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Abstract—Line-Start Permanent Magnet Motors are a valid
alternative to conventional three-phase induction motors and
wound-field synchronous machines for fixed-speed applications
direct fed by the grid, targeting superior efficiency and high
reliability. A general analytical-numerical approach is presented
to model SPM type rotors with embedded squirrel cage, aiming
to permit completing both a preliminary design and an effective
assessment of the starting and synchronisation capabilities. As
a case study, the preliminary design of a 8 MW @ 3000 rpm
LSPMSM for large compressors is presented, targeting unity
power factor as well as low current THD. The electromagnetic
design of the machine is validated by means of a Finite Element
(FE) model developed on purpose.

Index Terms—Direct-Start, FE Analysis, Line-Start Syn-
chronous Machines, LSPMSM, PM, Reliability, Squirrel Cage

I. INTRODUCTION

Nowadays, 3-phase Squirrel Cage Induction Motors
(SCIMs) are widely used in industrial applications for their
robustness and low cost [1]. However, they suffer from
relatively low efficiency and power factor. The high perfor-
mance of permanent magnets (PMs) favored a larger and
larger use of PM synchronous motors (PMSMs) in many
applications thanks to their high power density and efficiency.
However, common PMSMs lack the self-starting capability
that is required in conventional applications where the motor
is directly fed from the grid, as they need a controlled
power converter to get properly supplied. Therefore, the
concept of Line-Start Permanent Magnet Synchronous Mo-
tor (LSPMSM) was introduced to achieve both the high
operational efficiency and compactness of PMSMs and the
self-starting capability of SCIMs [2], [3]. Since the motor
normally operates at synchronous speed, in such condition
the induced currents in the rotor are negligible, meaning that
the rotor Joule losses are drastically reduced in comparison
to SCIMs. In addition, a proper design permits to achieve
unity-power-factor operation at the reference load condition.
The Surface mounted Permanent Magnet (SPM) rotor type is
preferred for large PMSMs, thanks to its easier manufacturing
and robustness [3].

The most accurate tool to assess the self-starting capa-
bility of LSPMSM motors is transient with motion Finite-
Element Analysis (FEA) due to the induced nature of the
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currents flowing in the cage during asynchronous operation.
However, the accuracy of the FEA comes at the cost of a high
computational burden, thus limiting the use of such tool for
the design and optimization [4]-[6]. On the other hand, the
popular single-phase equivalent circuit of SCIMs [7] or sizing
approaches based on lumped parameter magnetic circuits [8],
[9] can only be used for the analysis of steady-state conditions
or slowly evolving transient. The mid-complexity analytical
modelling presented in [10]-[12] allows to describe the
behavior of any electro-magneto-mechanical device by means
of a lumped-parameters analysis based on state variables. In
this paper, such analytical approach is applied to LSPMSMs
by combining the numerical implementations previously pro-
posed for SPMs [13] and SCIMs [14]. Then, the preliminary
electromagnetic sizing of a LSPMSM is addressed, referring
as a case study to a 8 MW application. The validation carried
out by means of Finite-Element Analysis (FEA) is then
described, reporting and commenting the results obtained.

II. ANALYTICAL MODELLING
A. Background

In [10], [11], the general reference framework of the ana-
Iytical circuital model approach used to analyse any electro-
magneto-mechanical device is presented. Such modelling
approach is valid under the following assumptions [12]:

o straight extruded geometry along the machine axis (no
skewing) with stator and rotor magnetic cores featuring
equal length ¢ much larger than the transversal size;

« negligible MMF drop, hysteresis losses, and eddy cur-
rents in the iron cores, permitting to consider the prob-
lem as magnetically linear;

« negligible mutual influence between main and secondary
field lines, allowing to analyse separately the principal
and leakage fluxes;

o SPM layout with roughly radial PM magnetization;

« negligible variation of the magnetic field in the air-gap
along the radial direction, permitting to focus on its
variation only along the tangential direction;

o cage located close to the rotor surface for maximizing
the linkage with the main flux tubes.

According to the previous hypotheses, the voltage equa-
tion of the machine can be expressed in matrix form by
piling-up the electrical variables related to all of the equiva-
lent phases in the machine [10]:
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where ¢ is the time, ¥ is the vector of phase voltages, R is the
resistance matrix, L is the inductance matrix depending only
on the Lagrangian variable a describing the rotor vs. stator
position, and ¢ is the vector of phase currents. The motional
coefficient vector M is expressed as:
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where W is the main linkage flux vector function and W its
no-current component [11]:
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In the above equation ) is the variable spanning in the interval
[0,1) which is used for the geometrical parametrization of
the air-gap average surface along the tangential direction, ¢
is the axial active length and .%. is the equivalent magneto-
motive force introduced by the PMs [12]. The equivalent
permeability function g (A, «), as defined in [12], takes into
account the effects of the air-gap size, shape, and anisotropy.
The main inductance matrix, related to the main flux tubes
crossing the air-gap and linked with the phases, can be then
expressed as:
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where N, (), a) is the equivalent winding function given by:
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The N (A, ) vector function describes the spatial distribution
of the active sides of both stator and rotor windings, while
the equivalent winding function represents its weighted aver-
age value calculated vs. . (A, ) [15]. The electromagnetic
torque T’r is then determined as the derivative of the elec-
tromagnetic coenergy with respect to «, obtaining:
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where T’gq is the no-current (cogging) torque.
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B. Cage Modelling

As proposed in [14]-[16], the squirrel cage can be
modelled as an equivalent planar circuit permitting to apply
the analytical approach considered so far, despite the basic
hypotheses are apparently not met. For such purpose, the
planar representation of a complete cage [15] depicted in
Fig. 1 is adopted, where a number of b straight bars is shown
in red, whilst the inner and outer connection circles in black
represent the two end rings.

According to the graph theory, the currents flowing in
the rotor bars and rings can be expressed as functions of
the currents associated to the b natural loops, consisting of
adjacent bars and their ring connections, and to the loop

Fig. 1. Planar topology representation for the squirrel cage

Pole

Fig. 2. Simplified representation of the current loops by exploiting the
symmetries of the cage in the case of 2 poles structure

corresponding to the inner ring, as depicted in Fig. 1. Each of
such natural loops may be considered as an equivalent phase
whose terminals are short-circuited: the squirrel cage can be
then represented as a set of b + 1 equivalent phases. When
both the stator and the rotor feature a cyclic-symmetrical
structure according to the same number of pole pairs p, the
currents flowing into cage loops located 2 pole pitches apart
can be assumed to be the same in any condition. Moreover,
when inside each pole pair an integer number of cage bars
is found and the stator structure features an odd cyclic
symmetry, then the currents flowing into cage loops that are
located 1 pole pitch apart can be assumed to have opposite
values at any time. Furthermore, the inner loop current is
usually negligible. Therefore, the number of equivalent rotor
phases can be drastically reduced from b + 1 to b/(2p) by
connecting in anti-series all of the loops whose currents are
related [15], [17], as shown in Fig. 2.

According to the chosen representation, the matrix of the
rotor resistances Ry features a quasi tridiagonal form [14] :
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where the equivalent values R, = 2 (Ry + Rying) and R,,, =
— Ry are obtained from the resistances of each bar R; and
of each ring sector delimited by adjacent bars 12,.;,4.

On the other hand, the inductance matrix can be evaluated
by means of (4), where the equivalent rotor winding functions
are modelled according to the representation of cage loops
shown in Fig. 2 [17]. As a result of the exploitation of
the physical symmetries, the mutual inductances between



equivalent rotor phases result equal to zero, thus further
reducing the complexity of the problem [15].

III. ELECTROMAGNETIC DESIGN FOR STEADY-STATE

The preliminary electromagnetic sizing of a large
LSPMSM is proposed hereafter as a case study referring to a
large industrial compressor/pump, according to the specifica-
tions listed in Tab. I. In such applications, high reliability
and low maintenance under continuous operation are key
aspects: therefore, direct grid supply solutions operating at
constant speed with direct coupling are often preferred to
permit eliminating controlled power converters and gearboxes
while reducing the costs, despite no flow regulation capability
can be offered by the motor. According to the specifications,
the number of pole pairs results equal to p = 1.

TABLE I
CASE STUDY SPECIFICATIONS
Symbol Parameter Unit  Value
P, Rated Power MW 8
Qn Rated Speed rpm 3000
Vn Rated Grid Voltage kV 10
fn Rated Frequency Hz 50

Hereafter the electromagnetic sizing focused on syn-
chronous operation is presented; the design of the squirrel
cage and related start-up capability is then addressed in
Sec. IV.

A. Preliminary Sizing

A simplified sizing algorithm based on [18] was applied:
by choosing reasonable values for the power factor and the
efficiency, a first target value for the rated current may be
obtained. A proper strategy to actually obtain the desired
current value under grid supply is then applied by means of
the numerical implementation of the analytical model. Since
the machine stator core is assumed to be isotropic, the torque
target Tr permits to estimate the rotor dimensions (¢ and
r) by using the simplified equivalent Lorentz force based
approach [18], [19]:
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when reasonable values are selected for the maximum air-
gap flux density Bj,; and the magnetic loading A,;. The
PMs are sized according to the desired maximum air-gap
flux density, by neglecting at first the armature reaction. The
material selected for the PMs is Sm,Co;; owing to its thermal
stability and its high magnetic performances including a large
value of coercivity H¢, which is necessary to minimize the
potential risk of demagnetization especially during the start-
up phase when a large uncontrolled transient is expected.
Given the low number of poles and the necessity to
operate directly from the grid, a distributed winding layout
using a large number of stator slots is targeted to achieve
a more sinusoidal MMF waveform in the air-gap. In fact,
this permits to reduce both the currents THD, the torque

ripple, and the rotor losses due to undesired eddy currents
that could still circulate even at synchronous speed. After
suited considerations, the stator winding layout is chosen as
a double layer structure deployed in (Q = 36 evenly spaced
slots with coils pitch shortened by a = 2 slots. Such solution
is chosen as a good trade-off between the maximization of
the fundamental component amplitude and the quality of
the spectrum of the winding functions. The stator phases
are Y connected with isolated center tap, thus permitting
to inherently eliminate the current harmonics belonging to
the family 3 and to better cope with the rather high supply
voltage.

The structure of the rotor is assumed to consist in a
cylindrical magnetic core hosting the squirrel cage in suited
slots located close to the external profile, surrounded by a
layer of permanent magnets. Considering that the differential
permeability of the chosen PM material is very close to that of
vacuum, from the point of view of steady-state operation the
machine can be considered operating as an isotropic PMSM.

B. Design Refinement Through Numerical Resolution

The model presented in the previous section is imple-
mented as a script in the numerical simulation environment
Matlab®. The dependency of the functions with respect to the
variable A is numerically implemented as a sampling over
3600 points evenly spaced along the whole air-gap in the
tangential direction. Thanks to the low computational burden
in comparison to FEA, such model allows to examine many
different options in a relatively short time, permitting to refine
the preliminary design in an effective way.

To actually obtain the current supply scenario hypothe-
sized for design purposes, the ensuing line-to-line voltages
produced by the machine shall match the assumed grid
supply at least in terms of fundamental components. Under
the hypothesis of standard sinusoidal operative conditions,
the well-known expression of the torque in the canonical
transformed Park reference frame is:

TE:p-[\l/d'iq+(Ld—Lq)-id~iq] (9)

where the d and ¢ subscripts refer to the components related
to the respective axes. Due to the assumed isotropic structure
of the machine, one has Ly = L, , meaning that the second
term in expression (9) is null. Therefore, the Maximum
Torque per Ampere (MTPA) operating condition is obtained
when i3 = 0. Such operative scenario may be effectively
represented in the conventional d-g planar diagram sketched
in Fig. 3a, where the resistive voltage is neglected.
According to [11], the flux vector U may be decomposed
into its no-current ¥y, and incremental U; components, with
the latter parallel to the current vector i since Ly = L, . The
corresponding voltage vector v features then a quadrature
component (p # 0) determining a power factor which
becomes smaller and smaller than 1 as the incremental com-
ponent of the flux vector becomes prominent with respect to
the no-current component due to PMs. Therefore, the MTPA
strategy leads inherently to a sub-optimal power factor, which



(a) MTPA strategy (b) Adopted strategy: cosp = 1

condition

Fig. 3. Conventional d-q planar diagram

depends on the operative condition and can approach the
value 1 only when the armature reaction results negligible.

On the other hand, in the considered applications the
motor is fed by the grid and is expected to operate around
its rated condition most of the time. Therefore, it is usually
preferable to design the machine in such a way to achieve a
power factor close to 1 to mainly benefit the grid, although
this departs from the MTPA strategy that permits to maximize
the output for any given stator copper losses. When the ideal
condition ¢ = 0 is achieved, ¥ is parallel to ¥, meaning that
one must have v L vy with an appropriate ratio between the
no-current and incremental voltage components. The locus of
the possible values of the voltage vector v obtained by such
condition consists then in the circumference whose diameter
is singled out by the vector ¥y, as shown in Fig. 3b.

For a given machine design and current, the appropriate
angular deviation £ of the current vector from the ¢ axis can
be calculated keeping in mind that the voltage components
vy and vy are proportional to the corresponding amplitudes
of flux density components Bgr and Bgo, respectively.
Therefore, from the geometrical relations reported in Fig. 3b,
one obtains:

¢ = arcsin <BG1> , ig = —|i| - cos & (10)
Beo

In such conditions, the amplitude of the fundamental
component of the total voltage is v = |Dy| cos &, thus result-
ing smaller than the no-current voltage. Since the fluxes are
proportional to the machine active length ¢, such parameter
acts as a scaling factor for the voltages without altering
the power factor: therefore, such dimension can be adjusted
during the design process to match the rated voltage of the
machine. Anyway, any adjustment of ¢ affects also the torque
provided by the machine: this was also taken into account.

The angular span of the PMs was selected after nu-
merically analysing its impact on the torque ripple at rated
conditions by using (6), under the assumption of sinusoidal 3-
phase symmetrical current supply. The most significant low-
order harmonics of the ripple spectrum were calculated vs.
the PM span, as shown in Fig. 4: such parameter was then
selected as 7pyr = 82% of the pole pitch. The attenuation of
harmonic 36 due to slotting was addressed separately.

The main results obtained from the preliminary design
procedure are reported in Tab. II.
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Fig. 4. Amplitude of significant torque ripple harmonics vs. PM span

TABLE II
PRELIMINARY SIZING OUTPUTS
Symbol Parameter Unit Value
el Air-gap Thickness mm 8
EM PMs Thickness mm 27
TPM PMs Span - 82%
¢ Active Axial Length mm 1690
D, Rotor External Diameter mm 757
Dy Stator External Diameter mim 1367
Ng Number of Stator Turns - 24
Q Number of Slots - 36
a Pitch Shortening - 2
wi Tooth Width mm 43
krin Slots Fill Factor - 0.4
Js Max. Stator Current Density A /mm? 4

C. Design validation via FEA

The results provided by the analytical-numerical model
described in the previous section were validated by means of
a 2D electromagnetic model purposely developed within the
specialized software JIMAG®. In Fig. 5, the FE model of the
designed machine is shown with the related solution mesh.
The assumption of anti-symmetrical machine structure was
exploited to minimize the computational burden by modeling
just half of the tangential span and imposing odd angular
periodic boundary conditions along the cut line. The first
validation involved the steady-state operation: therefore, at
this stage the rotor bars conductivity was set to zero.

Fig. 5. 2D-FE model with a mesh representation

The validation of stator inductances calculations was
carried out first, obtaining very good results. As example,
the trend of a stator phase self-inductance with respect to the
rotor position is reported in Fig. 6: an excellent match can be
observed, with a very small fluctuation as expected in case
of isotropic machines.

A further validation was carried out concerning the no-
current voltages generated at rated speed. For such purpose
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Fig. 6. Stator self-inductance validation: analytical model vs. FE

speed-driven transient-with-motion simulations were carried
out: the results obtained highlighted a pretty good general
match, although the effect of slot opening turned out to be
over-estimated by the analytical-numerical calculations, as
reported in Fig. 7.
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Fig. 7. Line-to-line back-EMF across phase A and B

Both discrepancies can be at least partly attributed to not
so negligible MMF drops within the iron cores especially in
the parts closer to saturation. Anyway, the FEA confirmed
the effectiveness of the double-layer winding configuration
with relatively large number of slots adopted, which permits
to achieve an actual voltage waveform that is pretty smooth
and rather close to the targeted sinusoidal trend.

The sizing of magnetic parts was then assessed at steady
state by running transient-with-motion simulations at the
rated speed imposing symmetrical sinusoidal stator currents
according to the desired operative scenario discussed in
Section III-B. The field map obtained is reported in Fig. 8:
the flux density matches pretty well with the expectations.
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Fig. 8. Field map at the synchronous operative point

D. Magnetic wedges

As a possible improvement, the adoption of semi-
magnetic slot wedges (u, = 10 [20]) was investigated
to further reduce the voltage and torque ripple. In Fig. 9

the torque trends obtained by FEA with and without semi-
magnetic wedges are compared to the average value predicted
by the analytical model: the wedges permit both to slightly
increase the average value and to significantly reduce the
torque ripple due to slotting, i.e. the harmonic family 36.
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Fig. 9. FEA torque ripple vs. wedges material and analytical average value

IV. DESIGN FOR START-UP

The analytical model proposed in Sec. II can be imple-
mented in the Matlab-Simulink® environment in order to
predict the dynamic start-up performance considering various
operative conditions and rotor cage structures, targeting the
self-start requirements of the application under study. At this
stage, an ideal grid scenario is considered. Then, the design
of the cage is refined and finalised through FEA, aiming to
fulfil the requirement of safe and robust starting capability.

A. Numerical-Analytical Implementation

The block diagrams of the electromagnetic and elec-
tromechanical parts of the Matlab-Simulink® dynamic model
implemented for analyzing the dynamic behavior of the
machine are shown in Fig. 10a and 10b, respectively.

M
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(a) Electromagnetic dynamic

(b) Electromechanical dynamic

Fig. 10. Schematic block-diagram representation of the dynamic model
numerically implemented in the Matlab-Simulink® environment



The voltage vector v is split into the stator and rotor
components, namely v5 and .., respectively. The former is
imposed by the grid, assumed as a 3-phase ideal voltage
supply system, while the latter is null due to the short-
circuited structure of the cage. The feedback loop at the
top emulates the effect of the isolated center tap for the Y
connected stator phases by means of a suited large impedance
Zoy [17]. The inverse of the matrix of inductances L~!, as
well as the derivative of the no-current fluxes vector, were
pre-calculated and then stored as position-dependent look-up
tables.

The selection of an optimal shape for the cross-section
of the rotor bars is a significant design aspect [1], but it
goes beyond the objective of this paper. However, a round
cross-section is considered a reasonable choice for the sake of
simplicity, and in double-cage SCIMs it is often employed for
the external one dedicated to improve the start-up capability
of the machine. The rotor bars equivalent resistances are
dependent on rotor frequency f;., and their value is estimated
as proposed in [21] for round bars. The A matrix relates the
loop currents 4, with the bar currents 4p,,..

The selection of the number of bars b, as well as their their
diameter D; and material, significantly affects the starting
capability of the machine [18]. Such design variables were
investigated by comparing several different combinations,
thanks to the low computational burden required by the above
model. Since the purpose of the cage is just limited to start-
up, choosing a relatively high-resistivity material appears
interesting for both boosting the torque, reducing the transient
currents and reducing the losses at synchronous operation: the
popular brass alloy including 58% Cu (p = 5.9x 1078 Q - m)
was then selected as a cost effective solution.

In Fig. 11, the speed trend during the start-up transient is
reported for some significant cases, assuming a mechanical
load featuring a quadratic torque vs. speed characteristic,
typical of large industrial compressors. It can be noticed
that a rotor cage featuring higher bar resistance (i.e. smaller
diameter) determines a higher starting torque, thus decreasing
the start-up time; on the other hand larger values of D,
may help reducing both the overshoot and the oscillations
amplitude. As example, a failed startup is also shown in
orange. The combination {b = 22; D, = 14mm} providing
the trend in magenta was finally singled out as a promising
compromise, since it determines a fast synchronisation with
good damping.

—b=14, 10mm ——b=16, 10mm ——b=18, 20mm ——b=22, 14mm ——b=22, 20mm
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Fig. 11. Starting simulations for different cage designs: speed vs. time. The
number of bars as well as their diameter is reported

B. Model validation via FEA

The proposed analytical modeling relies on the assumed
hypotheses. However, such assumptions could prove to be
inaccurate especially during the first instants of the starting
transients, when complex and interacting phenomena emerge.
More accurate results can be provided by FEA voltage-fed
transient-with-motion simulations, permitting also to assess
any kind of risk of demagnetization of the PMs during the
starting transient. They were carried out using the 2D model
previously described, modeling the bars as solid conductors
connected in parallel and considering both linear and sat-
urable magnetic materials for the cores. A comparison of the
speed trends provided by FEA and analytical model during
the startup for the selected cage sizing is reported in Fig. 12.
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Fig. 12. Ideal grid start-up speed transient: FE vs. analytical

Significant time displacements emerge among the 3 speed
ramps, meaning that the cage operation is not fully caught and
that saturation also plays a not negligible role; nevertheless,
the slope of the ramps looks very similar. Moreover, the
predicted operation at cos ¢ = 1 is confirmed by FEA with
good accuracy, as one can notice in Fig.13 comparing the
phase voltage and current trends achieved at steady state.
Furthermore, the design proved to be quite fine also from the
point of view of the current waveform quality, since it looks
almost sinusoidal with a very low value of THD; = 0.33%.
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Fig. 13. Steady-state phase current (in red) and voltage (in blue) waveforms
evaluated from start-up simulation within FE environment , related to the
phase labelled as A

Finally, it is worth comparing the computational time
required for running the two models on the same PC: the
numerical-analytical model takes a far smaller time (about
12s vs. 6.5h for linear FEA and 9h for non-linear FEA),
despite providing a much larger number of time samples
(300000 vs. 4120), thus confirming its usefulness as an
attractive balance between accuracy and speed.



V. CONCLUSIONS

In this paper an analytical-numerical model permitting
to analyze and design LSPMSMs featuring a SPM rotor
layout with round cross-section bars was presented. As a
case study, it was applied to the preliminary electromagnetic
design of a SMW LSPMSM focusing on the power quality
aspect, i.e. low current THD and unity-power factor. The
results obtained were validated against FEA using a 2D
model developed on purpose, proving that the proposed
method permits to describe rather accurately the synchronous
operation with a reduced computation time. Future work will
be focused on the improvement of the transient results, which
anyway are still useful to discriminate unsuited solutions at
preliminary design stage.
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