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Abstract. FEndohedral fullerenes can be formed by encapsulating one or more atom or
molecule inside the cavity of the fullerene molecule. When a light molecule is encapsulated,
it will remain close to the centre of the fullerene molecule without any strong interactions
with its environment. This allows the quantum-mechanical behaviour of the molecule to be
probed almost as if it were a free molecule. However, energy levels deduced from inelastic
neutron scattering (INS) and in infrared spectroscopy show some small splittings compared
to the expected results for a free molecule. This indicates that the encapsulated molecule is
not totally free from the effects of its environment. More specifically, the molecule must feel
an environment that has a lower symmetry than that of an undistorted fullerene cage. We
will review the evidence for symmetry-lowering in different types of endohedral fullerenes, and
discuss whether the symmetry-lowering could be due to the Jahn-Teller (JT) effect. We will then
present some results of a model for HoOQCgp which shows that the splittings seen in INS data
could be explained in terms of JT distortions of the encapsulating fullerene cage. Nevertheless,
the possibility that they could also be explained with a non-JT model can’t be ruled out.

1. Introduction

Atoms, ions or molecules can be inserted into the hollow core of a fullerene molecule to produce
endohedral fullerenes. These are also called endofullerenes or, when it is a metal atom that is
encapsulated, metallofullerenes. Efforts to synthesise endohedral fullerenes were first made soon
after it was discovered that Cgo had a closed-cage structure [1, 2]. In fact, doping with La ions
played an important role in supporting the hypothesis that Cgg does indeed have a closed-cage
structure [3, 4]. Many reviews of endohedral fullerenes have been published, including a general
review [5] and reviews of metallofullerenes [6, 7, 8], aspects related to interstallar endohedral
fullerenes [9] and the effects of polarisability [10].

Endohedral fullerenes containing rare gas atoms (He, Ne, Ar) or some alkali metals can be
formed in small quantities by bombarding empty fullerenes with ions having energies from ~ 6 eV
to ~ 50 eV [11, 12] or treating fullerene powder under forced conditions [13]. Other endohedral
fullerenes containing one or two atoms of rare gas, transition metal or alkali metal atoms can be
formed using standard processes for the formation of fullerenes, such as laser graphite ablation
or arc discharge [14, 6, 7, 15, 16]. Lists of the earliest-known endohedral fullerenes containing
one or two encapsulated atoms, along with their methods of preparation, can be found in Ref.
[17]. Fullerenes can also encapsulate larger clusters. For example, encapsulation of metallic
clusters can stabilise giant fullerenes (Cgp to Cyo4) [18], and a novel planar quinary cluster can
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be encapsualted inside Cgy [19]. Very recently, a diuranium carbide cluster has been stabilised
inside Cgg [20].

A step-advance in endohedral fullerene science was made with the advent of a process known
as molecular surgery [21, 22, 23, 24]. A chemical reaction is used to open a gap in a fullerene
cage through which molecules can be inserted, after which a ‘reverse’ chemical reaction is used
to close the gap. This allows larger molecules to be inserted than with the other methods, and at
significantly higher yields. Molecules inserted into Cgg this manner to date are Hy [24, 25, 26, 27],
HD [27], HF [28] and H20 [29, 30, 31]. Also, one and two molecules of Hy and H2O have been
inserted into Crg [32, 33]. Other works report situations in which a fullerene cage which is left
open can incorporate He [34] or Hy [35], for example.

Encapsulation of other molecules has been considered in silico [36]. This includes the
calculation of interaction energies, equilibrium geometries, dipole moments and harmonic
vibrational frequencies [36], and determination of the effect on NMR parameters of encapsulating
Hy and HD molecules [37].

Encapsulated molecules do not react chemically with fullerene cages (although simulations
indicate that reactions may be possible under compression of HoOQCgq in the direction of two
opposing pentagons [38]). However, encapsulation of a metal atom inside a Cgy molecule results
in charge transfer from the metal atom to the Cgy cage [16, 9, 5, 39, 40]. The charge transfer
could be as much as 3 electrons in La@Cyg [41]. Charge is also transferred to Cgg in La@Cgy and
Y@Cgs [14]. Calculations indicate that the charge transferred to a Cgg cage upon encapsulation
of light molecules is likely to be rather less, with the values reported being 0.12¢ for CO, 0.01e
for CH4 and 0.33e for CFy [42]. For an isolated HoO@QCg, molecule, the extent of the charge
transfer transfer depends strongly on the method of calculation used, either ranging between
0.01le and 0.611e [43] or being around 0.19e [44].

The issue of charge transfer is important when considering the possible presence of Jahn-
Teller (JT) distortions. Neutral Cgg contains a completely filled highest occupied molecular
orbital (HOMO), so isolated Cgg molecules are not subject to any JT effects. The Cgg cage must
be charged for a JT effect to operate. If sufficient charge is transferred, interactions between
Cgo molecules in solid samples containing endohedral fullerenes could stabilise a distortion due
to cooperative JT effects [45, 46, 47]. It should be noted that the values for the charge transfer
stated above are for isolated endohedral fullerene molecules. The charge transfer in clusters of
molecules is unknown.

The question that arises is how any JT effect could be observed experimentally. It should
be possible to observe signatures of any distortion of an endohedral fullerene cage using
scanning tunnelling microscopy (STM), as for empty Cgy molecules [48, 49, 50]. Although
the displacements of the carbon atoms are too small to be detected directly, any reduction in
symmetry due to the JT effect would split the molecular orbitals, resulting in a reduced set of
states being imaged at a given energy. However, the endohedral fullerenes would need to be
placed on a surface substrate in order to be imaged. Interactions with the surface substrate and
alterations to the amount of charge transferred due to adsorption on a surface would complicate
the interpretation of the results. STM imaging of HoO@QCgg on a NaCl substrate, either as single
molecules or monolayers, has been carried out in an attempt to increase the charge transferred
to the Cgo cage. However, the results produced were identical to those of empty Cgp molecules,
with no evidence for any JT distortion [51]. No other relevant STM experiments appear to have
been carried out to date. However, this doesn’t rule out the presence of JT distortions that are
too small to detect in the STM experiments, or the presence of distortions in solid (powdered
or polycrystalline) samples such as those used in INS. Hence other means of detecting the
presence of any JT effect must be sought, such as through theoretical modelling or analysis of
spectroscopic results.
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2. Endohedral fullerenes potentially exhibiting JT effects

2.1. Endohedral fullerenes containing rare gas or metal atoms

Some quantum chemical computations indicate that there is a JT distortion in La@Cgq [41, 52].
Also, it has been proposed that for endohedral fullerenes doped with a rare gas or metal atom,
a pseudo JT (PJT) coupling [53] can exist between T, electronic states of the Cgp molecule and
H,, states of a rare gas or 17,4 states of a metallic dopant, mediated by T4, vibrations. This can
lead to movement of the encapsulated atom away from the cage centre, and can also involve a
distortion of the fullerene cage itself [54]. JT distortion of the fullerene cage to Dsq symmetry
is necessary to be consistent with findings that the molecular symmetry of Ca@QCgq is Cs, [55].

2.2. Endohedral boron fullerenes

It has been predicted that encapsulation of various group V ligands into the hypothetical Bgg
molecule can form donor-acceptor bonds with boron caps [56, 57]. There is a suggestion that
JT effects may operate when a cluster of eight P atoms is encapsulated. The large size of this
system tends to move eight boron caps outwards, whereas the PJT effect wants them to move
inwards [56]. However, as Bgy has never been synthesised, there is no experimental evidence to
confirm this observation.

It should be noted that when a methyne group is incorporated into the cage of a (hypothetical)
Bgg molecule, DFT calculations support the idea that there is a PJT symmetry-breaking
mechanism [56], in what has been called the substitutional JT effect. However, the methyne
group in this case is part of the boron cage so this is not an endohedral fullerene.

2.3. Endohedral fullerenes containing light molecules

When light molecules such as Hy, HoO, HD and HF are encapsulated inside a Cgg cage, there is
substantial evidence that the environment seen by the encapsulated molecule in (poly)crystalline
or powdered samples has a lower symmetry than the icosahedral symmetry of an undistorted
Cgo molecule. In solid Ho@Cygp, an observed specific heat anomaly [58] and analysis of the low-
temperature dependence of INS spectra [59] both lead to the conclusion that the J = 1 triplet
state of ortho-Hs is split by about 0.14 meV into a lower singlet and upper doublet. This is
confirmed by IR absorption spectra of powder samples of Ho@Cgy [60, 61], which indicate a
splitting of about 0.12 meV [62]. In HFQCg, a splitting of around 0.48 meV is seen in the far-
and mid-IR spectra of polycrystalline samples [28]. In highly pure samples of solid HoO@QCjgy,
INS revealed a splitting of the lowest ortho-J = 1 state of 0.48 meV into a lower singlet and
upper doublet [31] (although the order of the splitting was incorrectly reported as having a
doublet lowest [63]). Earlier INS and NMR studies had revealed a splitting of around 0.6 meV
[29].

It has been suggested by several authors that the reduction in symmetry of the environment
seen by an encapsulated molecule is due to a distortion of the cage of the encapsulating Cgg
molecule [28, 29, 31, 59], possibly due to JT [28], JT-like [31] or analogous rotational effects [29].
Where the encapsulated molecule has a permanent electric dipole, it has been proposed that the
symmetry reduction is due to interactions between dipoles in neighbouring cages [29, 31].

At temperatures below 90 K, solid Cgp has a simple cubic (space group Pa3) symmetry in
which the Cgp molecules are locked into one of two orientations [64, 65], in a ratio of 5:1. In the
dominant orientation, known as the P orientation, the double bond between two hexagons on one
Ceo molecule face the centre of a pentagon on a neighbouring cage, such that each Cgy molecule
has six double bonds and six pentagons facing its nearest neighbours. In the less-common ‘defect
structure’ [17], known as the H orientation, the pentagonal faces are replaced by hexagonal faces.
Very recently, the splittings in Ho@QCgo, HFQCgy and HoOQCgg have all been explained using
a model in which one filled Cgg molecule is surrounded by 12 empty Cgg molecules in either the
P or H orientation, in order to mimic the structure of the complete solid [62, 66]. The cluster
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has a point-group symmetry Sg [58]. As this symmetry only supports doublets and singlets
(see e.g. Ref. [67]), it will necessarily cause splittings of degeneracies higher than two, such as
the splittings of triplets into doublets and singlets. The mechanism determining the orderings
and magnitudes of the splittings in the model of these authors involves electrostatic quadrupole
interactions between the charge densities on the empty Cgp molecules and the encapsulated
molecule inside the central Cgyp molecule, with all of the Cgg cages retaining their icosahedral
symmetry.

It is possible that electric dipole-dipole interactions between water molecules in neighbouring
Cgo molecules could be partially responsible for the observed splitting of the J = 1 level in
Ho0@Cg) even if the Cgg cages retain their undistorted icosahedral geometries [68]. However,
this interpretation requires the magnitude of the water dipole to be close to that for free water,
rather than taking the expected screened value [68]. Therefore, it appears unlikely that this
mechanism on its own can explain the observed splittings.

While the splittings in the J = 1 state in light-molecule endohedral fullerenes can clearly be
explained by a model involving electrostatic interactions between fullerenes in which the fullerene
cages are undistorted, there are discrepancies between some of the predicted higher-energy states
and those observed experimentally. The possibility that JT distortions of the fullerene cages
are also taking place can certainly not be ruled out. JT distortions could operate alongside the
proposed quadrupole interactions [62, 66], or even potentially instead of them.

From a symmetry point of view, theoretical calculations indicate that dynamic JT distortions
of isolated Cgg ions are expected to result in a distortion of the Cgy cage to one of the subgroups
I’ = Dsg, D3g, Doy, or Cop, of I, [69, 70, 71, 72, 73, 74, 75|, with the results depending on both the
charge state of the fullerene ion and the method of calculation used. Experimentally, analysis of
the near and far infrared spectra of Cg, anions indicates that the distortion is of D34 symmetry
[76]. Observation of the ultrafast decay rates of fullerene anions is also consistent with Dsg
symmetry [77]. Of the four possible symmetries, D5y and D3y support doublet representations,
so, in principle at least, a model involving distortions of the Cgg cage to one of these two
symmetries could provide the basis for an alternative model. Of course, JT distortions of isolated
molecules are expected to be dynamic, with interconversion between equivalent lower-symmetry
configurations taking place on a timescale of the order of pico or femto seconds [78]. However,
it is possible that a distortion could be stabilised by the presence of the encapsulated water
molecule or by cooperative JT effects between molecules.

As light-molecule endohedral fullerenes appear to be the most likely candidate for exhibiting
JT effects, in the next section we will present results of a model involving distortions of the
Ceo cage in HoO@Q@QCgy that explains the observed experimental results as least as well as
the alternative model involving electrostatic interactions between (undistorted) Cgp molecules
(62, 66].

3. Model involving distortions of Cgy cages in HoOQ@Cyg,
A free water molecule is a textbook example of an asymmetric top rotor, having different
moments of inertia about its three principal axes. According to convention [79], the principal
axes are labelled a, b and ¢. The Hamiltonian of the asymmetric top rotor is written
correspondingly in terms of rotational constants A., B, and C, that are proportional to the
inverse of the moment of inertia about the three principal axes, ordered such that A, corresponds
to rotation about the principal axis with the smallest moment of inertia and C, to rotation about
the axis with the largest moment of inertia. Figure 1 indicates the rotational axes of a water
molecule associated with A, and B.. C, corresponds to motion about an axis perpendicular to
the plane of the water molecule.

The Hamiltonian for an asymmetric top rotor can be written in terms of any set of three
angular momentum operators. There are 3! (= 6) ways of associating molecule-fixed axes
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Figure 1. Principal axes of a free water molecule.

{Zw, Yuw, 2w} (through the centre of mass of the water molecule) with axes {a,b,c}. Depending
on whether z,, is identified with a, b or ¢, the convention is known as type I, II or III. In addition,
a superscript r or [ is added depending on whether {z., yu, 2w} is associated with a right or
left-handed set of axes {a,b,c} (which is equivalent to associating {x., yw, 2w} With a cyclic
or anti-cyclic permutation of {a,b, ¢} respectively) [80]. Therefore, axes defined as in Figure 1
correspond to a II' convention. In this convention, the rotational Hamiltonian is

Hrot - h_Q (Aeij + Ceij + Bejg) (1)

where {jx, jy, jz} are components of the rotational angular momentum about the {xy,, Yuw, 20 }
axes. These can be written explicitly in terms of derivatives of Euler angles {¢, 6, x} [79].

The rotational levels that are eigenstates of Equation (1) are combinations of the eigenstates
of the prolate (B. = C.) and oblate (B, = A.) symmetric tops [79]. The eigenstates are
labelled Jg, k. according to quantum numbers J, K, and J, K. of a prolate and oblate top
respectively, as shown on the left and right-hand edges of Figure 2. The eigenstates in the two
f,iLc(¢,0,X) respectively, where K, = |kq|
and K. = |k.|. The eigenvalues of the asymmetric top are shown in the figure as a function of
k= (2B — Ac — C.)/(Ac — Co).

The rotational constants for a free water molecule are often taken to be those defined by
Herzberg [81], namely A, = 27.877 cm™!, B, = 14.512 cm~! and C, = 9.285 cm~!. More recent
ab initio calculations report very similar values, namely A, = 27.8806 cm™!, B, = 14.5219 cm ™!
and C, = 9.27753 cm ™! or, when centrifugal distortion is taken into account, A, = 27.8787 cm ™!,
B. = 14.5115 cm™! and C. = 9.28799 cm~! [82]. Bunker and Jensen report rather different
values of A, =27.2cm™!, B, = 14.6 cm™! and C, = 9.5 cm ™! [79], although the source of these
values is not stated. The rotational constants of Herzberg [81] and the centrifugally-corrected
values of Csdszar et al [82] result in a value for k of —0.438. This is shown as a vertical dashed
line in Figure 2.

The rotational constants may change upon encapsulation. Indeed, the effective rotational
constants for COQCgy have been predicted to differ substantially from those of a free CO
molecule [83]. Theoretical calculations report a slight elongation of the H-O bond length and
slight reduction in bond angle upon encapsulation of a water molecule [22, 43, 84]. These
geometrical changes suggest that the effective rotational constants may be slightly reduced upon
encapsulation, although it is difficult to determine precise values for the effective constants of
an encapsulated water molecule due to effects such as non-rigidity of the water molecule and
anharmonicity in its vibrational motion. As the values aren’t known, we will use the values of
Herzberg [81] in the remainder of this paper.

There are several differences between the ideal and experimental INS spectra [31]. In
particular, there are some small shifts in the positions of the energy levels, there are some
additional excited states that can’t be associated with those of a free water molecule and there

limits involve Wigner matrices qui )ka (4,0, x) and D
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Figure 2. Rotational levels Jg, g, of an asymmetric top molecule, in terms of quantum numbers
J, K, and J, K. of prolate and oblate symmetric tops respectively. The dashed vertical line
indicates the energy levels of a free water molecule.

is an obvious splitting in the 1y rotational level. There are probably also splittings in higher
excited levels that can’t be distinguished experimentally due to limitations in the resolution of
the spectra. The small shifts in the energy levels could potentially arise due to changes in the
rotational constants upon encapsulation. However, this would not introduce any splittings or
result in any additional excited states.

The appearance of extra excited states can be attributed to quantisation of the rotational
motion upon confinement. As the carbon atoms in an undistorted Cgy molecule lie on the surface
of a sphere, it is reasonable to assume that the potential that defines the translational motion
of the centre of mass of the water molecule depends only on the distance, R¢n, of the centre of
mass of the water molecule from the centre of the Cgg molecule. Furthermore, it can be assumed
that this potential is parabolic in Rcp. The translational Hamiltonian is then [85]

h2

1
Hirans = _%v2 + imWQRgm (2)

where m is the mass of the water molecule and hw is the translational quantum. Comparison
with the results of Density Functional Theory (DFT) calculations (see later) suggests that this
is (18.1 £ 0.1) meV. This is slightly smaller than the value of around 20.1 meV used in the
series of papers by Felker and Baci¢ [86, 68, 62, 66], but larger than the value of around 15 meV
expected for results involving DO [63]. The rotational levels are at energies (N + 3)hw, where
N is an integer.
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Because the translational and rotational motions in Equations (1) and (2) are not coupled,
the energy levels including

/HT+R = /Hrot + Htrans (3)

are simply the pattern of rotational levels replicated for each translational level.

It is a little difficult to construct an energy level diagram from the INS data because the
INS experiments report transitions between different energy levels, rather than simply energies
relative to the ground state. They also include results from three different spectrometers that
all have different resolutions. Slightly different energies are reported for the same transitions
as measured with the different spectrometers. Table 8.1.6 of Ref. [87] gives energies and their
associated errors as deduced from the data taking all information into account. These are the
values that were plotted in Fig. 1 of Ref. [31]. The right-hand panel in Figure 3 reproduces
these energy levels. The splitting in the triplet 1g; level of 0.48 meV can be clearly seen. The
experiments indicate that the upper component is a doublet and lower component is a singlet
[63]. The left-hand panel shows the 12 lowest rotational levels associated with the ground state as
solid blue lines. Confinement of the translational motion is seen via the dashed red lines, which
show the lowest four rotational levels replicated for the first translation, taking the rotational
quantum to be hw = 18.1 meV.

25 T T T T T
e LB s INS
20 b
<15 ¢ 1
Q
E
§ 241
[eb]
10+ 2 E
"'L] 212 212
02 202
R 15
b
1 al
01 194 01
0 [ ODDI L L L I000

Figure 3. The panel on the left shows the energy levels of a confined water molecule taking into
account translational and rotational motion only; the solid blue lines are the lowest 12 rotational
levels associated with the lowest translational state, and the red dashed lines are rotational levels
associated with the first excited translational state when the translational quantum hAw = 18.1
meV. The rotational constants have been taken to be those of Herzberg [81]. Labels Jk, k, are
given for the low-lying levels. The panel on the right shows energy levels deduced from INS [31],
along with the Jx, . assignments given in Ref. [31].
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While there is clearly some correlation between the INS and calculated results, there are
also some notable discrepancies. In particular, the splitting of the 197 level is not reproduced.
This is to be expected, because Hrir does not contain any contributions that would lower the
symmetry in order to cause a splitting. In addition, some of the calculated levels don’t have
experimental counterparts. The traditional view of inelastic neutron scattering is that all levels
can be observed, with there being no selection rules governing allowed transitions. However, it
has recently been shown that in spherical symmetry, transitions for which the Kronecker product
of the symmetries of the initial and final state doesn’t contain Sy, P, Dy, F,, ...are forbidden
[88]. In icosahedral symmetry, the transitions that would be forbidden in spherical symmetry
are too weak to be observable experimentally. It is unclear how strong the transitions will be
when there is a small distortion that lowers the symmetry below I. In addition, Goh et al
report that para <> para transitions have negligible intensity at the level of sensitivity attained
in the INS experiments [31]. Their Table 1 assign transitions from the para ground state Opo
and the ortho ground state 1p; to various excited states. These involve all of the J = 1 and
J = 2 states except 119 and 211.

The discrepancies in the INS spectra indicate that the water molecule is sensitive to the
environment in which it is encapsulated. If the water molecule experiences an icosahedral (1)
environment (consistent with the symmetry of an undistorted Cgy molecule), degeneracies higher
than 5 are lifted but the 1g; level will not split into a singlet and a doublet. This must be the case
because doublet representations are not supported in I, symmetry, and a symmetry analysis of
the triplet 1g; level shows that it can’t be split into three singlets with an accidental degeneracy.

The fact that the 1p; level remains unsplit in I symmetry was illustrated explicitly in
calculations in which states were written using a total angular momentum for the translations
and rotations, combined with a Lennard-Jones (L-J) 12-6 potential to model the interaction
between a rigid water molecule and a rigid Cgo cage [86]. The result can be seen as representing
translation-rotation (TR) coupling because the Hamiltonian does not separate into translational
and rotational parts. As would be expected from symmetry considerations, these calculations
did not lift the degeneracy of any of the low-lying rotational states.

As stated above, the reduction in symmetry seen by the water molecule could be due to
JT distortions which could potentially be of D54, Dsgq, Do or Cop symmetry. Doy, and Cyy,
symmetries only support singlets, whereas Ds; and D3g symmetries support doublets. Hence
Dsq and D3y are the most likely candidates for explaining the observed splitting of the 1g;
level. Alternatively, the symmetry reduction could be to Sg symmetry due to interactions with
neighbouring (icosahedral) Cgg molecules [62, 66].

As the states of an encapsulated water molecule must also have a defined parity under
exchange of the two H atoms, the symmetry groups under consideration should actually be
the direct product of the point group concerned and the permutation group Sy. The product
involving the icosahedral group, originally developed to describe the symmetry of the TR

Hamiltonian in Ho@QCgg [88] and then applied to HoO@QCg [86], has been called I }(le). Similar
notation can therefore be used for the lower symmetry groups. The irreducible representations
(irreps.) are labelled I'(®) if the states are invariant under exchange of the two H atoms, and
'@ if they change sign.

Instead of incorporating TR coupling via a L-J potential, TR coupling can be incorporated in
general terms from symmetry considerations alone. According to fundamental rules of quantum
mechanics, the Hamiltonian describing a system must be invariant under all operations of the
group to which the system belongs [89]. Therefore, it is possible to construct a Hamiltonian to
reflect a reduction in symmetry of the Cgg cage from Ij to one of its subgroups by taking linear
combinations of products of translational and rotational basis states that transform according

to the totally-symmetric representation I'®) in the required subgroup symmetry (A(gs) in [ }(Lu)

(12) (s)

and Sg ' symmetries, or A in Déilz) and Dé}f) symmetries for example).
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In order to calculate the energies of TR-coupled states including the symmetry-lowering
perturbation, it is useful to derive a basis of TR-coupled states that transform according
to the required symmetry. Although not essential, calculating matrix elements of the total
Hamiltonian Hiot (= Hr4r plus the symmetry-lowering perturbation) in the symmetry-adapted
basis produces a block-diagonal matrix in which the resulting energy levels are automatically
associated with the irrep. to which they belong, including being labelled as symmetric or
antisymmetric under exchange of the H atoms. The totally-symmetric states that are required
to form the symmetry-lowering perturbation are also generated as part of this process.

Symmetry-adapted states can be obtained using the method of projection operators [90]. This
has previously been used to obtain vibronic states for T’ ® (e + t2) and T'® h JT systems from
products of electronic and vibrational states [91, 69] associated with geometrically-equivalent
distorted configurations that have the same energy as each other. The procedure here is similar,
except that the basis states contain products of translational and rotational states associated
with geometrically-equivalent positions of the water molecule, rather than products of electronic
and vibrational states. An example showing one possible set of geometrically-equivalent positions
of the water molecule with respect to a truncated icosahedron is illustrated in Figure 4.

r,(\" 4

Figure 4. An example of geometrically-equivalent positions of a water molecule with respect
to a truncated icosahedron.

The rotational parts of the basis states are written in terms of the Wigner matrices
Dg)k(qb,e,x). The translational parts of the basis states are written in terms of spherical
harmonics Y. m(0em, em) and radial functions ¢n, ;(Rem) involving the spherical polar
coordinates {Rem, fem, Pem} Of the centre of mass of the water molecule relative to the centre
of the (undistorted) Cgp molecule. N, is an integer (> 0) defined such that the translational

energy levels are (N + %) hw, where N = 2N, + [ [85].

As the totally symmetric symmetry adapted states I'(®) (I = Ay or Aig) will be used to
form a perturbation, it is useful to analyse them in more detail. It is found that in Dég)
symmetry, the results consist of four contributions that actually have spherical symmetry and

nine contributions that have spheroidal (D&i)) symmetry. The spherical contributions also

occur in [ 1212) symmetry. The fact that the states have an accidentally higher symmetry than
that of the group used to derive them reflects the fact that the carbon atoms lie on the surface
of a sphere when the cage is undistorted, or on the surface of a spheroid when it is distorted,
with the results in both cases being insensitive to the positions of the carbon atoms. The results
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for D{!? symmetry are the same as those for D{/”

do not occur in Dé}f) symmetry. Likewise, the results for Sém

even more additional contributions.

By careful manipulation using relations between products of Wigner matrices and
orthogonality relations between both Wigner matrices and spherical harmonics, it is possible to
determine analytical expressions for all of the matrix elements of Hiqt, up to chosen maximum
values for J and [, in terms of constants k; y, multiplying the 7 different contributions to the
potential for each value of NNV,. For any given values of the k;,, it is a simple matter to
diagonalise the resulting block-diagonal matrices to find the energies of the states including the
effect of the symmetry-lowering perturbation, and to label the results according to the relevant
irreps.

While a symmetry analysis can be used to determine the form of the symmetry-lowering
potential, it can’t be used to obtain values for the coefficients. Therefore, values for the k; n,
must be determined by other means. Values for the coefficients of the spherical terms can be
obtained by equating the variation in energy as the water molecule moves along various radial
directions through the centre of an undistorted Cgg molecule with the energy obtained from DF'T
calculations involving a rigid water molecule moving inside a rigid Cgg cage. Calculations using
the hybrid Gaussian plane waves method (GPW) that account for non-covalent interactions and
long-range correlation corrections, as implemented in CP2K [92], show that the variation in
energy when the water molecule has its dipole axis z.y, aligned along a Cs axis and its centre of
mass moves along an .y, axis is approximately symmetric about the centre of the Cgy molecule,
but is flatter nearer the centre than would be obtained for a parabolic potential alone. This
confirms that it is necessary to include TR-coupling contributions even if the Cgy molecule
doesn’t distort from icosahedral. When the centre of mass moves along the 2z, direction, the
potential is clearly asymmetric about the origin, due to differences in the placement of the carbon
atoms relative to the water molecule at positive and negative values of z., in this geometry.
Results for both geometries are shown in Figure 5.

but with some additional contributions that

)

symmetry are the same but with

200 v T —— With TR coupling
= T - --- Parabola
< 150
E
3 100
@
I 50 ’
0
-06 -04 -02 00 02 04 06 -0.4 -0.2 0.0 0.2 0.4
Xem(A) Zem(A)

Figure 5. Variation in energy as determined by DFT (solid blue circles) as a water molecule
moves along axes Ty (left) and zey (right). The black dashed line indicates the potential that
would be obtained from the parabolic potential in the translational Hamiltonian alone, assuming
that the translational quantum is Aw = 18.1 meV. The solid blue lines are fits of the energy to
the parabolic potential and the TR-coupling perturbation.

Although the potential that lowers the symmetry to Dgi) contains 13 terms, only two of these

terms contribute when the problem is restricted to consideration of the lowest translational state
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only. The other terms contribute via mixing between the lowest translational state and higher
translational states, and/or within the higher translational states. As the translational quantum
is ~ 18.1 meV, it can be expected that the effect of this mixing on the J = 1 states and the 2y
and 215 states, which are all less than 10 meV above the ground state, will be very small. This
has been confirmed by explicit calculations, that show that the effect of higher-order terms on
these states is negligible for values of the coefficients that are of the order of magnitude required
to match the INS data. Hence an attempt can be made to match the low-lying energy levels
observed in INS by considering the lowest translation and varying two parameters only.

By varying the two parameters in the potential that includes contributions of spherical and

ngl) symmetries, it is possible to get an identical match to the J = 1 energies as reported in
Ref. [66] where the symmetry-lowering was taken to be due to electrostatic interactions between
the electron density of the water molecule and that of neighbouring (icosahedral) Cgg molecules.
This is somewhat surprising, as the model used in Ref. [66] assumed that the effective symmetry
seen by the water molecule is Sg. This shows that it is spheroidal contributions to the overall
reduction in symmetry that are responsible for producing the energies of the J = 1 levels at

least.

INS D.., distortion Electrostatic
model

10

2p2

[o7]

Energy (meV)

LY

Figure 6. The energy levels on the left are all those below 10 meV as deduced from INS [31, 87],
with grey boxes indicating the stated experimental uncertainties. The middle column shows one
possible set of the calculated energy levels of a confined water molecule including TR coupling
with spheroidal distortions to the Cgy cage, excluding the (split) 110 level (which is not seen in
INS) and with rotational constants as in Figure 3. The column on the right shows result taken
from Ref. [66].

The left-hand column in Figure 6 shows the low-lying energy levels (below 10 meV) a deduced
from the INS transitions [31, 87], with grey boxes indicating the experimental uncertainties, and
the right-hand column shows the relevant energy levels from the electrostatic model [66]. It
can be seen that the 1p; levels are matched almost exactly, with a slight overestimation of

11
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the splitting. However, there are some discrepancies in the higher levels. As stated above,
the spheroidal-distortion model can give the same results as those on the right. However, by
choosing different values for the two free parameters, it is possible to still get the same matches
to the 1p1 levels as with the electrostatic model but to give slightly different results for the other
levels. One such possibility that gives marginally better results for the 11 levels is shown in the
middle column of the figure. However, the agreement with the 2432 and 215 levels is not exact in
either model. Note that the 1;¢ levels have been omitted from both the middle and right-hand
columns as these levels are not observed in INS. Note also that an exact match to both of the
101 levels can be obtained by reducing the value of the rotational constant C, by a very small
amount.

4. Conclusions

We have examined the evidence for whether observable JT effects might be present in
various endohedral fullerenes. This shows that the most likely candidates are Cgg fullerenes
encapsulating a light molecule such as Ho or HoO, where experimental measurements show
splittings in one of the low-lying energy levels. This indicates that the encapsulated molecules
are subject to an environment with a symmetry lower than the icosahedral symmetry of the Cgg
cage. However, this evidence on its own does not reveal the physical origin of the symmetry
reduction.

Our calculations on HoOQCgy have shown that the low-lying INS results can be explained
using a model in which the encapsulated water molecule experiences an environment of spheroidal
(Doon) symmetry. The origin of the distortion could be the JT effect. In this case, the distortions
would probably be of D54 or D3; symmetry, with the distortion axis coinciding with a 5 or 3-fold
axis of the Cgg molecule respectively. This would manifest itself as the higher Do, symmetry.
However, it is not expected that the water molecule would be able to follow rapid distortions
of the Cgg cage as required by a dynamic JT effect. There would need to be a mechanism
to stabilise a distortion of the Cgg cage, such as through cooperative interactions between Cgg
molecules in an intermolecular JT effect. Also, it would be necessary for sufficient charge to be
transferred to the Cgg cage such that a JT effect could occur. Alternatively, it could be that
the origin of the distortion is due to electrostatic interactions between an encapsulated water
molecule and neighbouring (icosahedral) Cgo cages [62, 66]. In this case, the effective symmetry
is Sg but again the evidence is that it would manifest itself as Doop. Of course, it could be that
both JT effects and electrostatic interactions play a role in determining the observed energy
splittings, with both mechanisms contributing in such a way that the important distortional
terms are of Dy, symmetry.

In order to determine the respective roles of JT effects and electrostatic interactions in
light-molecule endohedral fullerenes, further calculations involving higher excited states will
be required alongside further high-resolution experimental measurements.
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