A MIXED DISCONTINUOUS GALERKIN METHOD FOR
INCOMPRESSIBLE MAGNETOHYDRODYNAMICS
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Abstract. We introduce and analyze a discontinuous Galerkin method for the numerical dis-
cretization of a stationary incompressible magnetohydrodynamics model problem. The fluid un-
knowns are discretized with inf-sup stable discontinuous Pg — Pi_1 elements whereas the magnetic
part of the equations is approximated by discontinuous 732 — P41 elements. We carry out a complete

a-priori error analysis and prove that the energy norm error is convergent of order O(hk) in the mesh
size h. We also show that the method is able to correctly capture and resolve the strongest magnetic
singularities in non-convex polyhedral domains. These results are verified in a series of numerical
experiments.
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1. Introduction. Incompressible magnetohydrodynamics (MHD) models the
interaction of viscous, electrically conducting incompressible fluids with electromag-
netic fields. It has a number of technological and industrial applications such as
metallurgical engineering, electromagnetic pumping, stirring of liquid metals, and
measuring flow quantities based on magnetic induction; cf. [15, 20].

The numerical simulation of incompressible MHD problems requires discretiz-
ing a system of partial differential equations that couples the incompressible Navier-
Stokes equations with Maxwell’s equations. Various finite element methods (FEM)
can be found in the literature where the magnetic field is approximated by standard
nodal (i.e., H!-conforming) finite elements, see, e.g., [2, 19, 22, 23] and the references
therein. However, in non-convex polyhedra of engineering interest, the magnetic field
may have regularity below H! and a nodal FEM discretization, albeit stable, can
converge to a magnetic field that misses certain singular solution components induced
by reentrant vertices or edges; see [14]. In the recent work [35], this drawback of nodal
elements was overcome by the use of Nédélec elements for the approximation of the
magnetic field. Thereby, a new variational setting for the formulation of incompress-
ible MHD problems was proposed. This framework is based on a mixed approach
for the discretization of the Maxwell operator and introduces a Lagrange multiplier
related to the divergence constraint of the magnetic field, cf. [26, 32].

Over the last two decades, discontinuous Galerkin (DG) methods have become an
integral part of computational fluid mechanics and computational electromagnetics,
see [11, 12, 13, 17, 25] and the references therein. DG methods are extremely versatile
and flexible; they can deal robustly with partial differential equations of almost any
kind, as well as with equations whose type changes within the computational domain.
Their intrinsic stability properties make them naturally suited for problems where
convection is dominant. Moreover, discontinuous Galerkin methods can easily handle
irregularly refined meshes and variable approximation degrees (hp-adaptivity). The
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DG approximations of magnetic or electric fields can be based on standard polynomial
shape functions, in contrast to curl-conforming or divergence-conforming elements
commonly used in computational electromagnetics. DG methods have already been
successfully applied to both ideal and viscous compressible MHD problems [31, 37].

In this paper, we propose and analyze an interior penalty discontinuous Galerkin
method for a linearized incompressible MHD model problem based on the mixed
formulation introduced in [35]. Our method roots in the DG discretizations that
have been developed recently for incompressible flow problems and Maxwell’s equa-
tions. More specifically, the fluid unknowns are approximated using mixed discon-
tinuous P§ — Pr_1 elements [8, 9, 36] while the magnetic variables are discretized
with the PP — Pyi1 element pair proposed and analyzed in [28, 29], see also [27].
We carry out a complete a-priori error analysis for the proposed DG method, and
show that the energy error in the velocity and the L?-norm error in the pressure are
optimally convergent of order O(h*) in the mesh size h. Moreover, the energy errors
in the magnetic field and the magnetic multiplier are proven to converge with the
order O(h*) as well. While this order is optimal for the magnetic field, it is slightly
suboptimal for the error in the multiplier. This is due to the fact that polynomi-
als of degree k 4+ 1 are used for the approximation of the magnetic multiplier. The
same suboptimality phenomenon is observed when using the second family Nédélec
element pair [32]. On the other hand, the use of polynomials of degree k + 1 in the
approximation of the magnetic multiplier ensures optimality of the L?-norm error of
the magnetic field [27, 28]. Our results also show that the proposed DG method is
able to correctly resolve the strongest magnetic singularities in non-convex polyhedral
domains, in contrast to nodal elements that are often used for the approximation of
the magnetic field.

The rest of the paper is organized as follows. In Section 2, we begin by introducing
an interior penalty discontinuous Galerkin finite element method for the discretization
of an incompressible MHD model problem. In Section 3, our main results are stated
and discussed: a-priori error estimates for the method under consideration. Section 4
is devoted to the detailed proof of these results. In Section 5, we present a series
of numerical experiments validating our theoretical results. Finally, we present some
concluding remarks in Section 6.

2. Discontinuous Galerkin discretization of a model problem. In this
section, we formulate a linearized MHD model problem and present its weak formu-
lation. Then we discretize it using an interior penalty discontinuous Galerkin finite
element method.

2.1. An MHD model problem. We consider the following linear and station-
ary MHD system based on the mixed formulation proposed in [35]: find the velocity
field u, the pressure p, the magnetic field b, and the scalar potential r such that

—vAu+ (w-Vu+yu+Vp—k(Vxb)xd=f in Q,
kUm VX (Vxb)+Vr—xkVx(uxd)=g in Q,
V-u=0 in Q,

(2.1)
(2.2)
(2.3)
V.-b=0 inQ. (2.4)

Here, we take Q to be a Lipschitz polyhedron in R3. We assume that © is simply-
connected, and that its boundary T' is connected. The function w € L%°(Q)3 is
a prescribed convective field with V- w € L>®(Q)3, and d € L>*(Q2)3 is a given
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magnetic field. Typically these fields come from a linearization process. The right-
hand sides f and g are vector-valued source terms in L?(2)3. The scalar function
belongs to L (). We further assume that there is a positive constant -, such that

~o(x) == y(x) — %V -w(x) > v, >0, x €. (2.5)

Without loss of generality, we may assume that the size of 2, and the magnitudes of w
and d are of order one. Then the equations contain three characteristic parameters:
The quantity »~! is the hydrodynamic Reynolds number Re which represents the
ratio of inertial forces to viscous forces. The second parameter v,,,! is the magnetic
Reynolds number Rm. It measures how much the magnetic field will be influenced
by the flow motion. The third parameter  is the coupling number. The coupling
number k is typically expressed as a function of the so-called Hartmann number Ha:

Kk = vvy, Ha?, (2.6)

The parameter Ha is a measure of the ratio of electromagnetic forces to viscous forces.

REMARK 2.1. In this paper, we will focus on the case where the magnitudes of Rm
and k are of order one, whereas Re can be substantially larger, as is the case in many
engineering applications. For example, in aluminum electrolysis, Re is around 10°,
while the values of Rm and & are in the range of 107! and 1, respectively. We refer
the reader to [2] and [4] for the orders of magnitude of these parameters in other
cases. For simplicity, we will thus not make explicit our error estimates with respect
to v, and K.

We suppose that the boundary I' of ) can be partitioned into two disjoint parts.
That is, we have I =T pUT y with Tp NIy = 0. Throughout, we assume that I'p is
non-empty and satisfies fFD ds > 0. We then supplement the MHD system (2.1)—(2.4)
with the following boundary conditions:

u=up on I'p, (2.7)

(pI — vVu)n = pyn on 'y, (2.8)
nxb=nxbp onT, (2.9)

r=20 onI. (2.10)

Here, I is the identity matrix in R3*3 and n is the unit outward normal vector on T.
We assume that py € LQ(I‘N). Moreover, we assume that the boundary data up
and bp can be extended to functions in 2, also denoted by up and bp, so that

up € H'(Q)P N H(div’;Q),  bp € H(cur; Q) N H(div’; Q), (2.11)
where
H(cwl; Q) ={be L*Q)* : Vxbe L*Q)*},
H(div% Q) ={beL*Q)*: V-b=0inQ}.

For the velocity datum up, a lifting of this type has been constructed in [21, Lemma
IV.2.3] (when 'y = (). For the lifting of bp, we refer to [34, Proposition A.1].
Finally, we notice that, if 'y = (), the datum up must satisfy the compatibility
condition [ up -nds=0.



We also define the inflow and outflow boundaries of €2 as
P = {xel:wx) nx) <0} and Iy={xel:wi) n(x >0},
respectively. We adopt the (physically reasonable) hypothesis that
w(x) -n(x) >0 forallxey. (2.12)

Obviously, we then have I'_ C I'p.

REMARK 2.2. We point out that the MHD system (2.1)-(2.4) is a linearized
version of the fully non-linear stationary MHD system studied in [35]. Indeed, using
a Picard-type iteration procedure for the non-linear equations in [35] yields a linear
problem of the form (2.1)—(2.4) in each iteration step.

As in [35], we use a mized approach to discretize the Mazwell operator; see
also [26, 32]. This has the advantage that the strongest magnetic singularities can
be correctly captured and resolved in mon-convex domains, in contrast to classical
approaches that employ nodal elements and regularization of the electrostatic equa-
tion (2.2). The scalar potential r is the Lagrange multiplier associated with this mized
formulation. By taking the divergence of (2.2), we see that

—-Ar=V-.g in £, r=0 on T. (2.13)
In particular, we have r = 0 provided that the function g is divergence-free. In this
case, the MHD problem (2.1)-(2.4) is the same as the linearized version of the one
considered in [23] or the one studied in [19].

2.2. Weak formulation. On introducing the Sobolev spaces
V:{ueHl(Q)3 : u=00nI‘D},
C={beH(wlQ) :nxb=0onT},

S = H(} (€),

and the pressure space

LR ={ue?(Q): (u,1)g=0} ify =0,
@= L?(Q) otherwise,

the weak formulation of the incompressible MHD system (2.1)—(2.4) consists in find-
ing (u,b,p,7) € HY(Q)3*x H(curl; Q) xQx S, withu=uponT'pandn xb =n x bp
on I, such that

A(u,v) +O(u,v) + C(v,b) + B(v,p) = (f,v)a — (pnn, V)r,, (2.14)
M(b,c) — C(u,c) + D(c,r) = (g, ¢)a, (2.15)

B(u,q) =0, (2.16)

D(b,s) =0, (2.17)



for all (v,c,q,s) € V x C x @Q x S. Here, the bilinear forms are given by

A(u,v)z/uVu:Vvdx,
Q
O(u,v)z/ﬂ((w-V)u—i—vu)-vdx,

M(b,c) = / kvm(V x b) - (V X c)dx,
¢ (2.18)
C’(v,b):/{zli(vxd)(be)dx,

Blu.g) = - [ (V- w)qdx

D(b, s) :/ b - Vsdx.
Q

The well-posedness of this problem follows from the theory of mixed finite elements [6]
and well-known stability properties, taking into account assumptions (2.5), (2.11)
and (2.12). We also refer to [35] for the well-posedness of a closely related non-linear
incompressible MHD problem.

2.3. Discretization. We now introduce a discontinuous Galerkin discretization
for the incompressible MHD problem (2.1)—(2.4).

2.3.1. Meshes and finite element spaces. We consider a family of regular
and shape-regular triangulations 7, that partition the domain € into tetrahedra { K }.
We denote by F/ the set of all interior faces of 7,, and by F? the set of all boundary
faces. We always assume that 7 can be divided into two disjoint sets F” and F} of
Dirichlet and Neumann faces, respectively. That is, we assume that ]—"}{3 = f,’? U .7-',11\[
where

fD = UFEJ:}IL)F7 FN = UFe]:}ZLVF. (2.19)

As usual, hi denotes the diameter of the element K, and hg is the diameter of the
face F'. The mesh size of 7}, is given by h = maxger, hx. Finally, we write ng to
denote the outward unit normal vector on the boundary 0K of the element K.
Next, we introduce the average and jump operators. To do so, let F' = 0K NOK'
be an interior face shared by K and K’ and let x € F. Let ¢ be a generic piecewise
smooth function and denote by ¢ and ¢’ the traces of ¢ on F taken from within the
interior of K and K’, respectively. Then, we define the mean value {-} at x € F as

fed = 5o+ ).

Furthermore, for a piecewise smooth scalar function u, we define the (vector-valued)
jump [-] at x € F as

[u] =ung +u ng.
Similarly, if u is a piecewise smooth vector-valued function, we define the following
three types of jumps:
[ul =u®@ng+u' @ng,, [u]r =ngxu+ng xu', [uly =u-ng+u ng,
5



where u® n = (uin;),; ;o3- Note that [u]r and [u]x denote the tangential and
normal jumps, respectively, whereas [u] is the full jump in all the components of the
vector field u. On a boundary face F' = K N T, we set accordingly

{edb=¢, [ul=un, [u=u®n, [ulr=nxu, [uly=u-n

Here, we recall that n is the unit outward normal on the boundary T

For k > 1, we now wish to approximate the solution (u,b,p,r) of the MHD
problem (2.1)—(2.4) by finite element functions (up, bp, pp,rn) € Vi X Cp X Qp X Sh,
where

Vi, ={ueLl?(Q)?®: ulx e P(K)? KeT,},
Crn={beL*Q)° :blg ePr(K)’ KeT,},
Qn=1{reQ :plk € Pr1(K), KTy},

Sh:{reLQ(Q) : r|K€’Pk+1(K),K€Th},

(2.20)

with Py (K) denoting the polynomials of total degree at most k on K.

2.3.2. Interior penalty formulation. We consider the following discontinuous
Galerkin method: find (up, by, pp,rn) € Vi X Cp, X Qp X Sy such that
Ap(up, v) + On(up, v) + Cp(v,br) + Br(v, pr) = Fa(v), (
My, (bp,c) — Cr(up, c) + Dy(c,r,) = Gr(c), (
By (up,q) = (uD n,qg)r,, (2.23
Dy(by, 8) — Jn(rh, 3) (

for all (v,c,q,8) € Vi x Cp X Qp, X Sh.

Here, the forms related to the discretization of the Oseen operator are the ones
proposed and studied in [8, 9, 24, 36]. The form Ay, associated with the Laplacian is
chosen to be the standard interior penalty form:

(u,v) Z / vVu:Vvdx — /{{uVu}} [v] ds

KeT, FeFluFp
(2.25)
_ Z /{VVV]} [u] ds + Vao/[[ : [v] ds.
FeF uFy FeffufD

The parameter ag > 0 is a stabilization parameter; it has to be chosen larger than a
threshold value which is independent of the mesh size and v, v, and k, see Propo-
sition 3.1 below. For the convective form, we take the usual upwind form defined
by

(u,v) Z/ w-Viju+yu)-vdx

KeT,
(2.26)
—I—Z/ w-ng(u®—u) -vds — w - nu-vds.
Ker, JOK-\I'- r_
6



Here, we denote by u® the value of the trace of u taken from the exterior of ele-
ment K. Moreover, we set 0K_ and 0K to be the inflow and outflow boundaries
of K, respectively, with respect to w. They are defined by

OK_={x€ 0K : w(x) ng(x) <0}, 0K;={x€dK :@wkx) ng=>0}

Upon integration by parts, the form Oj, can be written as

Op(u,v) =— Z/K(W-V)v-udx—i— Z/K(V_V'W)U-'de

KeTy, KeTy,
(2.27)

+Z/ w-ngu-(v—v®)ds+ w - nu-vds.
KeT, Y 0K+ \I'y Ty

The form Bj, related to the divergence constraint —V - u = 0 is defined by

B (u,q) = — Z /K (V-u)qdx + Z /F{q}[[u]]]v ds. (2.28)

KeTn FeFfurp

Next, we introduce the forms for the discretization of the Maxwell operator. Our
choice corresponds to the non-stabilized ’P,f — P41 interior penalty methods proposed
and analyzed in [28, 29]. The form M}, related to the curl-curl operator is given by

My(b,c) = ) /me(va)-(vXc)dx_ > /F{Wvab}}-[[c]]Tds

KeT, FeFn

_ Z /F{{WmVXC}}-[[b]]Tder Z HVm%LHbHT.HCHTdS'

FeFy FeFp
(2.29)

The last term in M} penalizes the tangential jump of the magnetic field. As for the
diffusion form, to ensure stability, the stabilization parameter mgy > 0 must be chosen
large enough, independently of the mesh size and the parameters v, v,,, and &, see
Proposition 3.1 below.

The form D), associated with the constraint —V - b = 0 is defined by

Dy(b,s) = b-Vsdx — {b} - [s] ds. (2.30)
" K;h /I( F;h/F

The form Jj, is a stabilization term that ensures the H'-conformity of the multiplier ry,.
It is given by

T = 3 % / (1] - [s] ds, (2.31)
rer, KUmhp Jp
with so > 0 denoting a positive stabilization parameter. The dependence on v, and &
is chosen so as to suitably balance the multiplier terms in our error analysis.
For the coupling form C}, in (2.21) and (2.22), we take a discontinuous Galerkin

version of the bilinear form C' defined in (2.18), namely,

Cr(v,b) = k| (vxd) - (Vxb)dx— k| {vxd}-[b]rds. (2.32)
' K;h /K " " Fefz,{if;f /F " !
7



Finally, the source terms Fj,(v) and Gj(c) are given, respectively, by

Fp(v) = Qf.vdx— Z /FVVV:(uD@)n)ds

FeFp
vago
+ Z . FuD-Vds— Z Fﬁ(vxd)-(nxbp)ds (2.33)
FeFpP Ferl
— wW-nup -vds — Z /pNn-Vds,
r_ F

FeFl

and

Gh(c) = /Qg-cdx— Z /Ffwm(VXc)-(nbe)ds

FeFp
o b d
+ Z fme F(nx p)-(nxc)ds (2.34)
FeFp
- Z /Ii(U.DXd) (nxc)ds
rerp’F

3. Main results. In this section, we present the main results of this paper. First,
we review the stability properties of the discontinuous Galerkin method proposed
in (2.21)—(2.24), and show that it has a unique solution. Then, we state and discuss
a-priori error estimates for the error measured in terms of a natural energy norm.

3.1. Stability. To discuss the stability properties of the discontinuous Galerkin
forms used in (2.21)—(2.24), we introduce several semi-norms and norms.
First, for the hydrodynamic velocity, we define

luff. = Z het 1TulllZz )
FeFlurp

lalin =D IVulfege + ulf,
KeTy,

1 1 1
Jull? = vl + gl +5 S w0l [l 3.
FeFy

In the last term in the definition of || - ||y, the vector n is any unit normal vector on
the face under consideration. For the pressure, we will use ||p[|, = V_alH%Q(Q).
For the magnetic variables, we define the following semi-norms and norm:

|b|20L = KVm Z hl_wl”[[c]]TH%?(F)a
FeFy

bl&: = kvm > IV x bl[F2x) + [blEw,
KG%L

lIE = Kvim|blIZ2 () + [bIE-
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Finally, on the multiplier space, we introduce

rlg = w7t Y BRI 2y,
FeF,

el = &~ vt Y VPl ey + IrlE-
KeTy,

Let us now recall some of the well-known stability properties for the discontin-
uous Galerkin forms involved. First, we state the following well-known coercivity
properties, see [3, 8, 28] and the references therein.

PRrROPOSITION 3.1. There holds:

(i) Under assumption (2.5), there is a threshold value aq > 0, independent of the

mesh size, v, vy, and K, such that for every ag > a, there is constant C > 0
independent of the mesh size, v, vy, and Kk such that

Ap(u,u) + Op(u,u) > C||u||%/, ue V.

(i1) There is a threshold value my > 0, independent of the mesh size, v, Uy,
and k, such that for mg > myg there is a constant C' > 0 independent of the
mesh size, v, Um and k such that My (b,b) > C|b|% holds for all b € Cy,.

Next, we point out that the velocity /pressure pair Vi, x Qp, is inf-sup stable; cf. [6,

Remark 11.2.10] and [24, Proposition 10].

PROPOSITION 3.2. There is a stability constant C' > 0 independent of the mesh

size, V, UV and K such that

inf sup M>C>O.

pEQn uev,, [ull1nllpllz2@) —

There is no inf-sup condition available for the pair C; x S,. However, the un-
derlying conforming spaces are stable, see [26, 32]. To discuss this, we introduce the
conforming spaces Cj, = C, N C and S;, = S, N S. The space Cf, is the Nédélec
finite element space of the second type of order k [32, 33], with zero tangential trace
enforced on the boundary I'. The space S}, is the space of continuous polynomials of
degree k + 1, with zero trace on I'. Thus, we may decompose Cj and S} into

Ch,=C;®Cit, S,=5aSi, (3.1)

respectively. Obviously, the semi-norms | -|¢+ and |- |s define norms on Cj- and S,
respectively. The following norm-equivalence results from [28, Theorem 4.1] are es-
sential to our error analysis.

PROPOSITION 3.3. There is a constant C > 0, independent of the mesh size, v,vp,
and k, such that

Clpllc < [blex <|blle,  Clirlls <Irls < lrls,

for any b € Ci- and r € Si-.

The conforming pair C§, x S} is stable and satisfies the following properties,
see [28, Lemma 5.3] for a proof.

PROPOSITION 3.4. There holds:



(1) The bilinear form M is coercive on the conforming kernel of D in C§. That
is, there exists a constant C > 0 independent of the mesh size, v, v, and &
such that

M(b,b) > C|/bl|Z,
for any b in X§, where
;={beCj : DMb,s)=0 Vse S|} (3.2)

(i) The form D is inf-sup stable on C§ x S5. That is, there exists a constant
C > 0 independent of the mesh size, v, v, and k such that

D(b,r)

>C > 0.
Ibllclirlls

inf sup
r€SE beC

h
In the spirit of [7], we will use the stability properties of the conforming spaces
to derive error estimates for the magnetic variables. The non-conformity of the DG
method will then be controlled by using the norm-equivalence estimates in Proposi-
tion 3.3.
We are now ready to prove that the DG formulation is uniquely solvable.
PROPOSITION 3.5. Suppose that the stability parameters ag, mo and sg satisfy

ap > ag > 0, mo > mg > 0, s0 > 0. (3.3)
Then the discontinuous Galerkin method in (2.21)-(2.24) has a unique solution.

Proof: Since the discrete problem is linear and finite-dimensional, it is enough to show
that the discontinuous Galerkin approximation to the incompressible MHD prob-
lem (2.1)—(2.4) with zero data, i.e., with f =g =up = bp =0 and py = 0, is given
by (up, bn,pr,rn) = (0,0,0,0).

To show this, we choose the test function (v,c,q,s) = (upn,bpn,pn,rs) in the
weak formulation (2.21)—(2.24). Adding the first two of the resulting equations and
subtracting the last two, we easily obtain that

Ap(up,up) + Op(up,up) + My(bp,by) + Jp(rn,mn) = 0. (3.4)

From this identity and the coercivity results in Proposition 3.1, as well as the fact
that Jy,(rn,7h) = so|rn|% , we conclude that ||us||v = 0, |byp|c = 0 and |rp|s = 0. This
implies that u, = 0, b, € C§ and r, € S;. Hence, the fourth equation (2.24) now
reads Dy (bp,s) =0 for all s € Sj,. This also holds true for any s € Sg: Dp(bp,s) =
D(by,s) = 0 for all s € S;. We conclude that by, belongs to the conforming kernel
of D, i.e., b, € X{,. Therefore, the coercivity result in Proposition 3.4 and (3.4) yield
by, = 0.

Using that up = by, = 0, the first equation (2.21) is reduced to By(v,pp) = 0 for
all v.€ V. The discrete inf-sup condition for By, in Proposition 3.2 readily yields
that pp, = 0. Finally, the second equation (2.22) is now Dy (c,r,) = 0 for all ¢ € Cy,.
Since 7, € Sf, we also have Dj,(c,r,) = D(c, 1) = 0 for any ¢ € C{, and the inf-sup
condition for D in Proposition 3.4 yields that r;, = 0. O
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3.2. A-priori error estimates. Next, we state a-priori error estimates for the
DG method in (2.21)—(2.24). To that end, we introduce the broken Sobolev space

H(T) ={ueL*Q) : ulxg € H(K), K €T}, o >0,
and endow it with the broken norm

lalls 2 = Y Melife -

KeT,

In our error analysis, we will suppose that the solution (u,b,p,r7) € VX C x @Q x S
of the MHD problem (2.1)—(2.4) satisfies

(u,p) € H(T,)° x H7(T;,),  foro > 3, (3.5)
and
(b,V x b,r) € H(T;)* x H™(T;,)* x H™ (T, for 7> 1. (3.6)

REMARK 3.6. Let us point out that the regularity assumptions (3.5)—(5.6) are
realistic. Indeed, for the Stokes problem in polyhedral domains (with square-integrable
right-hand sides and I'y = 00), the regularity property (3.5) has been proven in [16].
Furthermore, for Mazwell’s equations in polyhedral domains, the embedding results
in [1] show that the fields b and V x b can be expected to belong to H™ (T},)3 for a
regularity exponent T > % In particular, this regularity assumption holds true for the
strongest magnetic singularities in non-convex polyhedral domains. Finally, since r
satisfies the Laplace problem (2.13), the assumption r € H™T(T},) is realistic as well,
provided that the right-hand side g is in H(div; ).

The following theorem represents the main theoretical result of this article.

THEOREM 3.7. Let the solution (u,b,p,r) of the MHD problem (2.1)-(2.4) sat-
isfy the reqularity assumptions in (3.5) and (3.6). Let (up,bp,pp,rn) denote the
DG approximation defined in (2.21)-(2.24) with stability parameters satisfying (3.3).
Then, the error in u, b and r can be bounded by

[u—upllv + b —Dbullc +[r—rnls
< CpmnR (v minf,v 8 h 4+ 1)) ullosnz, + v F plo.s, )

+Chmin{‘r,k} (||b|

w3, + IV % Bllrgs + 741,73 ).

Moreover, the error in p satisfies

; _1
Ip = prllza) < CH™™8 (o1, + 072 )

O',Th)

+CRMTE (b7, + IV % bllrg, + 7l r41.73) -

The constants C > 0 are independent of the mesh size and v.

REMARK 3.8. For smooth solutions, the estimate in Theorem 3.7 ensures con-
vergence rates of order O(h¥) in the mesh size h. This rate is optimal in the approz-
imation of the velocity, the pressure and the magnetic field in the respective norms,
but suboptimal by one order in the approximation of the multiplier r with respect to
the norm || - ||s. This is due to the fact that we are using polynomials of degree k + 1
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to approzimate r. The same suboptimal result is observed for the conforming Nédélec
family of the second type [33]. On the other hand, the use of polynomials of degree k+1
for the magnetic multiplier leads to optimal convergence rates in the L?-error in the
magnetic field b, in contrast to the use polynomials of degree k, cf. the discussion
in [27, 28].

REMARK 3.9. The coefficient v +min{1,v~2h+h2} in front of |[u|s41.7, on the
right-hand side in the first estimate in Theorem 3.7 corresponds to the approzimation
of the diffusion term and the convection term, respectively. With respect to convection,
it us slightly suboptimal when compared to the standard error estimate for DG methods
for pure convection equations, cf. [30]. The sub-optimality is due to the appearance
of the pressure.

4. Proofs. In this section, we shall prove the a-priori error estimate stated in
Theorem 3.7. In Section 4.1, we introduce extended DG forms and discuss the re-
sulting error equations. Continuity properties of the coupling and convection forms
will be established in Section 4.2. Finally, in Section 4.3, we complete the proof of
Theorem 3.7 in several steps.

4.1. Extended forms and error equations. For the purpose of our analysis,
we set

V(h)=V+Vy,,  Ch)=C+Cp,  S(h)=S+ 5.

Using the lifting operators constructed in [3, 36] and [27, 28], it is then possible to
extend the discrete bilinear forms Ay, By, My, Dy, to bilinear forms

Ay V(h) x V(h) = R, By :V(h) x Q — R,
M, : C(h) x C(h) — R, Dy, : C(h) x S(h) — R,

respectively. The extended forms have the following continuity properties.
PRrROPOSITION 4.1. The bilinear forms Ay, My, By and Dy, satisfy

|Ap(u,v)| < Cvllullin vy  Vu,veV(h),
|My (b, c)| < Cble|cle Vb, c e C(h),
1Br(u,q)| < Clluflynllglzz  YueV(h), ¢€Q,
|Di(e,r)| < Cllefle Irlls Ve e C(h), r e S(h),

respectively, with constants C' > 0 that are independent of the mesh size, v, v, and K,
and only depend on the stabilization parameters ag, mq, the shape-reqularity constants
of the meshes, and the polynomial degree k.

Moreover, the extended forms are constructed in such a way that

Ap(u,v) = Ap(u,v), M, (b, ¢) = My(b,c),

~ ~ (4.1)
Bh(uap):Bh(uvp)a Dh(bvr):Dh(baT)a
for all discrete functions u,v € Vy, b,c € Cp, p € Qp and r € Sy, as well as
Zh(u,v) = A(u,v), Mh(bac) = M(b,C), (4 2)
Eh(uvp):B(uap)u ﬁh(b,’f‘):D(b,’f‘), '
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forallu,ve V,b,ce C,peQandrecS.
Suppose now that (u, b, p,r) is the solution of the MHD problem (2.1)—(2.4). We
define, for any v € Vj,, ¢ € Cj, and s € S, the following functionals

Ra(v) = Ap(u,v) + On(u,v) + Ci(v,b) + By (v,p) — Fy(v),
Ras(c) = My(b,c) — Cp(u,c) + Dy(c,r) — Gh(c),
Rp(s) = Di(b,s) = Ju(r,s).
The terms R4, Ry and Rp measure how well the analytical solution satisfies the
DG formulation when it is rewritten in terms of the extended bilinear forms. If now
(up, b, pr, 1) is the DG approximation, the following error equations are obtained
from property (4.1): there holds
Ra(v) = Ap(u—up,v) + Op(u—up, v) + Ch(v,b —by,) + Bu(v,p — pn), (4.3)
Ras(c) = My(b — by, ¢) — Ch(u—up, €) + Dp(c,r — ), (4.4)
Rp(s) = Du(b —bp, s) — Ju(r — ra, ), (4.5)
for any v € Vj,, ¢ € Cp, and S € Sj,. We remark that the third equation (2.23) is

consistent when it is rewritten in terms of the form Eh. That is, from the definition
of By, in [36] we readily see that

Eh(uw(I) = <uD'n7q>FD7 quh
Therefore, by (2.23) and (4.1), we have
Bu(u—up,q) =0, q € Q. (4.6)

Proceeding as in [27, 28, 36], we readily obtain the following bounds for R 4, R
and R p, respectively.

PROPOSITION 4.2. Let the solution (u,b,p,r) of the MHD problem satisfy the
smoothness assumptions in (3.5) and (3.6). Then, we have

[Ra(V)| < 202 |v]y & (u, b, p).
[Ra(e)] < [eleré(u, b, p),
IRp(s)] < |s|s€(u, b, p),
for allv € Vy, c € Cy, and s € Sy, where E(u,b,p) can be bounded by

E(u,b,p) < CH™™ R (¥ a1z, + v pllo.7, )

+ CR Y () (0Bl + IV % Bllrz,) )

with constants C' > 0 that are independent of the mesh size, v, v, and k.

4.2. Continuity of coupling and convection forms. In this section, we es-
tablish some continuity properties of the coupling and convection forms. To that end,
we introduce the additional norms:

all = ||11H%2(Q) + Z hKHUH%%aK)v
KeTy,

[ull = v~ ul[Z2 (o) + Z [allZ2(a5)-
KeTy,

(4.7)
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PropPoSITION 4.3. There holds:
|Ch(u,b)| < Cllull«[blc Vue V(h), beC(h),
[Ch(u,b)| < CllullL2) ble Yue Vi, beClh),
with a constant C > 0 independent of the mesh size and v.

Proof: Applying the Cauchy-Schwarz inequality and taking into account the shape-
regularity of the meshes, we obtain

|Cnh(u,b)| < &lld]| Lo @)llullL2@) IV % b|2(q)

1
2
1
+Ck|d| L (0) ( > /ax\r hK|u|2dS> A2 [bl7 L2 (r)
D

KG%L
1 -1
< Ck2vm® [[d| (o) l[ull«[ble-
To prove the second continuity estimate, we use the following discrete trace inequality:
for any polynomial u € Pr(K), K € Tp, we have
_1
lullL2or) < Chy® [lull L2 (4.8)

The constant C' > 0 only depends on the polynomial degree k£ and the shape-regularity
constants of the meshes. We then readily obtain that

[ulls < Cllullrz@@)  Vu€ Vi (4.9)

With this bound, the second estimate of the proposition follows from the first one.O

Finally, we provide the following continuity properties for the convection form.
PROPOSITION 4.4. Assume (2.5) and (2.12) hold. Then, the bilinear form Op,
satisfies

On(u, V)| < Cllulli vVl  Yue V(h), v eV,
[On(u,v)| < Cllullo]lv]lv Yue V(h), veV.
The constants C > 0 are independent of the mesh size and v.

Proof: Applying the Cauchy-Schwarz inequality to the form O in (2.26) yields
|On(u,v)| < (||W||L°°(Q)Hu||1,h + H7||Loo(sz)|\u||L2(Q)) ||VHL2(Q)

_1 1
Wl Y bk [ulll2ox vy 12V L2 \r-)
KeT,

_1 1
+ Wl L) Z P ull 2o oy |PEVILz(or_Ar_)-
KeTy,

Using the Cauchy-Schwarz inequality, the shape-regularity of the mesh and the dis-
crete trace inequality (4.8) for v € V,, we obtain

_1 1 B L
> b lalllzzox o) B2 VIizex vy < C( Y- hptllullfzcm)  I1Vize@)-
KeTy, FG]-',{
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We proceed similarly for the boundary terms, but also take into account assump-
tion (2.12) which implies that T'_ C I'p. We obtain

_1 1 _ 1
Z ||hK2u|\L2(aK,mF,) |\h12(V||L2(aK,mF,) < C( Z hpl||[[u]]||%2(p))2 ||VHL2(Q)-
KeTy, Fe}'}f

Therefore,

On(w, V)| < C (W]l @ llallin + [Vl (@ [ull2() VI 220)-

The first continuity property of the proposition is achieved by applying the Poincaré
inequality for piecewise smooth functions, cf. [5, Remark 1.1]:

a2 < Cllullin Vue V(h), (4.10)

with C' > 0 only depending on the shape-regularity constants of the mesh.
To show the second estimate, we start from the integrated version (2.27) of the
form Oy,. Taking into account (2.5), we obtain

_ 1 1
|On (0, v)| < ||wl[ze@llullez@IVILe + 170 2 (v = V- W)l Lo lullz2) 176 VL2 @)

1 1 1 1
+ ||W||zoo(g)( Z ||uH%2(8K+\F+) ) : ( Z [lw - ng|> [[V]]||2L2(6K+\F+)) ’
KeT, KeT,

1 1 1
W ey (2 Tl orcary ) E W - ml 2V o, .
KeT,,

Using the Cauchy-Schwarz inequality for sums, we conclude that

_1 1
Lo+ 17 2 (v = VW) L@ llal 22 176 VL2 @)

1 1 1
Wl F ey ( D TullZagon))* (D2 IIw-nlZ[VIIZag)?

KeTy, FeFp

< Clluflollv]v,

|On(u, V)| < ||Wl Lo llull 2l V]

where we have used that [[ul[z2q) < CV_%HU.HLQ(Q) < Cllullo. This proves the
second continuity estimate. m]

4.3. Error bounds. We are now ready to derive our error bounds. Throughout
this section, we denote by (u,b,p,r) the solution of the MHD problem (2.1)—(2.4)
and by (up, bp,pr, rs) its DG approximation (2.21)—(2.24). We also assume that the
regularity assumptions in (3.5) and (3.6) hold. We split the velocity error as follows:

u—uy =u—Ilgu+Tlgu—uy =y + &y, (4.11)

where we use the Brezzi-Douglas-Marini (BDM) projection IIp onto Vi, N H(div; Q)
of degree k for the approximation of the velocity, see [6, Proposition 111.3.6]. For the
other fields, specific approximations will be chosen at a later point.

REMARK 4.5. The reason why we use the BDM projection to approximate the
velocity is that it yields an exactly divergence-free approximation [6]. This allows us
to decouple the wvelocity error from the pressure error, without having to invoke the
discrete inf-sup condition. This, in turn, is crucial for bounding the convection and
coupling terms.
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For notational convenience, we introduce

N T
A = all? + mall? + O(w)?, 12
(b, p,7)II* = IbIE + lIplIE + 1715
Finally, we decompose by, and 7, into
by =bj +by,  rn =7+, (4.13)

with b§ € C¢, by € Cit, ri € S¢ and r- € Si-, in accordance to the decomposition
in (3.1).

4.3.1. Error in u and b. In this section, we estimate the error in u and b. To
this end, we prove two technical lemmas. The first one establishes a bound for &, and
the non-conforming functions bf; and T,J;.

LEMMA 4.6. There are constants C > 0 and C; > 0 independent of the mesh size
and v such that

€ullr + oy 122 + Iric 3
<e|b—=bulE + Celn.|I& + C(E(u, b,p)* + A(w)® + [|(b —c,p —q,7 = 5)|?),
foranye >0, ce Cy§, g€ Qn, and s € S;. The constant C, depends on ¢.

Proof: Fix c € C§, q € Qp, s € S and ¢ > 0. In addition to (4.11), we write
b—by=b—-—c+c—br=np + &,
P=Ph=P—q+q—pPrn =1p+&; (4.14)
T—Th=T—58+s—1n =0 +&.

We now proceed in the following steps.
Step 1: We first observe that, since the functions bj, and ¢ are conforming in C§,
we have

[bi|cx = |c = b, —bjlor = |e = baler < [éblc- (4.15)
Similarly, from the conformity of rj and s in S},
ricls = |s =15 = ricls = |s = rals = & ls. (4.16)
Taking into account (4.15)—(4.16), we have
€all} + Moy & + iy [§ < I€all} + 16612 + 1613 (4.17)

To bound the right-hand side of (4.17), we observe (4.1), use the stability results

for A}, + Op, My, in Proposition 3.1, the fact that Jj,(&, &) = solé:|%, and add and
subtract the coupling and multiplier terms. Thereby, we obtain

Cr (l6ally + 16612 + 1€-1%)
< Ap(&ur€u) + On(6ur&u) + Cnl6ur &) + Bn(6u, &)
+ Mp (&b, ) — Ch(6us €b) + Di(Ep. &)
— Bi(€u, &) — Di(€p. &) + Jn(&r, &)
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From (4.18), and the error equations in (4.3)—(4.6), we now readily conclude that
Cr (l&ll + [8]e + [&0[3) < Th+ To + Ty + T, (4.19)

where

1 = Ra(éa) = A, €a) = On(: &u) = Ch(6aib) = Bu(Ea,mp),
Ty = Rar(&p) — Mi(mb, &) + Ch(nu, &) — Dn(€b, 1),

T5 = Bu(u, &),

Ty = ~Rp(&) + Dr(nb, &) — Jn(ne, &)

Step 2: We now bound the terms 17, T5, T3 and T, under the additional assump-
tion that ¢ belongs to the kernel X¢ defined in (3.2).

To bound T7, we use the estimate of R4 in Proposition 4.2, the continuity prop-
erties of A; and By in Proposition 4.1, the results for C, in Proposition 4.3, and the
estimates for Oy in Proposition 4.4. Upon application of the arithmetic-geometric
mean inequality, we readily obtain that

T3] < Cliéullv (£, b,p) + 2 [iall1.n + O() + [lc + ]l Q)
%) (4.20)
< S lI&allt + C(E(u b, p)” + [Inulli + OW)* + [Inw I + [Inpll3)-

Similarly, from Proposition 4.2, Proposition 4.1 and Proposition 4.3, we have

|To] < Cléplc (E(u,b,p) + Ible + [Inall) + Cligsllclinlls
< Cléple (E(u,b,p) + [mbllc + llnulls) + Clib = ballcllnlls + Climllcln:s.

Using the arithmetic-geometric mean inequality again, we have that, for all € > 0,

Cl 2 Cl 2
T, < == —¢|lb—b
Ta] < SHénl2+ Shellb — bull (a.21)

+ Cellme |z + C(E(u,b,p)* + [lall? + I lIE + ll:11%)-
Next, we claim that
T3 = 0. (4.22)

To see this, we note that 7, = u—IIzu belongs to H(div; ). It follows that [n,]n =0
on interior faces. In addition, by virtue of [6, Proposition I11.3.7] and since V-u = 0,
we have that

Vegqu=V-(u-Tpgu)=I;_1(V-u)=0 in Q.
Then, using the definition of By, in [36] and the defining properties of the BDM
projection (cf. [6, Proposition II1.3.6]), we conclude that
7= Bulnty) = 3 [ ma-mgds=o
FeFp

thereby, proving (4.22) holds.
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For the term T}, we first note, since s € S5, we have Jy(n,, &) = 0. Furthermore,
Di(1b: &) = Di(p, s —14) = Dy, s — 5) — Di (o, 7).
From property (4.2), we conclude that
Dy(np, s — ri.) = D(b,s —r},) — D(c,s —r}).
Both terms on the right-hand side are zero: the first one due to the weak equa-

tion (2.17) and the second one due to the assumption that ¢ € X{. As a consequence,
we obtain

Ty = —Rp(&) — Du(mw, it).
From Proposition 4.2 and the continuity of lN)h in Proposition 4.1,
Tu| < Clér|sE(u, b, p) + Cllnwlcllr |-
The norm-equivalence in Proposition 3.3 and the identity (4.16) yield
Iy lls < Clrils = Clérls.

These results and the arithmetic-geometric mean inequality readily show that
Cq
ITa| < 1615+ C (E(u, b, p)* + [Im]IE,) - (4.23)

Combining the estimates in (4.19), (4.20), (4.21), (4.22) and (4.23) implies that

c
o5 (&l + 16/ +1:13)

Ch
< b b2 + Culln2
+C<ﬁmbmf+Awf+mw—mp—%r—$W)

provided that ¢ € X{. Dividing the previous estimate by % and using (4.17) yield

[€all} + o3 [5s + Iri |3
<e|b—bu|E + Cellnell% (4.24)
+C(Eu,b,p)? + A)? + (b —c,p—q,7 —s)|?),

provided that ¢ € X
Step 3: We show that, in estimate (4.24), the approximation ¢ € X can be
replaced by any ¢ € Cf,. To that end, take c € C§, and look for a € C§, such that

Dp(a,s)=Dp(b—c,s) VseSy.

By Proposition 4.1, the right-hand side is a continuous functional on S7. Since X,
is non-empty and D, = D on Cf x Si, cf. (4.2), the inf-sup condition for D in
18



Proposition 3.4 implies that there exists at least one non-trivial solution a € Cf,
satisfying

lallc <Cb—clc,

with a constant C' > 0 only depending on the continuity constant of l~)h and the
discrete inf-sup constant of D on C§ x S¢, see [6, Equation I1.2.20]. By construction,
we have a+ ¢ € X¢, since, due to (4.2) and (2.17), there holds

Dy(b,s)=D(b,s) =0  VseS5.
Consequently, (a4 ¢) can be used as an approximation in (4.24). By construction,
[b—(a+c)lc<Ib-clc+lallc <Clb-c|c,

and inequality (4.24) holds for any ¢ € C{,, which completes the proof. |

The second technical lemma of this subsection bounds the error in b.
LEMMA 4.7. There exists a constant C' > 0 independent of the mesh size and v
such that

b =bulle < C(Iall} + lnallZ + by [Es + 17w |5+ 1(b = €,0,7 = )]%),

for any c € C§, and s € Sj.

Proof: Let ¢ € C° and s € S;. Again, we split the errors in b and r into two parts
and adopt the same notation as in (4.14). We now proceed in two steps.

Step 1: We first consider the case where the approximation ¢ € Cj, to the magnetic
field b is such that

c—bf € X (4.25)

It can be readily shown that non-trivial approximations of this type exist. To show
this, consider the problem: find ¢ € C§, such that

Dp(c,s) = Dp(b§,s)  VseSs. (4.26)

As before, the right-hand side is a continuous functional on S§, (see Proposition 4.1),
and the discrete inf-sup condition for D (see (4.2) and Proposition 3.4) ensures that
problem (4.26) admits at least one non-trivial solution ¢ € C¢ which then satisfies
property (4.25).

Now let ¢ € C¢ be such that (4.25) holds. We decompose the function &, = c—by,
into

b= +&%, & eCh, & eCy, (4.27)

according to (3.1). Since the approximation ¢ belongs to the conforming space C¢,
we have

&=(c—bj), & =-by. (4.28)

Next, we bound ||£g]|c. Due to the coercivity of M), on Cy, see Proposition 3.1
and (4.1), and the fact that &, = &£ — bi-, we have

Cill&ENI2 < Mu(5, £8) = M (1 + €, 65) — Mi(nw, &) + M (bik, £5).
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Using the error equation in (4.4), we obtain that

Mh(nb + gbafg) = RM(&;) + Ch(nu + §u,§ﬁ) - 5h(§l§u Nr + §T)

The term Ras(€f) is zero because & € Cf.. Moreover, the term —f)h(g;;,m +&)
can be simplified as follows: since {f = ¢ — b§ and s € S5, we deduce from (4.25)
and (4.1) that

—Dy(&& e + &) = —Du(&. ) — Du(&, s — 15, — 1)
= —Dn(&h, ) + D&, 7ic).
From the previous discussion, we conclude that
CillEglle < 1+ Se, (4.29)
where
S1 = =M (i, &) + Ch (10, &) — Da(€6, ),
Sz = Mu(bj; &) + Cn (6w, 65) + Dn (&5 7).

The continuity properties of Mh, Eh and C}, in Proposition 4.1 and Proposition 4.3,
respectively, and the arithmetic-geometric mean inequality yield

Cijee
151] < jl\ﬁbl\% +C(Iml& + InullZ + ln:113)- (4.30)

Similarly,

Ci e
192 < FHENE + C by & + €uliz o) + 7 [13)
c (4.31)
1¢c
< TIEIE + C(bilee + gally + Iricl3),

where we have also used the norm-equivalence results in Proposition 3.3.
Combining (4.29) with the estimates (4.30)—(4.31) shows that

a8 < Cl€ull + lInall + by [Ex + Iri[§ + (b — ¢, 0,7 = s)[|).

Therefore, the previous estimate, the decomposition (4.27)—(4.28), the triangle in-
equality and the norm equivalence in Proposition 3.3 yield that

b —balle < CllmullE + 16112
< CllmliE + €5 1IE + by (&) (4.32)
< C(l€all + lmall3 + oy [0 + |riv [§ + 1 (b — €, 0,7 = 5)[I?),

for any s € Sy and c € Cf, satisfying (4.25).
Step 2: We now show that (4.32) holds for ¢ € Cf, arbitrary. Proceeding as
before, we can find a non-trivial function a € C§ such that

(4.33)
lallc < C (b —clc + by llc) -
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Then, due to the properties in (4.1), (4.2) and the weak formulation in (2.17), (2.24),
we have

D((a+c) —bf,s) = Dy((a+c) —b§,s) = Dp(b —bp,s) = D(b,s) — Dy(bp,s) =0,

for any s € S5. Hence, (a+c) —b§ € X¢ and a + c satisfies (4.25). It can then be
used as an approximation in (4.32). In view of (4.33) and the norm-equivalence in
Proposition 3.3, we obtain

b= (a+c)lle <Ib—cle+lalle < Clb-clle+ by o
It follows that (4.32) holds for any approximation ¢ € C¢, which completes the proof
of the lemma. a

We are now ready to bound the errors in u and b.
THEOREM 4.8. There exists a constant C' > 0, independent of the mesh size
and v such that

[lu—wplv +|b=brllc+ bylos + Irils
< C(E(ub,p)+Alw) + (b —c,p— g7 =) ),
foranyce Cy, g€ Qn and s € S}

Proof: Fixc € C§, g € Qn and s € S§. Decomposing the errors as in (4.11) and (4.14),
we obtain from the triangle inequality, Lemma 4.7 and Lemma 4.6:

[a = unlf5 + b = brllZ + by & + Iy 3
< C (Inully + lIall¥ + 16 = ballE + by [2 + i [3)
< C (Ilnall? + l1€all} + (b = €, 0,7 = $)I? + [by &0 + 7y [3)
< Ce|[b = by|& + Cellne I3
+C (E(w,p,b)* + A()* + [[(b—¢,p —g,r = 5)[) .
Choosing € = 55 and bringing the term £||b —by||Z to the left-hand side now readily
implies the assertion. O

4.3.2. Error in p and r. Next, we bound the errors in the pressure p and the
multiplier r.

PROPOSITION 4.9. There is a constant C' > 0 independent of the mesh size and v
such that

1P = prllzz) < C(E(w,b,p) + A(0) + [[mullin + (b —c.p—q,r = s)]),

foranyce Cj, g€ Qn and s € S}

Proof: Let c € Cf, ¢ € Qp, and s € S;. As before, we split the errors into two parts
and adopt the same notation as in (4.14). Obviously, by the triangle inequality

lp = pullzz) < lmpllz2@) + Il 2 @)- (4.34)

We must then further estimate [|€,[|12(q). For reasons that will become clear below,
we make use of the continuous inf-sup condition over V x @, instead of the discrete
one in Proposition 3.2. For I'y = {J, a proof of the continuous inf-sup condition can

21



be found in [21]. The case I'y # () follows similarly by subtracting pressure mean
values. Therefore, we conclude that there is v € V such that

CH{},H[;(Q) < Eh(v,ﬁp) and ||V||H1(Q) <1, (4.35)

where we have also used (4.2). We now set v, = IIgv with IIp denoting the BDM
projection into Vi N H(div; ). By using the definition of the extended form Bj
in [36], (4.1), (4.2) and the properties of the BDM projection, we readily obtain

Bu(vi, &) = Bu(v,&). (4.36)

In addition, the approximation property of the BDM projection and (4.35) guarantee
that

Vallie <V =vallie + IVIe < Cliviia @) < C. (4.37)

In fact, the equations (4.36) and (4.37) imply the discrete inf-sup condition in Propo-
sition 3.2 from the continuous one.
Now, we use the error equation (4.3) to obtain

Bp(vh, &) =T1 + To + T, (4.38)
where
T1 = Ra(vi) = Au(u, Vi) = On(na, Vi) = Br(vi, mp),
Ty = —Ch(vp, b — by),
Ty = —Ap(€u, Vi),
Ty = =On(&a, Vi)

We now bound T7, T, T3 and Tjy. _ _

For Ty, we use Proposition 4.2, the continuity results for A, and Bj in Proposi-
tion 4.1 and the first continuity estimate for Oy, in Proposition 4.4 combined with the
Poincaré inequality (4.10). We obtain

Tl < Cllviln (v3Eb,p) + vl + alin + o))

1 (4.39)
<C (yfé‘(u,b,p) + v|nulli,n + |7allin + ||77p||L2(sz)> )

where we have also used (4.37).
To estimate T», we use the continuity property of Cj, in Proposition 4.3 and the
Poincaré inequality (4.10):

|To| < Cllvallz2 )b = barle < Cllvallualb = ballc-
From Theorem 4.8 and (4.37), we thus conclude
T2 < C(E(u,b,p) + A(w) + (b —c,p — g7 = 5)]|). (4.40)

To bound 7%, we use the continuity of A, and Lemma 4.6 (with e = 1). We
conclude that

T5| < Cv[[valli,nll€al

1,h
1
< Cve||vp|lnlléallv

< CvE[vallun (b =brllc + E(u,b,p) + A) +[[(b—c,p =g, = s)[]) -
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The bound for |b — bp||¢ in Theorem 4.8 and (4.37) thus give
T3] < Cv* (E(u,b,p) + Aw) +[|(b — ¢.p = g, = 5)1) (4.41)

The term Ty is the reason for introducing the continuous field v in (4.34). To
bound it, we proceed as follows. We use the integrated form (2.27) of O and write

On(&a,va) =Tu1+Tuo+Tys,

with

Ty =— Z/ Vh Eudx + Z/ '7 V- W)gu v, dX,

KeT, KeT,

Tiz= Y / w - ngéu - (Vi — V) ds,
KeT, Y 0K+ \I'y

Tys = w - néy - vy ds.
Ly

With the Poincaré inequality (4.10), the term T4 ; can be readily bounded by
|T4.,1| < OanHL?(Q) (”VhHl,h + ||VhHL2(Q)) < OHquVHVhHl,h-

For the term T} 2, we use arguments as in the proof of Proposition 4.4 and the discrete
trace inequality (4.8) to obtain

l 1
Taal < Clwlpeqey (Y. hrlléall?oom)? (D hEtIvall3e(e)?
KeT, FE]:I

< Clwllze@ll§ullzz@Vallin < Clléa

Finally, the term T}, 3 can be written as
Ty3 = w-né, - (vp —v)ds+ w - né, - vds,
Iy Iy

with the continuous velocity field v from (4.35). For the first integral above, we use
the approximation properties of the BDM projection in [6, Proposition I11.3.6] and
obtain

| w-néy - (v, —v)ds| < (/ |w - n||&u® ds) % /|W n||v—vh|2ds)%
r r

1 1
< Cllgullvh? ”WHZOO(Q)”VHHI(Q)-

To estimate the second integral, we use the trace theorem for functions in H'(€2).
This yields
1

‘/ w-n§u~vds‘§(/ |W-n||§u|2ds% /|w n|[v[®ds)?
Ty r

1
< Ollallv Wl Zoe ) 1V 1l 2
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As a consequence, we see that
Tys < Cli&allvvllar o)-
Hence, from the above estimates, (4.35) and (4.37), we conclude that
ITy4| < Clléallv([vallin + Va1 @) < Clléullv-
From Lemma 4.6 (with € = 1) and Theorem 4.8, we then obtain:
ITa| < C(E(u,b,p) + A(u) + |(b—c,p—q,r = s)). (4.42)
Combining the above results with the estimates for T3, T5, T5 and T} yields
1P = prllL2(@) < C(E(u,b,p) + A() + [[nullin + (b —c,p — g7 = s)]),

as required. O

Finally, we bound the error in r.
PROPOSITION 4.10. There is a constant C > 0 independent of the mesh size
and v such that

Ir =7ralls < C(E(u,b,p) + Alu) + [|(b —c.p — g7 — 5)]]),

foranyce Cj, g € Qp and s € S}.

Proof: Let c € Cf,, g € Qp, and s € S. As before, we adopt the notation from (4.14).
By the triangle inequality, we have

I = ralls < lnwells + 1 lls-
To bound the term ||&.||s, we decompose &, into
E=E+&, EESH & ES, (4.43)
according to (3.1). Since s belongs to the conforming space S, we have
G=(s—rp), & =-my. (4.44)

By the triangle inequality and the norm-equivalence in Proposition 3.3, we have
I&lls < N1€50s + lIriclls < ll€FNs + Clrpls- (4.45)
The latter term can be bounded by Theorem 4.8:
7irls < C(E(w,b,p) + A(u) +[|(b —c,p — ¢,7 — 5)|)). (4.46)

To bound the former term, we use (4.2) and the inf-sup condition for D in Proposi-
tion 3.4. We obtain

Di(c,&5)

(4.47)
llelle

Cll&rlls < sup
ceCy,
Using (4.43) and (4.44), we write

ﬁh(cagﬁ) = Eh(cu Nr + gr) - ﬁh(canr) + ﬁh(caT}J;)u
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and use the error equation (4.4) to conclude that

Di(c,&) = Ras(c) = My(1, ©) + Ch(na, ©)
~Mj, (&, €) + Cp(€u, €) — Dy(c,n,) + Di(c,ri-)

for all ¢ € Cf. We note that Ras(c) = 0 for ¢ € C§. From Proposition 4.3 and
assumption (2.5), we have

Ch (1, €) < Cllnull«lefo
Ch(u; ) < Cligullz2@lcle < Cfléullvcle

Using these estimates, the continuity properties in Proposition 4.1 and the norm-
equivalence in Proposition 3.3, we obtain

|Du(e,€7)] < Cllelic(Imle + lmall« + &bl + I€allv + lnells + 73 lls)

< Cllellc(llmblie + lmall« + 1o = balle + [|€ullv + 9.5 + Iy |s)-
(4.48)

Referring to (4.45), (4.46), (4.47), (4.48), Lemma 4.6 (with ¢ = 1) and Theorem 4.8
shows

lr = rulls < C(E(u,b,p) + A(u) + [[b = bpllc + [|(b —c,p — g,7 = s)[])
< C(E(u,b,p) + A(u) +[I(b —c,p — q,7 = s)])).
This completes the proof. O

4.3.3. Proof of Theorem 3.7. We are now ready to complete the proof of
Theorem 3.7. In (4.11), the approximation for the velocity u has already be chosen
to be the BDM projection ITgu of degree k. With this definition, the following result
holds.

PROPOSITION 4.11. Under the regularity assumptions in (3.5), there holds:

Inallin < CR™™MEM al|p 1,7,
O(u) < Cmin{1,v"2h + hz }h™ 08 |, 7,
A(u) < C(v? +min{1,v"2h + h2 RO |4 7,
with constants C' > 0 that are independent of the mesh size and v.

Proof: The approximation properties of the BDM projection in [6, Proposition I11.3.6]
readily yield the first estimate of the proposition and also the following:

Inullo < Cw™2h+h2)R™™ oM [u]y 4 7,

1 1 1 1 i
nullv < O(V2 + ||”YOHzoo(Q)h + ||W||zoo(g)h2)hmm{a’k}HuHoJrl,Tw
[7ull« < CR™™EF |44y g, .

To bound O(u), we use the two continuity results in Proposition 4.4 to obtain that,
for v € Vy,

|On (17, V)| < Cmin{|[ny|
25
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The estimates for ||9ul/1,n and ||nu]lo now imply the desired bound for O(u). The
bound for A(u) is established similarly by noting that

A() < C([lnullv + lnalle + O()).

This completes the proof. O

We now approximate the remaining fields as follows:
c=TIyb, q = T_1p, s =1Ilgr, (4.49)

where Iy is the H(curl;Q))-conforming Nédélec projection of the second kind of
degree k onto C¥; see [33]. Its approximation properties are listed in [32, Theorem 8.15
and Remark 5.42]. Moreover, II;_; is the L2-projection of degree k — 1 onto Qp,
and Ilg is the standard H'-conforming nodal interpolation operator of degree k + 1
into Sp, cf. [32, Theorem 5.48|.

The approximation properties of these operators immediately yield the following
result.

PROPOSITION 4.12. Assume the smoothness properties (3.5) and (3.6). Choosing
the interpolants as in (4.49), there holds

— 1 min{o
(b —c.p—q,r—s)] <Cv™ 2™ p|

o, Th

+ Chmin{r,k} (||b|

T, T ”v X b||T7Th + ||T‘HT+17Th)7

with constants C' > 0 that are independent of the mesh size and v.

The error estimate in Theorem 3.7 follows now directly from the error estimates
in Theorem 4.8, Proposition 4.9 and Proposition 4.10, in conjunction with the ap-
proximation results in Proposition 4.2, Proposition 4.11 and Proposition 4.12.

5. Numerical Results. In this section we present a series of numerical exper-
iments to highlight the practical performance of the mixed DG method introduced
in this article for the numerical approximation of incompressible MHD problems. To
confirm the convergence rates predicted by our analysis, we consider two problems
with smooth solutions and a third one with a singular solution. Finally, we consider
the numerical approximation of both two— and three-dimensional Hartmann channel
flow problems. Throughout this section, we select the stabilization parameters as
follows:

ap = ak®, mo=pk® and so=1,

a, > 0, cf. [28], for example. To ensure stability of the underlying DG method we
set « = 4 = 10 in two dimensions; for three-dimensional simulations, it is necessary
to increase o and p to @ = p = 20.

5.1. Smooth solutions. First, we verify the theoretical error bound stated in
Theorem 3.7 for problems with smooth analytical solutions.

5.1.1. Example 1: A two-dimensional problem in an L-shaped domain.
The first example we consider is a two-dimensional version of the MHD problem (2.1)—
(2.4). While the Navier-Stokes operator has the same form in two dimensions, some
care is required for the curl-curl operator and the coupling terms in the equations; see
also [32, Page 51]. For a two-dimensional vector b = (b1, b2), the curl of b is defined
as the scalar quantity V x b = 0;by — 9,b1; meanwhile for a scalar function b, we
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Fi1c. 5.1. Example 1. (a) Problem domain; (b) Initial unstructured triangular mesh.

define its vector curl as V x b = (9,b, —0,b). Furthermore, the cross product of two
vectors is defined as a X b = a1bs — agby; while the cross product of a scalar and
a vector is a x b = (—abs,ab;). With this notation, the DG method can then be
straightforwardly extended to the two-dimensional variant of (2.1)—(2.4).

We consider the L-shaped domain Q = (—1,1)%\ ([0,1) x (=1,0]) with 'y =
{(1,y) :y € (0,1)} and T'p = N\ 'y, cf. Figure 5.1(a). We set v = v, = k = 1,
w = (2,1),y =0, d = (x,—y), and choose the forcing functions f and g and
boundary conditions so that the analytical solution of the two-dimensional variant of
(2.1)—(2.4) is of the form

u(z,y) = (—(ycosy +siny)e”,ysinye”),  p(z,y) = 2e"siny,
b(z,y) = (—(ycosy + siny)e”, ysinye®), r(z,y) = —sinmz sinmy.

Here, we investigate the asymptotic convergence of the interior penalty DG method
(2.21)—(2.24) on a sequence of successively finer quasi-uniform unstructured triangular
meshes for k = 1,2, 3,4. In each case the meshes are constructed by uniformly refining
the initial unstructured mesh depicted in Figure 5.1(b).

In Figure 5.2 we plot the norms || - ||v, || - |lc, and || - ||s of the errors u — up,
b — by, and r — rp,, respectively, against the square root of the number of degrees
of freedom in the finite element space V; x Cp X Qp X Sp,. Here, we observe that
both |[ju — up||yv and ||b — by|lc converge to zero, for each fixed k, at the optimal
rate O(h¥), as the mesh is refined, in accordance with Theorem 3.7. On the other
hand, for this mixed-order method, ||r — 7||s converges at the rate O(h**+1), for
each k, as h tends to zero; this rate is indeed optimal, though this is not reflected
by Theorem 3.7, cf. also [28]. Additionally, in Figure 5.2(d), we plot the sum of the
three error contributions with respect to the square root of the number of degrees of
freedom in the finite element space. Clearly, as above, this converges to zero at the
optimal rate predicted by Theorem 3.7.

Secondly, we highlight the optimality of the proposed mixed method when the
components of the error are measured in terms of the L2-norm. From Figure 5.3 we
observe that the L?-norm of the error in both the approximation to the velocity field
u and the magnetic field b tend to zero at the expected optimal rate O(h¥*+1), for
each k, as h tends to zero. In agreement with Theorem 3.7, for each fixed k, the
L?-norm of the error in the pressure p tends to zero at the optimal rate O(h*) as the
mesh is enriched, while ||r — r4||12(q) is of order O(R*2) as h tends to zero.
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Fic. 5.2. Ezample 1. Convergence with h-refinement: (a) |[u — upllv; (b) ||b — bullc; (¢)
Ir = rulls; (d) la—upllv + b =bpllc +|Ir —ralls-

5.1.2. Example 2: A three-dimensional problem in the unit cube. The
second example is a 3D problem with a smooth analytical solution. To this end, we set
Q= (0,1)2 ¢ R with I'p = 9Q and I'y = (). Furthermore, we set v = v, = k = 1,
w=(2,1,1),y=0,and d = (2, —y, 1), and select f and g, together with appropriate
inhomogeneous boundary conditions, so that the solution of the incompressible MHD
system (2.1)—(2.4) is given by
u = (—(ycosy+siny + zcosz)e”, ysinye”, zsin z e*),
b = (—(ycosy +siny + z cos(z))e”, ysiny e®, zsin ze”),
p=2

e’(siny +sinz) — pg, r=sin7wz sinwy sinnz,

where pg = 4(—1+e+cosl —ecos1).

In Table 5.1 we investigate the asymptotic rate of convergence of the error in the
approximation of the hydrodynamic variables; here, | denotes the computed rate of
convergence. To this end, we show [u — ux||z2(q), [|[u — wn|lv, and [[p — pallz2()
computed on a sequence of uniformly refined tetrahedral meshes for £ = 1,2. As
in the previous example, we again observe optimal rates of convergence for all three
measures of the error. Indeed, in accordance with Theorem 3.7, both |ju — uy||y and
lp — pullr2(o) tend to zero at the optimal rate O(h¥), for each fixed k, as the mesh

28



10

10° 1

[u — uhHLZ(Q)

10° |

107

10

10° 1

”b - bh||L2(Q)

107 j

10710

107 ¢

10° }

10+

10 |

B\S\S\*Iﬂz
S
1 i [a]
-3 il
=
. a
~_ |4 1 |
&
e k=1 1 ]
—o—k=2 il 5
—A—k=3
——k=4
10°
v/Degrees of Freedom
(a)
1
B\S\S\ilﬂz
S
1 2
3 =
<
~
ill |
4
&
& k=1 1 ]
——k=2 ~ 5
—A—k=3
—+—k=4

10°
v/Degrees of Freedom

(c)

10

=
o
s

=
o
L

10°}]

A SN

1
3
1

N

10°
v/Degrees of Freedom

(b)

10° H—=— k=1
—e—k=2
—A— k=3
——k=4

107 b
4 S

<I4

10°
/Degrees of Freedom

(d)

F1G. 5.3. Ezample 1. Convergence with h-refinement: (a) |[u—upllp2(q); (b) 1P — prllr2o);
(c) b —=brllp2(qy; (&) lIr —TrllL2)-

k DOFS in U_h/ph Hu_uhHL2(Q) l Hu—uhHV l Hp—thLz(Q) l
576/48 6.400e-2 - 1.168 - 7.321e-1 -
1 4608/384 1.647e-2 1.96 5.823e-1 1.00 4.564e-1 0.68
36864,/3072 4.213e-3 1.97 2.896e-1 1.01 2.606e-1 0.81
204912/24576 1.072e-3 1.97 1.442e-1 1.01 1.400e-1 0.90
1440/192 5.082¢-3 - 1.262e-1 - 3.424e-1 -
2 11520/1536 6.802e-4 2.90 3.162¢-2 2.00 8.488e-2 2.01
92160/12288 8.417e-5 3.01 7.822e-3 2.02 2.127e-2 2.00
TABLE 5.1

Ezample 2: Convergence of ||u— upll 2(qy, [lu—upllv, and |lp — ppllp2(q) with h-refinement.

is refined. Additionally, we observe that the L2-norm of the error in the velocity is of
optimal order O(h**1) as h tends to zero.

The corresponding errors for the magnetic variables are shown in Tables 5.2 &
5.3. Here, we clearly observe the optimality of the approximation to the magnetic
field b. Indeed, from Table 5.2 we observe that ||[b—by| 12(q) and ||b—by||c converge
to zero at the optimal rates O(h¥*1) and O(h*), respectively, for each fixed k, as the
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k DOFs in bh ||b—bh||L2(Q) l Hb_bhHC l

576 7.289%e-2 - 7.324e-1 -
1 4608 2.076e-2 1.81 3.445e-1 1.09
36864 5.486e-3 1.92 1.668e-1 1.05
294912 1.399e-3 1.97 8.184e-2 1.03

1440 6.082e-3 - 4.920e-2 -
2 11520 7.953e-4 2.94 1.146e-2 2.10
92160 1.006e-4 2.98 2.767e-3 2.05

TABLE 5.2

Ezample 2: Convergence of ||b —bpllp2(qy and |[b —bpllc with h-refinement.

k DOFs in Th HT_Th”L?(Q) l HT—’I’hHS l

480 1.038e-1 - 1.546 -
1 3840 1.766e-2 2.56 | 5.098e-1 | 1.60
30720 2.350e-3 291 | 1.363e-1 | 1.90
245760 2.924e-4 3.01 | 3.405e-2 | 2.00

960 1.327e-2 - 2.559%e-1 -
2 7680 8.567e-4 3.95 | 3.430e-2 | 2.90
61440 5.135e-5 4.06 | 4.210e-3 | 3.03

TABLE 5.3

Ezample 2: Convergence of |[r —rp|2(q) and ||r —rp||ls with h-refinement.

mesh is refined. As in the previous (two—dimensional) example, we again observe that
[r = rallr2() and [|r — 7| s are of order O(hF+?) and O(R*1), respectively, as the
mesh is uniformly refined.

5.2. Example 3: A two-dimensional problem with a singular solution.
To verify the ability of the proposed interior penalty DG method to capture the
strongest magnetic (and hydrodynamic) singularities, we consider a problem in which
the precise regularity of the analytical solution is known. To this end, we again let
be the L-shaped domain employed in Example 1 above with 'y = {(1,y) : y € (0,1)}
and I'p = 0Q\T'y. We choose v = v, = k =1, and set w=0, vy =0 and d =
(=1,1). Hence, the Navier-Stokes operator coincides with the Stokes equations. We
further choose f and g, and appropriate inhomogeneous boundary conditions so that
the solution to this problem is given by the strongest corner singularities for the
underlying elliptic operators. That is, in polar coordinates (p, ¢) around the origin,
the hydrodynamic solution components u and p are taken to be

PM(1+ A) sin(6)1(¢) + cos(9)v'(9))
PN =1+ ) cos(@)v(9) +sin(¢)¥'(9)) |
)

p(p,®) = —=p* (1 + XY (9) + 9" (4))/(1 = V),
where
(@) =sin((1 + N)o) cos(Aw) /(1 + A) — cos((1 + N)¢)

—sin((1 — A\)¢) cos(Aw) /(1 — A) + cos((1 — N\)¢),
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DOFs in un/pn | lu—unllr2@) | U [llu—wllv | T | llp—pallee | !
144/24 1.311e-1 - 1.910 - 1.443 -
576/96 4.638e-2 1.50 1.352 0.50 1.064 0.44

2304/384 1.632e-2 1.51 9.419e-1 0.52 7.690e-1 0.47
9216/1536 5.837e-3 1.48 6.510e-1 0.53 5.436e-1 0.50
36864,/6144 2.120e-3 1.46 4.482e-1 0.54 3.789%e-1 0.52

288/72 6.089e-2 - 1.075 - 1.520 -

1152/288 2.405e-2 1.34 7.382e-1 0.54 9.010e-1 0.75
4608/1152 9.434e-3 1.35 5.065e-1 0.54 5.852e-1 0.62
18432/4608 3.837e-3 1.30 3.474e-1 0.54 3.910e-1 0.58

73728/18432 1.630e-3 1.24 2.383e-1 0.54 2.649e-1 0.56

480/144 3.094e-2 — 7.498e-1 — 9.219%e-1 -

1920/576 1.198e-2 1.37 5.151e-1 0.54 5.809e-1 0.67
7680/2304 4.844e-3 1.31 3.532e-1 0.54 3.779%e-1 0.62
30720/9216 2.054e-3 1.24 2.422e-1 0.54 2.527e-1 0.58

122880/36864 9.046e-4 1.18 1.661e-1 0.54 1.713e-1 0.56
TABLE 5.4

Ezample 3: Convergence of ||u— upll 2(qy, [lu—upllv, and |lp — ppllp2(q) with h-refinement.

and A ~ 0.54448373678246. The magnetic pair (b, r) is taken as
b(x) = V(p*?sin (2/39)),

We point out that the magnetic field b does not belong to H'()? and thus cannot be
correctly captured by nodal elements. In fact, for this example, we have that (u,p) €
H™ Q)% x HNQ) and b € H?/3(Q)2. Thus, the limiting regularity exponent, cf.
(3.5) and (3.6), appearing in Theorem 3.7 is A which stems from the regularity of the
hydrodynamic variables.

In this example we study the asymptotic convergence of the interior penalty DG
method (2.21)—(2.24) on the sequence of successively finer quasi-uniform unstructured
triangular meshes employed in Example 1, cf. Figure 5.1(b) for the initial mesh, with
k =1,2,3. Table 5.4 presents the L2-norm of the error in both the computed velocity
uy, and pressure py, as well as the || - ||y-norm of the error in uy. In agreement with
Theorem 3.7 we see that both ||[u—up||v and |[p—pr| r2(q) tend to zero at the optimal
rate O(h*) as h tends to zero. The rate of convergence of ||u — u||12(q) is observed
to be between O(h'-?) and O(h!-%) approximately as the mesh is uniformly refined.

From Table 5.5 we observe that both ||b — by||z2(q) and ||b — by[¢ are approx-
imately O(h) as h tends to zero. For this latter error, this rate is higher than what
we would expect from Theorem 3.7. However, this same behavior of the error has
also been observed in the case of simply approximating the time-harmonic Maxwell
operator in isolation, cf. [28], for example. In contrast, from Table 5.6, we observe
that ||r — rp||s converges to zero at the rate O(h%/3) as the mesh is refined. In terms
of the numerical approximation of the time-harmonic Maxwell operator in isolation,
this rate is indeed optimal, cf. [28], though this is not reflected in Theorem 3.7. Fi-
nally, we note that the L?-norm of the error in the approximation to the Lagrange
multiplier variable r tends to zero at the rate O(h*/3) as h tends to zero.

5.3. Hartmann channel flow. Finally, we consider the Hartmann channel flow
problems in two and three dimensions; cf. [20].
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k DOFs in bh ||b—bh||L2(Q) l Hb—bth l

144 2.601e-1 - 4.091e-1 -
576 1.492e-1 0.80 2.291e-1 0.84
1 2304 7.699e-2 0.96 1.112e-1 1.04
9216 4.038e-2 0.93 5.280e-2 1.07
36864 2.265e-2 0.84 2.657e-2 | 0.99

288 2.244e-1 - 3.649e-1 -
1152 1.124e-1 1.00 1.785e-1 1.03
2 4608 5.371e-2 1.07 8.065e-2 1.15
18432 2.679e-2 1.00 3.654e-2 1.14
73728 1.452e-2 0.88 1.766e-2 1.05

480 1.888e-1 - 3.090e-1 -
1920 9.013e-2 1.07 1.448e-2 1.09
3 7680 4.156e-2 1.12 6.363e-2 1.19
30720 2.004e-2 1.05 2.812e-2 1.18
122880 1.055e-2 0.93 1.320e-2 1.09

TABLE 5.5

Ezample 3: Convergence of ||b —bpllp2(qy and ||b —bpllc with h-refinement.

k| DOFsin 7y, | [[r = rallr2o) l lr —rnlls l
144 2.397e-1 - 2.107 -
576 1.150e-1 1.06 1.768 0.25
1 2304 4.860e-2 1.24 1.265 0.48
9216 1.946e-2 1.32 | 8.384e-1 | 0.59
36864 7.664e-3 1.34 | 5.387e-1 | 0.64
240 1.944e-1 - 2.728 -
960 8.588e-2 1.18 2.066 0.40
2 3840 3.498e-2 1.30 1.412 0.55
15360 1.382¢-2 1.34 | 9.193e-1 | 0.62
61440 5.419e-3 1.35 | 5.868e-1 | 0.65
360 1.621e-1 - 3.188 -
1440 6.932e-2 1.23 2.323 0.46
3 5760 2.784e-2 1.32 1.559 0.58
23040 1.095e-2 1.35 1.008 0.63
92160 4.290e-3 1.35 | 6.415e-1 | 0.65
TABLE 5.6

Ezample 3: Convergence of |[r —rp|p2(q) and ||r —rp||ls with h-refinement.

5.3.1. Example 4: Two-dimensional Hartmann flow. In the domain 2 =
(0,L) x (—1,1), L > 1, we consider the steady one-dimensional unidirectional flow
under a constant pressure gradient —G in the z—direction, where theoretically G can
be any real number, and practically any achievable pressure change produced by
external forces. We set

A (VHata(:lh(Ha) <1 a C:()Silh((y;;)) ’O> 4= (% (% - y) ’1) 7
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Fi1c. 5.4. Example 4. Initial unstructured triangular mesh.
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Fic. 5.5. Ezample 4. Convergence with h-refinement: (a) |[u— upllv; (b) |[b — brllc; (c)
I = 7rrlls; (d) [P — prllL2(o)-

v=0, f =0, and g = 0. Additionally, we impose the boundary conditions

u=20 ony = =1,
pn = pyn onz=0and z =1L,
nxb=nxbp on I
where
G? (sinh(yHa) 2
bp =(0,1 =-Gr— — | ——= —
D ( ) )7 PN z 2% (smh(Ha) 1/) =+ Do,
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Fi1G. 5.6. Ezample 4. DG solution computed on the finest mesh with k = 1: (a) Velocity field;
(b) Magnetic field.
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Fia. 5.7. Example 4. DG solution computed on the finest mesh with k = 1. Slices along x = 5,
—1 <y <1 of the solution: (a) First component of the velocity field; (b) First component of the
magnetic field.

and po is any constant.
The analytical solution to the incompressible MHD equations is then given by

, b=d, P = pn, r=0, (5.1)

where k = vv,,Ha?. We note that the fluid always moves in the direction in which the
pressure decreases. In this section we set L = 10, v = v, = 0.1, Ha = 10, G = 0.5,
and py = 10.

Firstly, in Figure 5.5 we investigate the asymptotic convergence of the interior
penalty DG method (2.21)—(2.24) on a sequence of successively finer quasi-uniform
unstructured triangular meshes for £ = 1,2, 3. In each case the meshes are constructed
by uniformly refining the initial unstructured mesh depicted in Figure 5.4. Here, we
plot the norms || - [|v, || - [lc, || - |s, and [ - || L2(q) of the errors u —up, b —byp, r — 74,
and p — pp, respectively, with respect to the square root of the number of degrees of
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Fic. 5.8. Ezample 5. DG solution computed on a uniform tetrahedral mesh with k = 1: (a)
Velocity field; (b) Magnetic field.

freedom in the finite element space Vi x Cp, X Qp X Sp. As in the previous examples
presented in Section 5.1, we observe that [[u — ws||v, b — bl and ||p — pallz2()
converge to zero, for each fixed k, at the optimal rate O(h*) as the mesh is refined,
in accordance with Theorem 3.7, while ||r — 73,||s converges at the rate O(h¥*+1), for
each k, as h tends to zero. Moreover, we note that the L2-norms of the error in the
approximation to u, b and r tend to zero optimally, cf. Section 5.1; for brevity, these
results have been omitted.

Finally, in Figures 5.6 & 5.7 we show the DG solution computed on the finest mesh
with 41216 elements, employing k = 1; thereby, the total number of degrees of freedom
employed in the finite element space Vj x Cp x Qp x Sy is 783104. In particular,
from Figure 5.7, we observe extremely good agreement between the computed and
analytical solutions of the first components in the velocity and magnetic fields.

5.3.2. Example 5: Three-dimensional Hartmann flow. In this final exam-
ple, we consider the steady three-dimensional unidirectional flow in the rectangular
duct given by ©Q = [0, L] X [—yo,yo] X [—20, 20] With yo,2z0 < L. We take w = u (cf.
below), f =g =0,v=0,d = (0,1,0), and consider solutions of the form
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Fic. 5.9. Example 5. DG solution computed on a uniform tetrahedral mesh with k = 1. Slices
along x =5, —1 <y <1, 2= 0, of the solution: (a) First component of the velocity field; (b) First
component of the magnetic field.

We enforce the boundary conditions

u=20 for y = +yp and z = %2y,
pn = pyn forr=0and z =L,
nxb=nxbp on I,

with py = =Gz + pp and bp = (0,1,0). As before, G and py are arbitrary constants.
For this channel problem, the analytical solution can be expressed by Fourier series;
for details, we refer to [18]. Throughout this section, we set L = 10, yo = 2, 2o = 1,
v=v, =01, Ha=5 G=0.5 and py = 10.

In Figures 5.8 & 5.9 we show the DG solution computed on a uniform tetrahedral
mesh comprising of 30720 elements with the polynomial degree k = 1; this results in
a total of 1075200 degrees of freedom in the finite element space Vj x Cp, X Qp X Sp,.
In particular, from Figure 5.9, we observe that there is reasonably good agreement
between the computed and analytical solutions of the first components in the velocity
and magnetic fields on this relatively coarse mesh. However, here we do observe
some over-shoots in the computed solution, which are particularly evident in the
approximation to the magnetic field.

6. Conclusions. In this paper, we have proposed and analyzed a discontinuous
Galerkin method for a linear incompressible magnetohydrodynamics problem. The
method is based on an interior penalty discretization of the mixed variational formu-
lation proposed in [35]. We have derived a-priori error estimates and verified them
in a set of numerical examples. We have further tested the methods for channel flow
problems in both two- and three-dimensions.

We point out that the method and its analysis can be readily extended to other
types of electromagnetic boundary conditions. Indeed, with only minimal changes, it
is also possible to specify both b-n and V xb xn on T’; see also [35]. Since we use BDM
projections for the approximation of the velocity, our analysis immediately extends to
the divergence-conforming Py — Py_; element proposed in [10]. This element yields
an exactly divergence-free velocity approximation.

Ongoing work includes extensions of the method to fully nonlinear incompressible
magnetohydrodynamics problems.
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