number of copies of an input state. This leads us to
investigate the quantity Fgio(p®",2) as a function of p
and n, and in particular its asymptotic properties in the limit
of large n. The following result, whose full proof we
provide in the Supplemental Material [30], provides an
operational interpretation of the SIO monotone # intro-
duced here.

Theorem 3: For all states p it holds that

14 n(p)
—s (7)

lim Fgi0(p®",2) =
n—0oo
and the convergence in the above identity is exponen-
tially fast.

As a particularly strong example of SIO and PIO
undistillability, consider the class of qubit states p, =
A¥; + (1 -2)(1/2) with 2 € [0, 1]. An explicit computa-
tion yields #(p;) = A. By constructing a suitable choice of
feasible solutions for the SDP [[30], Eq. (6)], it can be
shown that Fgo(p®",2) = (1 +2)/2 for any number of
copies n. Therefore, not only is the distillation of p;
impossible under SIO for 1 # 1, it actually is impossible
to increase the fidelity of distillation whatsoever by adding
more copies of the state.

Distillable coherence under SIO and PIO.—Although
we have proven that most states are bound coherent under
SIO or PIO, it could be nevertheless interesting to compute
the amount of coherence C, 510, C,4pio that can be extracted
from distillable states. This is a very different scenario from

that considered in Theorem 3: while there we were
interested in the distillation of a single coherence bit with
good fidelity, here we look at the maximal rate of
distillation of bits of coherence with vanishing errors.
Motivated by the properties of the monotone 7(p), we
will now consider a quantifier that we will relate to the
distillable coherence. For a state p such that A(p) > 0,
construct the set E, :={(i,j):|pij| = \/pupj;}. As we
show in the Supplemental Material [30], it turns out that
there is a partition {15 },cgs of {1,...,d} such that (i, j) €
E, if and only if i, j belong to the same set I5. With
this observation, one can show that the operator p :=

>_(ije,Pijli) (j] is a legitimate density matrix, and that
the quantifier

O(p) = S(A(p)) — S(p) (8)

is (i) non-negative, (ii) strictly positive iff #(p) = 1, and
(iii) additive over tensor products.

We will now show that Q in fact exactly quantifies the
SIO and PIO distillable coherence of any state. The result
will strengthen the relation between these two classes of
operations, showing that—in contrast to task such as
coherence dilution, where SIO are as powerful as larger
sets of operations, in distillation the power of SIO is
actually the same as PIO, where the latter are known to
define a very limited framework [15]. We note that
coherence distillation under PIO beyond pure states has
not been characterized before in any way [4]. As usual, the
process of evaluating a maximal distillation rate is com-
posed of two parts. First, one designs a protocol that
achieves the conjectured rate in the limit of a large number
of copies (direct part). Second, one shows that the perfor-
mance of this protocol can not be beaten at least asymp-
totically (converse part).

Theorem 4: For all states p, the distillable coherence
under SIO and PIO satisfies Cy510(p) = Capio(p) = Q(p).

Proof: To establish that Q(p) gives a lower bound to the
rate of PIO distillation, given n copies of the state p, we
perform independently on each of them the measurement
(I }sesr. where Ty = Y, i) (il and {12} ,cor is the
partition of {1,...,d} identified above. Setting P(s) :=
Tr[pIly| and g, = P(s)~'TIpIlp, we see that this protocol
produces an average of nP(s) copies of the states g, which
can be shown to be all pure. It is known [15] that there
exists a PIO protocol that extracts S(A(y)) coherence bits
per copy out of any pure state y. Applying this procedure
to each p, leads to an expected number of coherence
bits produced equal to ) snP(s)S(A(ps)) = nQ(p),
achieving a rate Q(p). See the Supplemental Material
[30] for further technical details.

To show the converse, consider the family {I5},cs of
disjoint subsets of [d] as discussed above. For any other
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state o, we can then construct a random variable S%
supported on S” whose probability distribution takes the
form Pg (s) := Tr[oIl,]. Clearly, S5 is a coarse-grained
version of the random variable /, distributed according to
P, (i) = 0;; = (i|oli). A first important observation is that
the quantifier Q coincides with the conditional entropy of
1, given Sj: O(p) = H(1,|S}). To establish that Q gives the
asymptotic rate of distillation exactly, we will employ the
family of monotones defined as [44]

ui(p) = max log|[I;A(p)~'2pA(p)~V 1| .  (9)

1C(d).|1|<k

where for I C [d] we setI1; := ) ,,|i)(i|, and the inverse of
A(p) is taken on the support. These functions can be
thought of as a generalization of the previously introduced
1, as py(p) = log[1 + n(p)]. The proof proceeds by show-
ing that by suitably smoothing the quantities y;, they can be
related with a family of smoothed conditional max entro-
pies, which then can be related to H(I,|S}) by establishing
a tweaked asymptotic equipartition property. Using the
monotonicity of the family y, under SIO, we can then show
that in the limit of infinitely many copies of p the achievable
rates of distillation under SIO are constrained precisely as
Cusio(p) < Q(p). We refer to Refs. [30,44] for the com-
plete technical details of the proof. (]

Conclusions.—We fully characterized the problem of
asymptotic distillability of quantum coherence under SIO
and PIO, analytically computing the maximal asymptotic
distillation rates and showing that they coincide on all
states. We showed that almost all states—with the sole
exception of states whose density matrix contains a rank-
one submatrix—are bound coherent. A new SIO monotone,
the maximal coherence 7, plays a crucial role in forming a
necessary and sufficient criterion for distillability. We
furthermore derived a computable SDP expression for
the fidelity of one-shot distillation of a coherence bit under
SIO and evaluated it in the asymptotic many-copy limit in
terms of the monotone 7.

Our results reveal that, despite being as useful as the
larger classes of free operations 10, DIO, and MIO in some
tasks, the operational capabilities of SIO and PIO are
limited in the context of coherence distillation. This a priori
unexpected conclusion was not suggested by any previous
work, and bears a notable impact on practical applications,
which often require the use of coherence in pure, distilled
form [11,45-47]. For those states that happen to be SIO
distillable, we constructed a protocol to perform optimal
distillation, that should be easily implementable as it
requires only incoherent ancillae, incoherent unitaries,
and incoherent measurements.

We note the similarity of our main result to Ref. [48],
where a generic phenomenon of bound coherence was also
found in the related resource theory of unspeakable
coherence (a.k.a. asymmetry) with respect to the set of

translationally covariant incoherent operations [14]; how-
ever, it does not appear possible to make this qualitative
correspondence also quantitative, as the two settings are
fundamentally different.

In light of the considerations presented in our Letter and
the exposed weakness of SIO in performing coherence
distillation, it remains an important open question to
understand what the smallest physically motivated set of
free operations for manipulating coherence without such
hindering operational limitations could be, and hence the
ongoing quest for a satisfactory resource theory of coher-
ence [4] becomes even more enthralling.
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