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We propose an adiabatic protocol for implementing a controlled-phase gate CZy with continuous 6 of neutral
atoms through a symmetrical two-photon excitation process via the second resonance line, 6P in 8"Rb, with a
single-temporal-modulation-coupling of the ground state and intermediate state. Relying on different adiabatic
paths, the phase factor 6 of CZy gate can be accumulated on the logic qubit state |11) alone by calibrating
the shape of the temporal pulse where strict zero amplitudes at the start and end of the pulse are not needed.
For a wide range of 6, we can obtain the fidelity of CZy gate over 99.7% in less than 1 us, in the presence of
spontaneous emission from intermediate and Rydberg states. And in particular for § = 7, we benchmark the
performance of the CZ gate by taking into account various experimental imperfections, such as Doppler shifts,
fluctuation of Rydberg-Rydberg interaction strength, inhomogeneous Rabi frequency, and noise of driving fields,
etc, and show that the predicted fidelity is able to maintain at about 98.4% after correcting the measurement
error. This gate protocol provides a robustness against the fluctuation of pulse amplitude and a flexible way for
adjusting the entangling phase, which may contribute to the experimental implementation of near-term quantum

computation and quantum algorithm with neutral-atom systems.

I. INTRODUCTION

The neutral atoms are promising candidates for quantum
computing due to their long coherence time in the electronic
ground-state and remarkable features in highly excited Ryd-
berg atoms, e.g. strong and long-range interactions, long life-
time, and giant polarizability [1, 2]. According to the fre-
quency range of the external driving field, the resulting long-
range resonant (Forster) and off-resonant dipolar (van der
Waals) interactions can give rise to Rydberg blockade effect
[3-7], Rydberg facilitation (or antiblockade) dynamics [8—
11], and Rydberg dressing mechanism [12—16], which con-
stitute the basic principle for performing most quantum com-
puting and quantum simulation tasks in neutral-atom system
[17-57]. Nevertheless, it should be worth emphasizing that
although the above three features have their own advantages
for the realization of neutral atomic logic gates in principle,
the presence of Rydberg blockade makes it stand out in exper-
imental implementation since the fidelity of such schemes is
independent of the large first-order blockade shift [S8—71].

The ideas of using strong Rydberg dipole-blockade inter-
actions for implementing two-qubit quantum gates based on
individual Rydberg atoms and mesoscopic atomic ensembles
were proposed by Jaksch et al. and Lukin ef al. [17, 18],
respectively, where the 7m-27-m pulse sequence designed by
them has become a conventional mean for the subsequent ex-
perimental study in neutral-atom systems [59-64]. Recently,
Levine et al. improved the traditional gate protocol by se-
lecting a specific detuning parameter of laser light, and the
two-qubit controlled-phase gate is carried out in a faster way
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after two global pulses [66, 72]. In addition, compared with
the constant-amplitude pulses, the temporal modulation of the
laser field is more helpful to avoid unwanted transitions of
quantum states and then suppresses the population leakage er-
ror [54, 67,71, 73-75]. Very recently in experiment, Fu et al.
have achieved the CZ gate with fidelity 7 = 0.980(7) after
correcting the state preparation and measurement errors us-
ing the single-modulated-pulse off-resonant modulated driv-
ing [70].

In fact, as a well-known time-dependent pulse modulation
technology, the adiabatic techniques [76], such as stimulated
Raman adiabatic passage (STIRAP) and adiabatic rapid pas-
sage (ARP), have long been widely applied to neutral-atom
system within the Rydberg blockade region to improve the ro-
bustness against the fluctuation of parameters and reduce the
requirement of the strong Rydberg interactions [73, 77-88].
The types of phase accumulated during adiabatic evolution
can be roughly divided into geometric phases [77, 81, 84] and
dynamic phases [79, 86]. The early scheme put forward by
Mgller et al. [77] successfully acquired a geometric phase
by applying two STIRAP pulse in sequence under Rydberg
blockade, and then Bhaktavatsala et al. modified the scheme
into an intermediate Rydberg interaction regime with two STI-
RAP pulses applied simultaneously [81]. However, the ge-
ometric phase strongly relying on relative phase modulation
usually takes longer evolution time than dynamic evolution.
To solve this problem, Saffman et al. designed a “STIRAP-
inspired” CZ gate with a dynamically accumulated phase via
globally optimized pulses shape. This gate can reach a high fi-
delity 7 = 0.997 within 1 ps for cesium atoms in the absence
of errors arising from laser noises [86, 89]. Nevertheless, as
the author pointed out in the article, their scheme has higher
sensitivity to intensity variation compared with the standard
protocol with constant-amplitude pulses.

It is worth noting that compared with the standard CZ gate,
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FIG. 1. (a) Experimental geometry. Two single atoms are trapped in two tweezers separated by about 5.5 pm with tweezer beam and Rydberg
excitation beams propagating along quantized z-axis. (b) Relevant levels of 3’Rb. The 55 /2 hyperfine clock states |0) = |F' = 1,mr = 0),
|1) = |F = 2,mp = 0) are chosen as two ground states. To excite the Rydberg state we use a two-photon scheme with wavelengths of
420 nm and 1011 nm. (c) Equivalent energy-level configuration of neutral atom qubit. Level |d) is an uncoupled state representing the leakage
levels outside qubit basis {|0), |1)}. (d) The effective system dynamics initial from state |11), where U, is the vdW interaction between

Rydberg states.

a parameterized controlled-phase (CZy) gate with flexible an-
gle adjustment plays an important role in implementing quan-
tum algorithms. Especially for applying the quantum approxi-
mate optimization algorithm (QAOA) to solve the exact-cover
problem that can be mapped onto finding the ground state of
an Ising Hamiltonian, the application of CZy4 gate will greatly
simplify the synthesis of quantum circuits and improve the
success probability and performance as the number of QAOA
layers increase [90-92]. Therefore, we here propose an im-
proved adiabatic scheme to realize a continuous controlled-
phase gate set in neutral-atom system. By symmetrically driv-
ing qubit atoms with a single-modulated pulse of blue detuned
to the transition between ground state and the intermediate
state, and a constant-amplitude pulse that is red detuned to the
transition between the intermediate state and the excited Ryd-
berg state, we can acquire an arbitrary dynamical phase factor
of 6 € [0.087, ] accumulated on logic qubit state |11) alone
within the Rydberg blockade regime by simply modulating
the shape of the temporal pulse. The prominent advantages
of our scheme are threefold: (i) The temporal pulse can be
adopted as a Gaussian pulse or any other pulses with no need
of a strict zero amplitude at the start and the end, but small
enough to ensure that the adiabatic condition is established.
(ii) For a wide range of 6, we can still obtain the CZ, gate
fidelity over 99.7% in less than 1 us, even considering sponta-
neous dissipation at room temperature. (iii) As a specific case
of § = m, we assess the performance of the CZ gate by con-
sidering the technical imperfections in experiment, and find
the predicted fidelity is able to maintain at about 98.4% for a
realistic situation after correcting the detection errors, which
may be helpful to the experimental implementation of quan-
tum computation and quantum simulation in the neutral-atoms
system.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the basic principle of the scheme and an-
alytically show how the fast and high-fidelity parameterized

controlled-phase gate is adiabatically constructed. In Sec. III,
we take the CZ gate as an example and discuss in detail the ex-
perimental feasibility and the gate errors introduced by tech-
nical imperfections, e.g. the Doppler shifts, the fluctuation of
Rydberg-Rydberg interaction strengths, the inhomogeneous
Rabi frequency, the fluctuation and noise of external fields,
and the detection errors, and make a comparison with previ-
ous works in the literature. In Sec. IV, we give two examples
of realizing the controlled-phase gate with non-Gaussian tem-
poral pulses. In Sec. V, we briefly discuss the application of
the proposed scheme to cesium atoms, and obtain that the fi-
delity of the CZ gate can be achieved 99.81% by fully taking
into account the spontaneous emission from intermediate and
Rydberg states. Finally, we make a conclusion.

II. PARAMETERIZED CONTROLLED-PHASE GATE

The parameterized controlled-phase gate (CZy) is a two-
qubit gate belonging to controlled unitary operations. it can
pick up a phase 6 on the target state |1) if and only if the
control qubit is in state |1) [93, 94]. In the computational
basis {]00), |01}, |10),|11)}, it can be defined as the unitary
transformation
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The physical system considered to realize this operation is
a pair of 3’Rb atoms trapped in two tweezers with separa-
tion r shorter than the blocking radius, as shown in Fig. 1(a).
The relevant levels are displayed in Fig. 1(b). The logic qubit
is encoded on [0) = |F = 1,mp = 0) and |1) = |F =
2,mp = 0) of 55;/, hyperfine clock states with splitting
2m x 6.83 GHz, and the Rydberg state |r) = [1005; /2, m; =



1/2) is used to mediate the interaction between atoms. To co-
herently drive atoms from ground states to the Rydberg states,
we apply two-photon excitation lasers, a o polarized 420 nm
laser and a o_ polarized 1011 nm laser, via the second reso-
nance line [p) = [6ps/2, F' = 3,mp = 1) [62, 69] because
it possesses a longer lifetime and mitigates the power require-
ments for the same Rabi frequency compared with the first
resonance line in 5 P state. The simplified configuration of the
atomic level is shown in Fig. 1(c), where we have introduced
an uncoupled state |d) to denote the leakage level outside |0)
and |1) for simplicity. Thus, the master equation of the system
in Lindblad form reads

d
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picture the spontaneous emission from intermediate state
Ip) and Rydberg state |r), respectively with jump opera-

tor LJT(ZP) V/0jr(ip) Yr(p) 17 (7) )l and bjy. (i)
branching ratio to the lower level | j( )) At room temperature
(300 K), the lifetime of state |p) and |r) are 7, = 1/, =
0.118 ps and 7, = 1/, = 353 us, while the branching ratios
are bo1), = 1/8, bap = 3/4, di(o), = 1/16, dgr = 3/8,
and d,, = 1/2. The term U, characterizes the vdW interac-
tion of —Cg /7Y, and the second-order non-degenerate pertur-
bation theory gives that the dispersion coefficient Cg is about
—56.171 THz-pum° for Rydberg state [100S; /o) [95]. The rea-
son why we choose ns state instead of nd state is that the
interaction strength of ns is relatively isotropic, which is par-
ticularly important to maintain our system within the Rydberg
blockade regime when considering the random thermal mo-
tion of atoms.

denotes the

Now we discuss in detail the dynamic evolution of four in-
put states for the truth table of a two-qubit CZy gate, respec-
tively. Since the ground state |0) is decoupled to the external
driving fields, the input state |00) do not participate in the dy-
namics. The evolution form of the input two-atom states |01)
and |10) are essentially the same as that of a single-atom state
|1), consequently in what follows we only consider the asym-
metric state |01) for the sake of convenience, and the Hamil-

tonian associated with it reads
Ql( )

1 = 0 j0p) 011+ 2107} (0p] + H.c. ~ Alop) (0p),

(6)
which has a dark instantaneous eigenstate |p(t)) =
cos?|01) — sind|0r) with the mixing angle
Y=arctan[—Q4 (t)/Q2]. By properly modulating the shape
of Q;(t) with time so that the amplitude of its initial time
and final time are close to zero and satisfying the adiabatic
approximation condition simultaneously,
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we can perform the cyclic evolution of state |01) without ac-
cumulating any geometric phase or dynamic phase.

For the case where the input state is |11), the analysis is
somewhat complicated. In Fig. 1(d), we give the transition
path of relevant six symmetric states, where the population of
state |rr) is suppressed due to the Rydberg blockade and the
states (|pr) + |rp))/+/2 and |pp) are less populated for large
detuning 2A > {Q;(t)/2,Q2/2}. Therefore, we can safely
neglect these processes and the effective Hamiltonian can be
written as
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where |A) = (|1p) + [p1})/vZ and |B) = (|1r) + [r1))/v/2

Compared with the coherent trapping type Hamiltonian of
Eq. (6), there is a time-dependent shift ;(¢)%/4A of state
|B). Although this energy shift is very small within the pa-
rameter range we set, its existence will significantly modify
the dynamics of the system, making the evolution completely
different from the traditional coherent trapping dynamics. The
eigenvalues of H(fflfl) are the roots of the secular equation
which appears as a cubic characteristic equation

E3+aF?+bE+c¢=0 )

with a = A — Qq(¢)?/4A, b = —(3Q1(t)? + Q3)/4 and
c = Qf/8A. The solutions to this cubic equation are
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The corresponding eigenvectors can be constructed as
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FIG. 2. (a) The relation between § = 04T E§*(t)dt and T un-
der the parameters Qo /27 = 160 MHz, Q2/27 = 200 MHz and
A/2m = 1000 MHz, where [/ Eo(t)dt = m at T & 0.157 ps. (b)
The variation in adiabatic conditions of the system under the same
parameters with 7" = 0.157 us.
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and it is not possible to find one expression for ¢ that is valid
for all values of the parameters [96, 97]. Fortunately, this un-
certainty does not affect our numerical simulation results be-
low. Att = 0, E}(0) — 0 and |E}(0)) ~ cos©O|11) —
sin ©|B) ~ |11) because of © ~ arctan[—+/20;(0)/Qy] ~
0. Therefore under the adiabatic evolution condition of this
case

2 (16)

® = arctan{—

(S (1B (1)
BU - | < an

the state |11) evolves along the eigenstate |EjL(¢)) from be-
ginning to end as
[W(1)) = e~ Jo B 1 1)), (18)

from which a dynamical phase — fOT" E{(#")dt' is acquired
after state |11) undergoing a cyclic evolution over the gate
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operation time Ty;. Remarkably, there are many options for
time-dependent calibrated pulses that meet the condition of
our scheme. For the convenience of experimental implemen-
tation, we here take the time-dependent Rabi frequency 21 (¢)
as a Gaussian pulse in the form of

(t—27)2

Ql(t) = Qoe_ T2 5 (19)

where {2y and T are the maximum amplitude and width of
the Gaussian pulse, respectively. On the basis of which, the
evolution time of the system should be set as T,, = 47" since
the pulse €24 (¢) peaks at ¢t = 27T In order to realize the two-
qubit controlled arbitrary-phase CZy gate, we need

4T
/ B (tdt' =0, (20)
0

where the phase factor € can be adjusted arbitrarily in the
range of 0 to m. From the above analyses, we know that
only |11) will accumulate an effective dynamic phase through
the non-zero eigenenergy. Thus, to determine the adjustable
evolution time 47, we have to get an integral expression of
Eq. (20). However, due to the complicated form of E}!(t),
the analytic form of the integral is difficult to calculate, so we
instead resort to the numerical integration method by scanning
the results with different 7" and try to find the point where the
integral is 6, as shown in Fig. 2(a).

Taking 6 = 7 as an example, starting from initial state
|¥(0)) = (]00) + |01) + |10) + |11))/2, the fidelity F of
the standard CZ gate is defined by the population of the tar-
get state |U;) = (]00) + |01) + |10) — |11))/2. It should
be noted that the definition of gate fidelity used here is es-
sentially the same as the definition of Bell-state fidelity used
in the previous literature [66, 86]. To achieve the Rydberg
strong blockade, we choose U,.,./2m = 2 GHz corresponding
to an interatomic spacing  ~ 5.5 pm. Moreover, by fixing
the parameters Q3 /27 = 200 MHz and A /27 = 1000 MHz,
the relationship among the fidelity of the CZ gate, the evolu-
tion time 47, and the parameter () is shown in Table. I gov-
erned by Eq. (2). Theoretically speaking, for a smaller €2, F;
can reach over 0.9999 without considering the spontaneous
emissions. However, this condition results in a long evolution
time that may deepen the influences of spontaneous emissions
and dephasing for a realistic situation. For the above reasons,
unless otherwise specified, we select /27 = 160 MHz in
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FIG. 3. The realization of the CZ gate governed by the master equation (2). (a) The time dependence of Rabi frequency of application, where
Q1(t), Q7P (¢) and Q" (¢) correspond to standard Gaussian pulse, experimental Gaussian pulse and corrected Gaussian pulse, respectively. (b)
The fidelity of the CZ gate corresponding to the above three pulses. (c) Populations of states |11), [pp), (|17) + |r1))/v/2, (|1p) + |p1))/V/2,
(|pr) + |rp))/V/2, |rr) for the initial state |11) with Q1 (t). (d) Populations of the |01), |Op) and |Or) states for initial state |01) with Q1 (¢).
The parameters are taken as /27 = 160 MHz, Q2 /27 = 200 MHz, A /27 = 1000 MHz, U, /2r = 2 GHz, T' = 0.157 ps, 7 = 353 us

and 7, = 0.118 ps.

TABLE 1. The relationship among the fidelity of the CZ gate, the
evolution time 47, and the maximal pulse amplitude 2. The other
parameters are taken as Q2 /27 = 200 MHz, A /27 = 1000 MHz,
U /2w = 2 GHz.

Qo /27 (MHz) 80 100 120 140 160
AT (ps) 5994 27956 1.5352 0.9428 0.628
Fi(y=0) 0.9999  0.9999 0.9997 0.9993  0.9990
Fi(vy #0) 0.9982 09984 0.9984 0.9980 0.9978

the following analysis to implement a relatively fast and high-
fidelity logic gate. According to the relevant levels of 87Rb,
the |1) <+ |p) transition is driven by a 420 nm beam with typi-
cal beam power Py = 78.5 uW and waist of wy, o = 4.2 um
which gives a Rabi frequency /27 = 160 MHz. By tuning
the 1011 nm beam with typical beam power P> = 290.5 mW
and waist of w, |, » = 3.9 um, the Rabi frequency of 2y /27 =
200 MHz can be realized to coupe the transition of |p) <> |r).
As shown in Fig. 2(a), after scanning the numerical integra-
tion results, we have T' = 0.157 ps under such parameters,
and Fig. 2(b) shows the variation in adiabatic conditions of
the system given by Eqgs. (7) and (17) versus time. In the evo-
lution process, these values are always far less than 1, which
ensures a nearly perfect coherent population transfer process.

In Fig. 3(a) and 3(b), we first discuss the system dynam-
ics driven by the Gaussian pulse 1 (¢). Under the domina-
tion of the master equation Eq. (2), we can obtain the CZ
gate with a fidelity of 0.9978 (dashed line) within 1 us oper-
ation time. Since the Gaussian function may introduce an ex-
tra disadvantage due to the non-vanishing tail, we then make
a correction on the standard pulse by employing Q5°"(¢) =
Qolet=2D*/T* _ 4] /(1 — a), where T = 0.1585 us and
a is set to give an exact zero amplitude at the start and the
end of the Gaussian pulse, and the corresponding gate fidelity

is 0.9979 (dotted line), which means the error caused by the
non-vanishing tail of the Gaussian pulse has little effects on
the fidelity of our scheme. In fact, the temporal pulse can be
adopted with no need for a strict zero amplitude at the start
and the end, but small enough to ensure that the adiabatic
condition is established. To be more realistic, we also numer-
ically simulated the system dynamics under the experimen-
tally available pulse Q7" (¢) composed of about 31 cylindri-
cal pulses with a duration 0.02 us and amplitudes €24 (0.02n)
(n = 0,1...,30). In this case, the gate fidelity can still reach
0.9977 (solid line). Therefore, the above results show that the
Gaussian pulse form is consistent with experimental and the-
oretical predictions. Figs. 3(c) and 3(d) depict the dynamics
of each input state with Q4 (¢) in detail, and confirm that in the
process of realizing the CZ gate, the symmetric states |rr),

(|pr) + |rp))/v/2, and |pp) are well suppressed.

For a controlled arbitrary-phase gate, we still use the pop-
ulation of the target state |¥}) = (]00) + |01) + [10) +
e~"|11))/2 starting from |¥(0)) as the definition of the gate
fidelity. It is noteworthy that there is no necessary to dis-
cuss the situation for an extremely small phase 6, since the
CZy gate gets very closed to the unit operator in this case, i.e.
ITe[U, Ucz,]|2/16= 1 — 362 /16 + O[#*]. Considering the er-
ror of experimental operation and atomic spontaneous emis-
sion, it is better to “realize” a small-angle controlled-phase
gate without any operation. When the wanted phase exceeds
0.08, the quantity |Tr[U; Ucz,]|?/16 drops below 0.99, and
this is the scope of the beginning of the phase we are interested
in discussing. In Fig. 4, we take into account the trade-off be-
tween the Rabi frequency and the pulse duration, and plot the
fidelities of different CZy gates under multiple sets of param-
eters. The inset of Fig. 4 retains the selectable pulse and the
corresponding operation time for different phases. In Table. II,
we also list the optimal parameters of the Gaussian pulse cor-
responding to 6 € [0.087, 7| for reference, and a high-fidelity
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FIG. 4. The fidelity of CZy gate with different parameters 29. The
inset shows the corresponding evolution time under above situation
corresponding to the selectable pulses. The other parameters are
Q2 /27 = 200 MHz, A /27 = 1000 MHz, and U, /27 = 2 GHz.

TABLE II. A reference for the parameter choices for CZy gate with
fidelity over 0.997 and the evolution time less than 1 ps. The other
parameters are taken as Q2 /27 = 200 MHz, A /27 = 1000 MHz,

and Uy /2 = 2 GHz.

0 (rad) Qo /27 (MHz) T(0) (us)
0.087 — 0.167 80 T =0/2.0965
0.1m — 0.347 100 T =0/4.5064
0.227 — 0.647 120 T=0/82

0.34m — m 140 T =0/13.337
0.647 — 7 160 T = 60/20.029

continuous controlled-phase gate set with operation time less
than 1 s can be obtained under these parameters.

III. DISCUSSION OF THE EXPERIMENTAL
FEASIBILITY AND TECHNICAL IMPERFECTIONS

In experiments, the magneto-optical trap (MOT) technol-
ogy based on the Doppler cooling mechanism is the most
commonly used laser cooling and trapping method, it provides
a platform for many fundamental research and applications
using cold atomic systems [98, 99]. However, since MOT
cannot store the quantum state for a long time, it is necessary
to introduce additional capture methods without affecting the
control of quantum states. Another more important reason is
that the atomic cooling and trapping scales of MOT vary from
several hundred microns to several millimeters, which is much
larger than the Rydberg blocking radius. Therefore, in the ex-
periment, neutral atom are loaded into the far-off-resonance
optical traps (FORTSs) [58, 62] or optical tweezers [100-102]
via MOT to achieve further capture. The trapping potential of

a far-off-resonant optical tweezer with linearly polarized light
can be described by [103, 104]

T, 2 1
2&}8 Ag/g A1/2

where wp and I are the frequency and decay rate of 557 /5 —
5P3 5 transition and Az /o1 /2) is the laser detuning from the
5P3/5(1/2)- The trap depth can be calculated with the presence
of peak trapping intensity I(0) = 2P/ muj%, where Py and wy
are respectively the power and the waist of the tweezer beam.
By applying polarization-gradient cooling and adiabatic, the
experimental apparatus in Ref. [70] can cool the atomic tem-
perature to 5.2 pK in a 50 uK (Ug/kp) trap. In order to
make our scheme consistent with the data provided by this
trap, the parameters of the laser beams are set as wavelength
Ay = 830 nm, the typical beam power Py = 174 uW, and the
waist (1/€? intensity radius) wy = 1.2 um.

As studied in Refs. [62, 64, 105, 106], we conduct numeri-
cal analysis on the technical imperfections of realizing the CZ
gate from four aspects: (i) Doppler shift and fluctuation of
Rydberg-Rydberg interaction strengths, (ii) inhomogeneous
Rabi frequency, (iii) fluctuation and noise of external fields,
and (vi) finite detection errors. The detailed analyses are listed
below in subsections. To be more credible, all results are aver-
aged over 100 realizations referring to the fluctuations of the
above parameters.

Ur(r) = )I(r), 1)

A. Doppler shifts and fluctuations of the Rydberg-Rydberg
interaction strength

Due to the limitation of the existing cooling mechanism, the
temperature of the atom cannot reach absolute zero. There-
fore, the atom has a certain speed leading to the Doppler ef-
fect, and the laser frequency detuning felt by the atom will
be shifted from the desired A. Moreover, atoms affected by
non-zero temperature will cause vibrations near the ideal po-
sition. Combining these two reasons, the actual distance ()
between the pair of atoms varies with time, resulting in fluctu-
ations in the Rydberg-Rydberg interaction. The ideal position
of the control and target atoms are denoted as R, = (0,0, 0)
and R; = (r,0,0), respectively. The Hamiltonian includes
atomic motion and fluctuation of vdW interaction is

>0
_ 2
1=c,t
+H.c. — Alp); (p| + Uprr[1(2)]|rr) (rr],
where R;(7) = R; + 6R; + v;t and [(¢) = |R.(t) — R (t)].
The randomly generated three-dimensional position JR; and
velocity vector v; obey the Maxwell-Boltzmann distribution
[107]. The time-averaged variances of atomic position and
momentum are shown as [58]

. Q 3
A pikiRi(t) )i (1] + %ezk2~Ri(t)|T>i<p|

(22)

2 2, .4
2\ _ z_ﬁTa Q_Wwaa
Ty
(vz) = (o) = (v2) = ==, (24)
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FIG. 5. (a) The system dynamics considering the Doppler effect and
the fluctuation of vdW interaction at the finite temperature 7, =
5.2 uK governed by the master equation (2) with Hamiltonian (25).
(b) The gate fidelity at different temperature 7. (c) The average
evolution results with initial separation » = 5.5 pum (solid line) and
r = 4.5 pm (dashed line), respectively. Note that the light blue
region show the results of a hundred stochastic simulations and the
solid line in dark blue corresponds to the average results. The param-
eters are taken as same as Fig. 3.

where T, is the measured temperature of the trapped atoms.
In our setup [Fig. 1(a)], the two excitation lasers with vectors
k; and k, are counter-propagating along z-axis. The Hamil-
tonian can be rewritten as

@) iz D _zz,
Hy= 3 g ¢ A p) (1] + 5 € EO ) (pl

i=c,t

+H.c. = Alp)i(pl + U, [I(®)][rr) (rr], (25)

where Z; = z; + dz; + v,;t. The corresponding wave vectors
are k% /21 ~ 2.381 x 10°/m and k3 /27 ~ 0.989 x 10°/m.
The vdW interaction becomes U,..[l(t)]/2r = —Cg/1(t)°.
Assuming the position distribution and velocity vector of two
atoms are both Gaussian with variance of

o2 =kp(x®), o) =kg(y®), o =kp(z%), (26)

z

oo, = kp(v2), o5 =kp(vy), oo =kp(v?), (27)

Vg v [

with kp the Boltzmann constant. The random number subject
to Gaussian distribution can be generated with two uniformly
distributed random numbers £ in the interval [0, 1], denoted as
oiv/—21In&; cos2m&s).

Fig. 5(a) portrays the fidelity of CZ gate governed by the
master equation with Hamiltonian (25) under 7, = 5.2 uK.

The light blue parts represent the results of a hundred times
stochastic simulations and the solid line in dark blue corre-
sponds to the average result. The average gate error is about
0.00118. Fig. 5(b) shows the fidelity of present gate proto-
col versus atomic temperatures 7, indicating that lower cool-
ing temperatures facilitate the generation of gates. The reason
is that U, is related to the atomic separation [(¢). With the
increase of 7T,, the range of atomic motion expands, which
cannot guarantee the strong Rydberg blockade and lead to a
greater error. According to our setup, the gate fidelity can
hold above 0.98 with T,, < 20 K. In Fig. 5(c), we analyze the
evolution results of T, = 5.2 K on average at r = 5.5 um
and r = 4.5 pum, respectively, illustrating that the error can
be further reduced by reducing the initial distance between
atoms. In addition, under the influence of atomic temperature,
the vibration of atoms in the direction of tweezers beam is
more intense. Therefore, we arrange atoms perpendicular to
the tweezers beam to reduce the effect of atomic vibration.

B. Inhomogeneous Rabi frequency

In the above section, we have discussed the influence of
Doppler shifts and fluctuations of the vdW interaction caused
by atomic vibrations at finite temperature. But subject to the
beam waists of lasers, the vibration will also make the atoms
deviate from the laser center, resulting in changes in the ac-
tual optical intensity felt by the atoms. The reduction of the
Rabi frequency has been found when atoms are prepared at
a distance from the addressed site. In Ref. [108], the spatial
dependence of Rabi frequency has been numerically studied,
from which we have the position-dependent Rabi frequencies
[62]

22 2

67[w570(1+z2/L210)+w§71(1+y22/145y0)

(14 22/L3,0) (1 + 22/ LG oI
(28)

]

Q1(t, Ry) = Q4(¢,0)

o+ g
w§=2(1+22/L§’2) w5,2(1+z2/L§,2)

—r(29)

[(1+22/L3 5)(1 + 22/ L7 ,)]

Q2(Ry) = Q2(0)

where 0 (¢,0) and ©22(0) are the Rabi frequencies at trap cen-
ter, Loy, = nw? /\; is the Rayleigh length. The trap po-

z|y,i
sition of atom 7 is f{i = f{i + 0R;, where f{i is the ideal
position denoting the laser alignment. Because two atoms
are driven independently, the definition of R; equals (0,0, 0)
independent of the relative position of atoms. After 100 re-
peated numerical simulations, it is found that when the atomic
temperature T, = 5.2 uK, the influence of Rabi frequency in-

homogeneity on the system dynamics is only 0.00044

C. Fluctuation and noise of external fields

Usually, multiple fields need to be applied in the experi-
ments of neutral-atom systems, such as the laser field used to
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drive the atom and the magnetic field used to lift the degen-
eracy of the Zeeman sublevels. The gate errors introduced by
the fluctuation and noise of these external fields will be dis-
cussed in this section.

(i) The fluctuation of the Rabi frequency. The intensity
fluctuation of laser fields will introduce a fluctuation €2;
on the driving Rabi frequency, which is assumed to follow
the normal distribution functions with the standard deviations
0q, ~ 0.05Q;. Then the system Hamiltonian reads

Ho= 37 SI90(0) +00u]lp)iC1] + (9 + )l

i=c,t

+H.c. — Alp)i(p| + Upr|r7r) (rr]. (30)

As shown in Table. III, the fluctuation of Rabi frequency has
little effect on the system, and the average result after 100 re-
peated numerical simulations has even a negative relative er-
ror, possibly because it may compensate for the errors caused
by insufficient accuracy on 1" of the temporal pulse or the in-
sufficiently adiabatic, etc.

(i) The phase noise of laser fields. The laser phase noise
can be written as ;(t) = Q;exp(ip;(t)), where ;(t)
presents as a random process related to the power spectral den-
sity S, (f) with phase-modulated Fourier frequency f. Be-
cause S,(f) depends on the test results of specific experi-
ments, the laser phase noise is difficult to quantify directly
[106, 109]. Fortunately, the average result of the laser phase
noise will lead to dephasing of Rabi oscillations [105], and it
can be described as

R S A

where the Lindblad operators L£y1=1/v5,/2(|p){p| — [1)(1])

and Lyp=y/73,/2(Ir)(r| —
between |p) and |1), and between |r) and |p) caused by the
phase noise of 2 () and 2., respectively. Figure 6(a) depicts
the relationship between the gate fidelity and two dephasing

rates of 7;1(72) /27 € [0,0.1] MHz, from which we can see that
the dephasing between |r) and |p) is more influential.

|p){p|) describing the dephasing
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FIG. 7. The sensitivity of the fidelity for the CZ gate to variation in
optical intensity and detuning under different protocols. (a) and (b)
correspond to the scheme with parameters of Fig. 8 in Ref. [86]. (c)
and (d) corresponds to the present scheme with parameters shown in
Fig. 3.

(iii) The fluctuation of the detuning. The fluctuation of ex-
ternal magnetic field may cause a transition shift, giving a
Rydberg two-photon detuning A = (g, m, — g1m1)upB.,
where g, = 2 and gy = 1/2 are Landé factors, while
m, = 1/2 and m; = 0. The fluctuations of the excitation
laser frequencies and the light shift will also destroy the two-
photon resonance process and introduce another detuning A;.
So the system Hamiltonian in this case is shown as

H; = Z 912(75) Ip)i(1| + %|T>i<l?| +He — Alp)i(p)

—*(I1> (1=

where detuning § = Ap + A;. Referring to a variety of ex-
periments, the fluctuation of the detuning follows the normal
distribution with the standard deviation o5 on the order of sev-
eral hundred kHz. Here we choose o5/27 = 500 kHz for
simplicity.

7)i(r]) + Upr|rr)(rr], (32)

D. Detection errors

According to Ref. [105], the detection errors can be divided
into two parts: (i) the “false positive” errors and (ii) the “false
negative” errors. For the “false positive” errors, it refers to
erroneously inferring an atom in the ground state as excited
the |r) state, which can be denoted as ¢ = P(r|1). This con-
tains the motion loss of atoms when we turn off the optical
traps during the CZ gate or due to the background-gas colli-
sions. The measured value of ¢ is typical 0.01 — 0.03. For
the “false negative™ errors, it can be denoted as ¢ = P(1]|r)
which is introduced by the spontaneous emission from |r) to



TABLE III. Fidelity errors of the CZ gate corresponding to the system constructed by 8"Rb atoms trapped in two optical tweezers which show
in Ref. [70] relative to the ideal fidelity 0.9990. The tweezers are generated by the tightly focused 830 nm laser, with beam waist at focal plane
1.2(1) pm with trap depth 50 K and the temperature of single-atom is about 7,, = 5.2 uK. The lower section gives the average results after

a hundred times numerical simulation.

Quantity Relative error budget Fidelity estimate
Spontaneous emission 0.00124
Doppler effects and the fluctuation of Rydberg-Rydberg interaction strengths 0.00118
The inhomogeneous Rabi frequency 0.00044

The fluctuation of Rabi frequency -0.000016

Laser noises (yaqp/2m = 10 kHz) 0.01151

Fluctuation of detuning -0.000006 Fo- =~ 0.98465

Detection errors 0.01 ~ 0.03 Foz >~ 0.97465 ~ 0.95465

|1) before the atom escaping. These errors can be approxi-
mated by € = ytrecape When n > 50, where trecape = 1/Vpi
[58, 106]. 7y is the ionization rate of the Rydberg atom which
is proportional to U and inversely proportional to n® where
n is the principal quantum number. In Ref. [58], it shows
that the ionization rate y,; of the Rydberg atom with n = 50
and Up/kp = 1 mK is about 31000/s. As a rough approx-
imation, we can estimate the ionization rate corresponding to
other principal quantum numbers by scaling this value like

- U F n
= TmK 50
And then the finite error € can be estimated as ¢’ ~ 0.0047
including the effective lifetime of Rydberg state 1005, /2 and
the measured atomic temperature. To numerically measure
the gate fidelity, the state measured at the final time can be
denoted as [t);),, = a[00) + B|01) + ¢[10) 4 ne’®®)|11),
where

‘77|2 = (1—6)2}511—I-(l—E)Elplr‘f'el(]-_e)prl+€/2}5rr7 (34)

Vpi )~3(31000) /s. (33)

IC> = (1 —€)Pig + € Py, (35)

B> = (1 — €)Por + € Poy.. (36)

P;, represents the population of state |jk) numerically. After
numerical simulations, we plot the actual and corrected pop-
ulations of states |11), [10), |01) and |00), respectively. The
initial state is taken as |¥(0)). As shown in Fig. 6(b), the
dotted lines are corresponding to the measured results. With
(e,€") = (0.03,0.0047), the detection error on fidelity is about
0.03 while with (e, €") = (0.01,0.0047) the detection error on
fidelity is about 0.01. However, these errors can be reduced
by improving the detection method, such as applying strong
electric field, increasing the measuring speed and improving
vacuum conditions [64, 106].

In Table. III, we summarizes the gate errors under different
technical imperfections. Among them, dephasing caused by
laser phase noise has the greatest influence. And the fluctu-
ations of laser intensity and detuning have the smallest influ-
ence even increasing the fidelity a little because of the ran-
domness. After correcting the detection errors, the predicted
gate fidelity in the experiment can reach about 0.984 in our
scheme.

E. Comparison with other works in the literature

In this section, we compare the present scheme with other
previouse works in terms of errors cause by the variations
in the detuning and optical intensity, which can be thought
to be the result of all the imperfections of the experiments.
In comparison with the standard protocol that uses constant-
amplitude pulses [17], the application of “STIRAP-inspired”
pulse sequence in Ref. [86] successfully reduces the detuning
sensitivity, but increases the sensitivity to intensity noise by
about twice. In Fig. 7(a), we reexamine the influence of the
intensity noise under the corresponding parameters in figure 8
in the literature by simultaneously considering the fluctuations
of both Rabi frequencies as |$2;(t)|? = |Q;(¢)|*(1 + 61;), and
in Fig. 7(b) we reproduce the influence of the variation on the
two-photon detuning by considering a small error A, while
the intensity noise is set as 61y = §I> = d1.

In contrast, considering the same intensity fluctuation range
such as |Q;(t)]? = | (t)|*(1 + 61;), the combination of the
adiabatic evolution and the single temporal-modulated pulse
in the present scheme weaken the influence of the intensity
noise, which is easy to be checked from Fig. 7(c). Through
the simultaneous study of the variations of two-photon de-
tuning and the light intensity on the fidelity of the scheme in
Fig. 7(d), we find the present scheme is about two times less
sensitivity to the intensity noise but about twice higher sensi-
tivity to detuning compared than the protocol with “STIRAP-
inspired” pulse sequence. In this sense, our gate protocol can
be considered as a compromise between the standard proto-
col [17] and the “STIRAP-inspired” protocol [86].

F. Global addressing

For the convenience of experimental operation, the atoms
in our scheme can also be globally driven by widening the
waists of Rydberg excitation beams relative to the small
interatomic spacing. As shown in Fig. 8(a), the separa-
tion of atoms is changed to 3.6 pum, and the correspond-
ing collective driving can be exploited by two lasers with
waist of 8.3 ym and 7.8 pum [70]. In order to achieve
the laser amplitude required previously {Qg/2m, Qs /27} =
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temperature 7, = 5.2 uK. (c) The system dynamics including the
inhomogeneous Rabi frequency.
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FIG. 9. (a) Experiment geometry. Two single atoms are trapped
in two tweezers separated by about 5.5 ym on z direction with
tweezer beam propagating along x-axis. The global driving beams
with waists wy|,,0 = 4.2 um and wyjy 2 = 3.9 pm are counter-
propagating along quantized z-axis, (b) The system dynamics incor-
porating the Doppler effect and the fluctuation of vdW interaction
at the finite temperature 7, = 5.2 pK. (c) The system dynamics
including the inhomogeneous Rabi frequency.

10

{160,200} MHz, we should reset the laser beams with
power {Py, P2}={0.307 x 1073,1.162} W and waist of
{Wa)y,0) Waly,2} = {8.3,7.8} um. With this updated arrange-
ment of atoms, the error caused by atomic motion, such as
Doppler shifts and the inhomogenous Rabi frequency may
change. Figs. 8(b) and 8(c) respectively measures the influ-
ence of the above two kinds of experimental errors on the gate
fidelity. Note that we have considered the relative position
here and set R, ; = (£r/2,0,0). Compared with the individ-
ual addressing scheme, the influence brought by the inhomo-
geneous Rabi frequency is slightly greater, because the Rabi
frequencies shared with both atoms in the desired position be-
comes weaker.

To avoid the high laser power required for the wider beam
waist, another collective driving scheme as shown in Fig. 9(a)
can also be put to use. By changing the direction of the optical
tweezers and rearranging the atoms along z-axis perpendicu-
lar to the trap direction, the global addressing can be achieved
without increasing the beam waists [110]. Here we have set
R.: = (0,0,%r/2). Comparing Figs. 9(b) with 8(b), we
see the errors caused by Doppler shifts in both collective driv-
ing schemes are quite similar, but the second scheme is rela-
tively sensitive to the inhomogeneous Rabi frequency due to
the larger fluctuation range of the Rabi frequency, as indicated
by Fig 9(c). The widening fluctuation range arises from the
fact that the driving pulses propagate along the z-axis with vi-
bration of atoms in x and y directions, where the x-axis is also
direction of the trap, which means the time average variance
of the atomic position in the x direction is the largest.

IV. OTHER FORMS OF TEMPORAL PULSES

As we mentioned in Sec. II, there are many options for the
time-dependent modulation pulse as long as it meets the adi-
abatic conditions given by Eqgs. (7) and (17). To verify this
point of view, we give two non-Gaussian pulses and measure
the fidelity of the CZ gate. As shown in Figs. 10(a) and 10(c),
the corresponding pulse forms are a super-Gaussian pulse

(@) Du(t)

with parameters /27 = 130 MHz, 22 /27 = 200 MHz and
the total evolution time is t;,; = 4717, and

(c) (t)

= Qo(f(t*QTl)‘L/Tl4 (37)

= 0o F} cos (gft), (38)

where F; = e~ (=T2)°/20° f, — (1 4 ¢=4(=T2)/0)~1 gpq
o = 0.3T,, Qp/2m = 130 MHz, Qs/27 = 200 MHz, and
ttot = 14T2

Figs. 10(b) and 10(d) depict the system dynamics under the
standard pulses shown in figures 10(a) and 10(c) with T7 » =
{0.217,0.6875} us, respectively. The corresponding fidelity
of the CZ gate can reach 0.9980 and 0.9982. Similarly, to
be more realistic, we further measure the system dynamics
under the experimentally available pulses Q**P(¢) constructed
in the same way as the experimental pulse shown in Fig. 3(a),
and obtain the same gate fidelity. Besides, the advantage of
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FIG. 10. (a) and (c) show the time dependence of Rabi frequencies of application, where 1 (¢) and Q7 (¢) correspond to the standard and
experimental ones, respectively. (b) and (d) show the fidelity of the CZ gate corresponds to the above pulses, where the dotted lines correspond
to the standard pulses and the solid lines correspond to the experimentally available pulses. (e)-(h) The fidelity and the total evolution time of

CZy gate with different 2o under the standard pulses shown in figures (a) and (c), respectively.

an adiabatic scheme combined with a single time-dependent
pulse is retained, i.e. a continuous controlled-phase gate set
can be realized by considering the trade-off between the Rabi
frequency and the pulse duration, as shown in Fig. 10(e)-(h).

V. GENERALIZATION AND CONCLUSION

To make a comparison with previous schemes [81, 86], we
further measure the fidelity of the CZ gate with '33Cs atoms.
We choose the 65 /5 hyperfine clock states as ground states
|0) = |F =3,mp =0),|1) = |F = 4,mp = 0) and the Ry-
dberg state |r) = [126S5; /5, m; = 1/2) for concreteness. By
using a two-photon transition with o polarized 459 nm and
7 polarized 1038 nm beams, the coherent Rydberg excitation
between |1) and |r) can be realized where the intermediate
state is chosen as [p) = |7py /2, F' = 3, mp = 1). The lifetime
of state |p) and |r) are 7, = 0.155 us and 7, = 592 ps un-
der the room temperature (300 K). The branching ratios equal
to bO(l)p = 1/16, bdp = 7/8, dl(O)T = 1/32, ddr = 7/16,
dpr =1 /2. In such a structure, we numerically simulated
the gate fidelity under the same parameters with 87Rb, i.e.
{Q0,Q2}/2m = {160,200} MHz. According to the rele-
vant levels of 133Cs, a 459 nm beam with typical beam power
Py = 402 pyW and waist of wg, o = 4 pm can provide
the Rabi frequency Qy/27 = 160 MHz of |1) — |p) tran-
sition. By tuning the 1038 nm beam with typical beam power
P, = 369 mW and waist of w2 = 2 um, we can obtain
Qo /27 = 200 MHz. The gate fidelity can reach F; = 0.9981
with evolution time 7, = 0.628 ps. Compared with the
method provided in Ref. [86], we obtain a higher fidelity with
analytical forms of the laser pulse instead of numerical ones.

In conclusion, we have studied a method for robustly imple-
menting a continuous controlled-phase gate set based on adi-
abatic evolution in the Rydberg blockade regime. The neutral
atoms are resonantly excited to Rydberg levels by a single-
temporal-modulated pulse sequence individually. According
to the different adiabatic paths, an dynamical phase factor of
CZy can be accumulated on logic qubit state |11) alone, which
can be adjusted from 0.087 to 7 by calibrating the shape of the
temporal pulse. In the presence of spontaneous emission from
intermediate and Rydberg states, the fidelity of CZy gate can
reach over 99.7% less than 1 pus. It is worth mentioning that
the selection of time-modulated pulse forms in this scheme is
varied. It can be a Gaussian pulse or any other pulse that sat-
isfy the adiabatic conditions, and no strict zero amplitude is
required at the beginning and end.

Taking the realization of standard CZ gate as an example,
we further evaluate the feasibility of the scheme from the per-
spective of experiment. Using 87Rb to construct the system,
the fidelity of the standard CZ gate can reach 99.78%. Con-
sidering various technical imperfections in the experiment, the
error estimation of CZ gate in 8“Rb atomic system is dis-
cussed. Among them, the most obvious error source is the
dephasing caused by laser phase noise. After correcting the
detection error, the predicted fidelity can be maintained at
about 98.4%. In addition, the global driving method is also
studied, in which the influence of the inhomogeneous Rabi
frequency caused by atomic vibration is more obvious. Com-
pared with previous works in the literature, the present scheme
can be considered as a compromise between the standard pro-
tocol [17] and the “STIRAP-inspired” protocol [86]. In short,
our gated protocol provides a robust and flexible method for
phase adjustment. We hope that this may contribute to the ex-



perimental realization of quantum computation and quantum
algorithm in the near-term neutral-atom system.
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