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Abstract. Approximate and rigorous methods are widely used to model light scattering from a surface. The boundary 6 
element method (BEM) is a rigorous model that accounts for polarisation and multiple scattering effects. BEM is 7 
suitable to model the scattered light from surfaces with complex geometries containing overhangs and re-entrant 8 
features. The Beckmann-Kirchhoff (BK) scattering model, which is an approximate model, can be used to predict the 9 
scattering behaviour of slowly-varying surfaces. Although the approximate BK model cannot be applied to complex 10 
surface geometries that give rise to multiple scattering effects, it has been used to model the scattered field due to its 11 
fast and simple implementation. While many of the approximate models are restricted to surface features with 12 
relatively small height variations (typically less than half the wavelength of the incident light), the BK model can 13 
predict light scattering from surfaces with large height variations, as long as the surfaces are “locally flat” with small 14 
curvatures. Thus far, attempts have been made to determine the validity conditions for the BK model. The primary 15 
validity condition is that the radius of curvature of any surface irregularity should be significantly greater than the 16 
wavelength of the light. However, to have the most accurate results for the BK model, quantifying the validity 17 
conditions is critical. This work aims to quantify the validity conditions of the BK model according to different surface 18 
specifications, e.g., slope angles and curvatures. For this purpose, the scattered fields from various sinusoidal and 19 
combinations of sinusoidal profiles are simulated using the BEM and the BK models and their differences are 20 
compared. The result shows that the BK model fails when there are high slope angles (⪆ 38°) and small radii of 21 
curvature (⪅ 10 λ) within a sinusoidal profile. Moreover, it is shown that for a combination of sinusoidal profiles the 22 
BK model is valid for profiles with a high maximum slope angle value (⪆ 38°) if the average of positive slope angles 23 
is low (⪅ 5°). 24 
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1 Introduction 30 

When a light beam illuminates an object with surface height variations of the order of or larger 31 

than the incident wavelength, the object scatters the light in various directions1, 2, while in an 32 

optically flat object, specular reflection is dominant. For a certain object material and illumination 33 

condition (fixed incident angle, wavelength and polarisation), the scattering pattern depends on 34 

the surface topography of the object, and can be used to reveal topography information2. In 35 
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conventional three-dimensional (3D) optical surface topography measurement instruments, e.g., 36 

coherence scanning interferometry (CSI), confocal microscopy and focus variation microscopy, 37 

the scattered field propagates through the optical instrument to form the raw images. The 3D 38 

surface topography is then obtained using an appropriate surface reconstruction method, e.g. 39 

envelope detection3, frequency domain analysis4 and the correlogram correlation method5 in 40 

interference microscopy, contrast measurement methods in focus variation microscopy6 and the 41 

use of fitting algorithms on the axial response in confocal microscopy7. As a result, modelling of 42 

light scattering is critical for any optical surface measurement system. 43 

Scattering models can be categorised into two major groups: rigorous and approximate models. In 44 

rigorous models, such as the finite difference time domain (FDTD) method8, finite element method 45 

(FEM)9, rigorous coupled-wave analysis (RCWA)10 and boundary element method (BEM)11, 46 

numerical techniques are used to solve Maxwell’s equations. Rigorous models are complex and 47 

can be computationally intensive. However, to predict the scattered light from complex surface 48 

geometries containing overhangs and re-entrant features, or other types of geometries where 49 

multiple scattering occurs, only rigorous scattering models can be applied. All of the named 50 

rigorous models show different advantages regarding efficiency, accuracy and simplicity of 51 

modelling with respect to various applications12, 13. Thus far, various rigorous models have been 52 

adopted for confocal14 and interference microscopy12, 15, 16. The BEM model solves linear partial 53 

differential equations only along the surface boundaries. BEM has been used in several 54 

applications including rigorous speckle simulation17, modelling of the total electric field induced 55 

by transcranial magnetic simulation18, development of acoustic holography algorithms for spatial 56 

transformation of sound fields radiated by irregularly shaped sources19, development of a stable 57 
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time domain method for the analysis of electromagnetic scattering and radiation problems20,  signal 58 

modelling in CSI for a vee-groove surface type21 and a range of tilted blazed diffraction gratings22, 59 

and in on-machine surface defect detection using light scattering and deep learning for sawtooth 60 

gratings23. 61 

Approximate scattering models make use of certain approximations to solve Maxwell’s equations. 62 

Approximation models lead to different limitations in their ranges of validity which make them 63 

applicable only on weakly scattering media, surfaces with small height variations and/or slowly 64 

varying surfaces on the optical scale. Nevertheless, compared to rigorous methods, approximate 65 

models are straightforward to implement and computationally efficient. Furthermore, they provide 66 

direct insight into the scattering process and can often deliver an inverse solution to surface 67 

determination from the scattering data as they consider light scattering as a linear process24. One 68 

common approximate model is based on the small height approximation which can only be used 69 

on near planar surfaces25. The small height approximation relies on the assumption that the phase 70 

of the field at each point on the surface is directly proportional to the surface heights so that the 71 

surface can be replaced by a thin phase grating. The validity condition of the small height 72 

approximation is expressed by the depth of field, i.e. h < λ/NA2, where h is the surface height 73 

variation, λ is the illumination wavelength and NA is the numerical aperture of the objective lens26. 74 

The small height approximation along with a 2D representation of the propagating light field 75 

(referred to as the elementary Fourier optics model) has been used to model an interference 76 

microscope26, 27. The Rayleigh-Rice (also known as vector perturbation theory) can relate the 77 

surface power spectral density (PSD) of a slightly rough surface to the corresponding scattering 78 

pattern28. The perturbation approach is valid when the root-mean-square (RMS) of the surface 79 
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height is small compared to the wavelength of the incident light. A widely used approximate model 80 

for weakly scattering medium is the first-order Born approximation25 in which the total field 81 

(incident and scattered fields) can be replaced by the incident field. The main validity condition of 82 

the Born approximation is that the refractive index of the scattering medium should only differ 83 

slightly from unity.  84 

Among the approximate models, the Beckmann-Kirchhoff (BK) solution (also known as the 85 

Kirchhoff approximation) is commonly applied to reduce the theoretical complexity of a rough 86 

surface scattering problem2, 25. The BK model is not restricted to small height surface variations 87 

and can predict light scattering from rough surfaces (i.e. surfaces with larger RMS heights than 88 

those used with perturbation methods). The BK model assumes that the local curvatures of the 89 

surface are small compared to the wavelength of the incident light, i.e., to fulfil the Kirchhoff 90 

approximation, the surface has to be locally flat. Therefore, the Kirchhoff approximation is 91 

appropriate for smooth surfaces without sharp edges.  92 

The BK model has been used in various surface topography measurement applications including 93 

signal modelling29, 30 and measurement and correction of the 3D transfer function with CSI31, 3D 94 

image formation in focus variation microscopy32, modelling the scattered light from rough 95 

surfaces33, 34 and characterisation of laser powder bed fusion surfaces35. The validity of the BK 96 

model for surface scattering has been investigated in terms of the surface correlation length, angle 97 

of the incidence, RMS of heights, and the ratio of the width of the rectangular corrugations and 98 

the separation between adjacent corrugations to the incident wavelength2, 36-38. However, currently 99 

there are no well-established quantitative conditions under which the BK is valid (to the authors’ 100 

knowledge).    101 
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In this paper, the scattered field from a range of sinusoidal profiles (using a range of different pitch 102 

and height values) and various combinations of sinusoidal profiles (using combinations of a 103 

different number of sinusoidal profiles with different height values) - with different radii of 104 

curvature (ROC) and slope angles (SA) - has been simulated using the 2D BK model and the 2D 105 

BEM model. The validity conditions of the BK model depend on the radius of curvature and the 106 

local angle of incidence2. In this work, we investigated the validity conditions of the BK model 107 

based on the values of the minimum ROC and maximum SA. Since the minimum ROC appears in 108 

the minimum of the sinusoidal profile, the local incident angle and the incident angle are the same. 109 

The angular distribution of the scattering patterns of each profile obtained by the BK model is 110 

compared to those from the BEM model using the RMS of the difference of normalised scattered 111 

fields (NSFs). To achieve a clear understanding of the validity conditions of the BK model, 112 

variation of the RMS of the difference of the NSFs has been investigated in terms of the change in 113 

the minimum ROC and maximum SA of the sinusoidal profiles, and the maximum SA and average 114 

of positive SAs of a combination of the sinusoidal profiles. Some primary results have been 115 

presented previously39. It is shown that the presence of the low ROC (compared to the wavelength 116 

of the incident light) and high slope angle within a sinusoidal profile result in multiple scattering 117 

and causes the BK model to fail. However, the BK model is able to predict the scattered field from 118 

a combination of sinusoidal profiles with a high maximum SA if the average of positive SAs within 119 

the profile is low.       120 
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2 Rigorous and approximate scattering models 121 

2.1 Modelling of the scattered field using the rigorous BEM model 122 

The rigorous BEM model used in this work is based on the work by Simonsen40, while the theory 123 

was developed earlier by Maradudin et al.41. The BEM model finds the total field and its normal 124 

derivative along the surface by taking advantage of the Ewald-Oseen extinction theorem42 and 125 

solves the subsequent set of inhomogeneous integral equations through conversion to matrix 126 

equations by appropriate spatial discretisation of the integrals. This approach provides an exact 127 

solution and accounts for the multiple scattering and polarisation effects; therefore, this model is 128 

promising for arbitrarily complex surfaces. The 2D version of the BEM algorithm is restricted to 129 

prismatic surfaces that can be fully described in the plane of incidence, assuming the surface is 130 

infinitely extended along the third dimension, perpendicular to the incidence plane. The scattering 131 

outside the incidence plane is considered negligible for prismatic surfaces, and this feature means 132 

that the 2D BEM model is able to simulate the scattered field without significant loss of accuracy. 133 

According to the integral theorem of Helmholtz and Kirchhoff25, the scattered field 
sE (r) from any 134 

surface can be expressed from the values of the total field E(r )  and its normal derivative, 135 

E(r ) n    on the surface s 136 

s

s

E(r ) G(r r )
E (r) G(r r ) E(r ) ds,

n n

   − 
 = − −    

                                           (1)                                                    137 

where G(r - r )  is the Green’s function of the Helmholtz operator and n   denotes differentiation 138 

along the outward normal to the surface. In the BEM model, the total field and its normal 139 

derivatives at given points on the surface are calculated globally, taking into account the 140 
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contribution of all neighbouring points. As a result, the BEM model is able to address multiple 141 

scattering effects. Accordingly, the scattering surface is divided into several discrete points, and 142 

for each point, the Kirchhoff surface integral and the boundary conditions are applied. Values for 143 

the field and its normal derivative at each point can be obtained by solving the coupled matrix 144 

equations40. Eventually, the BEM finds the surface “source” fields, from which the far-field 145 

scattering at any point can be calculated. 146 

 147 

Figure 1. 2D BEM scattered field from a sinusoidal profile with 15 μm pitch, 1 μm height and 225 μm length (a) 148 

angular distribution of the magnitude of the NSF (unitless), (b) magnitude of the scattered field in the incidence 149 

plane obtained by the BEM model. 150 

As an example, the BEM model was applied to a 2D sinusoidal profile with a 15 μm pitch, 1 μm 151 

peak-to-valley distance (height) and 225 μm length (includes fifteen cycles). The angular 152 

distribution of the magnitude of the NSF and its 2D visualisation in the incidence plane obtained 153 

by the 2D BEM are shown in Figure 1 (a) and (b), respectively. Normalisation is done by dividing 154 

the amplitude at each angle by the maximum value of the amplitude over the angular range. The 155 
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incident illumination was chosen to be a transverse electric field (TE polarisation) with a 156 

monochromatic plane-wave (λ = 0.58 μm) normal to the surface profile. The far-field scattered 157 

field was calculated over 777 observation angles sampled from -88° to 88° to cover the widest 158 

possible range of the angular distribution. 159 

2.2 Modelling of the scattered field using the approximate BK model 160 

Consider a monochromatic plane-wave iE ( ) exp(2 i )=  ir k .r  propagating with the 3D wave 161 

vector i
k  illuminating a 3D scattering object. The Kirchhoff boundary conditions approximate the 162 

total field (E) and its normal derivative at a surface point s
r  and can be written as2 163 

iE( ) (1 R)E ( ),= +s sr r                                                             (2) 164 

i

E( )
ˆ2 (1 R)E ( ),

n


=  −



s

i s

r
k .n r                                                        (3) 165 

where n̂  is the normal to the surface at s
r , and R is the Fresnel amplitude reflection coefficient 166 

(assumed to be constant over the range of desired scattering angles).    167 

Substituting Eqs. (2) and (3), and the free-space Green’s function 0G exp(2 ik ) 4=  r r  into the 168 

Kirchhoff surface integral of Eq. (1), the far-field scattered field can be written as29 169 

( )
2

3

s 0 z s x y

0

1
E ( ) k R r Z (r , r ) exp( 2 i )d r,

2k

 
  = −  −  − −  

 
 

i i

K
K + k K + k K.r

K.z
               (4) 170 

where 
s iK = k - k  and s

k  is the scattering wave vector (for elastic scattering i 0k 1= = = 
s

k k ). 171 

In Eq. (4), the term z s x y4 iR r Z (r , r )   −   is referred to as the “foil model” of the surface29. Based 172 
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on the foil model, the object can be replaced by a 1D Dirac delta function representing the value 173 

of the reflection coefficient at each point on the surface. Note that Eq. (4) is valid only when 174 

integrating over a finite area in the xy plane ( R 0 ).  175 

The scattered field over the whole surface is obtained by a 3D surface transfer function (STF) 176 

given by  177 

( )0

0

i
G( ) k .

4 k
=  −


i i

K + k K + k                                                (5) 178 

In other words, all possible scattered wave vectors 
sk  due to the incident wave vector 

i
k  construct 179 

a spherical shell (Ewald sphere) in the K space, which is centered at − ik  and has a radius 0k 43. 180 

Using the definition of the STF, Eq. (4) can be re-written as 181 

 

2

s KE ( ) G( )F ( ),
2

 
 =
 
 

i i

K
K + k K + k K

K.z
                                      (6) 182 

where 
3

K z s x yF ( ) 4 i R r Z (r , r ) exp( 2 i )d r =   − −  K K.r  is the Fourier transform of the foil 183 

model of the object. Eq. (6) shows that in the BK model, the scattering is considered as a linear 184 

filter (defined by the STF) applied to the foil model of the surface.  185 
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 186 

Figure 2. 2D BK scattered field from a sinusoidal profile with 15 μm pitch, 1 μm height and 225 μm length (a) 2D 187 

foil model of the surface (generated over the same length, with the display window being trimmed for better 188 

visualisation), (b) 2D STF and (c) angular distribution of the magnitude of the NSF (unitless).  189 

As shown in Eqs. (2) – (6), the BK model can be applied to 3D surfaces to find the scattered field 190 

in 3D. However, we used the 2D version of Eqs. (6) to compare the results with those obtained by 191 

the BEM model. 192 

As an example, the BK model was applied to a 2D sinusoidal profile with a 15 μm pitch, 1 μm 193 

peak-to-valley distance (height) and 225 μm length (includes fifteen cycles). Figure 2 (a) illustrates 194 

the 2D foil model of the sinusoidal profile. If the Fourier transform of the foil model of the surface 195 

is to be obtained numerically by the discrete Fourier transform of the object function, the delta 196 

function should be defined as a limit of a Gaussian function. The standard deviation of the 197 

Gaussian function should be chosen to be consistent with the sampling conditions of the discrete 198 

Fourier transform calculation to avoid aliasing problems44. In Figure 2(b), the 2D STF with a 199 

monochromatic plane wave (λ = 0.58 μm) that is normal to the surface profile is shown. The 200 

scattered far-field was calculated over 777 observation angles sampled from -88° to 88°. The 201 
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angular distribution of the magnitude of the NSF obtained by the 2D BK model is shown in Figure 202 

2 (c).  203 

3 Method 204 

In order to find the validity condition of the approximate BK model, experiments involving 205 

quantitative comparisons between the scattered fields obtained by the BK and the BEM models 206 

were designed. The incident illumination was chosen to be an unpolarised monochromatic plane-207 

wave (λ = 0.58 μm) normal to the surface of a perfect conductor. A range of sinusoidal profiles 208 

with various minimum ROCs and maximum SAs and various combinations of sinusoidal profiles 209 

with different maximum SA and average of positive SAs values were investigated. In each case, 210 

the RMS of the differences between the NSF obtained by the BK and the BEM models was 211 

calculated. RMS is calculated by the square root of the average over all angles of the squares of 212 

the amplitude differences between the BK and the BEM models. Both models compute the 213 

scattered far-fields over the same angular distribution. The range of angles is determined by the 214 

sampling resolution of the profile. To obtain accurate far-field scattering results, the surface is 215 

sampled equidistantly, with the sampling distance set to be smaller than λ/5. In this work, 216 

decreasing the sampling distance lower than λ/5 does not change the peak value of the scattered 217 

field. Therefore, to avoid computational complexity the sampling distance is set to λ/5. The range 218 

of the angular distribution is fixed between -88° to 88°. As the profile is considered to be 219 

continuously repeated in the BK model (as a property of the FFT algorithm), in order to reasonably 220 

compare scattered fields from a sinusoidal profile for the BK and the BEM models, the length of 221 

the profile is set to include at least ten cycles. In the BEM model, the square values of the 222 
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magnitude of the scattered field regarding the TE and TM polarisations have been added together. 223 

The root square of the result presents the magnitude of the scattered field of unpolarised light. For 224 

the BK model, the Fresnel reflection coefficient equals 1 for both polarisations. To illustrate the 225 

comparison, the BK and the BEM models have been applied to a sinusoidal profile with a 226 

minimum ROC of 0.5 μm and maximum SA of 38°. Figure 3 shows the angular distribution of the 227 

magnitude of the NSFs obtained by the BEM and BK models. 228 

 229 

Figure 3. Angular distribution of the magnitude of the NSF obtained by the BK and the BEM models for a 230 

sinusoidal profile with a minimum ROC of 0.5 μm and maximum SA of 38°. 231 

4 Results and discussion 232 

In this section, the BEM and the BK model are applied to a range of sinusoidal profiles and various 233 

combinations of sinusoidal profiles. Profiles are simulated in terms of different lengths, pitches, 234 

heights, minimum ROCs, maximum SAs and average of positive SAs. The scattered fields 235 

obtained by the BEM and the BK models are compared for each profile. 236 
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4.1 Comparison in terms of pitch and height values for profiles with lengths of ten times the pitch 237 

values  238 

Variations of the RMS of the difference of the normalised scattered far-fields obtained by the BEM 239 

and the BK models from various sinusoidal profiles from Table 1 are shown in Figure 4. As shown 240 

in Table 1, a wide range of variations in ROC and SA (maximum SA between 2° and 72° and 241 

minimum ROC between 1 μm and 507 μm) were considered for comparison. Sinusoidal profiles 242 

are simulated by defining the height and pitch values as the input parameters. Enlarging the height 243 

of a sinusoidal profile with a certain pitch results in higher SA and lower ROC values. On the other 244 

hand, increasing the pitch value for a fixed height results in lower SA and higher ROC within a 245 

profile. To meet the comparison criteria for the BK model, the length of the profile was equal to 246 

ten times the pitch value for each case. The general trend in Figure 4 shows that increasing the 247 

height and decreasing the pitch values causes the RMS of the differences of the NSFs to increase. 248 

Increasing the pitch causes an insignificant rise in the RMS value (less than 0.02) particularly for 249 

low-height profiles (less than 10 μm). The increment occurs due to a large number of points for 250 

high-length profiles.  251 

Table 1. Specifications of the sinusoidal profiles (in terms of pitch and height values) used to compare the far-field 252 

scattering fields obtained by the rigorous BEM and approximate BK models (via the RMS of the differences of the 253 

NSFs). Min ROCs are in micrometres.  254 

       Height/μm 

 

Pitch/μm 

1 5 10 15 20 

20 Min ROC: 20  Min ROC: 4  Min ROC: 2 Min ROC: 1 Min ROC: 1  
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Max SA : 9°  Max SA: 38° Max SA: 57° Max SA: 67° Max SA: 72° 

30 
Min ROC: 45  

Max SA: 6° 

Min ROC: 9  

Max. SA: 27° 

Min ROC: 4  

Max SA: 46° 

Min ROC: 3 

Max SA: 57° 

Min ROC: 2  

Max SA: 64° 

40 
Min ROC: 81  

Max SA: 4° 

Min ROC: 16  

Max SA: 21° 

Min ROC: 8  

Max SA: 38° 

Min ROC: 5 

Max SA: 50° 

Min ROC: 4  

Max SA: 57° 

50 
Min ROC: 157  

Max SA: 4° 

Min ROC: 25  

Max SA: 17° 

Min ROC: 13  

Max SA: 32° 

Min ROC: 8 

Max SA: 43° 

Min ROC: 6  

Max SA: 51° 

60 
Min ROC: 182  

Max SA: 3° 

Min ROC: 36 

Max SA: 15° 

Min. ROC: 18 

Max SA: 28° 

Min ROC: 12  

Max SA: 38° 

Min ROC: 9  

Max SA: 46° 

70 
Min ROC: 248  

Max SA: 2° 

Min ROC: 50  

Max SA: 13° 

Min ROC: 25 

Max SA: 24° 

Min ROC: 17  

Max SA: 34° 

Min ROC: 12  

Max SA: 42° 

80 
Min ROC: 324  

Max SA: 2° 

Min ROC: 65  

Max SA: 11° 

Min ROC: 32  

Max SA: 21° 

Min ROC: 22  

Max SA: 30° 

Min ROC: 6  

Max SA: 38° 

90 
Min ROC: 410  

Max SA: 2°  

Min ROC: 82  

Max SA: 10° 

Min ROC: 41  

Max SA: 19°  

Min ROC: 27  

Max SA: 28°  

Min ROC: 20  

Max SA: 35° 

100 
Min ROC: 507  

Max SA: 2°  

Min ROC: 101  

Max SA: 9° 

Min ROC: 51  

Max SA: 17° 

Min ROC: 34  

Max SA: 25° 

Min ROC: 25  

Max SA: 32° 
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 255 

Figure 4. Variations of the RMS of the differences of the NSFs obtained by the BEM and the BK models for the 256 

sinusoidal profiles of Table 1 versus changes in the pitch and height values of the profiles. The length of the profiles 257 

was considered ten times the pitch value for each case. 258 

4.2 Comparison in terms of pitch and height values for profiles with a fixed length of 600-μm  259 

If the length of a profile changes, the angular resolution of the calculated far-field scattering varies. 260 

To compare the BK and the BEM scattering fields for a set of sinusoidal profiles with a fixed 261 

angular resolution, the profiles shown in Table 2 were analysed.  262 

Figure 4 illustrates the variations of the RMS of the differences of the NSFs obtained by the BEM 263 

and the BK models for the sinusoidal profiles from Table 2 against changes in the pitch and height 264 

values of the profiles. The length of the profiles was 600 μm, so each profile includes at least ten 265 

cycles. The far-field scattering was sampled over 2069 observation angles from -88° to 88°. The 266 

results are in agreement with those obtained in Figure 4.  267 
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Table 2. Specification of the sinusoidal profiles (in terms of pitch and height values) used to compare the far-field 268 

scattering fields obtained by the rigorous BEM and approximate BK models (via the RMS of the differences of the 269 

NSFs). Min ROCs are in micrometres. 270 

       Height/μm 

 

Pitch/μm 

2 4 6 8 10 

20 
Min ROC: 10  

Max SA: 17° 

Min ROC: 5  

Max SA: 32° 

Min ROC: 3  

Max SA: 43° 

Min ROC: 2  

Max SA: 51° 

Min ROC: 2  

Max SA: 57° 

30 
Min ROC: 23  

Max SA: 12° 

Min ROC: 11  

Max SA: 23° 

Min ROC: 8  

Max SA: 32° 

Min ROC: 6  

Max SA: 40° 

Min ROC: 4  

Max SA: 46° 

40 
Min ROC: 40  

Max SA: 9° 

Min ROC: 20  

Max SA: 17° 

Min ROC: 13  

Max SA: 25° 

Min ROC: 10  

Max SA: 32° 

Min ROC: 8 

Max SA: 38° 

50 
Min ROC:  63  

Max SA: 7° 

Min ROC: 32  

Max SA: 14° 

Min ROC: 21  

Max SA: 21° 

Min ROC: 16  

Max SA: 27° 

Min ROC: 13 

Max SA: 32° 

60 
Min ROC:  91  

Max SA: 6° 

Min ROC: 46  

Max SA: 12° 

Min ROC: 30  

Max SA: 17° 

Min ROC: 23 

Max SA: 23° 

Min ROC: 18  

Max SA: 28° 

 271 
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 272 

Figure 5. Variations of the RMS of the differences of the NSFs obtained by the BEM and the BK models for the 273 

sinusoidal profiles of Table 2 versus changes in the pitch and height values of the profiles. The length of the profiles 274 

was 600 μm (including at least ten cycles for each case). 275 

4.3 Comparison in terms of minimum ROC and maximum SA for profiles with lengths of ten times 276 

the pitch values  277 

Figure 6 shows the variations of the RMS of the differences of the NSFs obtained by the BEM and 278 

the BK models for the sinusoidal profiles shown in Table 3 against changes in the minimum ROC 279 

and maximum SA within the profile. The length of the profiles was considered to be ten times the 280 

pitch value for each case. As shown in Figure 6, increasing the maximum SA and decreasing the 281 

minimum ROC of the profile causes the RMS of the differences of the NSFs to increase. For the 282 

profile with a 5 μm minimum ROC (>> λ), increasing the maximum SA moderately changes the 283 

RMS of difference up to 58°. For a profile with a 0.5 μm minimum ROC (≈ λ) increasing the 284 
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maximum SA (⪆ 38°) results in a significant change in the RMS of the difference, indicating that 285 

there is a considerable difference between the BK and the BEM scattered fields.  286 

In general, for the approximate BK model to predict the scattered field from a sinusoidal profile 287 

accurately, it is required that the minimum ROC of the profile is significantly greater than the 288 

incident wavelength (⪆ 10 λ). Furthermore, even for profiles with a large minimum ROC (5 μm), 289 

the BK model is in good agreement with the BEM model if the maximum slope angle of the profile 290 

does not exceed a certain value (⪅ 38°). For SAs approximately higher than 38°, the BK model 291 

fails due to the effects of multiple scattering.  292 

Table 3. Specifications of the sinusoidal profiles (in terms of minimum ROC and maximum SA values) used to 293 

compare the scattering far-fields obtained by the rigorous BEM and approximate BK models (via the RMS of the 294 

differences of the NSFs). Pitches and heights are in micrometres. 295 

Min ROC  

                     /μm 

Max SA  

/deg 

0.5 2.5 5 

18 
Pitch: 1 

Height: 0.10 

Pitch: 5 

Height: 0.50 

Pitch: 10 

Height: 1 

28 
Pitch: 1.6 

Height: 0.27 

Pitch: 8.1 

Height: 1.35 

Pitch: 16.2 

Height: 2.70 

38 
Pitch: 2.6 

Height: 0.65 

Pitch: 12 

Height: 3 

Pitch: 24 

Height: 6 

48 
Pitch: 3.4 

Height: 1.19 

Pitch: 18 

Height: 6.42 

Pitch: 36 

Height: 12.70 

58 
Pitch: 5.1 

Height: 2.55 

Pitch: 25 

Height: 12.50 

Pitch: 50 

Height: 25 

72 
Pitch: 10 

Height: 10 

Pitch: 50 

Height: 50 
- 
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 296 

Figure 6. Variations of the RMS of the difference of the NSFs obtained by the BEM and the BK models regarding 297 

the sinusoidal profiles of Table 3 versus changes of the minimum ROC and maximum SA values of the profile. The 298 

length of the profiles was considered 10 times the pitch value for each case. 299 

4.4 Comparison in terms of maximum SA and average of positive SAs for combinations of profiles 300 

with lengths of ten times a fixed pitch value  301 

Figure 7 shows the variations of the RMS of the differences of the NSFs obtained by the BEM and 302 

the BK models for various combinations of sinusoidal profiles shown in Table 4 against changes 303 

in the average of positive SAs and maximum SA within the profile. The length of the profiles was 304 

considered to be ten times the fixed pitch value of 42 μm. As shown in Figure 7, increasing the 305 

maximum SA and the average of the positive SAs of the profile causes the RMS of the differences 306 

of the NSFs to increase. In line with the results obtained for single sinusoidal profiles, increasing 307 

the maximum SA of a profile results in a higher value for the RMS of the differences of the NSFs. 308 

However, for a combination of sinusoidal profiles changes in the RMS of the differences of the 309 
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NSFs against maximum SA for profiles with a lower average of positive SAs (⪅ 10°) are 310 

insignificant. As shown in Table 4, increasing the number of sinusoidal profiles in a series causes 311 

the average value of the positive SAs within a profile to decrease. Results show that even for a 312 

combination of sinusoidal profiles with a high maximum SA value (⪆ 38°), the BK model is able 313 

to predict the scattered field accurately if the average of the positive SAs is low (⪅ 5°). 314 

Furthermore, the results indicate the independence of the validity of the BK model to the minimum 315 

ROC within a combination of sinusoidal profiles. However, for the approximate BK model to 316 

deliver accurate results in a combination of sinusoidal profiles, it is required that the average of 317 

the ROC of the profile is significantly greater than the incident wavelength (⪆ 10 λ). 318 

Table 4. Specifications of various combinations of sinusoidal profiles (in terms of the average of positive SAs and 319 

maximum SA values) used to compare the scattering far-fields obtained by the rigorous BEM and approximate BK 320 

models (via the RMS of the differences of the NSFs). Heights are in micrometres and the pitch value is fixed at 42 321 

μm for all profiles. 322 

Average of 

positive  

SAs 

/deg 

Max SA 

/deg                     

1.5 4.5 8.5 16.5 22.5 

24 
Number: 39 

Height: 0.54 

Number: 9  

Height: 1.59 

Number: 3 

Height: 3.13 

Number: 1 

Height: 6.10 
- 

36 
Number: 64 

Height: 0.55 

Number: 15 

Height: 1.63 

Number: 6 

Height: 3.10 

Number: 2 

Height: 5.76 

Number: 1 

Height: 9 

48 
Number: 116 

Height: 0.58 

Number: 27 

Height: 1.73 

Number: 11 

Height: 3.34 

Number: 4 

Height: 6.50 

Number: 3 

Height: 8.1 

60 
Number: 175 

Height: 0.64 

Number: 44 

Height: 1.83 

Number: 19 

Height: 3.50 

Number: 7  

Height: 7.04 

Number: 4  

Height: 9.90 
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 323 

 324 

Figure 7. Variations of the RMS of the difference of the NSFs obtained by the BEM and the BK models regarding 325 

various combinations of sinusoidal profiles of Table 4 versus changes of the average of positive SAs and maximum 326 

SA values of the profile. The length of the profiles was considered 10 times a fixed pitch value (42 μm) for all 327 

profiles. 328 

5 Conclusions 329 

In this paper, the validity conditions of the approximate BK model were investigated by comparing 330 

the far-field scattering data obtained by the BK model and a rigorous BEM model. The comparison 331 

of the BK and the BEM models was quantified by the RMS of the differences of the normalised 332 

far-field scattering data.   333 

The scattered fields from a range of various sinusoidal profiles - with different minimum ROC and 334 

maximum SA values (using a range of different pitch and height values) - and various 335 

combinations of sinusoidal profiles - with different maximum SA and average of positive SAs 336 
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values (using combinations of a various number of sinusoidal profiles with different heights) - 337 

were simulated using the approximate BK model and the rigorous BEM model. Variations of the 338 

RMS of the differences of the normalised scattered fields were investigated in terms of the change 339 

in the minimum ROC and maximum SA of the sinusoidal profiles, and the maximum SA and 340 

average of positive SAs of a combination of the sinusoidal profiles. For profiles with large 341 

minimum ROC and low maximum SA, there is a good match between the result obtained by the 342 

BK and the BEM models. In this case, the value of the RMS is small (⪅ 0.01). Decreasing the 343 

minimum ROC and increasing the maximum SA slightly, causes the RMS to increase (0.01 ⪅ 344 

RMS ⪅ 0.03) due to discrepancies between the results obtained by BK and BEM. By increasing 345 

the maximum SA and decreasing the minimum ROC constantly, the difference between the two 346 

models will be larger (RMS ⪆ 0.03). In order to satisfy the main validity condition of the BK 347 

model (RMS ⪅ 0.02), the minimum ROC of a sinusoidal profile or the average of ROCs of a 348 

combination of sinusoidal profiles should be significantly large compared to the wavelength of the 349 

incident light (approximately ten times or larger). Although the validity conditions of the BK 350 

model depend on the radius of curvature and local angle of incidence, we assumed that the effect 351 

of the local incident angle is negligible, since the minimum ROC appears in the minimum of the 352 

sinusoidal profile where the local incident angle and the incident angle are the same. It is also shown that 353 

the presence of SAs approximately higher than 38° within a sinusoidal profile causes the effect of 354 

multiple scattering to appear, which in turn results in the failure of the BK model. However, the 355 

BK model can deliver accurate results for a combination of sinusoidal profiles that includes SAs 356 

higher than 38° if the average of positive SAs of the profile is lower than 5°.  357 



23 

 

6 List of Abbreviations  358 

BK  Beckmann-Kirchhoff                359 

BEM  Boundary Element Method       360 

CSI  Coherence Scanning Interferometry        361 

FDTD  Finite Difference Time Domain      362 

FEM  Finite Element Method    363 

NSF  Normalised Scattered Field                   364 

PSD  Power Spectral Density                   365 

RCWA Rigorous Coupled-Wave Analysis      366 

RMS  Root-mean-square 367 

ROC  Radius of Curvature 368 

SA  Slope Angle 369 

STF  Surface Trnsfer Funstion 370 

3D  Three-dimensional                  371 
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Caption List 473 

 474 

Figure 1 2D BEM scattered field from a sinusoidal profile with 15 μm pitch, 1 μm height and 475 

225 μm length (a) angular distribution of the NSF (unitless), (b) 2D BEM scattered field in the 476 

incidence plane. 477 

Figure 2 2D BK scattered field from a sinusoidal profile with 15 μm pitch, 1 μm height and 225 μm 478 

length (a) 2D foil model of the surface (generated over the same length, with the display window 479 

being trimmed for better visualisation), (b) 2D STF and (c) angular distribution of the NSF 480 

(unitless).  481 

Figure 3 Angular distribution of the magnitude of the NSF obtained by the BK and the BEM 482 

models for a sinusoidal profile with a minimum ROC of 0.5 μm and maximum SA of 38°. 483 

Figure 4 Variations of the RMS of the differences of the NSFs obtained by the BEM and the BK 484 

models for the sinusoidal profiles of Table 1 versus changes in the pitch and height values of the 485 

profiles. The length of the profiles was considered ten times the pitch value for each case. 486 

Figure 5 Variations of the RMS of the differences of the NSFs obtained by the BEM and the BK 487 

models for the sinusoidal profiles of Table 2 versus changes in the pitch and height values of the 488 

profiles. The length of the profiles was 600 μm (including at least ten cycles for each case). 489 

Figure 6 Variations of the RMS of the difference of the NSFs obtained by the BEM and the BK 490 

models regarding the sinusoidal profiles of Table 3 versus changes of the minimum ROC and 491 



29 

 

maximum SA values of the profile. The length of the profiles was considered 10 times the pitch 492 

value for each case. 493 

Figure 7 Variations of the RMS of the difference of the NSFs obtained by the BEM and the BK 494 

models regarding various combinations of sinusoidal profiles of Table 4 versus changes of the 495 

average of positive SAs and maximum SA values of the profile. The length of the profiles was 496 

considered 10 times a fixed pitch value (42 μm) for all profiles. 497 

Table 1 Specifications of the sinusoidal profiles (in terms of pitch and height values) used to 498 

compare the far-field scattering fields obtained by the rigorous BEM and approximate BK models 499 

(via the RMS of the differences of the NSFs). Min ROCs are in micrometres.  500 

Table 2 Specification of the sinusoidal profiles (in terms of pitch and height values) used to 501 

compare the far-field scattering fields obtained by the rigorous BEM and approximate BK models 502 

(via the RMS of the differences of the NSFs). Min ROCs are in micrometres. 503 

Table 3 Specifications of the sinusoidal profiles (in terms of minimum ROC and maximum SA 504 

values) used to compare the scattering far-fields obtained by the rigorous BEM and approximate 505 

BK models (via the RMS of the differences of the NSFs). Pitches and heights are in micrometres. 506 

Table 4 Specifications of combinations of sinusoidal profiles (in terms of the average of positive 507 

SAs and maximum SA values) used to compare the scattering far-fields obtained by the rigorous 508 

BEM and approximate BK models (via the RMS of the differences of the NSFs). Heights are in 509 

micrometres and the pitch value is fixed at 42 μm for all profiles. 510 


