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ABSTRACT   

Approximate and rigorous methods are widely used to model light scattering from a surface. The boundary element method 
(BEM) is a rigorous model that accounts for polarisation and multiple scattering effects. BEM is suitable to model the 
scattered light from surfaces with complex geometries containing overhangs and re-entrant features. The Beckmann-
Kirchhoff (BK) scattering model, which is an approximate model, can be used to predict the scattering behaviour of slowly-
varying surfaces. Although the approximate BK model cannot be applied to complex surface geometries that give rise to 
multiple scattering effects, it has been used to model the scattered field due to its fast and simple implementation. While 
many of the approximate models are restricted to surface features with relatively small height variations (typically less 
than half the wavelength of the incident light), the BK model can predict light scattering from surfaces with large height 
variations, as long as the surfaces are “locally flat” with small curvatures. Thus far, attempts have been made to determine 
the validity conditions for the BK model. The primary validity condition is that the radius of curvature of any surface 
irregularity should be significantly greater than the wavelength of the light. However, to have the most accurate results for 
the BK model, quantifying the validity conditions is critical. This work aims to quantify the validity conditions of the BK 
model according to different surface specifications, e.g., slope angles and curvatures. For this purpose, the scattered fields 
from various sinusoidal profiles are simulated using the BEM and the BK models and their differences are compared. The 
result shows that the BK model fails when there are high slope angles and large curvatures, and these conditions are 
quantified. 
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1. INTRODUCTION  
When a light beam illuminates an object with surface height variations of the order of or larger than the incident 
wavelength, the object scatters the light in various directions1, 2, while in an optically flat object, specular reflection is 
dominant. For a certain object material and illumination condition (fixed incident angle, wavelength and polarisation), the 
scattering pattern depends on the surface topography of the object, and can be used to reveal topography information 2. In 
conventional three-dimensional (3D) optical surface topography measurement instruments, e.g. coherence scanning 
interferometry (CSI), confocal microscopy and focus variation microscopy, the scattered field propagates through the 
optical instrument to form the raw images. The 3D surface topography is then obtained using an appropriate surface 
reconstruction method, e.g. envelope detection3, frequency domain analysis4 and the correlogram correlation method5 in 
interference microscopy, contrast measurement methods in focus variation microscopy6 and the use of fitting algorithms 
on the axial response in confocal microscopy7. As a result, modelling of light scattering is critical for any optical surface 
measurement system. 

Scattering models can be categorised into two major groups: rigorous and approximate models. In rigorous models, such 
as the finite difference time domain (FDTD) method8, finite element method (FEM)9, rigorous coupled-wave analysis 
(RCWA)10 and boundary element method (BEM)11, numerical techniques are used to solve Maxwell’s equations. Rigorous 
models are complex and can be computationally intensive. However, to predict the scattered light from complex surface 
geometries containing overhangs and re-entrant features, or other types of geometries where multiple scattering occurs, 
only rigorous scattering models can be applied. Thus far, various rigorous models have been adopted for confocal12 and 
interference microscopy13-15. The BEM model solves linear partial differential equations only along the surface boundaries 
and, therefore, is computationally more efficient to model surface scattering compared to other rigorous models. BEM has 
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been used in several applications including rigorous speckle simulation16, modelling of the total electric field induced by 
transcranial magnetic simulation17, development of acoustic holography algorithms for spatial transformation of sound 
fields radiated by irregularly shaped sources18, development of a stable time domain method for the analysis of 
electromagnetic scattering and radiation problems19,  signal modelling in CSI for a vee-groove surface type20 and a range 
of tilted blazed diffraction gratings21, and in on-machine surface defect detection using light scattering and deep learning 
for sawtooth gratings22. 

Approximate scattering models make use of certain approximations to solve Maxwell’s equations. Approximation models 
lead to different limitations in their ranges of validity which make them applicable only on weakly scattering media, 
surfaces with small height variations and/or slowly varying surfaces on the optical scale. Nevertheless, compared to 
rigorous methods, approximate models are straightforward to implement and computationally efficient. Furthermore, they 
provide direct insight into the scattering process and can often deliver an inverse solution to surface determination from 
the scattering data as they consider light scattering as a linear process23. One common approximate model is based on the 
small height approximation which can only be used on near planar surfaces24. The small height approximation relies on 
the assumption that the phase of the field at each point on the surface is directly proportional to the surface heights so that 
the surface can be replaced by a thin phase grating. The validity condition of the small height approximation is expressed 
by the Rayleigh criterion, i.e. h < λ/8 for normal incident illumination, where h is the surface height variation and λ is the 
illumination wavelength2. The small height approximation along with a 2D representation of the propagating light field 
(referred to as the elementary Fourier optics model) has been used to model an interference microscope25. The Rayleigh-
Rice (also known as vector perturbation theory) can relate the surface power spectral density (PSD) of a slightly rough 
surface to the corresponding scattering pattern26. The perturbation approach is valid when the root-mean-square (RMS) of 
the surface height is small compared to the wavelength of the incident light. A widely used approximate model for weakly 
scattering medium is the first-order Born approximation24 in which the total field (incident and scattered fields) can be 
replaced by the incident field. The main validity condition of the Born approximation is that the refractive index of the 
scattering medium should only differ slightly from unity.  

Among the approximate models, the Beckmann-Kirchhoff (BK) solution (also known as the Kirchhoff approximation) is  
commonly applied to reduce the theoretical complexity of a rough surface scattering problem2, 24. The BK model is not 
restricted to small height surface variations and can predict light scattering from rough surfaces (i.e. surfaces with larger 
RMS heights than those used with perturbation methods). The BK model assumes that the local curvatures of the surface 
are small compared to the wavelength of the incident light, i.e., to fulfil the Kirchhoff approximation, the surface has to be 
locally flat. Therefore, the Kirchhoff approximation is appropriate for smooth surfaces without sharp edges.  

The BK model has been used in various surface topography measurement applications including signal modelling27, 28 and 
measurement and correction of the 3D transfer function with CSI29, 3D image formation in focus variation microscopy30, 
modelling the scattered light from rough surfaces31, 32 and characterisation of laser powder bed fusion surfaces33. The 
validity of the BK model for surface scattering has been investigated in terms of the surface correlation length, angle of 
the incidence, RMS of heights, and the ratio of the width of the rectangular corrugations and the separation between 
adjacent corrugations to the incident wavelength2, 34-36. However, currently there are no well-established quantitative 
conditions under which the BK is valid (to the authors’ knowledge).    

In this paper, the scattered field from a range of sinusoidal with different radii of curvature (ROC) and slope angles - using 
a range of different pitch and height values - has been simulated using the 2D BK model and the 2D BEM model. The 
angular distribution of the scattering patterns of each profile obtained by the BK model is compared to those from the BEM 
model using the RMS of the difference of normalised scattered fields (NSFs). Variation of the RMS of the difference of 
the NSFs has been investigated in terms of the change in the minimum ROC and maximum slope angle of the profiles. It 
is shown that the presence of the low ROC (compared to the wavelength of the incident light) and high slope angle (SA) 
within a profile results in multiple scattering and causes the BK model to fail.       

2. RIGOROUS AND APPROXIMATE SCATTERING MODELS 
1.1 2.1 Modelling of the scattered field using the rigorous BEM model 

The rigorous BEM model used in this work is based on the work by Simonsen37, while the theory was developed earlier 
by Maradudin et al.38. The BEM model finds the total field and its normal derivative along the surface by taking advantage 
of the Ewald-Oseen extinction theorem39 and solves the subsequent set of inhomogeneous integral equations through 
conversion to matrix equations by appropriate spatial discretisation of the integrals. This approach provides an exact 



 
 

 
 

 
 

solution and accounts for the multiple scattering and polarisation effects; therefore, this model is promising for arbitrarily 
complex surfaces. The 2D version of the BEM algorithm is restricted to prismatic surfaces that can be fully described in 
the plane of incidence, assuming the surface is infinitely extended along the third dimension, perpendicular to the incidence 
plane. The scattering outside the incidence plane is considered negligible for prismatic surfaces, and this feature means 
that the 2D BEM model is able to simulate the scattered field without significant loss of accuracy. 

According to the integral theorem of Helmholtz and Kirchhoff24, the scattered field sE (r) from any surface can be 
expressed from the values of the total field E(r )  and its normal derivative, E(r ) n    on the surface s 

s
s

E(r ) G(r r )E (r) G(r r ) E(r ) ds,
n n
                                                                      (1)                                                   

where G(r - r )  is the Green’s function of the Helmholtz operator and n   denotes differentiation along the outward 
normal to the surface. In the BEM model, the total field and its normal derivatives at given points on the surface are 
calculated globally, taking into account the contribution of all neighbouring points. As a result, the BEM model is able to 
address multiple scattering effects. Accordingly, the scattering surface is divided into several discrete points, and for each 
point, the Kirchhoff surface integral and the boundary conditions are applied. Values for the field and its normal derivative 
at each point can be obtained by solving the coupled matrix equations37. Eventually, the BEM finds the surface “source” 
fields, from which the far-field scattering at any point can be calculated. 

As an example, the BEM model was applied to a 2D sinusoidal profile with a 15 μm pitch, 1 μm peak-to-valley distance 
(height) and 225 μm length (includes fifteen cycles). The angular distribution of the NSF and its 2D visualisation in the 
incidence plane obtained by the 2D BEM are shown in Figure 1 (a) and (b), respectively. The incident illumination was 
chosen to be a transverse electric field (TE polarisation) with a monochromatic plane-wave (λ = 0.58 μm) normal to the 
surface profile. The far-field scattered field was calculated over 777 observation angles sampled from -88° to 88° to cover 
the widest possible range of the angular distribution. 

 
Figure 1. 2D BEM scattered field from a sinusoidal profile with 15 μm pitch, 1 μm height and 225 μm length (a) angular 
distribution of the NSF (unitless), (b) 2D BEM scattered field in the incidence plane. 



 
 

 
 

 
 

1.2 2.2 Modelling of the scattered field using the approximate BK model 

Consider a monochromatic plane-wave iE ( ) exp(2 i )  ir k .r  propagating with the wave vector ik  illuminating a 
scattering object. The Kirchhoff boundary conditions approximate the total field (E) and its normal derivative at a surface 
point sr  and can be written as2 

iE( ) (1 R)E ( ), s sr r                                                                              (2) 

i
E( ) ˆ2 (1 R)E ( ),

n


  


s
i s

r
k .n r                                                                    (3) 

where n̂ is the normal to the surface at sr , and R is the Fresnel amplitude reflection coefficient (assumed to be constant 
over the range of desired scattering angles).    

Substituting Eqs. (2) and (3), and the free-space Green’s function 0G exp(2 ik ) 4  r r  into the Kirchhoff surface 
integral of Eq. (1), the far-field scattered field can be written as27 

 
2

3
s 0 z s x y

0

1E ( ) k R r Z (r , r ) exp( 2 i )d r,
2k

 
            

i i

K
K + k K + k K.r

K.z
                        (4) 

where s iK = k - k  and sk  is the scattering wave vector (for elastic scattering i 0k 1   sk k ). In Eq. (4), the term 

z s x yR r Z (r , r )     is referred to as the “foil model” of the surface27. Based on the foil model, the object can be replaced 
by a 1D Dirac delta function representing the value of the reflection coefficient at each point on the surface.  

The scattered field over the whole surface is described by a 3D surface transfer function (STF) given by  

 0
0

iG( ) k .
4 k

  
i iK + k K + k                                                                 (5) 

In other words, all possible scattered wave vectors sk  due to the incident wave vector ik  construct a spherical shell 0k
(Ewald sphere) in the K space, which is centred at  ik  and has a radius 0k 40. Using the definition of the STF, Eq. (4) can 
be re-written as 

 
2

s KE ( ) 4 i G( )F ( ),
 
  
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i i

K
K + k K + k K

K.z
                                                           (6) 

where 3
K z s x yF ( ) R r Z (r , r ) exp( 2 i )d r      K K.r  is the Fourier transform of the foil model of the object. Eq. (6) 

shows that in the BK model, the scattering is considered as a linear filter (defined by the STF) applied to the foil model of 
the surface.  

Figure 2 (a) illustrates the 2D foil model of a sinusoidal profile with 15 μm pitch and 1 μm height. In Figure 2(b), the 2D 
STF with a monochromatic plane wave (λ = 0.58 μm) that is normal to the surface profile is shown. The scattered far-field 
was calculated over 777 observation angles sampled from -88° to 88°. The angular distribution of the NSF obtained by the 
2D BK model is shown in Figure 2 (c).  



 
 

 
 

 
 

 
Figure 2. 2D BK scattered field from a sinusoidal profile with 15 μm pitch, 1 μm height and 225 μm length (a) 2D foil 
model of the surface (generated over the same length, with the display window being trimmed for better visualisation), (b) 
2D STF and (c) angular distribution of the NSF (unitless).  

3. METHOD 
In order to find the validity condition of the approximate BK model, experiments involving quantitative comparisons 
between the scattered fields obtained by the BK and the BEM models were designed. A range of sinusoidal profiles with 
various minimum ROCs and maximum SAs were investigated. In each case, the RMS of the differences between the NSF 
obtained by the BK and the BEM models was calculated. Both models compute the scattered far-fields over the same 
angular distribution. The range of angles is determined by the sampling resolution of the profile. To obtain accurate far-
field scattering results, the surface is sampled equidistantly, with the sampling distance set to be smaller than λ/5. The 
range of the angular distribution is fixed between -88° to 88°. As the profile is considered to be continuously repeated in 
the BK model, in order to reasonably compare scattered fields from a sinusoidal profile for the BK and the BEM models, 
the length of the profile is set to include at least ten cycles. The scattered field from the BEM model is determined by 
averaging the magnitude of the obtained scattered fields from both TE and TM polarisations of the incident illumination.   

4. RESULTS AND DISCUSSION 
1.3 4.1 Comparison of the BEM and the BK models for a range of sinusoidal profiles with lengths of ten times 
the pitch values 

Variations of the RMS of the difference of the normalised scattered far-fields obtained by the BEM and the BK models 
from various sinusoidal profiles from Table 1 are shown in Figure 3. As shown in Table 1, a wide range of variations in 
ROC and SA (maximum SA between 2° and 72° and minimum ROC between 1 μm and 507 μm) were considered for 
comparison. Sinusoidal profiles are simulated by defining the height and pitch values as the input parameters. Enlarging 
the height of a sinusoidal profile with a certain pitch results in higher SA and lower ROC values. On the other hand, 
increasing the pitch value for a fixed height results in lower SA and higher ROC within a profile. To meet the comparison 
criteria for the BK model, the length of the profile was equal to ten times the pitch value for each case. The general trend 
in Figure 3 shows that increasing the height and decreasing the pitch values causes the RMS of the differences of the NSFs 
to increase. There is an insignificant increase in the RMS value (less than 0.02) when the pitch value increases. This 
increase occurs for the profiles with lower height values.  

 

 



 
 

 
 

 
 

Table 1. Specifications of the sinusoidal profiles (in terms of pitch and height values) used to compare the far-field scattering 
fields obtained by the rigorous BEM and approximate BK models (via the RMS of the differences of the NSFs). Min ROCs 
are in micrometres.  

       Height/μm 

 

Pitch/μm 

1 5 10 15 20 

20 
Min ROC: 20  

Max SA : 9°  

Min ROC: 4  

Max SA: 38° 

Min ROC: 2 

Max SA: 57° 

Min ROC: 1 

Max SA: 67° 

Min ROC: 1  

Max SA: 72° 

30 
Min ROC: 45  

Max SA: 6° 

Min ROC: 9  

Max. SA: 27° 

Min ROC: 4  

Max SA: 46° 

Min ROC: 3 

Max SA: 57° 

Min ROC: 2  

Max SA: 64° 

40 
Min ROC: 81  

Max SA: 4° 

Min ROC: 16  

Max SA: 21° 

Min ROC: 8  

Max SA: 38° 

Min ROC: 5 

Max SA: 50° 

Min ROC: 4  

Max SA: 57° 

50 
Min ROC: 157  

Max SA: 4° 

Min ROC: 25  

Max SA: 17° 

Min ROC: 13  

Max SA: 32° 

Min ROC: 8 

Max SA: 43° 

Min ROC: 6  

Max SA: 51° 

60 
Min ROC: 182  

Max SA: 3° 

Min ROC: 36 

Max SA: 15° 

Min. ROC: 18 

Max SA: 28° 

Min ROC: 12  

Max SA: 38° 

Min ROC: 9  

Max SA: 46° 

70 
Min ROC: 248  

Max SA: 2° 

Min ROC: 50  

Max SA: 13° 

Min ROC: 25 

Max SA: 24° 

Min ROC: 17  

Max SA: 34° 

Min ROC: 12  

Max SA: 42° 

80 
Min ROC: 324  

Max SA: 2° 

Min ROC: 65  

Max SA: 11° 

Min ROC: 32  

Max SA: 21° 

Min ROC: 22  

Max SA: 30° 

Min ROC: 6  

Max SA: 38° 

90 
Min ROC: 410  

Max SA: 2°  

Min ROC: 82  

Max SA: 10° 

Min ROC: 41  

Max SA: 19°  

Min ROC: 27  

Max SA: 28°  

Min ROC: 20  

Max SA: 35° 

100 
Min ROC: 507  

Max SA: 2°  

Min ROC: 101  

Max SA: 9° 

Min ROC: 51  

Max SA: 17° 

Min ROC: 34  

Max SA: 25° 

Min ROC: 25  

Max SA: 32° 

 

 

 

 

 

 

 

 

 

 

 

 



 
 

 
 

 
 

 
Figure 3. Variations of the RMS of the differences of the NSFs obtained by the BEM and the BK models for the sinusoidal 
profiles of Table 1 versus changes in the pitch and height values of the profiles. The length of the profiles was considered ten 
times the pitch value for each case. 

1.4 4.2 Comparison of the BEM and the BK models for a range of sinusoidal profiles with a fixed length of 
600-μm 

If the length of a profile changes, the angular resolution of the calculated far-field scattering varies. To compare the BK 
and the BEM scattering fields for a set of sinusoidal profiles with a fixed angular resolution, the profiles shown in Table 2 
were analysed. 

Figure 4 illustrates the variations of the RMS of the differences of the NSFs obtained by the BEM and the BK models for 
the sinusoidal profiles from Table 2 against changes in the pitch and height values of the profiles. The length of the profiles 
was 600 μm, so each profile includes at least ten cycles. The far-field scattering was sampled over 2069 observation angles 
from -88° to 88°. The results are in agreement with those obtained in Figure 2.  

Table 2. Specification of the sinusoidal profiles (in terms of pitch and height values) used to compare the far-field scattering 
fields obtained by the rigorous BEM and approximate BK models (via the RMS of the differences of the NSFs). Min ROCs 
are in micrometres. 

       Height/μm 

 

Pitch/μm 

2 4 6 8 10 

20 
Min ROC: 10  

Max SA: 17° 

Min ROC: 5  

Max SA: 32° 

Min ROC: 3  

Max SA: 43° 

Min ROC: 2  

Max SA: 51° 

Min ROC: 2  

Max SA: 57° 

30 
Min ROC: 23  

Max SA: 12° 

Min ROC: 11  

Max SA: 23° 

Min ROC: 8  

Max SA: 32° 

Min ROC: 6  

Max SA: 40° 

Min ROC: 4  

Max SA: 46° 

40 
Min ROC: 40  

Max SA: 9° 

Min ROC: 20  

Max SA: 17° 

Min ROC: 13  

Max SA: 25° 

Min ROC: 10  

Max SA: 32° 

Min ROC: 8 

Max SA: 38° 

50 
Min ROC:  63  

Max SA: 7° 

Min ROC: 32  

Max SA: 14° 

Min ROC: 21  

Max SA: 21° 

Min ROC: 16  

Max SA: 27° 
Min ROC: 13 
Max SA: 32° 

60 Min ROC:  91  Min ROC: 46  Min ROC: 30  Min ROC: 23 Min ROC: 18  



 
 

 
 

 
 

Max SA: 6° Max SA: 12° Max SA: 17° Max SA: 23° Max SA: 28° 

 

 
Figure 4. Variations of the RMS of the differences of the NSFs obtained by the BEM and the BK models for the sinusoidal 
profiles of Table 2 versus changes in the pitch and height values of the profiles. The length of the profiles was 600 μm 
(including at least ten cycles for each case). 

1.5 4.3 Comparison of the BEM and the BK models for a range of sinusoidal profiles with lengths of ten times 
the pitch values 

Figure 5 shows the variations of the RMS of the differences of the NSFs obtained by the BEM and the BK models for the 
sinusoidal profiles shown in Table 3 against changes in the minimum ROC and maximum SA within the profile. The length 
of the profiles was considered to be ten times the pitch value for each case. As shown in Figure 5, increasing the maximum 
SA and decreasing the minimum ROC of the profile causes the RMS of the differences of the NSFs to increase. For the 
profile with a 5 μm minimum ROC (>> λ), increasing the maximum SA moderately changes the RMS of difference up to 
58°. For a profile with a 0.5 μm minimum ROC (≈ λ) increasing the maximum SA (⪆ 38°) results in a significant change 
in the RMS of the difference, indicating that there is a considerable difference between the BK and the BEM scattered 
fields.  

In general, for the approximate BK model to predict the scattered field accurately, it is required that the minimum ROC of 
the profile is significantly greater than the incident wavelength (⪆ 10 λ). Furthermore, even for profiles with a large 
minimum ROC (5 μm), the BK model is in good agreement with the BEM model if the maximum slope angle of the profile 
does not exceed a certain value (⪅ 38°). For SAs approximately higher than 38°, the BK model fails due to the effects of 
multiple scattering.  

Table 3. Specifications of the sinusoidal profiles (in terms of minimum ROC and maximum SA values) used to compare the 
scattering far-fields obtained by the rigorous BEM and approximate BK models (via the RMS of the differences of the NSFs). 
Pitches and heights are in micrometres. 

Min ROC  

                     /μm 

Max SA  

/deg 

0.5 2.5 5 



 
 

 
 

 
 

18 Pitch: 1  
Height: 0.10  

Pitch: 5  
Height: 0.50  

Pitch: 10  
Height: 1  

28 Pitch: 1.6  
Height: 0.27 

Pitch: 8.1  
Height: 1.35  

Pitch: 16.2  
Height: 2.70  

38 Pitch: 2.6  
Height: 0.65  

Pitch: 12  
Height: 3  

Pitch: 24  
Height: 6  

58 Pitch: 5.1  
Height: 2.55  

Pitch: 25  
Height: 12.50  

Pitch: 50  
Height: 25  

72 Pitch: 10  
Height: 10 

Pitch: 50  
Height: 50  

- 

 
Figure 5. Variations of the RMS of the difference of the NSFs obtained by the BEM and the BK models regarding the 
sinusoidal profiles of Table 3 versus changes of the minimum ROC and maximum SA values of the profile. The length of the 
profiles was considered 10 times the pitch value for each case. 

5. CONCLUSIONS 
In this paper, the validity conditions of the approximate BK model were investigated by comparing the far-field scattering 
data obtained by the BK model and a rigorous BEM model. The comparison of the BK and the BEM models was quantified 
by the RMS of the differences of the normalised far-field scattering data. The scattered fields from a range of various 
sinusoidal profiles with different ROCs and SAs (using a range of different pitch and height values) were simulated using 
the approximate BK model and the rigorous BEM model. Variations of the RMS of the differences of the normalised 
scattered fields were investigated in terms of the change in the minimum ROC and maximum SA of the profiles. In order 
to satisfy the main validity condition of the BK model, the minimum ROC of the profile should be significantly large 
compared to the wavelength of the incident light (approximately ten times or larger). It is also shown that the presence of 
SAs approximately higher than 38° within a profile causes the effect of multiple scattering to appear, which in turn results 
in the failure of the BK model. 

In future work, we plan to compare the angular distribution of the scattered fields from a combination of sinusoidal profiles 
obtained by the BEM and the BK models. The combination of sinusoidal profiles with different pitch and height values 
results in generating profiles within a wide range of radii of curvature and slope angles, which enable us to define more 
accurate conditions in which the approximate BK model is valid. 
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