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A B S T R A C T

Several key plant hormones are synthesised in the shoot and are advected within the phloem to the root tip.
In the root tip, these hormones regulate growth and developmental processes, and responses to environmental
cues. However, we lack understanding of how environmental factors and biological parameters affect the
delivery of hormones to the root tip. In this study, we build on existing models of phloem flow to develop a
mathematical model of sugar transport alongside the transport of a generic hormone. We derive the equations
for osmotically driven flow in a long, thin pipe with spatially varying membrane properties to capture the
phloem loading and unloading zones. Motivated by experimental findings, we formulate solute membrane
transport in terms of passive and active components, and incorporate solute unloading via bulk flow (i.e.
advection with the water efflux) by including the Staverman reflection coefficient. We use the model to
investigate the coupling between the sugar and hormone dynamics. The model predicts that environmental
cues that lead to an increase in active sugar loading, an increase in bulk flow sugar unloading or a decrease
in the relative root sugar concentration result in an increase in phloem transport velocity. Furthermore, the
model reveals that such increases in phloem transport velocity result in an increase in hormone delivery to
the root tip for passively loaded hormones.
1. Introduction

The phloem forms part of a plant’s vascular system and is responsi-
ble for the long-distance transport of sugars, proteins, and hormones
from the shoot to the root (Taiz and Zeiger, 2010). Many studies
have shown that shoot-derived hormones are transported long dis-
tances within the phloem to regulate developmental processes in the
root (Lacombe and Achard, 2016; Baker, 2000). The transport of the
gibberellin (GA) precursor GA12 through the Arabidopsis phloem acts
as a long-distance signal mediating growth responses (Regnault et al.,
2015). Translocation of cytokinins from shoot to root via the phloem
is important for nitrogen acquisition (Kiba et al., 2011), the regulation
of root nodulation (Sasaki et al., 2014), and maintenance of vascular
patterning in the root (Bishopp et al., 2011). Lateral root develop-
ment has been shown to depend on long-distance transport of both
auxin (Bhalerao et al., 2002; Chhun et al., 2007) and ABA (Zhang et al.,
2021).

Although it is well established that hormones are advected through
the phloem (Lacombe and Achard, 2016), as far as we are aware no
previous mathematical models have considered this directly and inves-
tigated how parameters affect hormone delivery from the shoot to the
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root tip. Instead, existing plant-hormone models focus on hormone dy-
namics within a specific organ or tissue, for example, modelling auxin
dynamics in the root tip. These root-tip models typically assume there
is a fixed auxin concentration at the boundary between the modelled
root-tip tissue and the region of long-distance transport (Grieneisen
et al., 2007; Band et al., 2012; van den Berg et al., 2016; Mellor et al.,
2020). However, the processes that regulate the auxin dynamics at this
boundary have not been studied directly.

Existing mathematical models of phloem transport focus on the
movement of sugars through the phloem via the pressure flow hypoth-
esis (Minchin et al., 1993; Bidel et al., 2000; Thompson and Holbrook,
2003a; Jensen et al., 2011, 2012; Payvandi et al., 2014; Jensen et al.,
2016; van den Herik et al., 2021; Nakad et al., 2021) initially proposed
by Münch (1926); this describes how phloem sap movement is gen-
erated by osmotic pressure differences caused by a gradient in sugar
concentration between source and sink tissues (Jensen et al., 2016).
Sugar is loaded into the phloem at the shoot, reducing the phloem sap
osmotic potential and causing an influx of water, whereas sugar unload-
ing in the root increases the phloem osmotic potential causing water
efflux. The resulting gradient in hydrostatic pressure drives phloem
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water flow that advects the sugar and other solutes (Payvandi et al.,
2014). Key developments from previous models include non-steady-
state dynamics (Thompson and Holbrook, 2003a), the development of
analytical solutions in high and low Münch number limits (Jensen et al.,
2012), and investigating the importance of diffusion in boundary layers
at high Münch number (Payvandi et al., 2014). Many of these models
have focused on larger plant species such as barley (Minchin et al.,
1993), peach (Bidel et al., 2000), and black locust (Payvandi et al.,
2014) which have a Münch number greater than 1.

In this study, we expand upon the phloem transport models in the
literature to include the transport of a generic hormone (though we
note that the model presented is also applicable to the transport of
any small passively advected molecules in the phloem). Our model also
includes adaptations that allow us to capture more realistic loading
and unloading mechanisms. This formulation enables us to represent
specific physical processes such as passive diffusion through plasmod-
esmata and active transport via known membrane proteins. Motivated
by experimental findings (Ross-Elliott et al., 2017; Bret-Harte and Silk,
1994), we also incorporate loading and unloading via bulk flow, by
introducing the Staverman reflection coefficient (Staverman, 1951)
which allows for solutes to leak across the membrane in the direction
of water flow. In the results section, we focus on model scenarios with
low Münch number, representative of smaller plants such as Arabidopsis
thaliana, for which bulk flow has been shown to be the dominant form
of phloem unloading (Ross-Elliott et al., 2017).

2. Model derivation

2.1. Model description

In order to formulate the mathematical model, we consider the
phloem to be a long, thin, narrow pipe through which water and solutes
are transported. The phloem is split into three zones: the loading zone
(𝑥 ∈ [0, 𝑥1]); translocation zone (𝑥 ∈ [𝑥1, 𝑥2]); and unloading zone
(𝑥 ∈ [𝑥2, 𝑥3]), where 𝑥 denotes the distance along the phloem. The
radius of the phloem tube is 𝑎 and the length of the translocation zone
is given by 𝐿 = 𝑥2 − 𝑥1, (where 𝑎 ≪ 𝐿). Water can flow into and
out of the phloem tube along the entire length of the pipe. However,
solutes may only enter/leave the phloem in the loading/unloading zone
respectively. Water is considered to be transferred to/from the xylem,
whereas solutes are considered to be transferred to/from sink/source
tissues. The phloem tube walls are comprised of membranes with
permeability properties that depend on the distance along the phloem
tube. A schematic of the modelling structure is given in Fig. 1.

In reality, the vascular system of a seedling is more complex than
shown in Fig. 1, and varies quite dramatically along the length of a
seedling (Fig. 2, De Rybel et al., 2016). Throughout the seedling, the
two key vascular tissues, xylem and phloem, are present and separated
by a region of procambial cells (Fig. 2). As such, any transfer of water
from xylem to phloem must pass through the intervening tissue. In its
simplest form, the structure of the vascular system of a plant can be
represented by Fig. 1A which for mathematical simplicity is described
by a set of concentric annuli as shown in Fig. 1B.

We consider a steady-state formulation. We model the phloem sap
(water with dissolved solutes) as an incompressible Newtonian fluid,
with velocity in the longitudinal and radial directions given by 𝑣𝑥(𝑟, 𝑥)
and 𝑣𝑟(𝑟, 𝑥) respectively, hydrostatic pressure 𝑝𝑝 = 𝑝𝑝(𝑟, 𝑥), and osmotic
potential 𝜋𝑝(𝑟, 𝑥) where 𝑥 denotes the distance along the phloem tube
and 𝑟 the radial position within the phloem. The concentration of
solute in the phloem is given by 𝑐𝑝(𝑟, 𝑥). The model solutions depend
2

on the concentration of solute in the xylem 𝑐𝑥(𝑥) and in the external e
source/sink tissues 𝑐𝑒𝑥𝑡(𝑥), and the hydrostatic pressure and osmotic
potential in the xylem, 𝑝𝑥(𝑥) and 𝜋𝑥(𝑥) respectively.

Throughout the model derivation, we use nondimensionalised vari-
ables defined by,

𝑥 = 𝐿𝑋, 𝑟 = 𝑎𝑅, 𝑅𝑒 =
𝜌𝑈𝐿
𝜂

,

𝑣𝑥 = 𝑈𝑉𝑥 𝑣𝑟 = 𝜀𝑈𝑉𝑟, 𝑃 𝑒 = 𝑈𝐿
𝐷

,

(𝑝𝑝, 𝑝𝑥) =
𝜂𝐿𝑈
𝑎2

(𝑃 , 𝑃𝑥), (𝜋𝑝, 𝜋𝑥) = 𝑃 ∗(𝛱,𝛱𝑥) (𝑐𝑝, 𝑐𝑥, 𝑐𝑒𝑥𝑡) = 𝐶∗(𝐶,𝐶𝑥, 𝐶𝑒𝑥𝑡),

here 𝑈 is a characteristic flow speed of the phloem sap in the 𝑥-
irection, 𝜂 is the viscosity of the phloem sap, 𝜌 is the phloem sap
ensity, 𝐷 is the diffusivity coefficient of water, 𝐶∗ is the solute
oncentration in the external source tissue at 𝑋 = 0, and 𝑃 ∗ is the
cale parameter for osmotic pressure.

Water flow between the xylem and phloem is driven by differences
n the hydrostatic and osmotic pressure (Jensen et al., 2011). Moving
traight to the non-dimensionalised equations (using the nondimen-
ionalised variables above), the velocity of the water moving from the
ylem into the phloem, 𝒱 (𝑋), at the phloem membrane boundary is

(𝑋) = 1
2

(

Mü
8

(𝑃𝑥(𝑋) − 𝑃 (1, 𝑋)) −
2𝐿𝑝𝑃 ∗

𝜀𝑈
𝜎(𝛱𝑥(𝑋) −𝛱(1, 𝑋))

)

, (1)

where 𝐿𝑝 is the membrane water permeability, Mü = 16𝜂𝐿𝑝𝐿2∕𝑎3 is
the Münch number which represents the ratio between radial and axial
conductivity (Thompson and Holbrook, 2003b; Jensen et al., 2009),
and 𝜎 = 𝜎(𝑋) is the Staverman reflection coefficient (Staverman, 1951;
Truskey et al., 2010b). The Staverman reflection coefficient varies
between zero and one, where 𝜎 = 1 represents a perfectly semi-
permeable membrane, permeable only to water, and 𝜎 = 0 represents a
membrane that is permeable to both water and solute equally. Values
between zero and one represent membranes that are semi-permeable
but with some leakage of solute along with the water (Truskey et al.,
2010b). Applying the van’t Hoff equation (Truskey et al., 2010b), the
osmotic potentials can be related to the solute concentrations via,

𝑃 ∗𝛱(𝑅,𝑋) = 𝑅𝑇𝐶∗𝐶(𝑅,𝑋), 𝑃 ∗𝛱𝑥(𝑋) = 𝑅𝑇𝐶∗𝐶𝑥(𝑋), (2)

here 𝑅 is the ideal gas constant and 𝑇 is the absolute temperature.

We define the flux of solute from the phloem to the surrounding
issues, 𝐽𝑠, by

𝑠 = 𝐽𝑣(1 − 𝜎)�̄� + 𝛽(𝐶 − 𝐶𝑒𝑥𝑡) − 𝛾𝐶 + 𝜆𝐶𝑒𝑥𝑡, (3a)

�̄� =
(𝐶𝑒𝑥𝑡 + 𝐶)

2
, (3b)

here 𝐽𝑣 is the fluid velocity across the membrane (in this case 𝐽𝑣 =
𝒱 (𝑋)), �̄� is the average concentration inside the membrane, 𝛽 is the

ate of solute diffusion across the membrane (Truskey et al., 2010b),
is the rate of active loading, and 𝜆 is the rate of active unloading.

he first term on the right-hand-side of Eq. (3a) represents solute being
ragged across the phloem membrane with the flow of water, whereas
he second term represents passive diffusion through the phloem-tissue
embrane. These two terms form the solute flux equation of Kedem

nd Katchalsky (1958). The final two terms in (3a) represent active
ransport of solute into and out of the phloem. The equation for solute
lux, (3a), varies from previous phloem models as they assumed the
embrane of the phloem was perfectly semi-permeable (𝜎 = 1) (Jensen

t al., 2012; Payvandi et al., 2014; Jensen et al., 2016). Furthermore,
y formulating the solute flux, (3a), in terms of passive and active
omponents that depend on the external concentrations, the model
arameters relate directly to biological processes that can be perturbed
xperimentally and can vary in response to environmental conditions.



Journal of Theoretical Biology 562 (2023) 111415

3

H.L. Collis et al.

Fig. 1. (A) Schematic showing the modelling structure of the phloem and surrounding tissues. The phloem is considered a long thin pipe split into three zones (loading, translocation,
unloading). Water is considered to be transferred directly from xylem to phloem (and the xylem contains no solute), whereas the solute is transferred to/from an external tissue
sink/source. (B) Mathematically this structure is described by a set of concentric annuli.

Fig. 2. Schematic of plant vascular structure throughout a plant .
Source: Adapted from De Rybel et al. (2016).
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2.2. Governing equations

Given 𝜀 = 𝑎∕𝐿 ≪ 1 (and noting we take 𝜀2𝑅𝑒 ≪ 1), the
fluid velocity is governed by the leading-order lubrication equations
(Truskey et al., 2010a),

1
𝑅

𝜕
𝜕𝑅

(𝑅𝑉𝑟,0) +
𝜕𝑉𝑥,0
𝜕𝑋

= 0 (4a)

𝜕𝑃0
𝜕𝑋

= 1
𝑅

𝜕
𝜕𝑅

(

𝑅
𝜕𝑉𝑥,0
𝜕𝑅

)

, (4b)

𝜕𝑃0
𝜕𝑅

= 0, (4c)

with boundary conditions,

𝑉𝑥,0(1, 𝑋) = 0, (no slip condition at membrane boundary) (5a)
𝜕𝑉𝑥,0

𝜕𝑅
|

|

|(0,𝑋)
= 0, (symmetry about the centre-line) (5b)

𝑉𝑥,0(𝑅, 0) = 0, (no axial flux at ends of phloem tube) (5c)

𝑉𝑥,0(𝑅,𝑋3) = 0, (no axial flux at ends of phloem tube) (5d)

𝑉𝑟,0(0, 𝑋) = 0, (symmetry about the centre-line) (5e)

𝑉𝑟,0(1, 𝑋) = −𝒱 (𝑋), (continuity of velocity at the membrane) (5f)

here the subscript 0 denotes the leading-order components as 𝜀 → 0.
The concentration dynamics are described by the steady-state

dvection–diffusion equation,

2𝑃𝑒

(

𝜕
𝜕𝑋

(𝐶𝑉𝑥) +
1
𝑅

𝜕
𝜕𝑅

(𝑅𝐶𝑉𝑟)

)

= 1
𝑅

𝜕
𝜕𝑅

(

𝑅𝜕𝐶
𝜕𝑅

)

+ 𝜀2 𝜕
2𝐶

𝜕𝑋2
, (6)

with the boundary conditions given by equating the outward normal
solute flux at the boundary of the phloem to the equation for solute
flux, (3a), and no axial flux at the end points of the phloem,
𝜕𝐶
𝜕𝑅

|

|

|(1,𝑋)
= 𝜀2𝑃𝑒

[

𝐶(1, 𝑋)𝑉𝑟(1, 𝑋) − (1 − 𝜎)�̄�𝑉𝑟(1, 𝑋)

+ 𝛽(𝐶𝑒𝑥𝑡(𝑋) − 𝐶(1, 𝑋)) + 𝛾𝐶𝑒𝑥𝑡(𝑋) − 𝜆𝐶(1, 𝑋)
]

, (7a)
𝜕𝐶
𝜕𝑋

|

|

|(𝑅,0)
= 0, (7b)

𝜕𝐶
𝜕𝑋

|

|

|(𝑅,𝑋3)
= 0. (7c)

Substituting the expansion 𝐶 = 𝐶0 + 𝜀2𝐶1 + ⋯ into Eqs. (6) and (7),
yields at leading order,

1
𝑅

𝜕
𝜕𝑅

(

𝑅
𝜕𝐶0
𝜕𝑅

)

= 0, (8a)
𝜕𝐶0
𝜕𝑋

|

|

|(𝑅,0)
= 0, (8b)

𝜕𝐶0
𝜕𝑋

|

|

|(𝑅,𝑋3)
= 0. (8c)

We note that in specifying (8a), we assume that 𝜖2𝑃𝑒 ≪ 1 which results
in radial diffusion dominating so that the leading-order concentration
depends only on X.

At 𝑂(𝜀2), Eqs. (6) and (7a) yield,

𝑃𝑒

(

𝑉𝑥,0
𝜕𝐶0
𝜕𝑋

+
𝐶0
𝑅

𝜕
𝜕𝑅

(

𝑅𝑉𝑟,0
)

+ 𝐶0
𝜕𝑉𝑥,0
𝜕𝑋

)

=
𝜕2𝐶0

𝜕𝑋2
+ 1

𝑅
𝜕
𝜕𝑅

(

𝑅
𝜕𝐶1
𝜕𝑅

)

,

(9a)
𝜕𝐶1
𝜕𝑅

|

|

|(1,𝑋)
= 𝑃𝑒

[

𝐶0(𝑋)𝑉𝑟,0(1, 𝑋) − (1 − 𝜎)�̄�𝑉𝑟,0(1, 𝑋) + 𝛽(𝐶𝑒𝑥𝑡(𝑋) − 𝐶0(𝑋))

+ 𝛾𝐶𝑒𝑥𝑡(𝑋) − 𝜆𝐶0(𝑋)
]

. (9b)

o close the system, it remains to specify 𝒱 at leading order. Ap-
lying leading-order expansions to Eqs. (1) and (2), we obtain the
eading-order velocity across the membrane,

0(𝑋) = 1
(

Mü (𝑃𝑥(𝑋) − 𝑃0(𝑋)) − 𝜎(𝐶𝑥(𝑋) − 𝐶0(𝑋))

)

, (10)
4

2 8
where we have equated the characteristic radial flow speed to that
driven by osmotic potential via 𝜀𝑈 = 2𝐿𝑝𝑅𝑇𝐶∗ (Jensen et al., 2016).

.2.1. Averaging in the radial direction
Following the work of Jensen et al. (2012), Payvandi et al. (2014),

ensen et al. (2016), we can reduce the system complexity by integrat-
ng the governing Eqs. (4) and (9a) with respect to 𝑅.

Given the leading-order pressure is a function of 𝑋 only, (4c), we
ntegrate (4a), (4b) with respect to 𝑅, and apply boundary condi-

tions (5e), (5b), (5a), which gives

𝑉𝑥,0(𝑅,𝑋) =
(𝑅2 − 1)

4
𝜕𝑃0
𝜕𝑋

, (11a)

𝑉𝑟,0(𝑅,𝑋) =
𝜕2𝑃0

𝜕𝑋2
(2𝑅 − 𝑅3)

16
. (11b)

Evaluating (11b) at 𝑅 = 1, (5f) then gives

𝜕2𝑃0

𝜕𝑋2
= 16𝒱0(𝑋). (12)

ntegrating (9a) with respect to 𝑅 and substituting (11a) and (11b), we
btain,

𝑒

[

( 𝜕𝐶0
𝜕𝑋

𝜕𝑃0
𝜕𝑋

+ 𝐶0
𝜕2𝑃0

𝜕𝑋2

)(𝑅4 − 2𝑅2

16

)

+ 𝑅𝐶0𝑉𝑟,0

]

= 𝑅2

2
𝜕2𝐶0

𝜕𝑋2
+ 𝑅

𝜕𝐶1
𝜕𝑅

,

(13)

where the constant of integration must be zero for consistency at
= 0). Evaluating at 𝑅 = 1 and applying boundary conditions (5f)

nd (9b) yields,

− 1
16

( 𝜕𝐶0
𝜕𝑋

𝜕𝑃0
𝜕𝑋

+ 𝐶0
𝜕2𝑃0

𝜕𝑋2

)

= (1 − 𝜎)�̄�𝒱0(𝑋) + 𝛽(𝐶𝑒𝑥𝑡(𝑋) − 𝐶0(𝑋))

+ 𝛾𝐶𝑒𝑥𝑡(𝑋) − 𝜆𝐶0(𝑋) + 1
2𝑃𝑒

𝜕2𝐶0

𝜕𝑋2
. (14)

To reduce to a one-dimensional system, we write the governing equa-
tions in terms of the average axial flow speed, given by �̄� (𝑋) = 𝑄(𝑋)∕𝜋
where 𝑄(𝑋) is the volumetric flow rate:

�̄� (𝑋) =
𝑄(𝑋)
𝜋

= ∫

1

0
2𝑅𝑉𝑥,0(𝑅,𝑋)𝑑𝑅 = −1

8
𝜕𝑃0
𝜕𝑋

. (15)

Substituting for 𝜕𝑃0∕𝜕𝑋, (15), and 𝒱0, (10), into Eqs. (12) and (14), we
obtain a closed system of equations for �̄� (𝑋), 𝐶0(𝑋), and 𝑃0(𝑋):

𝜕�̄�
𝜕𝑋

= 𝜎(𝐶0 − 𝐶𝑥) −
Mü
8

(𝑃0 − 𝑃𝑥), (16a)

𝜕�̄�𝐶0
𝜕𝑋

= 1
𝑃𝑒

𝜕2𝐶0

𝜕𝑋2
+ (1 − 𝜎)�̄�

(

𝜎
(

𝐶0 − 𝐶𝑥

)

− Mü
8

(

𝑃0 − 𝑃𝑥

))

+ 2𝛽(𝐶𝑒𝑥𝑡 − 𝐶0) + 2𝛾𝐶𝑒𝑥𝑡 − 2𝜆𝐶0 (16b)
𝜕𝑃0
𝜕𝑋

= −8�̄� , (16c)

where �̄� is given by Eq. (3b) and the boundary conditions (reduced to
one-dimension from (5c), (5d)) are given by,

�̄� (0) = 0, �̄� (𝑋3) = 0, (17a)
𝜕𝐶0
𝜕𝑋

|

|

|(0)
= 0,

𝜕𝐶0
𝜕𝑋

|

|

|(𝑋3)
= 0. (17b)

We note that by differentiating Eq. (16a) and setting 𝜎 = 1, we
would obtain Münch flow equations similar to those in previous stud-
ies (Thompson and Holbrook, 2003a; Jensen et al., 2012; Payvandi
et al., 2014; Jensen et al., 2016).

2.3. Modelling hormone transport in the phloem

Eqs. (16) describe the leading-order phloem transport for a single
solute (sugar). We now extend these equations (dropping the subscript
0 for simplicity) to incorporate a hormone (or other passively advected
solute). We use the notation 𝐶 and 𝐶 to represent the leading-order
𝑠 𝑎
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concentration of sugar and hormone respectively. Hormone molecules
are tiny compared to sugar molecules, and so it is appropriate to assume
that the hormone concentration does not contribute significantly to the
osmotic pressure gradient. Due to the Péclet number for sugar and a
range of plant hormones being large (see Appendix A), we assume, in
line with models in the literature (Jensen et al., 2012, 2016), that axial
diffusion is negligible and hence the equations governing the transport
of hormone and sugar via the phloem are given by,

𝜕�̄�
𝜕𝑋

= 𝜎(𝐶𝑠(𝑋) − 𝐶𝑥,𝑠(𝑋)) − Mü
8

(𝑃 (𝑋) − 𝑃𝑥(𝑋)), (18a)

𝜕�̄�𝐶𝑠
𝜕𝑋

= (1 − 𝜎𝑠)�̄�𝑠

(

𝜎𝑠(𝐶𝑠(𝑋) − 𝐶𝑥,𝑠(𝑋)) − Mü
8

(𝑃 (𝑋) − 𝑃𝑥(𝑋))
)

+ 2𝛽𝑠(𝐶𝑒𝑥𝑡,𝑠(𝑋) − 𝐶𝑠(𝑋)) + 2𝛾𝑠𝐶𝑒𝑥𝑡,𝑠(𝑋) − 2𝜆𝑠𝐶𝑠(𝑋), (18b)
𝜕�̄�𝐶𝑎
𝜕𝑋

= (1 − 𝜎𝑎)�̄�𝑎

(

𝜎𝑠(𝐶𝑠(𝑋) − 𝐶𝑥,𝑠(𝑋)) − Mü
8

(𝑃 (𝑋) − 𝑃𝑥(𝑋))
)

+ 2𝛽𝑎(𝐶𝑒𝑥𝑡,𝑎(𝑋) − 𝐶𝑎(𝑋)) + 2𝛾𝑎𝐶𝑒𝑥𝑡,𝑎(𝑋) − 2𝜆𝑎𝐶𝑎(𝑋), (18c)
𝜕𝑃
𝜕𝑋

= −8�̄� (𝑋), (18d)

where,

𝐶𝑠 =
𝐶𝑠 + 𝐶𝑒𝑥𝑡,𝑠

2
, 𝐶𝑎 =

𝐶𝑎 + 𝐶𝑒𝑥𝑡,𝑎

2
, (19)

nd the boundary conditions are given by

̄ (0) = 0, �̄� (𝑋3) = 0. (20)

.4. Representing the loading and unloading zones

To represent the loading and unloading zones, we define the spa-
ially dependent coefficients of solute transport and external solute
oncentrations as step functions between zones (loading=1, transloca-
ion=2, unloading=3). In the functions below 𝑋1, 𝑋2, 𝑋3 represent the
nd points of the loading, translocation, and unloading zone respec-
ively with 𝑋1 = 0.2, 𝑋2 = 1.2, and 𝑋3 = 1.4 for consistency with loading
nd unloading zones prescribed in Jensen et al. (2012):

𝑘(𝑋) =

⎧

⎪

⎨

⎪

⎩

ℬ𝑘,1, 0 ≤ 𝑋 ≤ 𝑋1;
ℬ𝑘,2, 𝑋1 < 𝑋 < 𝑋2;
ℬ𝑘,3, 𝑋2 ≤ 𝑋 ≤ 𝑋3,

(21)

For notational convenience, here, ℬ𝑘 is used represent a general
parameter where ℬ ∈ {𝜎, 𝛽, 𝛾, 𝜆, 𝐶𝑒𝑥𝑡} and the subscript 𝑘 ∈ {𝑠, 𝑎}
denotes sugar and hormone respectively.

Model solutions enable us to calculate the total flux of sugar and
hormone into the loading zone and out of the unloading zone by
integrating Eqs. (18b) and (18c) with respect to 𝑋 across the length
of the loading and unloading zone respectively,

𝐹𝑠(𝑙1, 𝑙2) =∫

𝑙2

𝑙1

𝜕𝑈𝐶𝑠
𝜕𝑋

𝑑𝑋 =

∫

𝑙2

𝑙1

[

(1 − 𝜎𝑠)�̄�𝑠

(

𝜎𝑠(𝐶𝑠(𝑋) − 𝐶𝑥,𝑠(𝑋)) − Mü
8

(𝑃 (𝑋) − 𝑃𝑥(𝑋))
)

+ 2𝛽𝑠(𝐶𝑒𝑥𝑡,𝑠(𝑋) − 𝐶𝑠(𝑋)) + 2𝛾𝑠𝐶𝑒𝑥𝑡,𝑠(𝑋) − 2𝜆𝑠𝐶𝑠(𝑋)
]

𝑑𝑋,

(22a)

𝐹𝑎(𝑙1, 𝑙2) =∫

𝑙2

𝑙1

𝜕𝑈𝐶𝑎
𝜕𝑋

𝑑𝑋 =

∫

𝑙2
[

(1 − 𝜎𝑎)�̄�𝑠

(

𝜎𝑠(𝐶𝑠(𝑋) − 𝐶𝑥,𝑠(𝑋)) − Mü
8

(𝑃 (𝑋) − 𝑃𝑥(𝑋))
)

5

𝑙1
t

Table 1
Default values for sugar parameters.

Parameter group Default values Parameter description

(𝜎𝑠,1 , 𝜎𝑠,2 , 𝜎𝑠,3) (1, 1, 0 ≤ 𝜎𝑠,3 ≤ 1) Bulk flow
(𝛽𝑠,1 , 𝛽𝑠,2 , 𝛽𝑠,3) (0, 0, 5) Passive diffusion
(𝛾𝑠,1 , 𝛾𝑠,2 , 𝛾𝑠,3) (0.16, 0, 0) Active loading
(𝜆𝑠,1 , 𝜆𝑠,2 , 𝜆𝑠,3) (0, 0, 0) Active unloading
(𝐶𝑒𝑥𝑡,𝑠,1 , 𝐶𝑒𝑥𝑡,𝑠,2 , 𝐶𝑒𝑥𝑡,𝑠,3) (1, 0, 0.1) External sugar concentration

+ 2𝛽𝑎(𝐶𝑒𝑥𝑡,𝑎(𝑋) − 𝐶𝑎(𝑋)) + 2𝛾𝑎𝐶𝑒𝑥𝑡,𝑎(𝑋) − 2𝜆𝑎𝐶𝑎(𝑋)
]

𝑑𝑋;

(22b)

setting 𝑙1 = 0 and 𝑙2 = 𝑋1 in (22) corresponds to the loading zone, and
etting 𝑙1 = 𝑋2 and 𝑙2 = 𝑋3 corresponds to the unloading zone. Eqs. (22)
re defined in terms of fluxes into the phloem and so unloading results
n a negative value.

.5. Numerical method

The system of Eqs. (18) along with boundary conditions (20) de-
cribe a boundary value problem where we have boundary conditions
efined at both ends of the domain. In order to solve these equations
umerically, we use a shooting method with shooting parameter 𝜕�̄� (0)∕𝜕𝑋.
full description of the shooting method used in our model is available

n Appendix B. We solve the system of governing equations numerically
n Python 3.8 using an upwind scheme (see Appendices C and D).

. Prescribing biologically motivated loading and unloading pa-
ameters

We have derived the governing equations for phloem transport
nder general loading and unloading mechanisms. However, the results
ill focus on parameter regimes that represent phloem loading and
nloading in Arabidopsis and crops, given experimental studies on
ong-distance hormone transport are predominantly in these species.
xperiments have shown that the dominant mechanism for sugar load-
ng in Arabidopsis and crops is active loading (see Table 2 in Jensen
t al., 2013).

Experimental studies consider sugar unloading to be passive (Oparka
t al., 1994; Imlau et al., 1999), and evidence from Ross-Elliott et al.
2017) and Bret-Harte and Silk (1994) supports this, with bulk flow
nloading being the dominant efflux component. To incorporate bulk
low unloading, we set the Staverman reflection coefficient (Staverman,
951) to be less than one in the unloading zone. This is in contrast to
urrent models in the literature where passive sugar unloading is mod-
lled as unloading via diffusion only (corresponding to a Staverman
eflection coefficient of 1 throughout the phloem).

Based on the above considerations, Table 1 gives the default sugar
arameters used throughout the simulations; these parameters were
hosen to give equivalent sugar loading influx to parameters from
ensen et al. (2012), but are modified as we assume active sugar
oading only.

As we are modelling for a general hormone, we simulate a variety of
oading scenarios as the loading methods for different hormones are not
ell characterised. As such, for each set of sugar parameters, we model

wo distinct cases; where the hormone is loaded actively and where the
ormone is loaded passively via diffusion. We note that it is likely that
ome hormones are loaded via a combination of both these mechanisms
such as auxin Tamas and Davies, 2016). Similarly to sugar, we assume
he hormone is unloaded passively in order to investigate the impact of
ulk flow on hormone delivery. As such, the parameter definitions and
efault values for hormone parameters are given in Table 2.

Given our model assumptions are predominantly based on data
rom Arabidopsis seedlings, we calculated the Münch number using
he Arabidopsis parameters given in Table 3, which gives Mü= 0.22.
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Table 2
Hormone parameters for passive and actively loaded hormone.

Parameter group Passive hormone loading Active hormone loading

(𝜎𝑎,1 , 𝜎𝑎,2 , 𝜎𝑎,3) (1, 1, 0 ≤ 𝜎𝑠,3 ≤ 1) (1, 1, 0 ≤ 𝜎𝑠,3 ≤ 1)
(𝛽𝑎,1 , 𝛽𝑎,2 , 𝛽𝑎,3) (5, 0, 5) (0, 0, 5)
(𝛾𝑎,1 , 𝛾𝑎,2 , 𝛾𝑎,3) (0, 0, 0) (0.16, 0, 0)
(𝜆𝑎,1 , 𝜆𝑎,2 , 𝜆𝑎,3) (0, 0, 0) (0, 0, 0, )
(𝐶𝑒𝑥𝑡,𝑎,1 , 𝐶𝑒𝑥𝑡,𝑎,2 , 𝐶𝑒𝑥𝑡,𝑎,3) (1, 0, 0.1) (1, 0, 0.1)

Table 3
Parameter values required for calculating the Münch number for Arabidopsis. Values
taken from Ross-Elliott et al. (2017), phloem tube length from Martin et al. (2002).

Parameter name Symbol Value

Phloem sap viscosity 𝜂 1.7 mPas
Phloem tube length 𝐿 30.6 mm
Cell membrane permeability 𝐿𝑝 5 × 10−14 m/s/Pa
Phloem tube radius 𝑎 1.8 μm

This value is much lower than previously modelled species such as
wheat and black locust which have values Mü = 12 and Mü = 104

respectively (Payvandi et al., 2014). We note that Jensen et al. (2012)
produce analytical solutions for phloem transport velocity and sugar
concentration in the limit of small Münch number and show that
these results have little variation from numerical solutions when Mü
= 1 (albeit without the inclusion of the Staverman reflection coeffi-
cient). We note that these analytical solutions would be appropriate
for simulations of phloem transport velocity and sugar concentration
in Arabidopsis and our simulation results are qualitatively consistent
with these results in the case when 𝜎𝑠,3 = 1. However, our mathematical
model has been developed such that it can capture the phloem transport
dynamics (including hormone concentration profiles) for any Münch
number or loading/unloading parameters if desired. For completeness,
in the results section below, we investigate the impact of bulk flow
unloading in both a low and high Münch number regime as an example.

4. Results

4.1. The rate of delivery to the root tip does not depend on phloem transport
velocity for actively loaded sugar and hormones

Before proceeding with the simulation results, we note that as the
model is at steady state, the total flux into the phloem in the loading
zone must equal the total flux out of the phloem in the unloading zone;
both can be calculated using Eqs. (22). For the actively loaded sugar
and in cases where the hormone is actively loaded, the total flux into
the phloem depends only on the prescribed external concentration and
active transport rate. As a result, the total loading and unloading flux
is independent of the concentrations in the phloem and the unloading
parameters. Thus, for purely actively loaded sugar and hormones, the
steady-state rate of delivery to the root tip does not depend on the
phloem transport velocity.

4.2. Bulk flow unloading increases the phloem transport velocity

One of the key extensions of this model is the inclusion of the
Staverman reflection coefficient (Staverman, 1951), which allows the
model to capture the effect of unloading via bulk flow, which Ross-
Elliott et al. (2017) suggest to be the dominant unloading mechanism
in Arabidopsis.

To investigate the impact of bulk flow unloading, we allow the
Staverman reflection coefficient for sugar, 𝜎𝑠,3, and the general hor-
mone, 𝜎𝑎,3, to vary simultaneously in the unloading zone. As discussed
above, the total sugar flux into and out of the phloem in the loading
and unloading does not depend on 𝜎𝑠,3 (Fig. 3A). As one may expect,
decreasing 𝜎 allows for membrane leakage and hence there is more
6

𝑠,3
Table 4
Parameter ranges used in parameter searches per-
formed in Figs. 5 and 6.

Parameter Values

𝜎𝑠,3 (0.0, 0.2, 0.4, 0.6, 0.8, 1.0)
𝛽𝑠,3 (0.1, 0.5, 1.0, 2.5, 5.0)
𝛾𝑠,1 (0.04, 0.08, 0.16)
𝐶𝑒𝑥𝑡,𝑠,1 (0.1, 0.2, 0.4)

unloading via bulk flow. However, for the chosen model parameters
(Tables 1 and 2), the model predicts that diffusive unloading of sugar
always remains dominant over bulk flow unloading of sugar.

The phloem transport velocity and sugar concentration profile de-
pend only on the Staverman reflection coefficient for sugar (Eqs. (18)a,
b). Reducing the Staverman reflection coefficient for sugar increases
bulk flow sugar unloading which results in a depletion of sugar in
the phloem (Fig. 3E). As the total sugar efflux in the unloading zone
is prescribed by the loading parameters, the sugar depletion caused
by increased bulk flow unloading must be balanced by an increase in
phloem transport velocity (Fig. 3D) to maintain the prescribed rate of
sugar efflux (Eq. (22a)).

For an actively loaded hormone (Figs. 3C, G), the hormone concen-
tration profile and bulk flow contribution directly mimics the results
for sugar. For a hormone loaded passively (Fig. 3F), when 𝜎𝑠 is re-
duced the increase in phloem transport velocity also results in reduced
hormone concentrations (although in this case the change is small and
not perceptible in the loading zone). For passively loaded hormones,
the increase in phloem transport velocity caused by decreasing 𝜎𝑠,3
reduces hormone concentration in the loading zone in the phloem. This
increases the concentration difference which drives passive loading
across the membrane, leading to a larger loading flux, and hence, due
to the steady-state assumption, a larger unloading flux of hormones in
the root tip (Fig. 3B).

These model scenarios were repeated for a high Münch number as
is typical for larger plant species (Mü = 12 Payvandi et al., 2014).
Whilst the overall shape of the phloem transport velocity profile and
sugar/hormone concentration profiles change significantly from the
low Münch number scenario, the over-arching impact that increas-
ing bulk flow unloading increases phloem transport velocity remains
consistent with the low Münch number scenario (Fig. 4).

4.3. Bulk flow unloading can dominate over diffusive unloading when the
ratio between root and shoot external sugar concentrations is increased

The simulations above showed that, for the model parameters given
in Tables 1 & 2, the dominant form of sugar unloading is diffusion
(Figs. 3). However, previous studies suggest that diffusive unloading
of sugar alone would not be sufficient to meet the carbon demands for
growth in the primary root tip of maize (Bret-Harte and Silk, 1994),
and suggest that bulk flow unloading is the dominant form of sugar
unloading in Arabidopsis (Ross-Elliott et al., 2017). Motivated by these
studies, and the fact that the phloem loading/unloading parameters
are not well characterised, we now investigate how the choice of
model parameters influences the relative contributions of bulk flow and
diffusive unloading.

We performed a systematic search for parameter sets that result in
bulk flow unloading of sugar being dominant over diffusive unloading.
Focusing on the four key sugar parameters: Staverman reflection coef-
ficient, 𝜎𝑠,3, rate of diffusive unloading, 𝛽𝑠,3, rate of active loading, 𝛾𝑠,1,
and the ratio between root and shoot external sugar concentrations,
𝐶𝑒𝑥𝑡,𝑠,3, we considered a discrete set of values for each parameter (see
Table 4). From these parameter sets, we found multiple parameter
regions that resulted in bulk flow unloading being dominant over
diffusive unloading.
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Fig. 3. Decreasing the Staverman reflection coefficient results in an increase in bulk flow unloading for sugar and hormone. Increasing the amount of bulk flow unloading increases
the phloem transport velocity and decreases the concentration of sugar in the loading zone. This results in increased hormone unloading for both passively and actively loaded
hormone. (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the loading/unloading zones for passively loaded hormone; (C) Hormone flux in the loading/unloading
zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar concentration; (F) Hormone concentration for a passively loaded hormone; (G) Hormone concentration
for an actively loaded hormone. Sugar parameter values: as given in Table 1 with additional variations to (𝜎𝑠,1 , 𝜎𝑠,2 , 𝜎𝑠,3) = (1, 1, varied). Auxin parameter values: as given in
Table 2 with additional variations to (𝜎𝑎,1 , 𝜎𝑎,2 , 𝜎𝑎,3) = (1, 1, varied). Mü = 0.22. Simulations of model equations (18).
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Fig. 4. Results showing how a larger Münch number impacts the results of varying the Staverman reflection coefficient for sugar and hormone. Velocity and concentration profiles
vary in shape from Fig. 3 but impact of varying 𝜎𝑠,3∕𝜎𝑎,3 remains consistent. (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the loading/unloading zones for
passively loaded hormone; (C) Hormone flux in the loading/unloading zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar concentration; (F) Hormone
concentration for a passively loaded hormone; (G) Hormone concentration for an actively loaded hormone. Sugar parameter values: as given in Table 1 with additional variations
to (𝜎𝑠,1 , 𝜎𝑠,2 , 𝜎𝑠,3) = (1, 1, varied). Auxin parameter values: as given in Table 2 with additional variations to (𝜎𝑎,1 , 𝜎𝑎,2 , 𝜎𝑎,3) = (1, 1, varied). Mü = 12.
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Table 5
Sugar parameters values around which variations are performed to yield simulations
in the following sections (bulk flow unloading dominates over diffusive unloading).

Parameter group Default values Parameter description

(𝜎𝑠,1 , 𝜎𝑠,2 , 𝜎𝑠,3) (1, 1, 0.2) Bulk flow
(𝛽𝑠,1 , 𝛽𝑠,2 , 𝛽𝑠,3) (0, 0, 1) Passive diffusion
(𝛾𝑠,1 , 𝛾𝑠,2 , 𝛾𝑠,3) (0.16, 0, 0) Active loading
(𝜆𝑠,1 , 𝜆𝑠,2 , 𝜆𝑠,3) (0, 0, 0) Active unloading
(𝐶𝑒𝑥𝑡,𝑠,1 , 𝐶𝑒𝑥𝑡,𝑠,2 , 𝐶𝑒𝑥𝑡,𝑠,3) (1, 0, 0.4) External sugar concentration

Table 6
Hormone parameter values around which variations are performed to yield simulations
in the following sections (bulk flow unloading of hormone dominates over diffusive
unloading).

Parameter group Passive hormone loading Active hormone loading

(𝜎𝑎,1 , 𝜎𝑎,2 , 𝜎𝑎,3) (1, 1, 0.2) (1, 1, 0.2)
(𝛽𝑎,1 , 𝛽𝑎,2 , 𝛽𝑎,3) (5∗ , 0, 1) (0, 0, 1)
(𝛾𝑎,1 , 𝛾𝑎,2 , 𝛾𝑎,3) (0, 0, 0) (0.16, 0, 0)
(𝜆𝑎,1 , 𝜆𝑎,2 , 𝜆𝑎,3) (0, 0, 0) (0, 0, 0)
(𝐶𝑒𝑥𝑡,𝑎,1 , 𝐶𝑒𝑥𝑡,𝑎,2 , 𝐶𝑒𝑥𝑡,𝑎,3) (1, 0, 0.4) (1, 0, 0.4)

With a fixed rate of active sugar loading, 𝛾𝑠,1, increasing the ratio
etween the root and shoot external sugar concentrations, 𝐶𝑒𝑥𝑡,𝑠,3,
esults in a larger parameter region where bulk flow unloading is
ominant over diffusive unloading (Fig. 5). In contrast, with a fixed
xternal sugar concentration in the unloading zone, 𝐶𝑒𝑥𝑡,𝑠,3, we see that

varying the rate of active sugar loading, 𝛾𝑠,1, has little impact on the
amount of unloading occurring via bulk flow (Fig. 6). We note that the
influence of these parameters and physical interpretations are detailed
in Sections 4.4 and 4.5.

In cases where bulk flow unloading is dominant and the rate of
diffusion, 𝛽𝑠,3 is small, the model can predict an accumulation of sugar
in the unloading zone – a characteristic not currently described in the
literature (Figs. 5 and 6). This is likely due to the rate of diffusion being
too low to allow the model to meet the prescribed rate of unloading flux
(which is fixed for each set of simulations as we fix 𝛾𝑠,1) without produc-
ing an extremely high concentration difference across the membrane
in the unloading zone. However, there are parameter regions where
bulk flow unloading is dominant and no sugar accumulation occurs (for
example, if 𝐶𝑒𝑥𝑡,𝑠,3 is sufficiently large, Fig. 5E).

In summary, the model predicts that bulk flow unloading can
be dominant over diffusive unloading. The simulations suggest that
for bulk flow to dominate requires a small Staverman reflection co-
efficient, 𝜎𝑠,3, and a large ratio between the root and shoot external
ugar concentrations, 𝐶𝑒𝑥𝑡,𝑠,3. Although the model predicts accumu-
ation of sugar in the phloem unloading zone for some parameter
egimes, it is not clear whether such sugar accumulation occurs in the
nloading zone of plants such as Arabidopsis. Hence, for the remaining
imulation results presented, we set model parameters such that bulk
low unloading dominates over diffusive unloading, but with a sugar
oncentration profile that is consistent with those in the theoretical
iterature (Jensen et al., 2012; Payvandi et al., 2014), see Table 5.
s hormones are smaller molecules than sugar, we assume that the
ormone parameters are consistent with those specified for sugar
although with either diffusive or active loading), Table 6.

.4. Increasing active sugar loading increases phloem transport velocity and
ncreases the rate of delivery of passively loaded hormones

Abiotic stresses, such as drought, heat stress, light intensity, and
emperature have been shown to impact sucrose transporters and
hloem loading in a range of plants, including Arabidopsis, maize,
nd wheat Xu et al. (2018), Knox et al. (2018), Gong et al. (2015).
ctive sugar loading occurs via SUC transporters and varying the
ate of active sugar loading, 𝛾𝑠,1, in the model is consistent with the
elative expression levels of SUC transporters changing according to
9

environmental conditions (Xu et al., 2018; Knox et al., 2018; Gong
et al., 2015). We investigate how these responses to environmental cues
impact hormone delivery to the root tip.

Increasing the rate of active sugar loading, 𝛾𝑠,1, increases the total
sugar loading and unloading (Fig. 7A) (recalling that at the steady
state the total loading and unloading are equal). An increase in the
rate of active sugar loading is predicted to result in an increased
phloem transport velocity (Fig. 7D), consistent with experimental re-
sults from Knox et al. (2018), and an increase in sugar concentration
throughout the phloem (Fig. 7E), consistent with experimental mea-
surements of sucrose concentration within phloem exudate by Xu et al.
(2018). Interestingly, as the sugar loading rate is increased, the propor-
tion of unloading that occurs via diffusive unloading increases (Fig. 7A)
(which is consistent with the parameter survey shown in Fig. 6).
The increase in diffusive unloading occurs as there is an increase in
sugar phloem concentration in the unloading zone which increases the
gradient down which diffusive unloading occurs (Fig. 7E).

As for bulk flow unloading (varying 𝜎𝑠), increasing active sugar
oading also affects hormone delivery. For passively loaded hormones,
ncreasing the rate of active sugar loading increases phloem transport
elocity which in turn decreases the hormone concentration in the
oading zone. This increases the concentration difference across the
embrane in the loading zone which leads to an increase in passive

oading. Due to the steady-state nature of our model, this increases the
mount of hormone delivered to the root tip (Fig. 7B, F). For actively
oaded hormones (Fig. 7C, G), the proportion of unloading that occurs
ia bulk flow increases as the rate of active sugar loading is increased
due reduced hormone concentrations in the unloading zone decreasing
he concentration difference which drives diffusive unloading). These
ases suggests that environmental conditions that impact SUC-mediated
ctive sugar transport in the shoot, such as changes in light inten-
ity (Xu et al., 2018; Knox et al., 2018), can influence hormone delivery
n the root tip via changes to the phloem transport velocity.

In summary, increasing active sugar loading results in increased
hloem transport velocities which influences hormone delivery to the
oot tip. In the case of actively loaded hormones, the model predicts
shift in the dominant unloading mechanism, whereas for passively

oaded hormones, the model predicts an increase in hormone delivery
o the root tip.

.5. Increasing the ratio between root and shoot external tissue sugar
oncentrations has little impact on the unloading of hormones

Modifications to the ratio between root and shoot external sugar
oncentrations, 𝐶𝑒𝑥𝑡,𝑠,3, can occur either by changes at the shoot or
hanges at the root. For example, application of exogenous sucrose to
he root tip increases the root:shoot external sugar concentration ratio
nd has been shown to reduce phloem transport velocity (Knox et al.,
018). Understanding how application of exogenous sucrose impacts
hloem transport is important because some experiments incorporate
ucrose into the growth medium, which could influence hormone de-
ivery to the root tip. Another method of modifying the root:shoot
xternal sugar concentration ratio is via changes in environmental
onditions that lead to sugar accumulation in leaves (Xu et al., 2018)
hich increases the sugar concentration in the source tissues and would
ecrease the root:shoot external sugar concentration ratio.

The model predicts a reduction in phloem transport velocity for
igher 𝐶𝑒𝑥𝑡,𝑠,3 (Fig. 8D), as observed in experimental studies by Knox
t al. (2018). We note that as the ratio 𝐶𝑒𝑥𝑡,𝑠,3 approaches 1, we
xpect the phloem transport velocity to approach zero as there is no
oncentration gradient to drive phloem flow. An increase in 𝐶𝑒𝑥𝑡,𝑠,3 is
redicted to lead to a higher sugar concentration in the phloem, seen
ost notably in the unloading zone (Fig. 8E). The model predicts that

ncreasing 𝐶𝑒𝑥𝑡,𝑠,3 decreases the amount of diffusive sugar unloading
and increases the relative contribution of the bulk flow sugar unloading

(Fig. 8A). Increasing 𝐶𝑒𝑥𝑡,𝑠,3 reduces diffusive unloading by reducing the
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Fig. 5. Larger external sugar concentration in the unloading zone results in more bulk flow unloading. (A/C/E) Contour plots show the fraction of unloading that occurs via bulk
flow. Blue shades indicate bulk flow unloading is dominant, red shades indicate diffusive unloading is dominant. Markers show parameter sets plotted in B/D/F – crosses indicate
there is sugar accumulation in the unloading zone, pluses indicate sugar decreases in the unloading zone. (B/D/F) Parameter regimes that result in bulk flow unloading being
dominant.
sugar concentration difference between the phloem and the external
tissue.

For both hormone loading scenarios, we see an increase in the
phloem hormone concentration as phloem transport velocity is de-
creased by an increase in 𝐶𝑒𝑥𝑡,𝑠,3 (Figs. 8F & G). This is consistent with
results in Figs. 7 D, F & G and discussed in Section 4.4.
10
In summary, increasing the ratio between root and shoot external
sugar concentrations, 𝐶𝑒𝑥𝑡,𝑠,3, reduces the phloem transport velocity
which is consistent with experimental results from Knox et al. (2018).
Whilst changes to 𝐶𝑒𝑥𝑡,𝑠,3 do modify phloem transport velocity, the
impact is less pronounced than changes seen when changing 𝛾𝑠,1, and as
such the impact on the unloading of hormone is less pronounced. In the
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Fig. 6. Varying active sugar loading has little impact of the dominant form of unloading (which remains diffusive). (A/C/E) Contour plots show the fraction of unloading that
occurs via bulk flow. Blue shades indicate bulk flow unloading is dominant, red shades indicate diffusive unloading is dominant. Markers show parameter sets plotted in B/D/F
– crosses indicate there is sugar accumulation in the unloading zone, pluses indicate sugar decreases in the unloading zone. (B/D/F) Parameter regimes that result in bulk flow
unloading being dominant.
case of passively loaded hormones, the model predicts that changing
𝐶𝑒𝑥𝑡,𝑠,3 has minimal impact on hormone delivery to the root tip.

4.6. Varying plasmodesmata density modifies phloem transport velocity

Unloading via diffusion and bulk flow occurs through plasmodes-
mata. As such, environmental conditions that influence plasmodesmata
transport rates or plasmodesmata density will have an effect on the un-
loading dynamics in the model. Transport via plasmodesmata has been
11
shown to be affected by light levels and the circadian clock (Brunkard
and Zambryski, 2019), as well as osmotic stress and cold stress (Sager
and Lee, 2014 and references therein).

Changes in plasmodesmata transport rates or plasmodesmata den-
sity will affect unloading via both diffusion and bulk flow. As such,
to model environmental changes that impact plasmodesmata, we need
to vary the diffusion coefficients for sugar and hormone, 𝛽𝑠,3, 𝛽𝑎,3, as
well as the Staverman reflection coefficients for sugar and hormone,
𝜎 , 𝜎 . Increasing 𝛽 , 𝛽 and decreasing 𝜎 , 𝜎 can be considered
𝑠,3 𝑎,3 𝑠,3 𝑎,3 𝑠,3 𝑎,3
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Fig. 7. Increasing active sugar loading results in a change in the dominant form of hormone unloading, shifting from diffusion dominant to bulk flow dominant as 𝛾𝑠,1 increases. This
occurs alongside an increase to phloem transport velocity. (A) Sugar flux in the loading/unloading zones; (B) Hormone flux in the loading/unloading zones for passively loaded
hormone; (C) Hormone flux in the loading/unloading zones for actively loaded hormone; (D) Phloem transport velocity; (E) Sugar concentration; (F) Hormone concentration
for a passively loaded hormone; (G) Hormone concentration for an actively loaded hormone. Sugar parameter values: as given in Table 5 with additional variations to
(𝛾𝑠,1 , 𝛾𝑠,2 , 𝛾𝑠,3) = (varied, 0, 0). Auxin parameter values: as given in Table 6. Mü = 0.22.
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Fig. 8. Reducing sugar sink strength by increasing 𝐶𝑒𝑥𝑡,𝑠,3 has little impact on the unloading dynamics of hormones. (A) Sugar flux in the loading/unloading zones; (B) Hormone
flux in the loading/unloading zones for passively loaded hormone; (C) Hormone flux in the loading/unloading zones for actively loaded hormone; (D) Phloem transport velocity;
(E) Sugar concentration; (F) Hormone concentration for a passively loaded hormone; (G) Hormone concentration for an actively loaded hormone. Sugar parameter values: as
given in Table 5 with additional variations to (𝐶𝑒𝑥𝑡,𝑠,1 , 𝐶𝑒𝑥𝑡,𝑠,2 , 𝐶𝑒𝑥𝑡,𝑠,3) = (1, 0, varied). Auxin parameter values: as given in Table 6. Mü = 0.22.



Journal of Theoretical Biology 562 (2023) 111415H.L. Collis et al.

b
a
a
m

t
s
(
c
h
p
c
i
i
t
c
p

d
t
l

5

h
d
2
t
p

i
l
l
t
f
d
T
c
r

u
b

b
r
t
i
t
t
t

t
t
r
d
2
l
t
l
l
r
i
a
a

a
d
p
a
l

i
t
l
t
v
f
F
t
w
e
s
f
w
l
w

C

i
C
s
o

D

c
i

D

Table 7
Parameter variations used for model scenarios of low,
mid, and high plasmodesmata density.

Plasmodesmata density 𝜎𝑠,3 , 𝜎𝑎,3 𝛽𝑠,3 , 𝛽𝑎,3
Low 0.3 0.5
Mid 0.2 1.0
High 0.1 1.5

to represent an increase in plasmodesmata transport rate or an increase
in plasmodesmata density. In the following simulations, as we are
varying multiple parameters simultaneously, we label the simulations
as low, mid, and high to represent a scale from decreased to increased
plasmodesmatal transport. Parameter values used in each scenario are
given in Table 7 and correspond to the region shown in Fig. 9A.

For parameters in Table 6, increasing plasmodesmatal unloading is
predicted to increase the contribution of bulk flow unloading (Figs. 9B,
C, D). However, it is important to note that this relationship is not
well-defined and that alternative definitions of low, mid, and high plas-
modesmata density could alter the proportion of unloading that occurs
via bulk flow. This is seen most clearly in the curved nature of the
contours in Fig. 9A. For example, an alternative high plasmodesmata
density scenario could be 𝜎𝑠,3 = 0.175, 𝛽𝑠,3 = 1.2 which would give
ulk flow as a fraction of unloading comparable to our current low
nd mid density scenarios. As such, further investigation is needed to
ccurately define the relationship between plasmodesmata density and
odel parameters 𝜎𝑠,3 and 𝛽𝑠,3.

Increasing plasmodesmatal transport results in an increase in phloem
ransport velocity (Fig. 9E) and a corresponding decrease in phloem
ugar concentration (Fig. 9F). Consistently with the previous results
Fig. 7), the increased velocity results in a reduction in hormone
oncentration in the loading zone, which results in an increase of
ormone delivery for passively loaded hormones (Fig. 9C). Increased
hloem transport velocity also leads to a decrease in phloem hormone
oncentration in both loading scenarios (Figs. 9G, H). Whilst changes
n phloem transport velocity might lead to small changes in the dom-
nant form of hormone unloading, the changes in the contribution
o bulk flow unloading seen in Figs. 9 C and D are most likely
aused by the specific changes in hormone parameters associated with
lasmodesmata density (Table 7).

In summary, the model suggests that increasing plasmodesmata
ensity results in an increase in phloem transport velocity which in
urns leads to increased hormone delivery to the root tip for passively
oaded hormones.

. Conclusions

In this paper, we have developed a mathematical model for plant
ormone transport via the phloem that couples the hormone and sugar
ynamics. This model builds upon the work of Jensen et al. (2012,
016), Payvandi et al. (2014), extending existing models in the litera-
ure to incorporate hormone transport, bulk flow unloading, and more
hysical loading/unloading mechanisms.

Focusing on actively loaded sugar, the model predicts that increas-
ng bulk flow sugar unloading or increasing the rate of active sugar
oading both increase the phloem transport velocity. For passively
oaded hormones, increases in phloem transport velocity are predicted
o increase the amount of hormone delivered to the root tip. In contrast,
or actively loaded hormone, the model shows that the total hormone
elivery is independent of the sugar dynamics and phloem velocity.
his is because active loading is independent of phloem hormone
oncentration, and at steady state the rate of loading must equal the
ate of unloading.

Surveying parameter space, we identified regions where bulk flow
nloading of sugar dominates over diffusive unloading as suggested
14

y Ross-Elliott et al. (2017), finding this is predominantly influenced h
y the choice of a small Staverman reflection co-efficient and a large
atio between shoot and root external sugar concentrations. Although
he root-to-shoot external sugar concentration ratio has a substantial
nfluence on the proportion of bulk flow unloading, the model predicts
hat increasing this ratio leads to only a small reduction in the phloem
ransport velocity and limited impact on hormone delivery to the root
ip.

The model provides key insights into how environmental conditions
hat affect the sugar dynamics lead to changes in hormone delivery
o the root tip. Active sugar loading is influenced by numerous envi-
onmental conditions. The model predictions align with experimental
ata (such as changes in light intensity and temperature Xu et al.,
018; Knox et al., 2018) that suggest that increasing active sugar
oading increases phloem transport velocity and phloem sugar concen-
ration. Furthermore, the model predicts that an increase in active sugar
oading will increase hormone delivery to the root tip for passively
oaded hormones. In contrast, environmental changes that increase the
atio between root and shoot external sugar concentration (such as the
nclusion of exogenous sucrose in growth medium Knox et al., 2018)
re predicted to lead to only a small decrease in the phloem velocity
nd little influence on hormone delivery.

Environmental conditions also influence plasmodesmatal densities
nd permeabilities and thus, the rates of passive unloading (both
iffusive and bulk flow unloading). The model predicts that a higher
lasmodesmatal density results in a larger phloem transport velocity,
nd thus increases the hormone delivery to the root tip for passively
oaded hormones.

Overall, our model highlights the important role that sugar dynam-
cs can have on hormone delivery to the root tip. As highlighted above,
he model is qualitatively consistent with experimental results in the
iterature on phloem velocity and sugar transport. However, quantita-
ive comparisons are not currently possible as many of the parameter
alues have not been experimentally determined (for example, bulk
low unloading rates have not been determined in any model species).
urthermore, we are not aware of any experimental data on hormone
ransport in the phloem that would enable quantitative comparison
ith our model predictions. Future modelling work could focus on
xtending the model described here to capture dynamic changes in the
ource/sink concentration levels. Furthermore, by deriving the model
or general axial-position-dependent external concentration levels our
ork can be easily extended to scenarios where there are multiple

oading/unloading zones, such as unloading of sugar and hormones
ithin growing leaves as well as at root tissues.
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Fig. 9. (A) Contour plot showing parameter region in which low, mid, and high plasmodesmata density scenarios are located. (Contour plots show the fraction of unloading that
occurs via bulk flow. Blue shades indicate bulk flow is dominant, red shades indicate diffusive unloading is dominant.); (B) Sugar flux in the loading/unloading zones; (C) Hormone
flux in the loading/unloading zones for passively loaded hormone; (D) Hormone flux in the loading/unloading zones for actively loaded hormone; (E) Phloem transport velocity;
(F) Sugar concentration; (G) Hormone concentration for a passively loaded hormone; (H) Hormone concentration for an actively loaded hormone. Sugar parameter values: as
given in Table 5 with additional variations to (𝛽𝑠,1 , 𝛽𝑠,2 , 𝛽𝑠,3) = (1, 0, varied) and (𝜎𝑠,1 , 𝜎𝑠,2 , 𝜎𝑠,3) = (1, 0, varied). Auxin parameter values: as given in Table 6 with additional variations
to (𝛽𝑎,1 , 𝛽𝑎,2 , 𝛽𝑎,3) = (1, 0, varied) and (𝜎𝑎,1 , 𝜎𝑎,2 , 𝜎𝑎,3) = (1, 0, varied). Mü = 0.22.
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Table 8
Diffusion coefficients for a range of plant hormones calculated using the
Stokes–Einstein equation (the diffusion coefficient for auxin is cited from
Kramer and Went, 1949).

Hormone Diffusion coefficient (m2 s−1)

Auxin 6.7 × 10−10 (Kramer and Went, 1949)
Cytokinin 6.2 × 10−10

Brassinosteriods 4.4 × 10−10

Gibberellin 5.4 × 10−10
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Appendix A. Stokes–Einstein calculations for plant hormone dif-
fusion coefficients

Here, we investigate the timescales for diffusion, advection, and
growth, as well as the Péclet number, for sugar and a range of hor-
mones. In order to do this we require various parameters including
𝐷𝑠 = 5.0 × 10−10 m2s−1, the diffusivity coefficient of sugar (Gosting
nd Morris, 1949); �̄� = 23 μms−1, the sap flow speed (Ross-Elliott

et al., 2017); 𝑅𝐸𝑅 = 3.6 × 10−4 mh−1, the root elongation rate for
Arabidopsis; 𝐿 = 30.6 mm, the primary root length of an Arabidopsis
seedling 7DAG (Martin et al., 2002); and the diffusivity coefficients for
a range of hormones.

As the diffusion coefficients for some hormones are not available
in the literature, we calculate them using the Stokes–Einstein equa-
tion (Truskey et al., 2010b),

𝐷 =
𝑘𝐵𝑇
6𝜋𝜇

(

4𝜋𝑁𝐴
3�̄�𝑀

)
1
3

, (23)

where 𝐷 is the diffusion coefficient of the hormone to be determined,
𝑘𝐵 is the Boltzmann constant, 𝑇 is the absolute temperature, 𝜇 is
viscosity of water, 𝑁𝐴 is Avogadro’s number, �̄� is the specific volume
f the hormone (given by the inverse of its density), and 𝑀 is the
olecular weight of the hormone. Table 8 shows the derived diffusion

oefficients for the hormones we consider.
Table 9 gives the values used in these calculations and their corre-

ponding references.
From Table 10, we can see that we have large Péclet number for

ur hormones and sugar. Therefore, we assume advection is dominant
nd can neglect diffusion terms. The timescale of growth is also much
lower than transport timescales, this justifies our use of the steady state
quations.

ppendix B. Shooting method

The shooting method requires us to convert the boundary value
roblem in Eqs. (18) to an initial-value problem. We then solve the
nitial-value problem to find a solution for a given initial condition and
hen feed the solution into an iteration formula that allows us to correct
he initial condition until we obtain a result that satisfies our second
oundary condition. We use the initial condition,

𝜕�̄�
𝜕𝑋

(0) = 𝑡, (24a)

here 𝑡 is a constant that needs to be determined. The term 𝑡 is called
ur shooting parameter. We then solve this system to find a solution
hich we denote �̄� (𝑋; 𝑡). Our aim is to find a value for 𝑡 such that
̄ (𝑋3; 𝑡) = 0. To do this, we first solve the initial-value problem for two
nitial estimates for 𝑡, 𝑡 and 𝑡 , such that �̄� (𝑋 ; 𝑡 ) > 0 and �̄� (𝑋 ; 𝑡 ) <
16

1 2 3 1 3 2 d
. We then use the bisection method to calculate 𝑡3 = (𝑡1 + 𝑡2 )∕2 and then
solve the initial-value problem for 𝑡3. If �̄� (𝑋3; 𝑡3) > 0 we replace 𝑡1 with
𝑡3, and if �̄� (𝑋3; 𝑡3) < 0 we replace 𝑡2 with 𝑡3. We repeat this process until
|�̄� (𝑋3; 𝑡)| < 10−6, at which point we consider our system solved.

Appendix C. Upwind scheme for numerical simulations

In this section, we seek numerical solutions to our full phloem
model. The Eqs. (18) can be rewritten for numerical simulation using
an Upwind Scheme (Jensen et al., 2012). We divide the length of our
phloem tube into a set of discrete points 𝑋𝑛 = (𝑛 − 1)𝛥𝑋, 𝑛 = 1,… , 𝑁 ,
where 𝛥𝑋 = 𝑋3∕(𝑁 − 1), and use the following approximations for the
differential terms,

𝜕�̄�
𝜕𝑋

(𝑋𝑗 ) ≃
�̄� (𝑋𝑗 ) − �̄� (𝑋𝑗−1)

𝛥𝑋
, (25)

𝜕𝐶𝑠
𝜕𝑋

(𝑋𝑗 ) ≃
𝐶𝑠(𝑋𝑗 ) − 𝐶𝑠(𝑋𝑗−1)

𝛥𝑋
, (26)

𝜕𝐶𝑎
𝜕𝑋

(𝑋𝑗 ) ≃
𝐶𝑎(𝑋𝑗 ) − 𝐶𝑎(𝑋𝑗−1)

𝛥𝑋
, (27)

𝜕𝑃
𝜕𝑋

(𝑋𝑗 ) ≃
𝑃 (𝑋𝑗 ) − 𝑃 (𝑋𝑗−1)

𝛥𝑋
. (28)

With the notation �̄�𝑗 = �̄� (𝑋𝑗 ), and similarly for 𝐶𝑠, 𝐶𝑎 and 𝑃 , these
pproximations can be substituted into (18) to obtain our numerical
odel,

̄
𝑗 = �̄�𝑗−1 + 𝜎𝑠,𝑗𝛥𝑋(𝐶𝑠,𝑗−1 − 𝐶𝑥,𝑠,𝑗−1) −

Mü
8

𝛥𝑋(𝑃𝑗−1 − 𝑃𝑥,𝑗−1) (29a)

𝑃𝑗 = 𝑃𝑗−1 − 8𝛥𝑋�̄�𝑗 , (29b)

𝐶𝑠,𝑗 =
−𝐵𝑠 ±

√

𝐵2
𝑠 + 4𝐴𝑠𝐷𝑠

2𝐴𝑠
, (29c)

𝐶𝑎,𝑗 =

�̄�𝑗𝐶𝑎,𝑗−1 +
[

(1−𝜎𝑎,𝑗 )
2

(

𝜎𝑠,𝑗 (𝐶𝑠,𝑗 − 𝐶𝑥,𝑠,𝑗 ) −
Mü
8
(𝑃𝑗 − 𝑃𝑥,𝑗 )

)

+ 2(𝛽𝑎,𝑗 + 𝛾𝑎,𝑗 )
]

𝐶𝑒𝑥𝑡,𝑎,𝑗𝛥𝑋

2�̄�𝑗 − �̄�𝑗−1 −
[

(1−𝜎𝑎,𝑗 )
2

(

𝜎𝑠,𝑗 (𝐶𝑠,𝑗 − 𝐶𝑥,𝑠,𝑗 ) −
Mü
8
(𝑃𝑗 − 𝑃𝑥,𝑗 )

)

− 2(𝛽𝑎,𝑗 + 𝜆𝑎,𝑗 )
]

𝛥𝑋
,

(29d)

here,

𝐴𝑠 = −
𝜎𝑠,𝑗 (1 − 𝜎𝑠,𝑗 )𝛥𝑋

2
, (30a)

𝐵𝑠 = 2�̄�𝑗 − �̄�𝑗−1 + 2𝛥𝑋(𝛽𝑠,𝑗 + 𝜆𝑠,𝑗 )

+
(1 − 𝜎𝑠,𝑗 )𝛥𝑋Mü

16
(𝑃𝑗 − 𝑃𝑥,𝑗 ) −

𝜎𝑠,𝑗 (1 − 𝜎𝑠,𝑗 )𝛥𝑋
2

(𝐶𝑒𝑥𝑡,𝑠,𝑗 − 𝐶𝑥,𝑠,𝑗 ),

(30b)
𝐷𝑠 = 𝐶𝑠,𝑗−1�̄�𝑗 + 2𝛥𝑋(𝛽𝑠,𝑗 + 𝛾𝑠,𝑗 )𝐶𝑒𝑥𝑡,𝑠,𝑗

−

[

(1 − 𝜎𝑠,𝑗 )𝛥𝑋Mü
16

(𝑃𝑗 − 𝑃𝑥,𝑗 ) +
𝜎𝑠,𝑗 (1 − 𝜎𝑠,𝑗 )𝛥𝑋

2
𝐶𝑥,𝑠,𝑗

]

𝐶𝑒𝑥𝑡,𝑠,𝑗 .

(30c)

n Eq. (29c), we take the root with the plus sign as this is always greater
han zero. As 𝐴𝑠 has a maximum order of 10−5 (when 𝜎𝑠 = 0.5), we can
se the binomial expansion for small 𝐴𝑠 to obtain an approximation for
he sugar concentration equation, (29c), as,

𝑠,𝑗 =
𝐷𝑠
𝐵𝑠

− 𝐴𝑠
𝐷2

𝑠

𝐵3
𝑠
+ 𝑂(𝐴2

𝑠 ). (31)

oticing that 𝐴2
𝑠 = 𝑂(𝛥𝑋2) we can neglect the 𝑂(𝐴2

𝑠 ) terms in Eqs. (31)
as terms of 𝑂(𝛥𝑋2) are assumed negligible.

We solve the system of governing equations numerically in Python
3.8. The shooting parameter 𝑡 is used to calculate values at 𝑋2 from
nitial conditions defined at 𝑋1 (see Appendix D for initial value
efinitions). The solutions can then be propagated forward in space (𝑗)
sing Eqs. (29a), (29b), (29d), (30) and (31). The solution for �̄� at 𝑋𝑁
s then assessed by its distance from 0. This process is then iterated as
escribed in Appendix B.
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Table 9
Parameter values used in the calculation of plant hormone diffusivity coefficients using the Stokes–Einstein equation.

Parameter Value Unit Reference

𝑘𝐵 1.38 × 10−23 kg m2 s−2 K−1 Truskey et al. (2010b)
𝑇 298.15 K Truskey et al. (2010b)
𝑁𝐴 6.02 × 1023 mol−1 Truskey et al. (2010b)
𝜇 0.89 × 10−3 kg m−1 s−1 Truskey et al. (2010b)
�̄� (Cytokinin) 0.714 × 10−3 kg m−3 ChemSpider, Royal Society of Chemistry (2021b)
�̄� (Brassinosteriods) 0.909 × 10−3 kg m−3 ChemSpider, Royal Society of Chemistry (2021a)
�̄� (Gibberellin) 0.667 × 10−3 kg m−3 ChemSpider, Royal Society of Chemistry (2021c)
𝑀 (Cytokinin) 219.1 × 10−3 kg mol−1 ChemSpider, Royal Society of Chemistry (2021b)
𝑀 (Brassinosteriods) 480.3 × 10−3 kg mol−1 ChemSpider, Royal Society of Chemistry (2021a)
𝑀 (Gibberellin) 346.1 × 10−3 kg mol−1 ChemSpider, Royal Society of Chemistry (2021c)
v

B

B

B

B

B

C

C

C

C

D

G

G

Table 10
Timescales of key transport processes and Péclet numbers.

Timescale Formula Value

Diffusion of sugar 𝐿2∕𝐷𝑠 520 h
Diffusion of auxin 𝐿2∕𝐷𝑎 388 h
Diffusion of cytokinin 𝐿2∕𝐷𝑎 420 h
Diffusion of brassinosteriods 𝐿2∕𝐷𝑎 591 h
Diffusion of gibberellin 𝐿2∕𝐷𝑎 482 h
Advection 𝐿∕�̄� 0.37 h
Growth 𝐿∕𝑅𝐸𝑅 85 h
Pesugar

𝐿�̄�∕𝐷𝑠 1408
Peauxin

𝐿�̄�∕𝐷𝑎 1050
Pecytokinin

𝐿�̄�∕𝐷𝑎 1135
Pebrassinosteriods

𝐿�̄�∕𝐷𝑎 1600
Pegibberellin

𝐿�̄�∕𝐷𝑎 1303

Appendix D. Initial values for numerical simulations

In order perform our numerical simulations, we require values
for 𝐶𝑠(0), 𝐶𝑎(0), and 𝑃 (0). Expanding the left-hand-side of Eq. (18b),
rearranging for �̄� 𝜕𝐶𝑠

𝜕𝑋 , and evaluating at 𝑋 = 0, we see that

(1 − 𝜎𝑠(0))�̄�𝑠(0)
(

𝜎𝑠(0)(𝐶𝑠(0) − 𝐶𝑥,𝑠(0)) −
Mü
8

(𝑃 (0) − 𝑃𝑥(0))
)

+ 2(𝛽𝑠 + 𝛾𝑠) − 2(𝛽𝑠 + 𝜆𝑠) − 𝐶𝑠(0)
𝜕�̄� (0)
𝜕𝑋

= 0. (32)

pon substitution of �̄�𝑠(0), this yields a quadratic equation for the
oncentration of sugar at 𝑋 = 0, 𝐶𝑠(0).

Evaluating Eq. (18a) at 𝑋 = 0, we can rearrange for 𝑃 (0), which
ives,

(0) = 8
Mü

(

𝜎𝑠(0)(𝐶𝑠(0) − 𝐶𝑥,𝑠) − 𝑡
)

+ 𝑃𝑥, (33)

ecalling that 𝜕�̄�
𝜕𝑋

(0) = 𝑡 is our shooting parameter. Substituting 𝑃 (0)
nto Eq. (32), we obtain,

𝑠(0) =

(1 − 𝜎𝑠(0)
2

𝑡 + 2(𝛽𝑠 + 𝛾𝑠)
)

𝐶𝑒𝑥𝑡,𝑠

(

1 −
1 − 𝜎𝑠(0)

2

)

𝑡 + 2(𝛽𝑠 + 𝜆𝑠)
(34)

Using the same approach, we obtain 𝐶𝑎(0),

𝐶𝑎(0) =

( 1 − 𝜎𝑎(0)
2

𝑡 + 2(𝛽𝑎 + 𝛾𝑎)
)

𝐶𝑒𝑥𝑡,𝑎

(

1 −
1 − 𝜎𝑎(0)

2

)

𝑡 + 2(𝛽𝑎 + 𝜆𝑎)
(35)

hus, we have obtained the initial values for 𝐶𝑠(0), 𝐶𝑎(0), and 𝑃 (0) in
erms of our shooting parameter 𝑡.
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