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Abstract

Achieving better control in fused filament fabrication (FFF) relies on a molecular understanding of how thermoplastic
printing materials behave during the printing process. For semi-crystalline polymers, the ultimate crystal morphology
and how it develops during cooling is crucial to determining part properties. Here crystallisation kinetics are added
to a previously-developed model, which contains a molecularly-aware constitutive equation to describe polymer stretch
and orientation during typical non-isothermal FFF flow, and conditions under which flow-enhanced nucleation occurs
due to residual stretch are revealed. Flow-enhanced nucleation leads to accelerated crystallisation times at the surface
of a deposited filament, whilst the bulk of the filament is governed by slower quiescent kinetics. The predicted time to
10% crystallinity, t10, is in quantitative agreement with in-situ Raman spectroscopy measurements of polycaprolactone
(PCL). The model highlights important features not captured by a single measurement of t10. In particular, the crystal
morphology varies cross-sectionally, with smaller spherulites forming in an outer skin layer, explaining features observed
in full transient crystallisation measurements. Finally, exploitation of flow-enhanced crystallisation is proposed as a
mechanism to increase weld strength at the interface between deposited filaments.
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1. Introduction

Fused filament fabrication (FFF) is an extrusion-based
approach to additive manufacturing (AM). Compared to
other AM techniques such as laser-sintering and stereo-
lithography, the advantage of FFF is the durable high-
performance thermoplastic materials it uses [1]. FFF re-
mains the cheapest technique for printing thermoplastic
parts and is mostly popular with hobbyists. Advanced ap-
plication of FFF is limited due to considerable variability
in mechanical properties, which depend on the numerous
processing conditions, as well as the material rheology (for
some examples, see [2, 3, 4, 5, 6, 7, 8, 9]).

The mechanical properties of a printed part are ulti-
mately determined by the micro-structural configuration
of the molecules upon solidification. Thermoplastics are
made up of large, flexible polymer molecules that entangle
with each other to form a polymer ‘melt’. Quantitative
predictions of part properties must account for how the
polymers deform and relax during the flow and subsequent
cooling, as well as any crystallisation processes. Employ-
ing molecularly-aware constitutive models is a key step to
developing a fundamental understanding of the relation-
ships between printing parameters and micro-structure,
and ultimately improving and advancing FFF so that its
potential can be exploited for main-stream processes.

The non-linear viscoelastic behaviour of molten poly-

mers during flow is well documented and remains an active
area of research (for example, see [10, 11]). During FFF,
both the shear flow within the nozzle and the velocity gra-
dients induced by the deposition process, where the mate-
rial exits the nozzle and is deposited onto a build plate, can
significantly deform the polymer micro-structure. In par-
ticular, McIlroy & Olmsted [12] postulate an idealised de-
position process where the deposit shape is prescribed, the
velocity profile is determined by conservation of mass and
the polymers are advected by velocity gradients. Under
these assumptions, the polymers are stretched and aligned
with the flow direction, and there is distinct gradient in
the polymer micro-structure across the filament due to
the deposition flow. A number of other models have also
been derived to describe the deposition process [13, 14],
although these are not molecularly-aware.

After deposition the melt cools, solidifies and bonds
(welds) with adjoining material so that the structure of
the final object consists of a number of partially-welded fil-
aments. Shear-stress governed de-bonding along the weld
lines is known to be a key failure mechanism [15]. Suc-
cessful welding of the deposited filaments relies on inter-
diffusion and entanglement of the polymers across layer-
layer interfaces via reptation [16]. Reptation is thermally
driven, and is affected by the melt anisotropy [17, 18, 19],
as well as any developing crystal morphology [20, 21, 22].

Consequently, non-isothermality introduces extra com-
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Figure 1: Schematic of the fused filament fabrication process modelled in this paper.

plexity to the polymer dynamics, with non-crystalline melts
approaching a glass transition upon cooling to Tg, whilst
semi-crystalline melts will nucleate and crystallise at tem-
peratures below the melting temperature TM before tran-
sitioning to a glassy state at Tg < TM ; at Tg diffusion,
and therefore crystallisation, is arrested. Both classes of
polymer are widely used in FFF, with semi-crystalline ma-
terials having the important advantage of biodegradabil-
ity, essential for regenerative medical applications in tissue
engineering [23, 24].

It is suggested that inter-diffusion should precede crys-
tallisation and the glass transition to ensure good adhesion
and weld strength [25]. Optimising the printing conditions
to establish interfacial molecular diffusion and mechani-
cally effective interfaces has recently been investigated ex-
perimentally for poly-lactic acid [26]. Also contributing to
the ultimate strength of a printed part is the final degree of
crystallinity achieved during cooling. It has recently been
shown that the crystallinity of a printed part can vary with
print temperature and layer thickness [27], and even the
colour of the feedstock material [28].

Yet to be considered in FFF models is the effect of
‘flow-enhanced’ crystallisation - a now well-known phe-
nomenon (for example, see the review by Graham [29] and
references therein); if the polymer backbone is stretched
at the onset of nucleation, then the nucleation rate is
enhanced. This flow-enhanced nucleation speeds up the
crystallisation process and leads to reduced crystallisation
times compared to quiescent kinetics. Recent in-situ Ra-
man spectroscopy experiments suggest that flow-enhanced
crystallisation can occur under certain FFF printing con-
ditions [30].

In our previous work we predicted the micro-structure

of the weld region and diffusive inter-penetration depths,
in the absence of crystallisation, and inferred a weld frac-
ture toughness for a range of printing parameters [31].
Here we introduce crystallisation kinetics to this model
to investigate how the stretch induced by the FFF process
can enhance nucleation and consequently reduce the time
taken for crystallisation. Understanding how the FFF flow
affects crystallisation is the foundation to our future work
understanding inter-diffusion dynamics and weld strength
achieved with semi-crystalline materials.

We consider the (semi-crystalline) printing material poly-
caprolactone (PCL). PCL is often used for printing tissue
scaffolds [32]. Furthermore, infrared thermography and
Raman spectroscopy have recently been used to measure
the temperature and crystallisation kinetics of this mate-
rial during FFF [30]. For this polymer, room temperature
is Ta � Tg so that the glass transition is not approached
under typical conditions.

This paper is organised as follows. Sec. 2 describes
previously-published in-situ crystallisation measurements
and observations of flow-enhanced crystallisation during
FFF of PCL [30]; we derive a simple test to identify con-
ditions under which flow-enhanced crystallisation will not
occur and describe our model for quiescent crystallisa-
tion. In Sec. 3 we introduce our flow-enhanced crystallisa-
tion model, which requires only a single extra parameter.
Predictions of the crystal morphology and crystallisation
times in a deposited filament are presented in Sec. 4 along-
side the experimental data from Ref. [30]. Finally, we dis-
cuss the interplay between cooling, polymer stretch and
nucleation in Sec. 5 and identify a regime where accel-
erated crystallisation saturates. In the conclusion we hy-
pothesize how flow-enhanced crystallisation may lead to
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Figure 2: Data replicated from Ref. [30]. Time to 10% crystallisation
t10 measured using a Raman probe directed at the top surface of a
deposited filament of PCL.

increased weld strength.

2. General concepts

2.1. Crystallisation measurements and observations dur-
ing FFF

Recent experiments by Kotula et al. [30] use in-situ
Raman spectroscopy to probe crystallisation rates of PCL
during FFF. The PCL material used in Ref. [30] has
number-averaged molecular weight Mn = 57.1 and weight-
averaged molecular weight Mw = 96.7 kg/mol. The FFF
process is modified slightly to allow for the crystallisation
measurements: a single filament of PCL is deposited onto a
moving build plate from a fixed nozzle (radius RN = 0.25
mm) and wound onto a take up wheel. The (radially-
averaged) extrusion speed at the nozzle exit UN is matched
to the speed of the moving build plate UL. The gap be-
tween the nozzle and the build plate is set to H = 2RN ,
which is kept at the ambient temperature Ta = 20oC.

In general, this process can be divided into two regions,
as shown in Fig. 1:

• Region I: the flow region. Here the melt flows through
the hot nozzle (T = TN ) and is deposited onto a
build plate. The polymers are deformed due to ve-
locity gradients in the flow.

• Region II: the cooling region. Here the melt cools
and the polymer deformation relaxes in the absence
of velocity gradients. Once T < TM , the polymer
will nucleate and spherulites will begin to grow.

If there is residual polymer stretch at the onset of nucle-
ation in Region II, then crystallisation will be enhanced
[29].

In Ref. [30], a Raman probe measures the crystal frac-
tion at the top surface of the deposited filament as a func-
tion of distance from the nozzle exit y. This is then con-
verted to a time measurement via t = y/UN . The print
temperature is varied between TN = 90 − 140oC and the
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Figure 3: Temperature evolution at the surface for TN = 110oC,
given by Eq. (2) compared to infra-red imaging measurements [30].

feed rate is varied U0 = 1.8−3 mm/s. By assuming a con-
stant volume flux, the feed rate relates to the extrusion
speed via

U0 = UN

(
RN
R0

)2

, (1)

where R0 = 0.9 mm is the radius of solid feedstock fila-
ment.

In particular (as in Ref. [30]), Fig. 2 shows the time
taken for the top surface to reach 10% crystallinity, de-
noted t10, plotted against feed rate, for three different
print temperatures. For sufficiently high print tempera-
ture (TN ≥ 110oC), t10 is approximately constant with
increasing feed rate; the slight decrease observed in Fig.
2 is expected to be a result of increased convection at
higher feed rates. Increasing the print temperature from
TN = 110 to 140oC extends t10, since the melt is above
TM for longer time. On the other hand, for TN = 90oC
there is a significant decrease in t10 with increasing print
speed - a clear signature of flow-enhanced nucleation.

We propose that flow-enhanced crystallisation is ab-
sent from the experiments with print temperatures TN ≥
110oC due to stretch relaxation prior to the filament tem-
perature reaching the melt point TM . This hypothesis can
be tested by comparing the time taken for the top surface
to cool below the melt temperature TM to the Rouse time
τR of the polymer, which governs stretch relaxation [16],
as discussed in the following section.

2.2. Surface cooling and stretch relaxation

Here we compare surface cooling to the time taken for
polymer stretch to relax to equilibrium.

Fig. 3 shows temperature at the top surface, measured
using infra-red imaging [30], as a function of time for print
temperature TN = 110oC. Since t10 ∼ 35 s in this case, we
assume the effect of latent heat is small in the region of
the infra-red measurements. (See Appendix A for further
discussion on the magnitude of latent heat.) Thus, the
surface temperature can be described by the exponential
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decay
Tsurf (t) = Tmid exp(−At) + Ta, (2)

where Ta is the ambient temperature, Tmid = (TN−Ta)/2,
and A = 0.07 s−1 is chosen to fit the infra-red measure-
ment. We find it takes approximately tM ∼ 1 s for the
surface to cool below TM for TN = 110oC, as shown in
Fig. 3. A full calculation of the cross-sectional tempera-
ture profile is given later.

The Rouse time of the printing material can be ex-
tracted by fitting the linear rheology data (G′, G′′) to the
Likhtman & McLeish model [33], and is executed using
Reptate software [34] (see Appendix B). The fitting yields
the entanglement molecular weight Me = 4.8 kg/mol, the
plateau modulus Ge = 9.2× 105 Pa and the entanglement
time τ0e (T0) = 1.9× 10−5 s, where T0 = 60oC is the refer-
ence temperature. The Rouse time is then given by

τR(T ) = τ0eZ
2a(T ), (3)

where

Z =
Mw

Me
, (4)

is the entanglement number and

a(T ) = exp

(
−C1(T − T0)

T + C2 − T0

)
, (5)

is the Williams-Landel-Ferry (WLF) equation [35] obtained
from time-temperature superposition of the linear rheology
data (G′, G′′); here C1 = 6oC−1 and C2 = 123oC.

The Rouse time increases with decreasing temperature
and eventually diverges at the glass transition tempera-
ture Tg = −60oC. We can approximate the time taken
for the stretch to relax by considering the Rouse time at
the initial temperature Tsurf (0). For TN = 110oC, we
have Tsurf (0) = 65oC from Eq. (2) and a Rouse time of
τR(Tsurf (0)) ≈ 6× 10−3 s from Eq. (3). Thus, τR � tM ;
the stretch relaxation time is much shorter than the time
taken to drop below the melt temperature. Consequently,
there will be no residual stretch at the onset of nucleation
for this print temperature, and crystallisation will be gov-
erned by quiescent kinetics. Similarly for TN = 140oC.

2.3. Quiescent crystallisation and saturation

Having established that TN = 110 and 140oC are not
affected by flow-enhanced nucleation, we move to a model
to capture quiescent crystallisation kinetics. Quiescent
polymer nucleation and crystallisation kinetics are described
by the Schneider rate equations [37]:

φ̇3 = 8πṄ(T ), (φ3 = 8πN) (6a)

φ̇2 = G(T )φ3, (φ2 = 8πRtot) (6b)

φ̇1 = G(T )φ2, (φ1 = Stot) (6c)

φ̇0 = G(T )φ1, (φ0 = Vtot) (6d)

where N is the the number of nuclei per unit volume, Rtot
is the total radius, Stot is the total surface area and Vtot is
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Figure 4: (a) Quiescent nucleation rate Ṅ1 (Eq. 10) and (b) crys-
tal growth rate (Eq. 9) fitted to optical microscopy data for PCL
from Ref. [36]. Melting temperature is TM = 60oC and the glass
transition temperature is Tg = −60oC.

the total volume of nuceli. The crystal growth rate is de-
noted G and the nucleation rate is denoted Ṅ . To correct
for impingement we use the Avrami equation [38]

φ0 = − ln(1− ξg), (7)

where ξg is the degree of space filling, which is related to
the degree of crystallinity via ξ = Vmaxξg. Here, we set
Vmax = 0.4 (see Appendix D).

The nucleation rate that enters the Schneider rate equa-
tions is given by

Ṅ(T ) = Ṅ0
q (T )

(
1− Nq

Nq,max

)
, (8)

where Ṅ0
q is the quiescent nucleation rate and the maxi-

mum number of quiescent nuclei allowed due to saturation
effects is denoted Nq,max.

The temperature dependence of both the nucleation
rate and the crystal growth rate is determined by the ex-
istence of two competing effects as described by Lauritzen
& Hoffman [42]. For PCL, the crystal growth is written as

G(T ) =
Gmax
a(T )

exp(−bgT 2), (9)

where a(T ) is given by the WLF Eq. (5). We choose pa-
rameters Gmax and bg to fit the optical-microscopy mea-
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Table 1: Quiescent material properties for a typical semi-crystalline printing material polycaprolactone (PCL), obtained either directly from
the literature or by fitting to experimental data available in the literature.

PCL Property Notation Value Units Source

Molecular Weight Mw 96.7 kg mol−1 [30]
Mn 57.1 kg mol−1 [30]

Density ρ 1070 kg m−3 [39]
Melting Temperature TM 60 oC [39]
Glass-Transition Temperature Tg -60 oC [39]
Entanglement Molecular Weight Me 4.8 k mol−1 Reptate [34] with linear rheology (Appendix B)
Plateau Modulus Ge 9.2× 105 Pa Reptate [34] with linear rheology (Appendix B)
Entanglement Time (at T0) τ0e 1.9× 10−5 s Reptate [34] with linear rheology (Appendix B)
Reference Temperature T0 60 oC time-temperature superposition (Appendix B)
WLF parameter C1 6 oC−1 time-temperature superposition (Appendix B)
WLF parameter C2 123 oC time-temperature superposition (Appendix B)
Ambient Temperature Ta 20 oC [30]
Cooling rate A 0.07 s−1 Eq. 2 fit to infra-red measurements, [30]
Crystal growth rate parameters Gmax 4.78× 10−4 m/s Eq. 9 fit to data, [36]

bg 0.0043 oC−2 Eq. 9 fit to data, [36]
Nucleation rate parameters a -12 .28 m−3 Eq. 12 fit to data, [36]

b 639 m−3 oC−1 Eq. 12 fit to data, [36]
n1 1.8× 1016 m−3s−1 Eq. 11 fit to data, [36]
n2 7.6× 1016 m−3s−1 Eq. 11 fit to data, [36]
bn1 159 oC−2 Eq. 11 fit to data, [36]
bn2 194 oC−2 Eq. 11 fit to data, [36]

Saturation limit Nq,max 1012 m−3 Eq. 6 fit to quiescent data [30] (Fig. 5)
Specific Heat Capacity Cp 194 J kg−1 oC−1 [40]
Heat of fusion Hf 65000 J kg−1 [40]
Thermal Diffusivity (at TM ) α 7× 10−7 m2s−1 [41]

surements of growth rate by Chynoweth et al. [36] (see
Table 1).

Optical microscopy is also used in Ref. [36] to extract
a quiescent nucleation rate for PCL; the nucleation rate
N0
q is found to be two-stage such that

Ṅ0
q (T ) =

{
Ṅ1, if N < Nc,

Ṅ2, if N ≥ Nc,
(10)

with

Ṅi(T ) =
ni
a(T )

exp

(
bni

T − TM

)
, i = 1, 2, (11)

where ni and bni are chosen to fit the data in Ref. [36]
(see Table 1) (note that since the nucleation rate units
are not specified correctly in Ref. [36], an assumption
based on replicating these results is discussed in Appendix
C). The critical number of nuclei at which the nucleation
rate changes, denoted Nc, depends linearly on temperature
such that

Nc = a+ bT, (12)

where a and b are chosen to fit the data in Ref. [36] (see
Table 1).

Plots of the crystal growth rate (Eq. (9)) and nu-
cleation rate (Eq. (11)) alongside the optical-microscopy
measurements from Ref. [36] are shown in Fig. 4.

We solve the Schneider rate Eqs. (6), with Eqs. (9) and
(11) for the nucleation and growth rates, alongside the typ-
ical cooling profile shown in Fig. 3 for TN = 110oC. The
corresponding nucleation and crystallisation kinetics are
shown in Fig. 5. In particular, nucleation occurs as soon
as the temperature drops below the melt point, whereas
the onset of crystal growth is much later, occurring at tem-
peratures closer to Ta. Since the temperature decays to Ta
and stays above the glass transition temperature Tg, crys-
tallisation continues until the space is filled ξg = 1 and
ξmax = 0.4.

Under quiescent conditions, allowing the nuclei to sat-
urate affects the total number of nuclei created Ntot and
therefore affects crystallisation times. That is, decreasing
Nq,max restricts Ntot and prolongs crystallisation. Thus,
saturation limit Nq,max = 1012 is chosen to fit the Raman
spectroscopy measurements [30], as shown in Fig. 5 (i.e.
t10 ∼ 35 s for TN = 110oC assuming the absence of flow
effects (Fig. 2)).

Since the nucleation and crystal growth rates increase
exponentially with decreasing temperature, it is not exper-
imentally feasible to measure Ṅ and G directly at low tem-
peratures. Therefore, we rely on the extrapolation of Eqs.
(9) and (11) to the ambient temperature Ta in our non-
isothermal model. As shown in Appendix D, we find that
this extrapolation can accurately reproduce the transient
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crystallisation measurements from Ref. [30], at least up to
ξ = 0.15. Furthermore, the saturation limit Nq,max = 1012

is consistent for two different print temperatures TN = 110
and 140oC, which induce very different thermal histories,
indicating that saturation is independent of temperature.

In this section we have determined from material char-
acterisation of PCL the various quiescent material proper-
ties to be used in our flow-enhanced crystallisation model.
These are summarised in Table 1. These material prop-
erties give crystallisation transients that are in agreement
with the in-situ Raman spectroscopy data from Ref. [30],
as shown in Appendix D and Fig. 9.

3. Flow-Enhanced Crystallisation Model

Having established the quiescent model parameters, we
now introduce a molecular flow-enhanced crystallisation
model to describe the crystallisation kinetics at the low-
est print temperature TN = 90oC, as shown in Fig. 2.
We require only a single extra parameter η to model how
flow effects crystallisation, as discussed in the following
sections.

3.1. Modelling FFF printing process

During FFF a solid thermoplastic filament is fed into
a heated nozzle via a pinch-roller mechanism and melted.
Typical (radially-averaged) extrusion speeds of the molten
material at the nozzle exit UN are between 10-100 mm/s
and are limited by thermal diffusivity in the nozzle; the
maximum feed velocity is correlated with the print tem-
perature TN in Ref. [43].

The melt is deposited onto a build plate, as the nozzle
head traverses the xy-plane, with speed UL. Upon depo-
sition, the polymers deform as the flow direction changes
from the vertical to the horizontal (90 degrees). The thick-
ness of the deposit is restricted by the gap between the
nozzle and the build plate H; the cross-sectional area and
shape is determined by the balance of speeds UN and UL
in order to conserve mass (prevent over/under extrusion),
as well as rheological effects such as die swell and shrink-
age [44, 45]. Recently, Comminal et al. [46] and Gleadall
et al. [13] have developed models to predict the deposit
shape, although non-Newtonian effects are not accounted
for.

The deposited melt then cools, solidifies and welds with
adjoining material. This process is repeated layer-by-layer
to construct a 3D object. Infra-red imaging has been used
to measure the temperature evolution at the weld [47] and
finite-element models have been used to simulate temper-
ature gradients at the nozzle exit [48], as well as in de-
posited layers [49]. Laser-assisted heating can be used to
improve weld strength [50], however without a molecular
understanding of the effect of temperature on the melt dy-
namics, this technique cannot be used optimally.

To model the FFF process, we use the method pro-
posed by McIlroy & Olmsted [12], which assumes the melt
reaches steady state and a uniform print temperature TN >
TM within the nozzle. We assume semi-crystalline mate-
rials become fully melted (and amorphous) in the nozzle
and do not consider degradation due to heating. Depo-
sition is assumed to be sufficiently fast that there is no
cooling or polymer relaxation during this time and the
geometry of the deposit is predetermined, neglecting die
swell and shrinkage. We then implement a prescribed ax-
isymmetric cooling profile at the surface of the deposited
filament, where the cooling rate is chosen to fit infra-red
measurements.

In the following sections, we briefly describe the poly-
mer constitutive model (Rolie-Poly) and state the govern-
ing equations that describe the three FFF stages: 1) flow
through the nozzle 2) deposition flow and 3) cooling, re-
laxation and crystallisation. For further details of the flow
model see Ref. [12], and for cooling in the absence of crys-
tallisation see Ref. [31]. This FFF process model may be
considered an ideal protocol for probing flow-enhanced nu-
cleation, since all the deformation occurs above TM , with
nucleation and crystal growth occurring subsequently in
the absence of flow.
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3.2. Constitutive Model

We use the Rolie-Poly model [51] for linear monodis-
perse polymers to describe the microstructural evolution of
the polymer chains during flow and relaxation. Based on
Doi-Edwards tube theory [16] for entangled polymer melts,
where each polymer chain is assumed to be confined to a
tube region, Rolie-Poly employs a single-mode constitutive
equation for stress, making it less computationally expen-
sive than the full GlaMM model [52]. The theoretical tube
serves to constrain the diffusive motion of a polymer chain
to reptation along the tube contour length, thus repre-
senting topological constraints, or entanglements, due to
neighboring polymer chains.

The microstructure of the polymer melt is described
by the conformation tensor

A =
〈RR〉
2R2

g

. (13)

Here R is the end-to-end vector of the polymer chain, and
the polymer’s radius of gyration is denoted Rg. Tensor A
obeys the Rolie-Poly model [51]

DA

Dt
= (K ·A + A ·KT )− 1

τd(T )
(A− I)

− 2

τR(T )

(
1− 1

Λ

)(
A +

β

Λ
(A− I)

)
.

(14)

Here the Lagrangian derivative for velocity u is given by
D
Dt = ∂

∂t + (u · ∇) and K = ∇αβuα defines the velocity
gradient tensor. Polymer stretch is written as

Λ =

√
trA

3
, (15)

where trA denotes the trace of tensor A.
The first term on the right-hand side of Eq. (14) rep-

resents how the polymers stretch and orient in a flow field.
Reptation and Rouse relaxation are governed by the last
two terms, respectively. The degree of convective con-
straint release (CCR) is controlled by β.

The reptation time τd is defined by

τd(T ) = 3τ0eZ
3

(
1− 3.38√

Z
+

4.17

Z
− 1.55
√
Z

3

)
a(T ), (16)

where a(T ) is the WLF Eq. (5), Z is the entanglement
number (Eq. (4)) and τ0e is the entanglement time (Table
1). Reptation also slows down as temperature decreases,
with τd and τR eventually diverging at the glass transition
temperature Tg.

3.3. Stage 1: Flow through the nozzle

We use the cylindrical polar coordinate system (r, φ, s),
where s denotes the changing flow direction such that

s =

{
êz, in the nozzle,

êy, in the deposited layer.
(17)

Assuming an axisymmetric, steady-state flow through the
nozzle, the velocity profile is given by

u = (0, 0, w(r)), (18)

in order to obey conservation mass:

∇ · u = 0. (19)

Steady-state conservation of momentum is given by

∂p

∂s
=

1

r

∂

∂r
(rσrs) , (20)

where p is pressure.
The shear stress is written as

σrs = µs
dw

dr
+GeArs, (21)

where the plateau modulus Ge is given by

Ge =
ρRT

Me
, (22)

where R is the gas constant and T is temperature, and the
background viscosity is given by [53]

µs =
π2

12

GeτR
Z

. (23)

To calculate the polymer deformation within the noz-
zle, Eq. (20) is solved alongside the Rolie-Poly equation
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Figure 7: (a) Shape of the deposition where the outer edge of the deposit traces a smooth circular arc. Initial circular cross section (θ = 0)
has velocity UN in the ẑ-direction and final circular cross section (θ = π/2) has a velocity UL = UN in the ŷ-direction. (b) Nozzle view
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(14) with DA/Dt = 0, uniform temperature T = TN , and
assuming a no-slip condition at the nozzle wall r = RN ,
where RN is the nozzle radius. The CCR parameter β is
set to 0.5 to ensure a monotonic constitutive curve (i.e.
prevent shear-banding instabilities). The pressure gradi-
ent is chosen to give a prescribed radially-averaged velocity

UN =

∫ RN

0

w(r)

πR2
N

d2r. (24)

A typical stretch profile for polycaprolactone rheology,
UN = 30 mm/s and TN = 90oC is shown in Fig. 6(a);
the stretch is axisymmetric due to the nature of the flow
and much larger near to the nozzle walls due to the high
shear rate in this region. This calculation yields an ini-
tial condition for the polymer deformation to feed into the
deposition flow.

3.4. Stage 2: Deposition flow

The shape of the deposit, shown in Fig. 7, is prescribed
as follows:

1. The thickness of the deposit is H = 2RN .

2. The width of the deposit is W = 2RN .

3. The outer edge of the deposit traces a smooth circu-
lar arc.

To calculate the deposition flow, the deposit is divided into
a number of cross-sections (sliced from the inner nozzle
exit to the outer edge of the deposit), as shown in Fig.
7. Each cross-section is defined by the angle θ ∈ [0, π/2]
between the section and the nozzle exit.

The changing flow direction is thus written as

s = sin θêy + cos θêz. (25)

Once the melt exits the nozzle, the velocity profile rapidly
becomes uniform across the cross section, since the flow
is low Reynold’s number. Thus, in Cartesian coordinates,
the velocity profile of the deposition flow can be written
as

u = (0, v(s), w(s)), (26)

since we assume no (spreading) flow in the x-direction.
In order to conserve mass, we require

v(s(θ)) = UN
A(θ)

πR2
N

sin θ ; w(s(θ)) = UN
A(θ)

πR2
N

cos θ,

(27)
where A(θ) is the area of the cross-section at angle θ. Since
in this case the final shape is prescribed to be circular
(H = W = 2RN ), we have A = πR2

N ,∀θ. The absolute
cross-sectional velocity is thus given by

U(s) =
√
v2 + w2 = UN ,∀s, (28)

and is the same for each cross section so that
UL = U(s(π/2)) = UN .

During deposition, the polymer deformation is simply
advected with the velocity gradient tensor such that

(u · ∇)A = K ·A + A ·KT , (29)

where

K =

 0 0 0
vx vy vz
wx wy wz

 . (30)

Here subscripts denote partial Cartesian derivatives in the
respective directions.

Solving Eq. (29) alongside the Rolie-Poly equation (14)
with uniform temperature T = TN for the prescribed de-
position shape yields the deformation induced by the de-
position flow prior to the onset of cooling, nucleation and
crystallisation.

A typical cross-sectional stretch profile is shown in Fig.
6(b) for polycaprolactone rheology, UN = 30 mm/s and
TN = 90oC; the bottom half of the layer has a higher de-
gree of stretch due to the nature of the deposition process.

3.5. Stage 3. Cooling, relaxation and crystallisation

Once the extruded material reaches the build plate (at
θ = π/2) velocity gradients become zero (i.e. K = 0),
and the deposit begins to cool via a combination of radia-
tion, convection with the air and conduction with the build
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plate. However, the temperature and molecular-weight de-
pendence of polymer heat transfer coefficients is not very
well understood.

For simplicity, we assume axisymmetric cooling such
that T ≡ T (r, t). In light of the infra-red measurements
shown in Fig. 3, which are approximately independent
of speed in the range UN ∈ (20, 40) mm/s, we assume
that temperature at the free surface decays exponentially
with a constant cooling rate A. This gives the following
boundary condition at the free surface

T (RN , t) = Tmid exp(−At) + Ta, (31)

and is equivalent to Eq. (2).
We then solve the one-dimensional heat equation

∂T

∂t
= α

1

r

∂

∂r

(
r
∂T

∂r

)
+
Hf

Cp
ξ̇, (32)

where α is thermal diffusivity, Hf is latent heat of crys-

tallisation, Cp is the specific heat capacity and ξ̇ is the
crystallisation rate. The thermal parameters α,Cp and
Hf are assumed to be constant with temperature for sim-
plicity and are given in Table 1.

The polymer microstructure begins to relax via

dA

dt
= − 1

τd(T )
(A−I)− 2

τR(T )

(
1− 1

Λ

)(
A +

β

Λ
(A− I)

)
.

(33)
Once T < TM , the polymer will nucleate and crystals will
grow according to the Schneider rate Eqs. (6).

In the case of flow, the nucleation rate is a linear com-
bination of quiescent nucleation and flow-enhanced nucle-
ation such that

Ṅ = Ṅq + Ṅf . (34)

As found via kinetic Monte-Carlo simulations [54], this
nucleation rate can be written in the empirical form

Ṅ(T,Λ) = Ṅ0
q (T )︸ ︷︷ ︸

quiescent


saturation︷ ︸︸ ︷(

1− Nq
Nq,max

)
+

stretch︷ ︸︸ ︷
η(Λ4 − 1)

 , (35)

where Ṅ0
q is the quiescent nucleation rate (Eq. (10)) and η

is a model parameter that tunes the number of extra nuclei
created by the flow; η can be chosen to fit to experimen-
tal data. This empirical form is also used in the work of
Steenbakkers & Peters et al. (e.g. see Refs. [55, 56, 37]).

When the temperature approaches Tg, relaxation and
crystallisation will be arrested due to the nature of the
WLF equation (5) and the nucleation and crystal growth
curves (Fig. 4).

4. Results

We solve Eqs. (6), (7-11) and (31-35) using a Runge-
Kutta method to calculate the crystallisation kinetics for
three print temperatures TN = 140, 110 and 90oC. We
investigate the effect that increasing the feed rate U0 has
on the crystallisation kinetics.

4.1. Transient Crystallisation

In this section, we compare the model predictions of
crystallisation to the transient Raman spectroscopy mea-
surements described in Ref. [30]. In particular, Fig. 8
shows that the predicted time to reach 10% crystallinity
is in quantitative agreement with the experimental data
discussed earlier (Fig. 2) for the three print temperatures.

Note that the Raman measurement yields a depth-
averaged crystallinity, since the probe penetrates approxi-
mately a quarter of the deposited filament thickness. Con-
sequently, for comparison to the experimental data, we
take the depth-averaged crystallinity

ξav(t) =
4

H

∫ H

3H/4

ξ(z, t)dz, (36)

along the centre-line x = 0, and the corresponding average
time to 10% crystallinity, tav10 .
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Figure 8: Depth-averaged time to 10% crystallisation tav10 plot-
ted against feed rate U0 measured using Raman spectroscopy [30]
(points) compared to model prediction (lines) for print speeds TN =
140, 110 and 90oC. Our flow-enhanced crystallisation model is in
quantitative agreement with the experiments for η = 1014.
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crystallisation. We have set η = 1014.
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At the two higher print temperatures, tav10 is approxi-
mately constant with increasing feed rate and crystallisa-
tion is governed by quiescent kinetics. That is, the poly-
mer stretch has fully relaxed to Λ = 1 at T < TM , so
that nucleation is not affected by stretch and proceeds to
the saturation point Nq,max, as discussed earlier (Fig. 5).
Thus, crystal growth and therefore tav10 is independent of
print speed.

It should be noted that at these high print tempera-
tures, as well as the stretch fully relaxing prior to T < TM ,
the filament also reaches a uniform temperature in this
time. Since the temperature evolution is equivalent at the
surface and the centre once T < TM , nucleation occurs
uniformly across the filament so that ξ = ξav everywhere
on the filament cross section.

In contrast, at the lower print temperature of TN =
90oC, there is a steep decrease in tav10 at a feed rate of
U0 ≈ 1.8 mm/s. We find quantitative agreement with the
experimental data for η = 1014. This accelerated crys-
tallisation is due to residual polymer stretch (Λ > 1) at
T < TM enhancing the nucleation rate via Eq. (35) so
that Ntot > Nq,max. Further details are given in Sec. 5.1.

At feed rates just beyond the highest experimental rate
(U0 > 2 mm/s), the model predicts a plateau in tav10 indi-
cating a saturation of flow effects with increasing polymer
stretch (see Sec. 5.3 onwards for further discussion regard-
ing this saturation effect).

The transient crystallisation curves for TN = 90oC,
shown in Fig. 9, demonstrate very different behaviour to
those shown in Appendix D for the higher quiescent print
temperatures. In particular, we observe a pronounced two-
stage growth of ξav over time in agreement with the ex-
perimental transients. That is, there exists crystal growth
followed by a plateau region, where ξav is constant in time,
before crystal growth resumes.

Since the model can predict crystallisation times and
the corresponding crystal morphology at any position within
the deposited filament, the model is able to reveal the ori-
gin of this step in the transient data, as discussed in the
following section.

4.2. Spatial Crystallisation

Here we employ the model to predict how nucleation
varies cross-sectionally across a deposited filament. In par-
ticular, Fig. 10 shows the cross-sectional profile of the total
number of nuclei Ntot that are created during cooling. In
this example the feed rate is U0 = 2.3 mm/s, which yields
extrusion velocity UN = 30 mm/s (Eq. (1)) and gives the
initial cross-sectional stretch profile shown in Fig. 6(b).

Significantly more nuclei are created at the surface of
the deposited filament due to flow-enhanced nucleation.
In contrast, nucleation at the centre of the filament is not
affected by flow, and is governed by quiescent kinetics for
which nuclei saturate at Nq,max = 1012. Asymmetry of the
flow-enhanced boundary layer comes from the asymmetric
initial stretch profile (Fig. 6(b)).
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Figure 10: Cross-section profile of the total number of nuclei Ntot for
UN = 30 mm/s and TN = 90oC. The saturation limit is Nq,max =
1012 and we have set η = 1014. Only nucleation at the surface is
affected by the stretch induced by the FFF flow.
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Figure 11: Evolution of the degree of crystallinity ξ at the centre of
the filament m and top/bottom free-surface locations a, b, compared
to the depth-averaged crystallinity, ξav (Eq. (36)). We have set
η = 1014.

This multi-dimensional prediction indicates how the
crystal morphology varies cross-sectionally throughout de-
posited filament; since the number of nuclei created at the
surface is orders of magnitude greater than the number
created in the bulk, the surface spherulites will be signif-
icantly smaller, as determined by the Schneider rate Eqs.
(6). This spatial variation in spherulite size and density
is completely unapparent in the time to 10% crystallinity
measurement and is only hinted at in the full transient,
but can be readily seen in the modelling.

We can also consider the crystallisation kinetics at dif-
ferent z positions on the deposit cross section; for instance,
the top (apex) at z = H denoted a, the middle at z = H/2
denoted m, and the bottom at z = 0 denoted b, as illus-
trated in Fig. 10. Fig. 11 shows how the degree of crys-
tallinity evolves over time at these spatial positions.

Since the temperature remains above Tg, crystallisa-
tion proceeds to full space filling such that ξg = 1 and
ξmax = 0.4. Thus, the degree of crystallinity ultimately
becomes cross-sectionally uniform given sufficient time. The
horizontal line in Fig. 11 indicates the time to reach 10%
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Figure 12: Nuclei trap one end of a polymer molecule forming star-
like structures.

crystallinity.
There is a significant difference in the crystallisation

time t10 at the free surface positions a, b, compared the
centre position m. Comparing these transients to the evo-
lution of the depth-average crystallinity ξav (Eq. (36))
reveals the origin of the step in the transient measure-
ment; the plateau region separates earlier contributions
from the flow-enhanced free-surface from the bulk contri-
bution, which enters the calculation much later since the
quiescent kinetics are significantly slower. The length of
the plateau region is therefore determined by η.

During this crystal growth polymer chains become trapped
at one end in the growing spherulite structures; spherulites
act to cross-link the polymer chains forming a star-like ar-
chitecture, as shown in Fig. 12. Consequently, the repta-
tion time of a trapped polymer chain is reduced. Thus, it
is possible for flow-enhanced crystallisation at the surface
of a deposited filament to inhibit inter-diffusion between
adjacent filaments, depending on t10.

Despite acceleration due to flow, t10 at the surface re-
mains larger than the reptation time of the polymer; by
approximating the reptation time at the coolest tempera-
ture Ta, we find that τd ∼ t10/2 at the surface. Thus, we
expect the polymer to diffuse at least 2Rg before becoming
cross-linked by spherulites. (This inter-penetration depth
is likely to be further due to non-isothermality.) Further-
more, since the nucleation density is relatively small for
PCL, we expect only a proportion of chains will form star
structures, whilst the remaining chains will be free to rep-
tate in the usual way.

We consider how an increased nucleation density at
the surface due to flow effects may be advantageous to the
welding process in Sec. 6.

5. Discussion

Having established our model’s ability to quantitatively
describe the flow-enhanced crystallisation measurements
given in Ref. [30], we now detail specifically how the poly-

mer stretch induced by the FFF flow results in an inho-
mogeneous spherulites-size distribution and a reduction in
crystallisation time at the surface. This modelling is able
to explain the saturation of t10 predicted by the model at
high feed rates (Fig. 8)

5.1. Polymer stretch and crystallisation

Here we discuss how the relaxing polymer stretch and
cooling temperature profile interact to give the flow-enhanced
boundary layer shown in the previous section. We choose
typical print speed UN = 30 mm/s, print temperature
TN = 90oC, model parameter η = 109, and consider the
dynamics at a, b and c.

Fig. 13 shows the typical cooling profile for TN =
90oC. The surface locations at a and b have equivalent
cooling profiles and immediately drop to ∼ Tsurf (0) =
(TN + Ta)/2 due to the imposed boundary condition. It
takes ∼ tM = 0.003 s for the surface to cool below the
melting temperature TM = 60oC. On the other hand, the
middle of the deposit at m takes much longer (∼ tM = 1 s)
to reach TM . Latent heat effects are small (see Appendix
A).

Fig. 14(a) shows the stretch relaxation curve at po-
sitions a, b and m for TN = 90oC. Stretch is larger at
the surface positions a, b than the middle m of the deposit
due to the shear flow in the nozzle, and larger at the bot-
tom b of the deposit than the top a due to the deposition
flow. At early times the Rouse time is shorter at m than at
the surface a, b due to the higher temperature, therefore
the stretch relaxes slightly faster at the center of the de-
posit. The stretch becomes fully relaxed everywhere after
∼ t = 0.05 s.

Fig. 14(b,c) shows the corresponding nucleation and
crystallisation curves. Flow does not effect nucleation at
the centre m since the stretch here relaxes before the tem-
perature cools to TM . Thus, we observe only quiescent
kinetics, with nuclei saturating at Nq,max.

On the other hand, the stretch does increase the nucle-
ation rate at surface positions a, b. Since a, b have equiv-
alent temperature history, the difference in the nucleation
curves is solely a result of the stretch evolution. In partic-
ular, the total number of nuclei Ntot created at b is greater
than that at a due to a larger initial degree of stretch Λ0 at
the bottom surface. Since Ṅf = 0 and N > Nq,max once
Λ → 1, nucleation ceases once the stretch has relaxed,
which occurs on the order of the Rouse time.

Finally, Fig. 14(c) shows the evolution of crystallinity
with time for this case. Again crystallisation proceeds
to full space filling since T > Tg,∀t. The time to 10%
crystallisation t10 is indicated by the horizontal line at
ξ = 0.1. As expected, t10 is significantly reduced at sur-
face positions a, b compared to the middle at m due to
flow-enhanced nucleation.

Comparing a to b eliminates the effects of tempera-
ture, enabling a direct comparison of crystallisation kinet-
ics arising only from different degrees of polymer stretch.
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(c) degree of crystallinity ξ plotted against time, at the surface a, b
and the centre m of the deposit, for print temperature TN = 90oC
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Figure 15: Cross-section profile of the total number of nuclei N for
UN = 30 mm/s, TN = 90oC and α ≡ α(Ta). The saturation limit
is Nq,max = 1012 and η = 109. Thermal diffusivity has a significant
effect on the thickness of the flow-enhanced boundary layer.

Although Λ0 and consequently Ntot is much larger at b

compared to a (see Figs. 14 (a) and (b)), Fig. 14(c)
demonstrates that the difference in t10 at b and a is less
than a second. This counter-intuitive outcome is due to
the same saturation effect seen at higher feed rates in Fig.
8, and is discussed from Sec. 5.3 onwards.

5.2. Thermal diffusivity and Flow-Enhanced Boundary Layer

The flow-enhanced boundary layer shown earlier in Fig.
10 illustrates regions for which T < TM before the polymer
stretch relaxes. Thus, the thickness of this boundary is
determined by the magnitude of thermal diffusivity, α i.e.
how fast the cooling boundary penetrates the bulk of the
deposited filament.

Note that thermal diffusivity is in fact temperature-
dependent, and increases by nearly an order of magnitude
between room temperature and the melt point [41]. Since
nucleation is fast, we chose to keep diffusivity constant
such that α ≡ α(TM ).

On the other hand, for α ≡ α(Ta), Fig. 15 shows that
in this case only a very thin boundary layer of the material
near the surface is affected by flow-enhanced nucleation.
Furthermore, the thickness of this boundary is insufficient
to contribute to the average crystallinity ξav i.e. the aver-
age calculation (Eq. 36) is dominated by quiescent crys-
tallisation occurring in the bulk so that ξav is equivalent
to ξ at m.

5.3. Surface Crystallisation Time

Next we employ the model to investigate why flow-
enhanced crystallisation appears to saturate at high feed
rates i.e. the reason for plateau in tav10 shown in Fig. 8, as
well as the small difference in t10 at the top and bottom
surfaces in Fig. 14(c). We isolate the effect of stretch by
only considering crystallisation at free surface positions
a, b, which have equivalent temperature histories.

Fig. 16(a) shows the surface crystallisation time t10
plotted against the total number of nuclei Ntot and Fig.
16(b) shows t10 plotted against the initial stretch Λ0. Ex-
trusion speed ranges from UN = 1−100 mm/s; two points
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Figure 16: Time to 10% crystallisation t10 at the surface plotted
against (a) the total number of nuclei Ntot and (b) the initial stretch
Λ0 for TN = 90oC and print speeds ranging UN = 1 − 100 mm/s.
The two points for each speed represent surface positions a, b. The
cooling profile for each case is shown in Fig. 13. The saturation
limit is Nq,max = 1012 and η = 109. Lines correspond to an analytic
solution for isothermal conditions (Eq. (40)) and an approximate
power law (Eq. (41)) for non-isothermal conditions.

are plotted for each print speed corresponding to surface
positions a and b (Λ0 is always greater at b). The case ex-
cluding flow effects (Λ0 = 1) is also plotted for reference;
the kinetics in this case are determined by Nq,max.

We find that only very small values of the initial stretch
are needed to have a dramatic effect on t10. Although in-
creasing the print speed from UN = 1 to 5 mm/s induces
only small amounts of stretch (Λ0 < 1.1) at the top surface
a, t10 is reduced up to 10 seconds for this value of η. We
then observe a saturation of these flow effects, where t10
plateaus around Λ0 ≈ 1.1, with t10 ≈ 20 ∀ 1.1 < Λ0 < 3.
Thus, there is little change in t10 for the range of Λ0 corre-
sponding to typical printing speeds UN ∈ (20, 40) mm/s.

This saturation of flow effects on t10 at such a small
degree of stretch is an unexpected feature of the model.
To explore this behaviour further we take an analytical
approach in the next section.

5.4. Isothermal Analytic Solution

Analytical solutions are valuable tools for identifying
the underlying physics leading to counter-intuitive features
in both experimental data and numerical models. In our
case, we could only derive an analytical solution for t10

for isothermal conditions. Nevertheless, this leads to in-
teresting insights into how non-isothermality affects flow-
enhanced crystallisation, as discussed henceforth.

Due to the separation of nucleation and crystallisation
time scales for PCL, nucleation is complete at the onset of
crystallisation. Thus, we have

φ̇3 = 8πṄ = 0⇒ φ3 = 8πNtot. (37)

Substituting this into the subsequent Schneider rate equa-
tions (Eq. 6) and integrating three times yields

φ̇0 = 8πNtotG
3

∫ ∫ ∫
dt3 ⇒ φ0 =

4π

3
NtotG

3t3, (38)

since the crystal growth rate G ≡ G(T ) is constant. At
10% crystallisation we have

φ0 = − ln(1− 2ξ10), (39)

with ξ10 = 0.1. Thus,

t10 =

(
−3 ln(1− 2ξ10)

4πNtotG3

)1/3

. (40)

This solution is plotted as dashed line in Fig. 16(a).
Reducing the temperature affects the crystal growth G in
Eq. (40) and shifts the curves to the right; far fewer nu-
clei are required to achieve the same value of t10. (See
Appendix E for Eq. (40) compared to full numerical solu-
tion of isothermal conditions.) We discuss how Eq. (40)
compares with the non-isothermal case in the following
section.

5.5. Non-Isothermal Power-Law Behaviour

Whereas isothermality yields t10 ∼ N
−1/3
tot , as derived

in the previous section, for non-isothermal conditions the
dependence of t10 on the total number of nuclei created is
weaker, with a relationship closer to

t10 ∼ N−1/9tot , (41)

as plotted in Fig. 16(a).
Thus, flow-enhanced crystal growth at the surface of

an FFF-deposited filament demonstrates a power-law de-
pendence on the total number of nuclei Ntot, where there
exists a steep decrease in t10 with increasing Ntot followed
by a slow decay to zero, as shown in Fig. 17 for a wide
range of Ntot. Since the crystallisation time is less sensi-
tive to nucleation density for these typical non-isothermal
conditions, the drop in t10 occurs at relatively small nu-
cleation densities so that the PCL kinetics lie in a regime
where additional nuclei have little effect on the time to
10% crystallinity.

This asymptotic behaviour that forces crystallisation
times to saturate for increasingly large numbers of nu-
clei, also manifests itself when plotting t10 against polymer
stretch (Fig. 16(b)), and leads to the unexpected plateau
in t10 at small values of Λ0. We have demonstrated that
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Figure 17: Time to 10% crystallisation t10 at the surface plotted
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this saturation effect with increasing polymer stretch is
amplified by the cooling temperature profile present for
typical FFF conditions in comparison with isothermal con-
ditions.

The power law behaviour in Eq. (41) derives from the
solution to the Schneider rate equations:

φ0
8πNtot

=

∫ t10

0

G(t′′)

[∫ t′′

0

G(t′)

[∫ t′

0

G(t)dt

]
dt′

]
dt′′,

(42)
where φ0 = − ln(1 − 2ξ10) at 10% crystallisation. Due to
the time-dependent nature of G(T (t)), an analytic solution
to Eq. (42) is not possible for non-isothermal conditions.
However, the −1/9 power law can be obtained by assuming
the growth rate increases quadratically with time between
T ∈ (TN , Ta) i.e. by approximating G ∼ t2. This ap-
proximate solution is plotted in Fig. 17, alongside the full
numerical solution to Eq. (42), as well as the power law
of best fit t10 ∼ N−0.147tot .

Moreover, Ntot can be written as a function of the ini-
tial stretch Λ0 as follows. Since nucleation is dominated
by Ṅf and occurs whilst ξ � 1, we can write

Ṅ = Ṅ0
q η(Λ(t)4 − 1). (43)

Since the temperature is approximately constant during
flow-enhanced nucleation at the surface (see Fig. 13).
Ṅ0
q ≡ Ṅ0

q (T ) is constant. Approximately, the stretch de-
cays according

Λ(t) = (Λ0 − 1) exp

(
− t

τR

)
+ 1, (44)

where τR ≡ τR(T ) is also constant during nucleation, and
Λ0 is the initial stretch induced by the flow (Fig. 6(b)).
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Figure 18: Time to 10% crystallisation t10 at the surface plotted
against initial stretch Λ0. (a) Large Ntot regime, described in Sec.
5.1 for various values of η. (b) Small Ntot regime, with Nq,max =
106 and η = 103, for print speeds UN = 20 − 40 mm/s. The two
points for each speed represent surface positions a, b. Lines represent
substituting Eq. (45) into the best-fit power law t10 ∼ N−0.147

tot
shown in Fig. 17.

Thus, we can solve Eq. (43) to give

Ntot = Ṅ0
q ητR

×
[
(ΛM − 1)4 +

4

3
(ΛM − 1)3 + 2(ΛM − 1)2 + 4(ΛM − 1)

]
,

(45)

where ΛM is the degree of stretch when T (t) = TM .
Consequently, the crystallisation time t10 can be writ-

ten as a function of Λ0 by substituting Eq. (45) into the
approximate power-law behaviour given by Eq. (41). This
theory is plotted in Fig. 16(b) and is in agreement with
the numerical model predictions. (See Appendix E for Eq.
(45) compared to the full numerical solution.)

5.6. Saturation with Stretch

For FFF-printed PCL, we have seen saturation of t10 at
small degrees of stretch, corresponding to relatively slow
print speeds. Thus, a single t10 measurement may not
reveal the full effect that typical printing flow has on the
cross-sectional crystal morphology.

For example, t10 may remain approximately constant
with increasing shear rate, even for very small rates; only
comparison to the equivalent quiescent kinetics will reveal
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any reduction in t10. Furthermore, despite an approxi-
mately constant t10 in this large Ntot regime, the increase
in the number of nuclei with shear rate will lead to the
growth of much smaller spherulite structures at the sur-
face of filaments deposited at faster feed rates.

We can predict whether this saturation effect will occur
by considering the total number of nuclei that are created.
That is, there may or may not be a saturation of flow
effects with increasing polymer stretch (or shear rate or
print speed) depending on if the kinetics lie in either

1. Large Ntot regime, where there is a slow decay in t10
with increasing nuclei, or

2. Small Ntot regime, where there is a steep decrease in
t10 with increasing nuclei.

The PCL kinetics we have discussed lie in the large Ntot
regime, as determined by the saturation limit Nq,max (Fig.
17).

Flow-enhanced crystallisation in the large Ntot regime
always demonstrates saturation at small values of Λ0. In
particular, Fig. 18(a) shows how t10 becomes approxi-
mately constant in the region 1.1 < Λ0 < 3 for different
values η; decreasing η whilst ensuring Nf > Nq,max re-
duces the effect of flow-enhanced nucleation until only qui-
escent kinetics prevail, whilst increasing η yields more flow-
induced nuclei and therefore reduces the absolute value of
t10.

Thus, the large Ntot regime is considered beneficial for
welding, in particular by ensuring inter-diffusion precedes
crystal growth; even at the fastest print speeds, the extra
nuclei created by the increased polymer stretch will not
greatly affect t10. Thus, inter-diffusion at the weld line will
not be limited by the growth of spherulites, as discussed
earlier. In Sec. 6 we discuss further advantages for an
increased nucleation density near the surface of a deposited
filament.

On the other hand, the small Ntot regime is achieved
in our model by reducing the saturation limit Nq,max and
parameter η. This gives much longer crystallisation times,
since t10 → ∞ as Ntot → 0, which no longer agree with
the experimental data.

Nevertheless, allowing longer crystallisation times pushes
the kinetics to the small Ntot regime, and consequently
pushes the saturation region to larger values of Λ0. For
example, Fig. 17 and Fig. 18(b) shows t10 against Ntot
and Λ0, respectively, for Nq,max = 106 and η = 103. In
this regime, there is a significant reduction in t10 in the
range of Λ0 induced by typical print speeds.

6. Concluding Remarks

We have demonstrated that sufficiently low print tem-
peratures in FFF can produce the conditions required for
flow-enhanced crystallisation. That is, the deposited fila-
ment must cool below the melting temperature TM , whilst
the polymer backbone remains stretched from the flow;
if full relaxation occurs before T < TM , then there will

be no flow-induced effects on the crystal morphology. For
PCL, we do not observe flow-enhanced nucleation for TN ≥
110oC.

On the other hand, for TN = 90oC flow-enhanced nu-
cleation occurs almost instantaneously once T < TM . Since
Rouse relaxation is much faster than the crystallisation
rate, crystal growth follows much later. The inter-play
between surface cooling and residual polymer stretch re-
sults in a boundary layer of flow-induced nuclei near to
the free surface of the deposited filament, which accelerate
crystal growth in this region. The bulk of the filament,
on the other hand, is governed by quiescent kinetics and
crystallises much later. The flow-enhanced boundary layer
contains orders of magnitude more nuclei than the centre
of the filament. Thus, the spherulites that grow at the
surface of a deposited filament are significantly smaller
than those that grow in the bulk. The thickness of this
small-spherulite boundary layer is determined by thermal
diffusivity.

Depth-averaging of the crystallisation time is required
to compare the model predictions to a Raman spectroscopy
measurement. This analysis provides a deeper understand-
ing of the two-stage growth observed in the transient crys-
tallisation curves. In particular, the ‘step’ indicates a tran-
sition from the early surface contribution to the depth-
averaged crystallinity measurement, to the bulk contribu-
tion, which enters the growth later due to the slower qui-
escent kinetics. The model is in quantitative agreement
with the experiments by tuning a single model parameter
η.

We derived an analytic solution to predict t10 at the

surface under isothermal conditions such that t10 ∼ N−1/3tot .
On the other hand, the typical FFF surface cooling changes
the dependence of t10 to a weaker power law closer to

N
−1/9
tot . This asymptotic behaviour yields a regime where

only a small degree of stretch is required for a steep de-
crease in t10, yet where additional stretch (Λ0 > 1.1) has
little effect on t10 i.e. we observe a saturation of the flow
effects for increasing stretch. This regime occurs when a
large number of quiescent nuclei are created, as is the case
for PCL. In this ‘large Ntot regime’, further stretching cre-
ates more nuclei at the free surface leading to the growth
of smaller spherulites, however this change in morphology
is not evident from a measurement of t10. In general, if
t10 is known in the absence of flow our model can be used
to predict Nq,max and thus determine which regime flow-
enhanced kinetics will reside.

We propose that flow-enhanced crystallisation can be
exploited to enhance the mechanical strength at filament-
filament interfaces in FFF-printed parts. In particular,
there is evidence to suggest an increase in the percent crys-
tallinity, ξmax, with increasing flow rate, provided that the
flow rate is faster than the slowest relaxation time [57, 58].
Thus, due to better space filling near the free surface,
flow-enhanced crystallisation can increase the availability
of spherulites to form tie-chains across the weld interface.
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These tie chains are polymer chains that become anchored
into crystalline structures on either side of the weld line
and eliminate chain-pull-out as a failure mechanism; ei-
ther the crystal structure or the polymer chain must be
broken for fracture. It also seems plausible that an in-
creased nucleation density at the surface will lead to an
increased spherulite surface area close to the weld inter-
face, ultimately leading the more of these tie-chains. Con-
sequently, experiments of weld strength as a function of
flow-enhanced crystallisation, as well as accurate models
of the nucleation process, are essential.

Finally, PCL presents a special case where the poly-
mer remains above Tg during the printing process. Thus,
nucleation is not affected by the glass transition and crys-
tallisation proceeds to full space filling and ultimately a
cross-sectionally uniform degree of crystallinity. However,
for other semi-crystalline printing materials such as poly-
lactic acid (PLA), the glass transition may arrest crys-
tallisation and lead to a non-uniform crystal morphology
across the layer. Consequently, even a single deposited fil-
ament may exhibit great spatial-variability in mechanical
strength. We will investigate this effect in future publica-
tions.
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Appendix A. Latent Heat Effects

At the onset of crystal growth ∂T/∂t → 0. Thus, Eq.
32 becomes

α
1

r

∂

∂r

(
r
∂T

∂r

)
=
Hf

Cp
ξ̇. (A.1)

For latent heat effects to be evident, the right-hand side
must dominant. Thus, via a scaling argument we have

Hf

Cp
ξ̇ >

αTa
R2
N

⇒ ξ̇ >
CpαTa
HfR2

N

, (A.2)

which from the properties listed in Table 1 yields ξ̇ >
8.5 × 10−2 s−1. However, we have seen for TN = 110oC
quiescent crystal growth onsets approximately 20 s, and
reaches 10% crystallinity at 35 s; a linear approximation
yields ξ̇ = 6.7 × 10−3. Consequently, latent heat effects
can be assumed small compared to thermal diffusivity.

Appendix B. Linear Rheology

The relaxation times of the printing material are cal-
culated by fitting the time-temperature superposed linear
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Figure B.1: Storage and loss moduli (G′, G′′) plotted against the
normalised frequency aω and corresponding fit to the Likhtman &
McLeish model [33] to calculate the entanglement molecular weight
Me, the plateau modulus Ge, and the entanglement time τ0e .

rheology data (G′, G′′) to the Likhtman & McLeish model
[33], and is executed using Reptate software [34]. The fit
is shown in Fig. B.1.

Appendix C. Nucleation Rate

Since the units quoted for nucleation rate in Table 1 of
Ref. [36] are arbitrary, we assume that the initial nucle-
ation rate per cubic micron per minute is given by

Ṅ1 = DṄChy
1 µ−3min−1, (C.1)

where D is some constant that converts the value quoted
in Ref. [36], denoted ṄChy

1 , to µ−3min−1. The constant
D is then chosen to replicate Figs. 4 and 5 in [36], where
the following equations (Eqs 3,5 and 8 in [36]) are plotted:
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Figure C.2: Points: Fraction of untransformed PCL 1 −X(t) mea-
sured using dilatometry at T = 46.5oC reproduced from Fig.5a in
Ref. [36]. Lines: Eqs. (C.2)(a-c) with nucleation rate Ṅ1 given by
Eq. C.1 with D = 5× 10−7 to be compared with Eqs. 3,5 and 8 in
Ref. [36].
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1−X(t) = exp

(
−π

3

ρs
ρl
Ṅ1G

3t4
)
, (C.2a)

1−X(t) = exp

(
−4π

3

ρs
ρl
Ṅ1G

3t3
)
, (C.2b)

1−X(t) = exp

(
−π

3

ρs
ρl
G3(Ṅ1tc + Ṅ2t− Ṅ2tc)t

3

)
.

(C.2c)

Here X(t) is mass fraction transformed to solid, ρs and
ρl are the solid and molten densities, and tc is the time
at which the nucleation rate changes. Fig. C.2 shows the
curves obtained using D = 5 × 10−7 compared to the ex-
perimental data for T = 46.5o. The corresponding initial
nucleation rates for each temperature are given in Table
C.1. The same conversion is applied to Ṅ2.

Table C.1: Initial nucleation rate Ṅ1 for isothermal crystallisation
temperatures converted to appropriate units.

Temp (oC) ṄChy
1 (-) Ṅ1(µ−3min−1) Ṅ1 (m−3s−1)

46.5 4 2× 10−6 3.3× 1010

47.6 1.4 7× 10−7 1.16× 1010

49.4 0.4 2× 10−7 3.3× 109

51.0 0.23 1.15× 10−7 1.9× 109

Appendix D. Crystallisation Curves

Fig. D.3 compares the degree of crystallinity measured
over time via in-situ Raman spectroscopy [30] to that pre-
dicted by the model for two different print temperatures
TN = 110 and 140oC, and therefore temperature histo-
ries. Note that measurements for three different speeds
are shown for each print temperature, indicating there are
no flow effects on the crystallisation time for TN ≥ 110oC.
In these cases, the temperature of the filament is uniform
once T < TM , so that nucleation occurs uniformly across
the filament and depth-averaging also does not affect pre-
dicted crystallisation times.

We find that even though the growth rate and nucle-
ation rate must be extrapolated to low temperatures (Fig.
4), the model is in agreement with the experimental data.
Crystallisation proceeds to full space filling ξg = 1, with
the maximum degree of crystallinity reaching ξmax = 0.4.
We note there is some discrepancy for ξ > 0.1 that may
need to be considered if we were interested in times greater
than t10. Furthermore, the saturation limit Nq,max = 1012

is able to capture both temperature histories, indicating
that saturation is independent of temperature.

As shown earlier in the main text, Fig. 9 shows the
degree of crystallinity measured over time via in-situ Ra-
man spectroscopy [30] for print temperature TN = 90oC,
where FFF-flow-enhanced nucleation occurs. The depth-
averaged crystallinity predicted by the model is in qualita-
tive agreement with the experimental data, and reveals the
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Figure D.3: Evolution of the degree of crystallinity ξ measured using
Raman spectroscopy and predicted by the model for TN = 110 and
140oC, where flow-enhanced crystallisation is absent and ξ(x, z, t) =
ξav .

mechanism governing the ‘stepping’ behaviour in the crys-
tal evolution. We suspect there is some quantitative dis-
crepancies arising from the calculation of the initial stretch
profile.

The limiting assumptions of the flow model used for
calculating Λ0 for a particular print speed are detailed in
Ref. [12]. In particular, the model assumes a steady state
flow, neglects shear heating in the nozzle, and assumes that
deposition occurs faster than polymer relaxation. Further-
more, since in this model crystallisation only depends on
the degree of stretch and not the entanglement network,
a flow-dependent entanglement number (as incorporated
in Ref. [12]) has been omitted; including disentanglement
during the nozzle and deposition flow calculations would
also change the value of Λ0. Discrepancies may also arise
from approximating a distribution of molecular weights
(poly-dispersity) via a single mode constitutive model.

Appendix E. Isothermal Conditions

Consider the case where the temperature is fixed at
T = 40oC. Fig. E.4 shows the corresponding nucleation
and crystal growth curves at positions a, b and m under
these isothermal conditions. Polymers at a, b and m nucle-
ate at t = 0 since T < TM ,∀t and nucleation ceases once

17



 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 0.001  0.01  0.1  1  10  100

(a)

Λ

time (s)

b
a
m

109

1011

1013

1015

1017

 0.001  0.01  0.1  1  10  100

(b)

N
 (

m
-3

)

time (s)

b
a
m

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 10  100

10%

(c)

ξ

time (s)

b
a
m

Figure E.4: (a) Degree of stretch Λ, (b) number of nuclei N , and (b)
degree of crystallinity ξ over time, at the surface a, b and the centre
m of the deposit under isothermal conditions T = 40oC, ∀t and print
speed UN = 30 mm/s (which yields stress evolution similar to Fig.
14(a)). We set η = 104 to give crystallisation times similar to non-
isothermal case.

the stretch has relaxed. Note that this fixed temperature
profile changes the stretch evolution profile very little from
Fig. 14(a), with the stretch fully relaxing homogeneously
across the deposit and a little later (around ∼ t = 0.1 s)
(Fig. E.4(a)).

The difference between t10 at b and a is significantly
larger than that found in the non-isothermal case (Fig.
14). To highlight this isothermal surface crystallisation,
Fig. E.5 shows t10 as a function of the total number of
nuclei Ntot and the initial stretch Λ0. We show results for
two print speeds UN = 20 and 30 mm/s; the two points
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Figure E.5: Time to 10% crystallisation t10 at the surface plotted
against (a) the total number of nuclei Ntot and (b) the initial stretch
Λ0 for isothermal conditions T = 40oC, and print speeds UN =
20 and 30 mm/s. The two points for each speed represent surface
positions a, b. The lines show the effect that changing T and η in
Eq. (45) has on the analytic solution (40).
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Figure E.6: Total number of nuclei created Ntot plotted against
initial stretch Λ0 for isothermal (T = 40oC, η = 104) and non-
isothermal conditions (T ≡ T (t), η = 109) described in the text,
compared to Eq. (45).

for each speed corresponding to surface positions a and b.
We set η to 104 to limit the total number of nuclei created
so that t10 ∼ 30 s, similar to non-isothermal conditions.

In this case the saturation effect seen in the equiv-
alent non-isothermal Fig. 16(b) is absent in the range
1 < Λ0 < 3, but can be achieved by pushing the kinetics
to the large Ntot regime, as shown in Fig. E.5(b); that
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is, by increasing the tuning parameter η in Eq. (45), t10
also becomes relatively constant with increasing Λ0 in the
range 1.1 < Λ0 < 3.

Finally, Fig. E.6 shows the analytical solution predict-
ing how the total number of nuclei Ntot depend on stretch
(Eq. 45) for both the isothermal case (with η = 104) and
the non-isothermal case (with η = 109).
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